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REARRANGEMENT THEOREMS FOR SEQUENCES

by

Harald NIEDERREITER

It is a well-known principle in the theory of uniform distribution that,
under suitable conditions on the underlying space, a sequence satisfying certain
denseness properties can be rearranged to produce a uniformly distributed sequen-
ce in that space. The first result in that direction is due to von Neumann [11] who
showed that any everywhere dense sequence in R/Z can be arranged so as to
yield a sequence that is uniformly distributed in R/Z (or, equivalently, uniform-
ly distributed mod 1). Hlawka [6] established a quantitative version of this state-
ment. Evidently, the everywhere denseness of the sequence is also a necessary
condition for the theorem to hold. For proofs of these results, one may also con-
sult [7, ch. 2, Sect. 4]. A number of other rearrangement theorems for R/Z

were shown by van der Corput [10].

#*
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H. NIEDERREITER

In the more general case where the underlying space is a compact Haus -
dorff space with countable base, the following basic result is essentially due to
Hlawka [5], the present formulation being that of Descovich [4]. See also

[7, Ch. 3, Sect. 2] for a proof.

THEOREM 1. - Let X be a compact Hausdorff space with countable base, and

suppose | is a nonnegative normed Borel measure on X . Then a sequence

(xn) ,n=1,2,... in X has a u-uniformly distributed rearrangement if and only

if all open neighborhoods of points in the support of u contain infinitely many

terms of the sequence (xn) .

For the sake of completeness, we recall that a sequence (xn) is M-uni-
formly distributed in X if
L T =]
lim — f(x )= fdu
Now N n=1 0 x

holds for all complex-valued (real-valued) continuous functions f on X.

We shall generalize Theorem 1 considerably. First of all, the result can
be put in a quantitative form. Moreover, we will make it clear that the second
axiom of countability is not an essential feature of rearrangement theorems ;
rather, it is the existence of certain equicontinuous families of functions that is
important. Also, the use of such equicontinuous families leads to surprisingly

simple proofs.

Before we enunciate our results, we recall the following notions. For an
arbitrary nonempty set M, for a sequence (xn) ,n=1,2,..., in M, and for a

complex -valued function f on M, we introduce the oscillations
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REARRANGEMENT THEOREMS

S(f; (x )= sup [f(x )-f(x )]
m,n=1,2,...
and

S(f; M) = sup [f(x) - £(y)]
X, yeEM

(see [ 3, ch. IX, §.2, n°3]). Of course, these numbers need not be finite. Fur-
thermore, if X is a topological space and {fi}ieI is a family of complex-valued
functions on X , where I is an arbitrary index set, then the family {fi}ieI is
called equicontinuous at x¢€ X if for every €>0 there exists a neighborhood
V =V(e) of x such that

£ (y) - £,(x)] <e
for all yeV and for all ieI . The family {fi}iel is called equicontinuous on X

if it is equicontinuous at each xeX .

THEOREM 2. - Let X be an arbitrary topological space, and let (yk) ,k=1,2,...,

be a sequence in X . Suppose (xn), n=1,2,..., is a sequence in X satisfying

the following condition :

(*) Every open neighborhood of each Vi contains infinitely many terms of the

sequence .
sequence (xn)

Let {fi}iel be a family of complex-valued functions on X that is equicontinuous

at each Yy and such that ls:f S(fi ;(xn)) <o . Let S PTREERIL T RES be an in-

creasing sequence of positive real numbers with 1lim a.N = o, Then the sequence
N+ ®

(xn) can be rearranged into a sequence (uk) , k=1,2,..., with

N
by

m 1,07, - (a1 < ay

k=1

for all N=1 and for all igel .
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Proof. - Choose a sequence (Ek) , k=1,2,..., of positive real numbers with

- > >
(ak ak—l) for k=2 . For each k21, the set

= {xeX : [fi(yk)—fi(x)] <e for all igel }

is a neighborhood of y, by the equicontinuity of the family {fi}iel at y, -

Using condition (¥), we can construct a sequence n_ ,n , 1 of distinct po-

1P 0pr e o Dy

sitive integers such that x € Ek for all k=1 . We note that for each i€l we have
k

N N
(2) Z [f(y)-f(x )< Z e <ga for all N=1 .
k=1 itk i nk k=1 k N

Set S = su S( (x )) . Suppose first S>0 . We enumerate those positive inte-

ie
gers n that are either no n, or else are nk with k22 and [ak_1/25]< [ak/ZS] ,
in an arbitrary fashion : mp,m,, ... . The sequence (uk) is then defined as fol-

lows : uy = xnklf k=1 or [ak_1/25]=[ak/25] puy =X if [ak_l/ZS]<[ak/ZS]
and k=2 is the p-th subscript for which this happens. It is easily seen that (uk)

is a rearrangement of (xn) . For each igl and all N=1 we have

N N
% I fi(xn )- fi(uk) l = % | fi(xn )— fl(uk) ,
=5 k %=z k

[ak_l/ZS]<[ak/ZS]

a

b2 S(fi ; (xn))x (number of k, 2SkSN, such that [ ]< [—ﬂ

a

1 N
< 06, () (Tl T D) 5 065 () 32

and so
N aN
3) kfl lfi(xnk)' £ (w)]=—-
for each i¢l and all N21 The inequality (3) is trivial for S = 0 . By combining

(2) and (3), we arrive at the desired result.
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REARRANGEMENT THEOREMS

Remark 1. - Instead of considering complex-valued functions, one may consider
a family {fi}i€ I of functions on X with values in a metric space. Then theorem

2 remains true with obvious modifications.

Remark 2. - For applications to uniform distribution, theorem 2 is only of inte-
rest if the sequence (aN) , N=1,2,..., satisfies lim aN/N =0 .

N
Remark 3. - The condition (*) in theorem 2 cannot be relaxed. For suppose X

has at least two points and contains an isolated point z , and let V< 2 for all
k=1 . Let (xn) be a sequence that contains z only finitely many times. Let the
family {fi}iel consist only of the characteristic function f of the singleton {z]}.
Then, whatever the rearrangement (uk) of (xn), we have

1 N
lim — X |f(y,)-f(u,)| =1 . If theorem 2 were to hold, this would result in a
N4o N k=1 "k k

contradiction for a sequence (aN) , N=1,2,..., with lim a_/N<1 .
N+
Remark 4. - The equicontinuity condition in theorem 2 cannot be relaxed. Let

X = [0,1] with the usual topology, let I = z" ( = the set of positive integers), and
let fi(x) = xi , 0=x=1, for all i€I. Then the family {fi}iel is not equiconti-

nuous at the point 1 . Now let Vi = 1 for all k=1 . Consider a sequence (xn) in
[0,1) that has 1 as a limit point. Let (uk) be any rearrangement of this sequen-
ce. For fixed N=1, set t_ = max

u .
' N 1sksN Kk
ieI such that t;\ISe . For this i, we get

Then, for every €>0, there exists

N .
= (v - (@) 2 Nt )2 N(1-¢) ,
k=1

and so

N
sup I | fi(yk)-fi(uk)] = N.
iel k=1
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Hence, if theorem 2 were to hold in this case, this would lead to a contradiction

for a sequence (aN) with aN<N for some N .

Remark 5. - The condition lim a, = ® cannot be relaxed. Let the space X,
N
the sequence (Yk)’ and the family {fi}'el be as in Remark 3. Take a sequence
i
(xn) in X that contains z infinitely often, but for which also xn;é z for infinite-
ly many n. Then, for any rearrangement (uk) of (xn) , we have
N
lim T |f(y,)-f(u )] =, so that, in this situation, theorem 2 can only hold for
= k k
N+ » k=1
sequences (a,.) with lim a = o
N Now N
Remark 6. - If I is infinite, if each fi is continuous on X with S(fi;X) finite,

and if S(fi ;X) tends to 0 along the Fréchet filter of I (i. e., along the filter

consisting of the complements of the finite subsets of I), then the family {fi}

iel
is automatically equicontinuous on X and sup S(fi ;X)< . The proof is imme-
iel
diate. Since S(f;X)s2 Hf“ , where H ” denotes the supremum norm, it follows

that theorem 2 includes [ 7, ch. 3, theorem 2. 6] as a special case.

Remark 7. - The sufficiency part of theorem 1 can be deduced from theorem 2 as
follows. By (7, ch. 3, theorems 1.3. and 2. 2], there exists a W -uniformly dis -
tributed sequence (yk) contained in the support of u. By [7, ch. 3, theorem 2.1],
there is a countable convergence-determining class {gi}iez+ with respect to WM,
each 8; being a real-valued continuous function on X . By replacing those g;
with || giH>0 by (illgi“)-l g; » we obtain a convergence-determining class

+ with respect to p satisfying lim ]]fili = 0. According to remark 6,
i9 @

{fi}iez

the conditions in theorem 2 hold for the family {fi} Since each Vi ig in

iez+'

the support of Y , the given sequence (xn) in theorem 1 satisfies the condition
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REARRANGEMENT THEOREMS

(*) in theorem 2. Choose the sequence (aN) in theorem 2 in such a way that

lim aN/N = 0. Then (1) holds for a suitable rearrangement (uk) of (xn) .
N ©

Consequently, we get
. LN . °N
(w)- [ fdu|= INkEIfi(Yk)-J fau|+
X X
for all N=1 and all i€ Z+ , and so

|l§f
N o1 i

N

lim == L f(u) =] fdu forall icZ' ,
itk i

N+o k=1 X

i.e., the sequence (uk) is M -uniformly distributed in X .

For a compact Hausdorff space X , let C(X) be the Banach space of
real-valued continuous functions on X with the supremum norm and let 7 (X) be
its dual space, which can be identified with the space of signed regular Borel mea-

sures on X .

THEOREM 3. - Let X be a compact Hausdorff space, and let ue”(X) be non-

negative and normed. Furthermore, suppose that u satisfies the following condi-

tions :

*
(i) 1 lies in the weak sequential closure of the convex hull of normed

point measures in 7 (X) ;

(ii) there exists a relatively compact @ S C(X) which is convergence-de-

termining with respect to [ .

Then a sequence (xn) in X has a W -uniformly distributed rearrange-

ment if and only if all open neighborhoods of points in the support of U contain

infinitely many terms of the sequence (xn) .

Proof. - The necessity of the condition is clear (compare with [7,ch. 3, exer-
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cises 1. 5. and 1. 6]). As to the sufficiency, we note first that condition (i) and a
result in [9] imply the existence of a | -uniformly distributed sequence (wk) in
X . Let Q= {fi}iel . Since a relatively compact subset of C(X) is norm-bounded,
we have su;; S(fi;X) < ® by an inequality in remark 6. Moreover, the Arzela-
Ascoli thelfrem yields that {fi}iel is equicontinuous on X . Therefore, the fa-

mily {fi}iel satisfies all the conditions in theorem 2.

Let K be the support of u. We shall construct a y -uniformly distri-
buted sequence (yk) , k=1,2,..., thatis contained in K . First some preliminary
remarks. For x,ye X, we set

p(x,y) = sup [f,(x)-£(y)] .

iel

Then p(. ,.) is a finite pseudometric on X in the sense of [3, ch. IX, §.1, n°1]
(however, the topology on X induced by this pseudometric need not be identical
with the original topology on X ). If x¢X is fixed, then p(a,x) is a continuous
function of a¢X : for given a¢X and €>0, there exists, by the equicontinuity
of {fi}iEI , a neighborhood V(a) of a such that ]fi(a) -fi(b)l < e for all beV(a)
and for all i€l . But then p(a,b)=< ¢ for all bg V(a), and since we have
|p(a, x)-p(b, x)| = p(a,b) , it follows that [p(a,x)-p(b,x)|< € for all beV(a). Next
we define p(K, x) =aiEpr(a,x) for xeX . Let x,ye€ X be arbitrary ; since K is
compact and p(.,.) is a continuous function of its first coordinate, there exists
ae K such that p(a,x) = p(K,x). Then, p(a,y)s pla,x)+px,y) = p(K,x) + p(x,y) ,
and so p(K,y) < p(K,x) + p(x,y) . By interchanging the roles of x and y, we ar-

rive at the inequality

[p(K, x)-p(K, y)| = p(x,y) forall x,yeX .

From this and the equicontinuity of {fi}iel , it follows in a similar manner as

above that p(K,x) is a continuous function of x¢€ X .
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REARRANGEMENT THEOREMS

The construction of the sequence (yk) is now carried out as follows. For
each k =1,2,..., choosea y, € K such that p(yk, wk) = p(K, wk) . Then, for
every i€l we have

1 N 1 N
TR REAS LS UGN A
N
z

N

1

< - — >

< p(yk, wk) N kfl p(K,wk) for all N=>1 .

Z|~

k=1
However, since p(K,.) is continuous and (wk) is M-uniformly distributed, we

T =

p(K, w,) = | p(K,x)du =0,
N » k X

1

where the last identity holds because of p(K,x) = 0 for x¢ K. Therefore,

1 N ( 1 N ( [
lim — & f(y,)= lim — L f(w )= f. du
N e N k=1 * k N+ o N k=1 ik x

for all iel. But {fi} iel is convergence-determining with respect to u, and so

the sequence (yk) is p-uniformly distributed in X .

We can now apply theorem 2. Condition (¥*) in this theorem is satisfied
because of the given property of (xn) and the fact that each Vi is in the support
of u. The sequence (aN) in theorem 2 is chosen in such a way that lim aN/N =0.
N+

It follows then as in remark 7 that for a suitable rearrangement (uk) of (xn) we

have

N

N
lim — & fw) =] fdu forall icl.
No+w k=1 © x !

Since {fi}ieI is convergence -determining with respect to u, the sequence (uk)

is p-uniformly distributed in X .

Remark 8. - The condition (i) in theorem 3 is certainly necessary, since it is

even necessary for the existence of a W -uniformly distributed sequence in X
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(see [9]).

Rearrangement theorems for sequences can be applied in various ways.
One area of applications is the construction of sequences in locally compact abelian
groups with prescribed asymptotic distribution with respect to various subgroups
of compact index. Consider, for instance, the discrete additive group Z of inte-
gers. For every integer mz2 , let M be a nonnegative normed Borel measure
on Z/mZ. These measures should be compatible in the sense that whenever m
divides n and & : Z/nZ -+ Z/mZ is the canonical homomorphism, then

1

u (E) = un(\P- (E)) for every subset E of Z/mZ .

m

THEOREM 4. - Under the above compatibility condition, there exists a sequence

(@ ),n=1,2,..., in Z such that (an+mZ), n=1,2,..., i_s_um-uniformlxdis-

tributed in Z/m Z for every m=2 .

Proof. - For every prime p, let Zp be the additive group of p-adic integers in

the p-adic topology. Let Pys Ppreee be the sequence of primes, and let G:ﬁlz .
be the direct product of the topological groups Zp. , sothat G is a compaclt_ '
abelian group with countable base. We construct alnonnegative normed Borel mea -

sure 4 on G as follows. Consider first an open box D in G of the form

r r
1 k
(4) D=(b,+p, Z JIx...x(b, +p, Z IxZ X ...
SR 2 kTR TR Py
with bl"" ,bke Z and nonnegative LIRREE ,rkEZ , not all T, being zero. Let b
r.
be an integer with b= bi (mod pil) for i =1,2,...,k. Then define
r r
1

u(D) = Mo ({b+m Z1}), where m = P, Extend U by additivity to the algebra

k
- Py
of finite unions of boxes of the form (4). The compatibility condition on the um

shows that the resulting o-additive set function on this algebra is well defined. By
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REARRANGEMENT THEOREMS

the usual procedure, [ can then be extended to a nonnegative normed Borel mea-

sure on G , which we shall also denote by u .

We note that Z can be embedded into G via the mapping § : ac¢ Z -
(a,2,...)€G . The Chinese remainder theorem shows that {(Z) is dense in G .
Arrange the elements of §(Z) into a sequence in an arbitrary way. Then, accor-
ding to theorem 1, this sequence can be rearranged into a sequence (yn) , say,
that is | -uniformly distributed in G . For every n=1 , let a € Z be such that

q:(an =V, We claim that the sequence (an) satisfies the desired property.

I'l r

For this purpose, let m= 2 be fixed and let m = P, - Py be its pri-

me factorization, where some of the r, are possibly zero. For given bgeZ , we

note that an+mZ =b+mZ if and only if Yo = (an, a ...) is contained in the
box
1 Tk
BZ(b+p Z )x x(b+p Z )xZ X oo
1
Py kopy Prt1

Therefore, for every N= 1, we have the identity A({b+m Z} ; N ; (an+mZ)) =
A(B;N; (yn)) between the counting functions corresponding to the sequences
(an+mZ.) and (yn) , respectively. Since B , being both open and closed in G ,

is evidently a p-continuity set, we obtain

A({b+mZ} ;N;(a_+mZ)) AB;N;(y )
lim t = lim ——2—= 4(B)
N N N N
=y, (btmZ}),

and so (an+mZ) is p_ -uniformly distributed in Z/m7Z .

Remark 9. - We have even shown that the sequence (an) attains every integral

value exactly once.
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If I i=1,2,..., is a nonnegative normed Borel measure on Z/miZ
i
with m,m,,... pairwise relatively prime, then one may find a sequence (an) in
Z such that (an+ miZ) ,n=1,2,..., is pm.—uniformly distributed in Z/miZ
for all i=1,2,... in the following alternativle way. One simply considers the di-

rect product X = I (Z/mIZ) furnished with the product measure
i=1

Vv = umlx umzx ..., notes that the image of T : a¢ Z -~ (a+rnIZ, a+mZZ,...)€X

is dense in X , and arranges T(Z) into a V-uniformly distributed sequence in X.
The corresponding sequence in Z satisfies then the required property. If, howe-

ver, the moduli m_ , m,,... are such that m, divides mi for i=1,2,... and

1’2 +1

the L satisfy a compatibility condition analogous to the one enunciated in the
paragralph preceding theorem 4, one may proceed by a similar argument, with X
now being the inverse limit of the topological groups Z/miZ (in the sense of
[3, ch. III, 3e éd., §.7, n°2]) and Vv the measure on X induced by the M

i
We remark that, for the two special cases considered above, the existence of se-

quences (a_) with the desired properties was shown in [8] by means of explicit
n

constructions.

Let now G be an arbitrary locally compact abelian group, with the ope-
ration being written multiplicatively. All topological groups considered will be
Hausdorff. A closed subgroup H of G is called a subgroup of compact index if
G/H is compact. A character X of G 1is called periodic if its kernel is a sub-
group of compact index. For more on these notions, see [7, ch. 4, Sect. 5]. Let
X be the family of all subgroups of G of compact index. For each He¥X , let )\H
be a regular Borel measure on G/H . According to [2], the family {)\H}HGK is

called a density on G if the total variations of the )\H are uniformly bounded and

if )\H and >\H satisfy the obvious compatibility condition whenever H1 S H
1 2

We shall speak of a nonnegative normed density in case all the AH are nonnegative

2"
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and normed.

THEOREM 5. - Let G be a locally compact abelian group for which the periodic

characters form a countable subgroup of the dual group G . Then, for every non-

negative normed density {A

H}HER on G there exists a sequence (xn) in G

such that (an) is AH-uniformlv distributed in G/H for every HeX .

Proof. - Let first G be an arbitrary locally compact abelian group (not necessari-
ly satisfying the condition of the theorem), and let T' be the subgroup of G gene-
rated (algebraically) by the periodic characters of G . If T is furnished with the
discrete topology, then [' is a compact abelian group, the so called periodic com-
pactification GP of G (see [1]). A natural continuous homomorphism

Q:Gn Ep can be defined such that ®(G) is dense in Erp : for xeG, let X be
the character of G given by %(X) = x(x) for x€ G ; the restriction of % to T,
which we denote by X, is then a character of I' ; we define P(x) = X . Fora

proof of the indicated properties of ¥, see [7, ch. 4, lemma 5.3].

Let now H be a subgroup of G of compact index. Then there is a natural
continuous homomorphism O.H from GP onto G/H . This is constructed as fol-
lows. Let <I>H = (G/H)A, considered as a subgroup of T' (thus, a character ¥ of
G/H will always be identified with the character x* of G given by X*(x)=x(x H)
for x€G). Take Teap , so that T is a character of I'. The restriction of T
to <I>H is a character of (I>H . By Pontryagin duality, there exists a unique
a_€ G/H such that T(X) = x(aT) for all xe <I>H . We set o.H(T) =a.. It is clear
that Oy is a surjective homomorphism. Therefore, it suffices to prove continuity

at the identity element of G/H . Thus, let V be a neighborhood of the identity

element of G/H . Again by Pontryagin duality, we may view G/H as (G/H)M ,

255



H. NIEDERREITER

so that from the compactness of G/H and the definition of the compact-open topo-

logy it follows that there exist finitely many Xpr e X € <I>H and an £€>0 such that
{be G/H : [xi(b)-l |< e for 1<i=m} is contained in V. Let U be the neigh-
borhood of the identity element of GY givenby U = {7 ¢GP : ]T(xi)-l |< ¢ for

1=i=m1}. Then it follows immediately that G.H(U) cV.

As mentioned in [2, pp. 96-97], every regular Borel measure A on

GP induces a density on G . Explicitly, the induced density {XA is obtained

H}HE}C
by choosing, for each Hg3X , the measure )‘H on G/H as the one that is induced

by A via the mapping a_ : GPw G/H . If A is nonnegative and normed, then

H
the induced density is nonnegative and normed. The following important theorem
was shown in [2, theorems 2.10 and 3.10]. Every density on G is induced in the
above way by a regular Borel measure on GP if and only if G satisfies one of the
two subsequent conditions : (A) G is totally disconnected ; (B) each discrete

quotient of G is of bounded order and, in the decomposition according to the struc-

ture theorem for locally compact abelian groups, G has no R" part (i.e., n=0).

Let now G be a locally compact abelian group satisfying the condition of
theorem 5. Since, by assumption, the periodic characters of G form a subgroup
of G , it follows from a result in [1] that G is either totally disconnected or else
each discrete quotient of G is of bounded order. If G had a nontrivial R" part,
one could show easily that G would have uncountably many periodic characters
(by using the fact that every character of IR is periodic), and thus would arrive at
a contradiction. Hence, G satisfies one of the conditions (A) and (B) from above,

so that the' given density {A on G is induced by a nonnegative normed re-

H}Hei&c

gular Borel measure X\ on Ep. Since, in our case, I is countable, -(-:-'p is a
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compact abelian group with countable base. Furthermore, since %(G) is dense in
GP , there exists a sequence of elements of ®(G) such that every nonvoid open set
in GP contains infinitely many terms of the sequence. By theorem 1, this sequen-
ce can be rearranged to produce a A-uniformly distributed sequence in GP . In
other words, there is a sequence (xn) in G such that (¢ (xn)) is A-uniformly
distributed in GY .
We claim that the sequence (xn) has the desired property. For given

He¥ , it suffices to show that
N
z

(5) lim -1\11—
N n=1

xG )= xdhy

n

for all xe€ <I>H . For given Y€ <I>H , let )A( be the character of GY defined by
R(T) = T(x) for all TeGP . Then, using the notation from the first paragraph of
this proof, we get X(xn) = in(x) = ;n(x) = ;((;n) = ;((cp(xn)) for all n=1. From the
X\ -uniform distribution of (¢ (xn)) in GP, we obtain

(6) L g (%) . N‘(( N=[
lim — & x(x)=1lim — (P (x )) = X dA
N—omN n=1 D e N n=1 n P

It remains to show that the integrals in (5) and (6) are equal. But since )\H is

the measure on G/H induced by A via the mapping cx,H , we have
Jﬂ x dA =J' (X o a,)dx ,
H
G/H &P H

and from the definition of a Wwe see immediately that ¥ o Ay = ;( . This comple-

tes the proof of theorem 5.
Remark 10. - In fact, we have shown a somewhat stronger statement, since the

desired sequences (xn) arise by suitable rearrangement from any sequence (yn)

in G for which every nonvoid open set in GP contains infinitely many terms of
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the sequence (Cp(yn)) . Here, '"every nonvoid open set' can even be replaced

by '"every open neighborhood of points in the support of A '.

One can establish a result analogous to theorem 5 for any locally com-
pact abelian group if one restricts the attention to certain families of subgroups of

compact index. The ensuing theorem is related to a result in [12].

THEOREM 6. - Let G be a locally compact abelian group and let {Hj}je 5 be a

countable family of subgroups of G of compact index which is closed under finite

intersections, and such that for each je€ J the quotient G/Hj has a countable base.

For each jeJ, let >\j be a nonnegative normed Borel measure on G/Hj such that

the family {)\j}jEJ is compatible in the sense that whenever H is a closed sub-

group of G with H=2 HiU Hj for some i, je J, then )\i and )\j induce the same

measure on G/H . Then, there exists a sequence (xn) in G such that

(xn Hj) ,n=1,2,..., is )\j -uniformly distributed in G/Hj for every jeJ.
Proof. - As in the proof of theorem 5, the crucial step is to verify that the '"partial
density" {)\j }'EJ is induced by a measure on a suitable compactification of G .

J

This can be achieved by adapting arguments from [2, §.3]. For each jeJ, we
A ~ A
consider again (G/H,) as a subgroupof G . Put ¥=U (G/H,) . Since {H.},
J jed J jijed
is closed under finite intersections, Y is a subgroup of G . Moreover, Y is
countable as the countable union of countable sets. Furnish Y with the discrete

topology, and let K be its dual. A continuous homomorphism ¢ : G »K making

®(G) dense in K is constructed as in the proof of theorem 5.

We consider now various function spaces on G . First, let P be the set
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of all complex-valued continuous functions on G that are periodic modulo some
Hj (i. e., that are constant on the cosets of some Hj ). From the fact that

{Hj}jE 7 is closed under finite intersections, it follows that P is a (complex) vec-
tor space. Let sp(Y) be the linear subspace of P generated by Y. Let A be
the set of complex-valued continuous functions g on G of the form g = f-% for
some complex-valued continuous function f on K . The elements of A may be
called the K-almost periodic functions on G . Clearly, A is a Banach space un-
der the supremum norm. We note that PS A, for if g¢ P (letus say, g is
periodic modulo Hj) , then g = (gj ° OLj) o®, where gj is the continuous function
on G/Hj induced by g and (xj =G is the natural continuous homomorphism
from K onto G/Hj constructed inthJe same way as in the proof of theorem 5. We
remark also that, by Pontryagin duality, the characters of K are obtained by
taking a X € Y and defining X(T) = T(X) for all T€K. We have X % = x for all
X€ Y (compare with the last part of the proof of theorem 5). It follows now from

the Peter-Weyl theorem, applied to the compact abelian group K , that sp(Y¥) is

dense in A .

We define a linear functional L on P as follows. For ge¢P (say, g

periodic modulo Hj ), we set

L(g) = | g;dx;
G/HjJ
where gj is defined as above. Then L is well defined by the compatibility condi-

(compare with [7, ch. 4, lemma 5.1]), and is eviden-

tion on the famil ).
v Bylie s

tly a nonnegative normed functional on P . Now P is dense in A because of
sp(Y¥) S PS A, and so L can be extended uniquely to a nonnegative normed func-
tional on A which we also denote by L . For every complex-valued continuous

function f on K, set Ll(f) = L(fo®). Then Ll is a nonnegative normed func-

259



H. NIEDERREITER

tional on the Banach space of complex-valued continuous functions on K under

the supremum norm, and so, by the Riesz representation theorem, L1 corres -
ponds to a unique nonnegative normed regular Borel measure A on K . This mea-
sure A induces the ''partial density" {XJ.}J.EJ via the mappings O.J. (compare with

the proof of theorem 5).

By noting that K is a compact abelian group with countable base and that
®(G) is dense in K , one can now complete the argument in exactly the same way

as in the proof of the preceding theorem.
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