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0. Introduction.

The purpose of this paper is to study the topological entropy
of semigroups of continuous commuting maps (c.c.m.) acting on a com-
pact Hausdorff space. The semigroups considered are those isomorphic
to Zf or Rf or factors of these where d is a positive integer.

Because of this isomorphism we shall speak sometimes of d-dimensional

semigroups or d-dimensional semiflows. If the maps are homeomorphisms,
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i.e. if the semigroups are groups, the statements become sometimes
sharper. Therefore results on groups of transformations isomorphic

to %d or Rd

or a factor of one of these are stated as well.
Measure-theoretic entropy of groups of invertible measure-pre-
serving transformations acting on a Lebesgue space was investigated
by several authors (Conze {51, F811mer [8], Katznelson-Weiss [13],
Pickel-Stepin [18], Thouvenot [20]). We refer to their work in sec-

tions 4, 5 and 6.

In (21],(24] and [27] the fundamental variational principle for
Zf actions is treated. Topological entropy is a special case of the

notion of pressure discussed there.

Section 1 contains basic definitions and properties. It is of
particular interest to know if and how the entropy of subsemigroups
is related to that of the serigroup itself. Some answers to this
question are given in section 2. Furthermore a first product theorem
is proved there. In section 3 we state a number of results that are
well-known theorems in the case d=1 , i.e. in the theory of toéolo—
gical entropy of a single continuous map. Being familiar with sec-
tions 1 and 2 it is an exercise to translate the original proofs from
the one-dimensional case to higher dimensions. Therefore almost all
proofs are omitted. The only exception is Theorem (3.10) stating that
the entropy of a semigroup equals the entropy of its restriction to
the nonwandering set. Since the combinatorial part of Bowen's proof
in dimension 1 (see [2]) becomes somewhat different in higher dimen-
sions the interested reader will find a full proof in an appendix at
the end of the paper. Section 4 is devoted to an extension of the

notion of sequence entropy. In section 5 semigroups isomorphic to

18



TOPOLOGICAL ENTROPY OF SEMIGROUPS

d

Ry

The first part of section 6 consists of the computation of the entro-

or a factor of it, i.e. d-dimensional semiflows, are considered.

py of a d-dimensional shiftflow S = d operating on a space

Bl er
LA(Rd) of [0,1]—valued functions which satisfy a Lipschitz condi-
tion. The one-dimensional version of this space appears in Jacobs
[12], Eperlein [ 7] and Denker-Eberlein|[ 6]. We will use this flow in
the second part of section 6 where we make an excursion to d-dimen-
sional flows of measure-preserving transformations acting on a
Lebesgue space (@, £,m).

Using a d-dimensional Rokhlin theorem due to Lind [17] we state
an existence theorem for generators (of the g-algebra I) with rather
regular orbit properties. Via these generators we get the following
result: Every d-dimensional flow of measure-preserving transforma-
tions acting on a non-atomic Lebesgue space can be considered - up to
an isomorphism - as a d-dimensional flow of homeomorphisms operating
on a compact metric space. More precisely the flow of homeomorphisms
is a subflow of the shiftflow considered at the beginning of this
section.

I would like to thank L. Goodwyn and P. Walters for some useful

remarks and M. Misiurewicz for an improvement in section 2.

1. Definitions and basic properties.

Let X be a compact Hausdorff space. Given an open cover a
of X we denote by N( @) the cardinality of a minimal subcover of

@ . H(A®A) = log N(Q@) is called the entropy of ( . 1log is taken

to the base 2. For two covers 5Z,=Z we write
Av L= (anBla c @, B edy
i is called finer than 6( , in symbols 4 < :f , 1ff every set of

Jﬁ is contained in a set of a . For basic properties of the

19
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functions N and H with respect to "v" and "<" see [1].

In particular H is subadditive in the sense H( Ol v .l Y<H(() +H () .

Zd denotes the d-dimensional lattice with its group
structure, Zf the subset of elements having all coordinates non-
d

negative. P stands for arbitrary subsets of 2z with finite car-

dinality which is denoted by |®| . p stands for n-dimensional
rectangles. In particular given 1 = (11,...,1d)€ Zd we denote by

pl the n-dimensional rectangle

- d .
{k = (kg,eeoikp) €270 < ky <1, (12i2d)) .
Given 1 and P it is clear that 1 + p means {1+k|kep} .
We write 1 -« if min 1, - .
1<i<d
Let ¢4 (1<i<d) be continuous commuting maps (c.c.m.) of X

into itself then ¢ = <¢1,...,¢d> denotes the abelian semigroup

generated by ¢i (1<i<d) under composition. There is a natural

homomorphism A of Zf onto ¢ given by

1 1
- 1, _ 1 d
A:l—(l,l,...,ld)+¢ =0, o...o¢d .

Thus ¢ 1s isomorphic to Zf or a factor of it. If the trans-

formations 4 (1<i<d) are homeomorphisms then ¢ = <¢>,1 ...,¢d>
- ’
is an abelian group isomorphic to Zd or a factor of it.
Now fix for the rest of this chapter a semigroup ¢=<¢1""'¢d>

acting on X . Given a finite subset ? czd and an open cover (&

+

as- V o*a

kep

of X we write

1.1. Lemma.
. d n
Let 6% be an open cover, (ln) a sequence in z+ , 17 > o,

then for any n-dimensional rectangle (< and € > 0 we have for n

20
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sufficiently large

Ipln|—1H(DZp1n) < |pll_1H(01pl) + €

Proof.

Cover ° n by translates k + Py of oy and use subadditivi-
1

ty of H .

1.2. Proposition.

For any open cover (I of X and any sequence (1n) in Zd

such that 1n +>

lim [0 _|TP H(dp )
n >® 1 1 n
exists and is independent of the sequence (17) .

Proof.

Let (ln) ’ (Tn) be two sequences then by (1.1) for any m
T _1 _1
Iimlp _ |77 H(Ap ) < lo, |77 H(Ap )
nbe 10 1 T R

If m goes to infinity we get

e -1 . |—1
limlp |7 H(Qe ) =< lim |p H(Ao,p)
n>o 1 1 m>® 1 1

Symmetry in a™ o, (i yields existence and equality of the limits.

1.3. Definition.

h(¢,A):= lim |p n
n->o 1 1

is called the entropy of QA with respect to the semigroup ¢ .

Using subadditivity of H we get for any n

-1
|plnl H(apln)iﬂ(ﬂ) .

Thus h(¢, /1) is a value in the interval [0,H(X)] .

21
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If ¢ 1is a group of homeomorphisms and we take a different
system of generators for ¢ , say $1’°"’$d , then this corresponds
to applying an automorphism A of Zd . A transforms n-dimensional
rectangles p n into parallelotopes and we see imrmediately using
the same argu;lent as in (1.1) that h(¢, ) does not depend on the
generators for the group ¢ . It is clear that a <Z implies

h(¢, &) < h(d,d) .

There is another way to compute h(¢, ) which will turn out

to be useful. It is not necessary that the coordinates in (1
A

simultaneously to infinity. Consider for some d < d the subsemi-

group ¢ = <9y s---104> - Denote $C = <0g,40---00g> - Let (A7) be

2
a sequence in Zf ’ 1" , and kezid_d) Consider for
~rey -1
o, = \/ (67) A
k lepk

h($, Aoy) = 1im |o
n-+o 1

1.4. Proposition.

N
For every sequence (km) in Zid-d) R kMoo , we have

h(¢p, A) = lim kaml'-‘1 h($,apkm) .

m->o

Proof.

First observe that for any fixed k™

-1 A .
oM hiop, Xp ) = 1im |p |
l k: l ’ km o (1n'km) 1“

1.1. implies that for any pair (ln,km)

-1
hio, A) < |p H(Xp )
< (1”,k“‘)l a™,x™

22
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Both relations together yield

hio, 0 < Lim |p |"Pn@d, @o ) .
m

ok k™

To get the reverse inequality we note that again by (1.1) for
every ln
N - A -
h(«b,@pm)ilonliﬁ(\/ 37t lp )
k 1 1€ pyn k™
Thus for any pair (ln,km)E‘Zf
- A - N -
lo 1P 0@, Ao ) < o ]1H(\/ 3 o
"k

Kk k ", x™ 1ep
1

-
n

lim |p
n->o k™

1.5. Definition.

h(¢) = sup {h(¢, A)| X open cover} 1is called topological
entropy of ¢

Let ¢ = <w1,...,wd> be another semigroup acting on a compact

Hausdorff space Y . (Y,y) is called a homomorphic image of (X,¢)

iff there is a continuous surjective map )f : X > Y such that
Jotdy = ¥ye ¥ (1<i<d) . It is clear that under these conditions

h(¢,f-1(02)) = h(y, Q) for every open cover (I of Y . This implies

1.6. Property.

If (Y,y) 4is a homomorphic image of (X,¢) then h(y) < h(¢)

(Y,¥) 1is isomorphic to (X,¢) , in symbols (Y,¥) = (X,¢) ,

iff the map ¥ above is a homeomorphism.

1.7. Property.

(X,¢) ~ (Y,y) implies h(¢) = h(y) .

23
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A sequence ( Qn) of open covers of X is refining iff

1) an < an+'1 and

2) for every open cover Z there exists on d’n such that ,f<&n .

The following property is an immediate consequence of the monotoni-

city of the function h(¢,*) and simplifies the computation of h(¢).

1.8. Property.

If ( Qh) is a refining sequence of open covers then

h(¢) = lim h(¢, dh) .

n>o

An open cover is called a one-sided (topological) generator for ¢

iff for every collection (Ai of elements of (I

) da
e 1 1 6Z+
‘i ¢ A, consists of at most one point. In case ¢ 1is a group,
d i
].€Z+ 1
A is called a(ﬁopological) generator . for ¢ iff the same holds

with Zd instead of zf .

Rewriting Lemma 2.1., 2.3. and 2.5. in [14] in our situation
of semigroups and groups of transformations yields the following

result

1.9. Theorem.

If A is a one-sided generator or in case of ¢ being a
group a generator then

h() = h(o,q) .

The problem of existence of generators is solved by Keynes and
Robertson [14]. There is a one-sided generator iff ¢ is positively
expansive and in the group-case, there is a generator iff ¢ is ex-

pansive.
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1.10. Example.

Let E be a finite set, [E|=N . X = {x|x: z9 . E} endowed

with the product topology is a compact metric space. The shiftgroup

S = (Sl) d given by

lez
(5,(x)) (k) = x(k+1) (k,1¢€2%

is a group of homeomorphisms isomorphic to Zd . Consider

]

e} , then (” = {[e]o , e €E } is a generator for

[e]o = {x|x(0) o

S . Thus h(s)

]

h(s, ab) . An easy computation shows h(S,l%)=log N

which implies

h(s) = h(s, A ) = H(A,) = log N .

~

Exactly the same holds if we consider X = {x|x : %f » E} together

with the corresponding semigroup (El) on it.

d
l€Z+

1.11 Example.

Let Y be a compact Hausdorff space and ¢ a homeomorphism
el

of Y onto itself. Consider X {x|x : 2~ ~ Y} with the product
topology and the shiftgroup S = (Sl)lé Zd acting on it. Define

a homeomorphism bq of X onto itself by
= d
¢1(X) (k) = j9(x(k)) (kez™) .

The elements of S commute with b, - We claim the group ¢'=<S,¢17

satisfies
h(p') = h(f) .

To see this define the projection Tg ¢ X > Y by no(x) = x(0).
If i is an open cover of Y then no_i(i) covers X . Consider
for a qer, the covering

q-1 .
_ -] -1
:éq = j\=/o ¢0,° (mg 1)

then

25
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4 a1 _. -1 _.
B(Lp = ety y I = vy g0
v A

b ) =
Observe that h(s, ,Zq) H(Zq)

Therefore
o oas -1 o oas -1 _ ' -1
hgf,i) = éiﬁ q Ii(iq) = éiﬂ q * h(s, Iq) =h@', 1L

where the last equality follows by 1.4.

Taking the sup over all L we get
h(f) < h(o") .
Given any open cover (I of X then by the definition of the
product topology there is a n-dimensional rectangle ¢ in Zd and

an open cover L of Y such that

A< \/ S_k(ﬂ.;li)

kep
This implies

h(¢', &) < h(o', \/ s*m L)) = neer nt e = h(g, <)
kép

and we get h(¢') < h(f) .

2. Subsemigroups.

1 q
In this section we study subsemigroups ¢ = <¢l ,...,¢l >
of a fixed semigroup ¢ = <¢1""’¢d> of c.c.m. . The vectors

d
+

1tez (1 < i < qg) are assumed to be linearly independent, i.e.

they cannot be written in the form
: q o
k1l = 3§ kM1t
i=1
i#]

for positive integers k and k* .

26



TOPOLOGICAL ENTROPY OF SEMIGROUPS

Define the following equivalence relation on ¢ : ¢l/v ¢1' iff
there exist ¢k,¢k'€ E such that ¢lo¢k = ¢12,¢k' . The factorspace
with respect to ~ is again a semigroup.

We consider first the case of finite index. Let

11 d

Py = <5 ,...,¢l> (lieZ , 1 <1< 4d)

d
+ -+ =z
be a subsemigroup of finite index p and zP  its inverse image
under the natural homomorphism XA . We choose a complete system of
representatives in the factorsemigroup *zf/zp , say ‘Qp , by taking
out of each equivalence class the element lying in the d-dimensional

d) spanned by the vectors 11,...,1d

d

parallelotope P(lq,...,l
(In the case of elements on the boundary of P(li,...,l ) take the
smaller ones).

Define comp (zP) = zP + QP ana comp(p¢) = A(comp(Zp)) .
comp(p¢) is a semigroup which in general does not have generators.
We note that it is a priori not clear how to define the entropy of
the semigroup comp(p¢) . But since we have chosen d-dimensional
n

pln with 1 » @ for the semigroup ¢ itself it seems
d

natural to take d-dimensional parallelotopes P,CZ with boundaries
d

rectangles

parallel to those of P(li,...,l ) and which cover comp(Zp) as
n > « . Then the same argument as in (1.2) shows that h(comp(p¢))

is independent of the sequence < and equals h(¢)

2.1. Theorem.

1 d :
If p¢ = <¢l '---r¢l > (llG'Zf) is8 a subsemigroup with finite

index p then
h(P¢) = p h(9) .
Proof.

Since h(¢) = h(comp(p¢)) it is enough to consider the case

27
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P, P
Py = <¢11""’¢dd> for p.

;>0 @<izad .

Define 1(p) = (Pq""’pd) and let pl(p) be the corresponding

d-dimensional rectangle. Then
Ipl(p)l = P’.l”'pd =P .

For any open cover A of X we write

arp - 1§/ ola .
°1(p)

Given any € > O ,1<ezf we get with the same argument as in (1.1)

for sufficiently large n on one side

1, Vot 145V ey -1pgp
loynl Hipgon ¢ ) < (pley ) Hipep (70 ary + e

which implies

and on the other side

-1 P,y -1 P -1 \/ -1
lenl H(l\é/pln o)™ APy < plo, | Hygp ¢ 00 + ¢

which implies
n(Pe, AP) < p h(o, OO .
So we have equality.
Taking the supremum over all open covers ad we obtain

p h(¢) < h(p¢) . But given any open cover i we conclude
n®y, L) <n®, 2P =pne,d) .

Taking again the supremum over all open covers yields the reverse

inequality.
1
. A 1 1
Now we turn to subsemigroups ¢ = <¢~ ,...,¢" >
(1te 29 1 < i <q)) with infinite index, i.e. gq < d . It is not

+
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hard to show directly that h(¢) < h($) . It should be emphasized

that h($) of course means the entropy of the g-dimensional semi-

A
group ¢ . We prove a stronger result.

2.2. Theorem.
A 12 19 i 4
Let ¢ = <¢~ ,eee,0" > (1 EZ+ (1 < i <4q)) be a subsemigroup

with infinite index them h(¢) > O implies h(}) = o .

Proof.

A
Consider first the particular case ¢ = <¢1""’¢q> for some

g < d . Remember $C means the semigroup <¢q+1""’¢d> . If (km)

is a sequence in Zid_q) such that k™ > » and & an open cover

of X then writing
NV geyk
apkm_kepkm CR N/
we get by 1.4.

h(o, @) = Lim |o,m| ™! n(§, Aopm) .

m>o

[0y

Since h(¢) > O we can find a cover @ such that h(¢,q) > O.

Val
m| + o as m > < and therefore h(¢,l2pkm) is an unboun-

Now |pk
ded sequence. We conclude h($) = o«
A l1 1
In the general case ¢ = <¢~ ,...,9" > we choose vectors

1q+1,...,1d in 'Zf such that 11,...,1q,1q+1,...,ld are linearly

independent vectors. Then
T=<ob S
has finite index, say p , in ¢ and by 2.1 h(g) = p h(¢)
h(¢) > O implies therefore h(g) > 0 . But with respect to § the

subsemigroup 3 has just the form required at the beginning.

2.3. Corollary

If h(¢;)<= for some ie{1,...,d}(d22) then h(¢) =0

29



E. EBERLEIN

Warning.
h(p) = O does not imply h($) < o or even h($) = 0 for

subsemigroups $ of infinite index. See (2.5) for a counterexample.

Now we prove a first product theorem. Let ¢ = <¢1""'¢d> be
a semigroup acting on X and vy = <w1,...,wd.> be another one

d a'

acting on Y . Given 1.€Z+ ,]<ez+ we define the map ¢1 X wk of

X x Y into itself by
W < v k) = ey (xyex x v

Denote by ¢ ® ¥y the semigroup consisting of the family of
1
maps {¢l X ¢k|1€zf ,l{E%f } » ¢ ® ¥ can be written in a different
way. Namely if Iy and IY are the identity maps on X and Y

respectively then

¢ 2] q) = <¢1 X IY,...,¢d X IY,IX X ]\U,lr-~-rIx x lpdl> .

2.4. Theorem.

h(¢ ® ) =0 .

Proof.
Given an open cover t of X x Y there exist open covers a

of X and & of Y such that € < Ax& (see [1] p. 312). Take

a' n

n d N, e ’ (kn) in 2 7 k" » = ., Then

sequences (1) in Z,_ ., 1

h(o @ ¥,9) <h(p @y, Ax L)

. -1 -1 -k
=rllim|p(1“,k“)‘ H(l\e/oln“’ ax v v D

00

A

lim kan]-i(lplnl-i H(lE!pln oty +
n--o
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+ l:'l-li-?ol |pln|—1(|pkn|_1 H(k\G/pkn v RN
In both limits the first factor converges to O whereas the
second expression converges to the finite values h(¢,f) resp.
hw, ) . Therefore
hi¢ ®y,€) =0 .

Since t’ was arbitrary we get

h(¢ & ) =0 .

2.5. Corollary.

h(¢) = O does not imply that there is an ie€{4,...,d} for

which h(¢;) < «» (of course d > 2)

Proof.
Let X , Y be compact Hausdorff spaces and Y : X > X,

Yy : Y > Y Dbe continuous maps both having infinite entropy. Consider

the productsemigroup
9 = <(3’X Iy) » (Iy xy)> on X x Y .

2.4. implies h(¢) = O . On the other hand the producttheorem in [9]

(Theorem 2) (see also (3.7) later) yields

h(y x IY) h(y) = o and

h(Iyx ¥ )

1]
8

h(¥) .

3. General theorems.

The following three statements are well-known results in the

case of a single continuous mapping y of a compact Hausdorff space
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X into itself [41] . Their generalization to semigroups
6= <pqrecerdg> of continuous commuting mappings of X into itself

is straightforward.

3.1. Proposition.

Let X,l,X2 be closed subsets of X such that X = X,lL)X2 and
d

1 .
¢ xiexi (XiG Xi,l€Z+, l=1,2) .

Then
_ 1 2
h(¢) = max {h("9),h(“¢)}

where l¢ denote the restrictions of ¢ to Xi (i=1,2) .

3.2. Corollary.

Let X,l be a closed subset of X such that

1 d
¢ x,lEX,l (xie X,l,le Z+)

then

n(le) < n(o)

3.3. Proposition.

Let ~ be an equivalence relation on X compatible with ¢ in
the sense x~y implies ¢ix,v¢iy (1<i<d) . Define a semigroup
% = <$1,...,$d> on X/~ by $i" =Ty (1<i<d) where m 1is the
projection of X onto X/ . Then
h($) < h(o) .
)

Given a directed set J 1let (X be a family of compact

i‘ieJ
Hausdorff spaces on each of which acting a semigroup

o= <i¢1,...,i¢d> of continuous commuting transformations such that
for j > k (Xk,k¢) is a homomorphic image of (Xj,3¢) under a map

and the Ajk are consistent.
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Define
X = {x = (xi)ie§7 E_TW_ ”xilkjk(xj) = x, for j,ke7,3=k} .
ieJg
X 1is compact with the topology that is induced by the product
topology. Define a semigroup ¢ of continuous commuting maps of X
into itself by

Glaoy; = Folex)  (xex,1e7 ,1e2d) .

. . A i .
(X,¢) 1is called the inverse limit of (Xi’ ¢)ie\7

3.4. Theorem.

h(¢) < sup h(i¢) and 1f the maps Xis are surjective then
ie7
h(¢) = lim h(™¢)
ieTJ

The proof is analogous to [9], Theorem 1 .

Now we turn to a particular inverse limit. Let ¢ be a semi-

group acting on X . Consider the directed set Zf where 1 > k iff

1 - kéEZd . Let (X*,¢*) be the inverse limit of (X ,l¢) d
+ 1 le z)

1
where (Xl, o) = (X,9¢) for all 1€ Zf and the Alk(Lik) are given

by ¢l-k. The reason for this construction is, that ¢* is a group

of homeomorphisms.

Define X = (} a ¢1(X) and denote by E the restriction of
lez
+

of ¢ to X . The semigroup $ consists of surjective maps of X

~ -
onto X . Similar to proposition 5 in [9] one proves.

3.5. Property.

h($) = h(s) .
. i S * ¥ L
Since ((X)",(¢)") = (X ,¢ ) we get combining the second part

of (3.4) with (3.5)
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3.6. Property.

*
h(¢) = h(¢) .
The following product theorem is essentially due to Goodwyn [9]

in the case of a single map ¥ .

3.7. Theorem.

Let X and Y be compact Hausdorff spaces and ¢ =<¢1""’¢d>

and Y =<W4""'¢d> semigroups of c.c.m. of X respectively Y
into itself. Define the productsemigroup
b X Y= <hy X Ygeeerbg X Vg> of X XY
into itself by
(65 * ¥) (x,y) = (d;%,9,;¥) (X,¥) €EXXY .
Then

h(¢ x ¥) = h(¢) + h(y) .

The proof runs analogously to [9] . (3.7) has the following

generalization. See [9], Theorem 3 for a proof.

3.8. Theorem.

Let (k¢)k<£K be an arbitrary family of semigroups

k _ k k
b = < gqreecr dg>

acting on compact Hausdorff spaces (Xk)kéiK respectively.

Define X = endowved with the product topology and

TT x
ker Tk

_k

¢ 2 X > X by (p(x))) = ¢ (%)) (x €X, k€K)

then

k
h(¢) = %;;kh( o) -

For the rest of this section we assume X to be compact metric.
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A group ¢ = <¢1,...,¢d> of commuting homeomorphisms acting on X

is called an expansive group iff there is an € > O such that given

X, ye€X either x =y or there is a 1ezd and d (¢lx,¢ly)> € .
If ¢ 1is only a semigroup of continuous commuting maps then ¢ is

called a positively expansive semigroup iff the same holds with

1 ezf . In both cases € 1is called an expansive constant.

Note that ¢ is an expansive group if one of the ¢i is ex-
pansive in the usual sense of expansiveness for homeomorphisms. An

analogous observation can be made in the semigroup case.

Let 1 =(1 ,...,1d)e-zf be given. We write
1 1 d 1.
. 1 d ;
le(<1>,l reeerdy ) ¢ = (] F1x(¢il) ’
1=1
where Fix(f) means the set of fixed points of a mapping £ . Then

the following result can be proved using the ideas of Proposition

(2.8) [2].

3.9. Theorem.
If ¢ <8 an expansive group of commuting homeomorphisms or a
positively expansive semigroup of continuous commuting maps

acting on a compact metric space X then

1t 10

-1 . 1
| log | Fix (¢1 ,...,¢dd)|

h(¢) > lim |p n
n-+o 1

where (17) <{s any sequence in ZE such that 1" + o ,

Note that for the d-dimensional shift (Example (1.140)) indeed

10 1t

-1 . 1
l log I Fix (¢,1 l---,d)dd)' .

h() = lin o

35



E. EBERLEIN

A point x€X 1is called a wandering point of the semigroup

1""’¢d> iff there is a neighbourhood U of x such that

UF\U ¢1U=¢;

1ez9 N {0}
otherwise x 1is called nonwandering. The set Q = Q(¢) of nonwan-
dering points is closed and invariant (¢lQ c @ for l.er)
Note that the wandering points of ¢ are wandering points of ¢i
for every i€¢{1,...,d} . Therefore
d
2() oik:ji 2(0) -
The following theorem states that as far as entropy is concerned

the only interesting part of X 1is the nonwandering set § .

3.10. Theorem.

Let ¢ = <¢1,...,¢d> be a semigroup of continuous commuting
maps of a compact metric space X into itself. If Q denotes

the set of nonwandering points of ¢ then
h(¢) = h(slQ) ,

where ¢|Q <& the restriction of ¢ to Q

Proof. see the appendix.

Two semigroups ¢ =<¢1""'¢d> and y = <w1,...,wd> acting on
compact metric spaces X and Y respectively are {-conjugate iff
there is a homeomorphism y of Q(¢) onto Q(¥)y such that

f.ﬂpi = Yoy (1<i<d) .

3.11. Corollary.

If ¢ and ¢y are Q-conjugate then
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h(¢) = h(y) .

3.12. Corollary.

If Q(¢) is a finite set then

h(¢) = 0 .

4. Sequence entropy.

Let X be a compact Hausdorff space and ¢ = Shpreecrdg> @

semigroup of c.c.m. of X into itself. Throughout this section A

will always denote a subset of zf and L = {ln} a sequence in
Zf such that 17 » ® . We write A(l) = Anp1 and define for any
open cover & of X
- : n, -1 V -J
By, (0 ) = lim 20 |77 H( Zaqny ¢ ) -

n->o

h = sup {hA L(¢,(1)| Ol open cover}

A, (0)

is called the topological sequence entropy(t.s.e.) of ¢ with

respect to A and L . Define

aa,L) = lim [a(™ |7V oqnl
n->oo
and denote for k > O Bk = {1J5%dl 1<k (1<i<a)}

A subset A of Zg is said to have bounded gaps iff there exists
a k > 0 such that

U - .a
A+ok—1EA (1+pk)Dz+

d(A,L) is a finite value for any subset A with bounded gaps.

4.1. Lemma

If d(a,L) 1is finite then

hy (6, @) < d(A,L) h($,d) .
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Proof.

-1
|

— -1
hA,L(q)’ @) = 1im |2 (1" | |p1n| |p]_n H(

n->oo

=3
j e A(Lln) ¢ - )

A

a(a,n) lim |pln]'1 H((on) = d(a,L) h(s,A) .

n->o
4.2. Theorem.

Let ¢ = <¢‘1""’¢d> be a semigroup of c.c.m. of X into

d

itself and ACZ,

a subset having bounded gaps then
hA,L(¢) = d(A,L) h(¢) .

Proof.

Choose k > O such that A +BkDZf and rezf such that

r + (A + BZk)C zf then

da(A,L) h(¢,a) = d(A,L) hi¢,6 *A) =

A n, -1 v -1
- I];i'g'A(l)l H(1€r+pln¢ <

-1
H(l € r+A(1n)+E,2k¢ a)

lim |a(1%)|7?

n->oo

A

1, -r
by, @ ds 00 ay)

Taking the supremum over all open covers A we get
d(A,L) h(4) < hy 1 (4) .

The reverse inequality is clear by 4.1.

Whereas h(¢) does not depend on the sequence L = {1} used
in its definition, theorem (4.2) shows that hA L(¢) in general
14
depends on L since there are simple examples for subsets Aj-_zf

for which d(A,L) depends on L..
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Furthermore we note, that theorem (4.2) partially covers theo-
rem (2.1) since a subsemigroup Py = <¢§1,...,¢gd> (p; €Z,) of
finite index p corresponds to a subset A with bounded gaps such

that d(A,L) = p for any L and hA L(¢) = h(p¢) .
’

Measure-theoretic sequence entropy (m.s.e.) tis defined in a

similar way as t.s.e.. Let (Q,.I,m) be a probability measure space
and ¢ = <¢1""’¢d> a semigroup of measurepreserving transformations

of  onto itself. 1f A = {ai,a } is an at most countable

PYARE
partition of @ 1into measurable sets then
Hm(CZ) = izi m(ai) log m(ai)
is called the entropy of (& . For any { such that Hm(a) < o
we define
hy 1 o0, @) = Lim [a™ |7 Hm(k\e/A(ln) R4

n-r-co

ha,n,m(®) = sup {hy ; (6, Q) | @ partition, H (A) < =}

is called the m.s.e. of ¢ with respect to A and L . The follo-
wing result is an extension of Goodwyn's theorem ([10], [11]) . The

proof follows that of Misiurewicz [24].

4.3. Theorem.
Let X be a compact Hausdorff space and ¢ = <¢1""¢d> a
semigroup of c.c.m. of X <into itself. Then for any ¢i—inva—

riant (1<i<d) normalized Borelmeasure m on X
hy 1om(®) < By L (8) .

Proof.
Let A = {a1,...,as} be a Borel partition then for any € > O

there exist compact sets bic ay (1<i<s) such that
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S
m(iL=))l (a;\b;)) < ¢ and
o (A, $) = v (@|L ) +H (L |A) <2

S
where b = {b_,b,,...,b } with b, = xxi\=}1 b, and o (a,%.)

is the metric on the space of partitions as defined in [’19] , 6.1 .

f= {boL’bi""'boU bs} is an open cover of X and we get
Hm(k\é/A(ln) 07 L) < log N(k\e/A(ln) 67 L) <
< log N(kE{;(ln) o7key + |a(1™) | log 2.

Therefore hA,gm(¢’ io) < hA,L(¢’ &y + log 2. Now using the fact that

|hA,L,m(¢’ a - hA,L,m((b’ fo)l < Pl a, "Zjo)

which can be shown as in [19],8.6., we get
h < h + 1 2 +1 .
4) < hy 1 (6) + log

If ©@F, zrnrfﬁ denotes the n-fold product measure space with

components  (f, 3 ,m) and n¢ = <n¢1,...n¢d> the productsemigroup
on it, i.e.
n - x . oh n
¢l = ¢i e X ¢l Q" > Q0 ,
. X n =
then a direct computation shows hA,L,mn( $) =n hA,L,m(¢) . Later

(4.7) we shall state that the same formula holds for the t.s.e. of

the productsemigroup of a semigroup of c.c.m. . Therefore

) + log 2 + 1 .

n h <nh

A,L,m'¢) AL

Dividing by n and letting n > » we obtain the result.
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For any subset Ac:zf and any sequence L = {1} such that

1" 5 © we define the quantity

K(A,L) = lim {1im |a(1™|? |2 (1) +5, | 3

k> n>o

d

where Fb’k = {lez]

| 0 <1, < k (12i<d)} . Note that the expression
in brackets is always greater or equal than 1 and K(A,L) itself is

the limit of an increasing sequence and can be infinite.

4.4. Proposition.

Let ¢ = <¢q""’¢d> be a semigroup of measure-preserving
transformations on a Lebesgue measure space (£, j,m) then

K(A,L) h (¢) if K(A,L) < =, O < h (¢) < =

hyp,m(®) 2 © if hy(¢) =0
L if hm(¢) = o Oor
0<h (¢§)<  , K(A,L) = = .
Proof.

Let  be a partition such that Hm( 1) < » and write

ax - Y

= 1€3 ¢_1Q . Then

Ky _ T ny, -1 \/ -1
ha,n,n @ A7) = [ AQDIT Hyl gamyp, ¢ @

> 1im [aa™ | THaa™e, | b (6, @)
n-+w

where the last inequality follows from the fact (proof analogous
[26] Lemma 2) that for any finite subset S sz and any partition

O such that Hm(a) <
Hm(l\e/s ot > Is| nyte, D)
Therefore

. K
Bp,p,m(® 2 Hm by g (00 A7)
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v

lim lim |A(1n)|'1lA(1n)+6k| h (¢, O)

k> oo

K(A,L) hm(d),ﬂ) if XK(A,L) 4is finite.

Taking the supremum over all A we get the result.
Combining (4.3) with > (4.4) we obtain

4.5. Corollary.

Let X be a compact Hausdorff space and ¢ = <¢_,...,9.>

1 d

a semigroup of c.c.m. on it then

K(A,L) h(¢) if K(A,L) < ® , 0 < h(9) < =

hA,L(¢)'>’ o) if h(9) =0
© if h(9) = ©» or
0 <h(¢)< ®» , K(A,L) = = .

There is another approach to t.s.e. that was first given by
Bowen ([3], see also [22]) . Let X ,¢ and A be as before and a

an open cover of X . A set ECX is (A,Ql, (1) -separated (with

respect to ¢) iff for any x,y€E, x#y there is a ke€A(l) such that
¢kx eve a implies ¢ky¢U . If KCX is compact then we write
s(A,Dl, A ,K) for the largest cardinality of a (A,pl,ﬁi)—separated

n} d n

set in K . Given a sequence L = {1 in 'Z+ y 17> o write

5(a,L, A,K) = lim [2a(1™|7? 1og s(a,pn,4,K)
n->o
and

h, [ (9,K) = sup {sa,L, 2,x)| A open cover}

A set FCX (A,pl,a)-sgans a set K (with respect to ¢) iff
for any x €K there is a yeF such that given k€&€A(l) there is
a vell with d)kx, ¢kyc-_U . For any compact set KcX we write

r(A,Dl, a,K) for the smallest cardinality of any set which
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(B,pqs )-spans K and
T(a,L, 4,8 = lin | 21™ |7 log r(a,eyn, A,K) .
n->oo

It is easy to see that taking the supremum over all open covers we

get the same quantity as above, i.e.
h, L(¢,K) = sup {r(A,L, A,K)| @A open cover}
’

Rewriting the proof of Proposition 2.3 in [22] in our situation
yields

hy,p(0/X) = hy 1 (6) .

If A is the full set Zf we shall omit the A in the notation. In
this case the right side is nothing but h(¢) . In other words
hL(¢,X) does not depend on L . This can be shown directly too.

We state

4.6. Proposition.

For any compact, invariant (i.e. ¢1K<:K(lé Zf)) subset K of

X h;(¢,K) does not depend on L .

In the following sections we shall use Bowen's definition of
topological entropy. X will always be metrizable with metric d .
In this case it is convenient to consider covers of e-balls. We
shall say a set ECX is (pl,e)—separated iff for distinct x,y€E
there is a kep; such that d (¢kx,¢ky)> € and a set
FCX (pl,g)-spans a set KcCX 1iff for each x &K there is a ye¢F

such that dl (¢¥x,6%y) < ¢ for all ke€py -

Finally we state a result on the t.s.e. of a productsemigroup.

The proof is analogous to Proposition 2.4 [22].
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4.7. Proposition.

Let X be a compact Hausdorff space, ¢ = <hprecerdg> @

semigroup of c.c.m. on X then the productsemigroup

o X ¢ = <¢1 X ¢1""'¢d X ¢d> satisfies
ha, (0 X ¢) =2 by 1 (4)

5. Semiflows of dimension d

Let (X,d ) Dbe a compact metric space. The set of continuous
mappings of X into itself is a semigroup under composition. A
family ¢ = (¢t)t.emd contained in this set is called a continuous

+

semiflow of dimension d (or continuous d-dimensional semiflow) iff

the mapping t -» by is a semigroup homomorphism and the mapping
(x,t) -~ b X of the product space X x Rf into X is continuous.
o = (¢t)te‘Rd is called a continuous flow of dimension d iff the

same holds with Rd instead of 'mf .

d

For any r €R we define (r)ielR by
r i=3
((r) )
+ o i#3

¢ can be considered to be generated by the one-dimensional semi-

flows ¢l = (¢;)re'R (1<i<d) where ¢; := ¢(r).
+ i
Given t = (ti,...,td)e'Rf we consider now the discrete subsemi-
groups
<o ¢
(ty ) reeey
11 (td)d

5.1. Theorem.

Let ¢ = (¢t)te Rd be a continuous semiflow of dimension 4
+
then for any t = (ti""'td)e Rf
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d
By g ) T T E gy it gy )

If ¢ = (¢t)tele 18 a continuous flow then the same holds

for all teIRd with |ti| instead of t, on the right side.

5.2. Remark.

If ti = 0 for some i and h(<¢(1)1,...,¢(1)ﬂ>) = o then the

product on the right side is understood to be O since the left
side is O in this case.
By means of (5.1) it makes sense to define the entropy of ¢

as follows.

5.3. Definition.

Let ¢ = (¢,) d be a continuous semiflow of dimension d
t t€R+
then
h(¢) := h(<¢ reeerd > ) .
(’l),l (1)d
Proof of 5.1.
t
We shall abbreviate ¢ =<¢ ey S
(ty), Sty g
. _ _ . d
Then given s = (Si""’sd) and t = (ti""'td) in R+ such that

Si'ti # O for all 1i;id

we shall prove
_1

o

s.)

d
. i

n(%) < ¢ T e«

h(%) .
i=1 i=1

This implies the result.
Given € > O we can choose ¢§ > O such that
d
d (¢u(x) ,¢u(y))< ¢ for all L16Qs 1= l] [O,si

whenever dl (x,y)< § .
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Let 1 = (11""’ld)€ Zi be given and E be a set of minimal
cardinality that (pl,éyspans X with respect to S¢.
Then E (pk,e)-spans X with respect to t¢ for all

K o= (Ky,een ky)€ z$ such that

d
[o.t.%;] C ;D; [0/s;1; ] -

|_l.
n:jm
[

Therefore if Lk=(kn) is the sequence in Zf defined by k? =n

(12i<d) and Ly = (1) the sequence defined by 1? = [tisi-1n| + 1

we get

r (Q IQIX) < r (p n,le) .
1

t K s¢

¢

This implies

a
= - -d -1 =
r, (Li,e,X) < lim n ;D; ([t4s; " n] + 1) rs¢(Ll,d,X)

¢ n>o
oo foat n,
< ( t,) ( s.) h. (7¢,X)
Ti=1 b i= t Ly

For € - O we get the desired inequality.

5.4. Remark.

For flows there is a more general formulation of(5.1). ¢ can

be considered as real vector space with base ¢ peeerd
(1), 1) 4

Any real d-dimensional matrix M maps the basevectors on vectors

M(¢(1) ) (1£i<d) . If ¢M denotes the discrete subgroup of ¢
i
generated by these, i.e.
¢ 1= <M(d ) oo M(O )> then
M (1), (1) 4
h(¢ ) = |det M| h(<¢ peeesd >)
M 1), 1) 4

Knowing (5.1) the proof of this equation runs as in [5]

Theorem (6.1)
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6. An example and an embedding theorem.

Given a real number A > O we consider the following space of

real-valued functions on ‘Rd

tAEY = (h s 'S 0] [lh(sy,enysg) - byt <

< A max |s, - til for all (s;,...,84) . (tyre-arty)e rY}

T 1<ica *

.

Let Qk = [—k,k]d denote the cube whose sides have -length 2k ,

then
- -k+1
d (h,g) = ] 2 sup |h(s) - g(s)]|
k=1 seQ
k
defines a metric such that (LA(Rd), dl) 1is a compact metric space.
The d-dimensional shift flow S = (S,.) d 1is given by

t'teRr

(5,h) (s) = h(s+t) (s,teR?, heLlP®Y).

S 1is a d-dimensional flow of homeomorphisms generated by the flows

) (1<i<d) where (t).e€ Rd is defined by

s = (S(t)i te R i
t i=j
(&) ;) =
d o i#j .
6.1. Theorem.
h(s) := h( <s ’ «rS > ) = »
(’l),l (’l)d

Proof.
We consider first the case d = 2. Given integers k,m > 1 we

shall define a set g of (pk,Z-mA)-separated functions in LA(RZ)

where Py =['O,k[2c Zi

Divide the interval [0,k[ into n = 2™k intervals

(I of equal length 2™™ . consider the system F of piece-

i)1ii§n
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wise linear, continuous functions £f on [O,k[ s.t. f(O)=l-21_mA

for some l(Qili[Zm—lA—il) and s.t. f has constant derivative
+A or -A on each I - ([a] denotes the largest integer smaller

or equal than a ) . Clearly

Pl = ([2"1a™] +1) 27

Given feF we define a function h on 'RZ in the following

£
way
£(0) (x,y)e |- =, 0 xR
he (x,y) =4 £(x) (x,yde[o,x[ xR
£ (k) (x,y)e[ k,»[ xR

Define for (x,y)e f—z'm, 2-m}2 the two "disturb-functions"

-m

1

s (x,y) = a2™™ - x| )2"y]

A x| - 22"y

8§ (x,y)

.

We say feF has a pike at the point i'2_m(iiiin—1) iff £

has derivative +A on Ii and -A on Ii+1 (positive pike) or

-A on Ii and +A on I (negative pike). Then the number of

i+l
pikes of any f€F 1is between O and n-1.
-m

Let feF with pikes at i42 ,...,itz_m be given. For any

ij,je {1,...,t} and any ie{1,...,n-1} we shall define a new

function hf((ij,i)) by "disturbing" hf inside the square

Sq(ij,1) =[ (ij—l)z‘m, (ij+‘1)2_m_], % [(i-1) 27", (i+1)27™ ].
If the pike at ij-Z-m is a positive one put
. -m + o . -m __ .. ,~M
hf((lj 1)-2 T,y) + § (x 1j.2 ,y—i-2

he((ig, 1)) (x,y) = (x,y) € Sy (ij,1)

hf(x,y) elsewhere ,
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if it is a negative pike use 8§ in this definition. In an analogous

way we can disturb hg simultaneously on k squares (k < t(n-1))
to get functions hf((ij ’iq)""’(ijk’ik)) . If two of the k

squares overlap, i.e. if we consider neighbours

-m m m

(ij.z‘m,i-z ) and (ij.z' ,(i+1) 27

™y

then let the disturbed function have constant value hf((ij-l)z
on the overlapping part. The result of this procedure (including
the case of O disturbances) is a family of functions faf such that

t (n-1)

(gl = 2 (T = ot

3=0
If we take all hf s.t. E(O)=f(0) and ¥ has t pikes we get a fami-
ly of functions épf(t) and

léﬂf(t)l =22
Considering all hg s.t. E(O)=f(o) the procedure yields a family of

t(n-1) ,n-1

functions

n-1
(t) s.t.
t2=0 £

n-1
) ff(t)] = 22" 1071
t=0

Finally summing over all f&F we get a family of functions {’ and

121 = (2™ 7+ 1) 2"t 4 Rt
We want to estimate the number of functions in f’ that have
values outside the interval [0,1] .

Let ll’l be integers, 1, < 1 and define

2 1 2
F(1,,1,) = {£€F[£(0) = 1,-2"™a, £(x) = 1..27™a}
1’2 1’ 2 ’
i.e. F(11,12) are those functions in F that have in
_ 1 Coa oy N o
n, = n2 + (l2 11) intervals Ii derivative +A. Set n, =n n, .
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Clearly |F(11,l ) = (% ) . Those functions of F(li’lz)

) -
2 I ny n,
that have derivative +A in I,l can have at most 2r12 pikes

(call this family F+(11,12)) and those fé¢€ F(li,l ) with deriva-

2

tive =-A in I,l have at most 2n2-1 pikes (call this family

F (11,12)) .

Disturbing functions hf(fe F+(11,12)) by the procedure given

above yields a family g’+(lq,12) s.t.

L, t (n- 1)( 271 _
1{ et 2: i [2])62]

n

2 2j+(n-1) n,-1 n,-1 2" (23+1) (n-1) n,-1  n, -1
S 2 (h) G+ D 2 (L) 2
S=1 j 3 5=o 3 3
1
n,-1 -5 n,-1
<, 1 (n1—1) 2 (22(n—1L1) (22 (n-1) )
Here we used the following inequality
1
n —1 n, -1 - 5> n,-1
(1 [ J)<(n ) 221 (0<ien,-1)

Disturbing functions hf(fe F—(ll’lZ)) yields a family Z’—(Li,lz)

s.t. - -1 -
2n 1 n, n, 1

T, Lt (n- 1) t ;
|ga(1 Z: ] ‘“]

n,-1

1 - -
@M, 172 20T 20 e
+ -
e Ly, = £Ra a0 £T,) ve et
ny -1 - 3 ) P27 e, 2
| g’(11,12)| < 2 (ny=D “(2 +1) (277741
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Define F(1) = {£€F | £(0) < 1-277™a, £(x) > 1-217™a)
then -1
n-2
P = 2| FO,L10 | = 2 = S |F(,,1,)] .
1 =1 T <a
12 I
151
1,°1 2
12—L1=J
Remember n, = n.2 T + (1.-1,) = n-2-1+j and n, = n-n, = n-2-1-j
1 . 271 2 1

Disturbing functions hf(feaFl) we get a family of functions

ép(l) s.t.
271

n -1, . _ _1 _ sy
[{(1)|< z j one2 T+j '1(n'2 1"'5‘1) 2(22(n 1)+1)n 2 3-1
3=1

S

1
- = -1 -1_ _
.(Zn—1+1)2 < (n'2~1) 2 ,n-2 —1(22(n—1)+1)n-2 1(2n 1+1)2

1 (22D 4q) 7153y
J:

1
- = -1,.,-1 -1
—p 2pNt2 4277 52(n1) ) yne 2 on=1,,02 0 (52(nm1) ) -2

In the last equality we used the formula

) jxj = x(1-x) "% for [x| <1 .
=1
Let F(1) = {feF | £(0) < 1-2"™a, max f£(r) > 1-277Ma) .
max - re[ o,k[

One easily sees that |F (l)l < 2]F(1)[ .
max
Define
Flo,1)° {feF|£(0) € [0,1], £(r)§ [0,2] for some re[ o,k[}
then
Flo,a]l < 2IF (D] < 4lr@)] for 1 <[ 1371,

X
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If \Ztolildenotes the family of functions got by disturbing

hf(féF[o'll) one can show using the inequality above
-1 -1
1€ 0,112 4 £l
Now consider 7 = anLA(]RZ) AN g[o,'l] then

1= €1- |L£ﬂl‘o,a] | > 2™+ 2R hg?

RN

-1 -1 -1

[

lv

- — — —-— — - —1 -—
(2" 1+1)n 1 [(Lzm 15 1] +1) 2-n 2 ,(n+5)2 (20 '1_‘_1)3,

_(22(n-’l)_1)—2]
=: 27T+ c(n) .

It is clear by the construction of {J that g = (?(k,m) is

a (pk,z_mA)—separated set in LA( IR2) . Therefore

h(s) > lim 1lim k 2 log g1 -
T Mo k>0

Now 1log |?| > log (20 1)1 log c(n). c(n) > 1 for n
sufficiently large since [2m_1A_1] + 1> 1 and the second product
in c¢(n) converges to O . Therefore 1log c(n) is a non-negative

value for n large.

m

Remember n = 2.k . We get

m
2Ky > (2Mk-1)2

log (2™ 141)™ 1 = (2™k-1) 1og (2
. . . .2 2m .
This implies 1lim k “log |g| > 2 and finally

K>

h(s) = lim 22™ = o .

Mmoo
For d > 2 we proceed by induction in the following way. Take the

family é’ from the case d-1 as the new F , construct functions
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h in the same way, i.e. hf does not depend on the last coordinate

f

and then disturb hf using the given procedure.

Now we consider d-dimensional flows on measure spaces. Let
(Q,£,m) be a Lebesgue measure space, non-atomic and of total measure
one and Y an invertible measure-preserving transformation of @
onto itself. (For details on these notions see for example @9}).

The set of these transformations forms a group imp (Q,Jim) under

composition. A d-dimensional measure-preserving flow (dim d m.p.flow)

on (Q,I,m) is a family of transformations ¢ = (¢t)t€]Rd
contained in imp (2,&,m) such that the mapping t - ¢t from Rd
into imp(Q,I,m) is a group homomorphism and the mapping

(w,t) » ¢ w of the product measure space £ X rY into 9 is mea-

surable.

Given two dim d m.p. flows ¢ and ¢ on measure spaces (2,4,m)
and (Q',5',m') respectively we say they are isomorphic iff there
. P . . [} ' -
exists a bijection y : QO > Q ° where QO,Q o are measurable sub

sets of @ resp. Q' having measure one such that b and j-1 are

measurable, j)rn =m' and y)o(bt = wtog’ (teIRd)

For certain purposes (see e.g. [6]) one is interested to embed
a dim d m.p. flow of arbitrary (measure-theoretic) entropy isomor-
phicly in a compact metric space with a flow of homeomorphisms
operating on it. (Measure-theoretic) entropy is an isomorphism in-
variant. Therefore by theorem (4.3) a candidate for such an embedding
procedure has to have infinite topological entropy. (6.1) says that
the shiftflow on LA(Rd) is such a candidate. We outline in the fol-

lowing how the embedding is done.

A dim d m.p. flow ¢ is called aperiodic iff there is a set of
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measure O Nezg such that if wqu and t # O, then ¢>tw # ow .

For semiopen d-dimensional rectangles QCIRd and sets Bez we
consider ¢QB : = U ¢tB . chB is called disjoint if the sets

teQ
¢tB (t €Q) are disjoint. We recall the following theorem due to

D. Lind.

Theorem [17].

Let ¢ be an aperiodic d-dimensional measure-preserving flow
on a non—-atomic Lebesgue measure space (Q,Qﬁ ,m) of total
measure one.Then for any rectangle QCRd and € > O , there
is a set FE€D such that ¢QF 18 disjoint, measurable and
m(¢QF) > 1-e . Furthermore on ¢QF the measure m 1is the
completed product of a measure on F with Lebesgue measure

on Q

Let w €BCQ then we put
1(B,w) = sup min |Ii|
Q ER(w) 1<i<d
where R(w) is the family of all rectangles Q = I,lX...XIdC R
(Ii intervals) such that 0€Q and chch .

1(B) = inf 1(B,w) is the minimal length of a "time-interval" the
WEB
flow ¢ stays inside B after having entered the set B
Given a vector tO = (t’l""’td)e le we write <t’1""’td>
d

for the discrete subgroup of R generated by the vectors

(O,...,ti,...,O) , i.e.

<t ,“.,td>={t€Rd]t

d
1 <k1t1""’kdtd) for (ki""'kd)€ z}

6.2. Definition.

A partition m of Q into measurable sets is called a
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generator of finite type for the dim d m.p. flow ¢ iff

1) there exists a toe Rd such that ¢tﬂ =-Z a.e

t6<t1,...td>

2) 1(B) >0 (B Em)

d

3) For any rectangle QCTR and a.e. we N wNB # @

%9

for at most a finite number of sets BE€mw .

Now we observe that Lind's theorem above yields just the d-di-
mensional version of the representation of ¢ that is the starting
point for our iterative construction of a generator of finite type
in [7] . The construction itself can be generalized to higher dimen-

sions with some obvious modifications. We get

6.3. Theorem.
For any aperiodic d-dimensional measure-preserving flow on a
non-atomic Lebesgue space Hl,I,nO there exists a countable

generator of finite type.

6.4. Remark.
. (o] d
Actually we get more. Given any t~ = (ti,...,td)e‘R such
that each ty # O there exists a generator of finite type correspon-
ding to the subgroup <t1""'td ’

i.e. \/ ¢tn = Z a.e. .

t 6<t1,...,td>

Once we have the existence of a generator with very regular orbit

properties we get

6.5. Theorem.

Every d-dimensional measure-preserving flow on a non-atomic
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Lebesgue measure space is isomorphic to a d-dimensional flow

of homeomorphisms operating on a compact metric space.

Proof.
Take as compact metric space the space LA(Rd) with the d-
dimensional shiftflow S on it and modify our embedding construc-

tion in [7] , satz (3.1), to d dimensions.

There is probably an easier way to get theorem (6.5). In the
1-dimensional case U. Krengel [16] studied a type of generator with
similar orbit-properties whose existence can be seen in a more
elementary way. After [7] was written he pointed out to me that the
embedding construction works as well with this type of generator. It
should be not too hard to prove a d-dimensional version of this
generator theorem. Also I thank U. Krengel for sending me an embed-
ding construction for the periodic part of the flow. Such a construc-

tion was not explicitly given in[j7].

Appendix.

Here we give a full proof of Theorem 3.10., compare [2], p. 25:

Let a% be a finite open cover of § having diameter less
than € for some € > O . We will construct a finite open cover

$€ of X having diameter less than 3¢ with the property
h(¢, &) < h(sla, a) + e .
This implies using (1.8)
h(¢) = lim h(¢, L) < lim h(s]a, &) = his|a)

€>0 €>0
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The reverse inequality is true by (3.2)

We proceed with the construction of Z; . Let
a. =1{n A} and c =N(\/ ¢_la)
€ 1’ ""s n 1 e €
Y
n
4 1
where 17 = (n,...,n)e Z+.

Choose N large enough such that
-1
}OlNl log cy < h(9[Q, &) + ¢

and @ > O such that d (¢lx,¢ly) < e for all 1le€ep N whenever
1

X,y X and d (x,y) < a. Let

c
1]

tyexla (v, <o} and By = {yeuld (y,a5) < e} (1<3<s)

Let E = {(il) Iil €{1,...,s}} be a set of arrays such that

leo

lN
-1
{ o AL | (A, €E }
1€p 1 'leo
N 1
1
is a minimal subcover of
V o tog, ieed Bl = oy -
lépN
1

For every wandering point x let NX be an open neighbourhood

of x having diameter less than 3t and such that

1
v, U oin, = @
anezd\{o} X

Choose a finite subcover { N_ ,...,N } for XNU and put
X1 Ko

,...,NX 1.

4t =1{B, ,...,B, N
1 s 1 £

€ X

Let n = 2t' . In order to obtain a suitable upper bound for
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N ( \/ ¢_l~$€ ) we define a subcover of lt{; o7t ZL
ln 1n

Let x€X be an arbitrary point. We shall define (Cl)1e I

10
with C1 S l; such that x € [\ ¢_1Cl . First observe that for
l€p
10

1
1,1'e o.n’ 1#1', ¢1x and ¢lx cannot occur in the same NX .For suppose
1 i

1]
¢l ana ¢l x were both contained in the same N_ , then
i

(1-1'") l'x)(__d)l-l'NX .
i

¢lx € ¢ (¢

—1
This would imply ¢l 1 N NN, # @ contradicting the choice of

i i
NX . Consequently we get ¢1x €U except for at most t' values
i
1t = b, . e (1<ict') . Let 1},...,1% be the different
d 1n - 1 1
1 t!
values among 11""11 .
We can assume
1 2 t
11 < 11 < eee < 11
Define 12 = -1 , l§+1 = n and

i-1 i .
pi = {l = (11:...,1d)e pln|11 < l,l < 11} (1.f.lit+1) .

Then if 1€ Py for some i we have ¢lx eU . We put

i i1 £l
r; =17 -1 " -1 then .Z r, =n-t
i=1
Ty and n can be written in a unique way r; = p;N + q; and

n=pN + g such that 0 < gq;,q <N
Now we fill the Yectangle Py with disjoint cubes having

equal volume Nd
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Let

i _ i
Q (mi,...,md) = (l,l + 1 + m1N,m2N,...,mdN) + plN

<

where 0 f.m,l p; + 0 Sm. <p (2<j<d)

i J
(a-1) ;
Note that there are p;p such cubes. Since for
T= (' +1+mN,mN m.N) ¢1er
1 17720t
we can choose a point yt € @ such that
My reee My)
a (y?m n.) ! ¢ X)< a
RERERILY
By the choice of o we get for all 1lé€p N
1
1.1 1+
dl(¢ Y<m ""'md) ’ ¢ X) < € .
Suppose
yi € -1 .
(mi,...,md) lep N ¢ Ay for some (11)1€ e E
1 1 plN
then 3
¢1+lxeB. for all 1lep
i N
1 1
We define for these 1 CI+1 =By . To complete the definition of
1

the subcover of \/ ¢_1 Ze we let for all

lep
1
i
1€p n\> > Q  (m ,...,md)
1 A<i<t+1 Oim,l < P;

Oimj < p(2j<d)

Cl be an arbitrary B, containing ¢1x . This construction yields

the following inequality

(a-1)
p;P
N

t+1
v V pLE ) < TT c L(s+tr)T(R)
1€ n i=1
1
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where mw(n) = t(dN + ‘l)nd"1 . Therefore
— t+1 _
h(¢, f;) < lim n d ( Z pip(d 1)log cy * T(n) log (s+t'))
€ n-+o i=1
— t+1 _ _ _
< lim n d I ;N T (nn71)d-1 log cy
n-o i=1
= lim n-lN_d(n—t) log cy =
n»>o
-d
=N log ¢y < h(¢|Q,CZE) + €

Remark.

We do not formulate explicitly an analogue to Lemma 2.1 [ 2] .
But it is clear that a d-dimensional version of this lemma together

with its proof is implicitly given by the proof above.
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