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TRIBBEL 

FUNCTION SPACES AND ELLIPTIC DIFFERENTIAL OPERATORS 

by Hans TRIEBEL 

The aim of this paper is the short description of some 
results obtained by the author in the last time on the following 
topics : (a) Structure theory and interpolation theory for func-

B 

tion spaces of Sobolev - Besov type without and with weights, 
(b) Structure theory for nuclear spaces, (c) L^ - theory for a 
class of strong singular elliptic differential operators. In some 
sense, this paper is the continuation of the survey papers 
[20 ,223 . So we describe in the first line results obtained after 
finishing of these papers. But this paper is selfcontained, and 
we repeat the needed basis facts here. 
1 . Function spaces of Sobolev - Besov type without weights. -

1 . 1 Definitions.-
R denotes the n - dimensional real Euclidean space, n 

S f is the set of tempered distributions , F denotes the Fou
rier - transformation in S'(R ), F ̂  is the inverse Fourier -

n transformation. L (R ) are the usual L - spaces ; 1 < p < « p n p r r 

For 0 <_ s < 00 and 1 < p < 00 we define the Banach spaces 

(1) Ĥ (R ) ={f|f€S'(R) ,||f || =| |F"1(l+|cp)f Ef || < «>} 

P HP<V - y v 
These are the well - known Lebesgue spaces (or Bessel - potential 
spaces, or Liouville spaces). Of course, ( 1 ) is also meaningful - 306 -



FUNCTION SPACBS 

for - » < s < 0, but we restrict our attention to the case 

s >_ 0. It is H p ( R
n ) = L p ( R

n ^ # F o r 0 1 s = integer the spaces 
H S(R ) = W S(R ) are the well - known Sobolev spaces, p n p n r 

(2) wf(R ) = {f|f€L (R ) ,||f|| = Z ||Daf|| < oo } : 

P N P N V V 
| |fj | and ||f|| are equivalent norms. 

H S W25 

P P 
For f t L (R ) we write P n 

(3a) (A h f) (x) = f (x+h) - f(x) ; h e R
n : 

and for an integer L _̂  2 

(3b) f = A h (A-h""b-

Let 0 < s < 00 ; 1 < p < » ; 1 _< q £ °° . We choose integers 
j and L with 0 <_ j < s and L > s - j and define the 
Banach spaces 

p,q n " p n £ ^ ^ 

oo llf||8 =Mf|N • [1 |hf(s-^ i ! | A y f | | q W ' * < - > . 
Bp, Q

(V wp (V \ s 
(For q = oo , we have to modify in the usual way) . These are 
the well - known Besov - spaces, introduced by Besov [2] . 

Of course, the norm ||f|| depends on the choice of j 
B S 

and L ; but all these normE'^ are equivalent to each other, 
and so we avoided additional indices. The spaces 

(5) W S(R ) = B s (R ) ; 0 < s i integer ; 1 < p < «, : P n p,p n 
are the usual Slobodeckij spaces. 
For the spaces B^ q(Rft) exist many equivalent norms, we 
refer to £l3, 16, 21, 22] (also for the proof of the equiva-
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lence of the norms described in (4)). 
Let ft be a bounded domain in R with smooth boun-

n 
dary, 3 ft £ C°° .In the usual way, we define H^(ft) and 
B S (ft) (and so also Ws(ft)) as factor spaces. Let 0 < s < »; 
p>q P -
1 < p < oo . Then we define 

& 
(6) Hp(n) = H p ( R N ) /{f(x)|f(x) = 0 a.e. in Q }. 

I I f I I s = i n f I Igl I s 
H S ( f t ) H S ( R ) p p n 

where the infimum is taken over all g(x) € H S ( R ) with 
p n 

g(x) = f(x) a.e. in ft . In a similar way, we define 
B (ft); 0 < s < °° ; l < p < o o ; l < q < o o . I t i s possible P 9 0. 
to give a more explicite definition of the spaces ^ o.) . 
For an integer L > 0 and h e R we write 

n 

n l = C\ ( 1 | X + j h M !• 
h j=o 

With the aid of these sets one can prove, that holds 

B s (n) = {fIfe L (a) : ||f||* „ = ||f|| + 
P'°- P B (ft) L (Q ) 

, P,q P 

f -(s-j)q J q 1 
R R |ot|<3 p h 1 1 

(with the usual modification for q = ~ ) . / 
j and L are integers ; 0 < _ j < s ; L > j - s . & n is defined 
in (3). I |fI I is an equivalent norm (we avoided again 

B s (ft) 
the indices j and L )• A proof is given in ["12,2 3] . 
There are also many other equivalent norms. For 0 <_ s = 
integer the spaces W^CQ) = H^Cft^ are the usual Sobolev spaces : 
we must replace in (2) R R by ft . Further, we use the nota
tion (5) with ft instead of R R (Slobodeckij spaces). 
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O O 

Finally, we denote with (ft) (or B ^ ^(ft)) the com
pletion of C~(ft) [the set of all complex infinitely differentia-
hie functions with compact support in ft] in H^Cfl) (or B^ ^(ft)). 

1.2 Structure theory.-
Let A be a Banach space and let 1 <_ q <_ » . We consi

der the Banach space. /; 

I 00 1 

L q(A) = {a|a = ^ T ^ j a ̂  6 A , ||a|| ( A ) = ^ J I ^ M ^ q < ~> 

(with the usual modification for q = » ). 

With the aid of this notation, we are able to determine the struc
ture of the spaces introduced in section 1.1. 
Theorem 1.-

Let ft be a bounded domain, 3 ft £C°° . 
(a) Let s > 0 and 1 < p < » . The spaces H p ( R

R ) > (ft) , and 
°s 
Hp (ft) are isomorphic to L p ( ( 0 , D ) . All these spaces have a 

Schauder basis. 
(b) Let 0 < s < ° ° ; 1 < p < °° and 1 <_ q < » . The space B s (R ) is isomorphic to 1^(1 ). In all the spaces B S (R ) p,q n ^ q p y p,q n 

and B s (ft) exist Schauder bases. 
(c) Let s > 0 and 1*V p < <» . The spaces B s (R ) , B s (ft), 

0 P'P n p,p 
and B s (ft) are isomorphic to 1 . They have a Schauder basis. P 5P P 

A proof of the theorem is given in [̂2 5j . There are fur
ther results in this direction. For instance : all spaces 
B^ „<n> = ( = B b (ft)) with 0 < s < - ; l < p < o o ; 

p>q p>q p 
1 _< q < » have a common Schauder basis, a system of functions 
of Haar type. A consequence of the theorem is, that the Sobolev 
spaces Wp(ft) ; 0 _< s = integer ; are isomorphic to Lp((0 ,D) , 
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while the Slobodeckij spaces W^(ft) ; 0 < s t integer ; are 
isomorphic to 1 ^ . 

1 . 3 Interpolation theory.-
We use the real interpolation method (A0,A-L) Q ^ ; 

O < 0 < l ; l < _ q < _ o o ; o f Lions - Peetre, and the complex inter
polation method [A O,A^] 0 ' ̂  < 0 < ' ^ions ~ Calderon -
S.G. Krejn. {A Q , A^} is an interpolation couple of Banach spa
ces. We do not repeat here the basis facts for these interpola
tion methods and refer for the real method to £3] ; chapter 3 , 

and for the complex method to Q+] , see also [ 7 ] or [ 9 ] . 

Although we gave a detailed description of the interpo
lation theory for the spaces HS(ft) and B s (ft) in ["2 3] , we 
repeat some of the results. This seems to be helpful for the 
understanding of further results. 

Theorem 2.-
Let ft be either the whole space R or a bounded 

n 

domain in R R with smooth boundary, B ft £ C°° . (The indices by 
the function spaces and the interpolation spaces are running in 
their natural domains of defintion, only additional restrictions 
are remarked). 

(a) For s i S i holds 
s s-. s (l-0)+s-,0 

O ) (B 0 (ft) , B (ft))n n = B 1 (ft). 
s 

The result is also true after replacing B (ft) by 
P 5 q^ 

s s s o 
H °(ft) or/and B 1 (ft) by H 1(ft). 
p p 5 q x

 y P 
(b) For 

s^ i s-, ; s = (l-G)s^ + 0 s-, ; - = 1 " 0 + — holds o 1 o 1 p P Q
 p l 
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s s 
(8) ( B ° ^ (ft) , B * ^ (ft) = B* (ft>. 

Po'Po pi' pi e,p p , p 

s Q 

The result is also true after replacing B (ft) by 
s s s po' po 

H °(ft) or/and B (ft) by H x(ft). 
So P1' P1 P l 
(c) For l < q Q < ° ° ; l < q 1 < « > : 

r-y « \ ^
 1 1"9 . 0 . 1 _ 1-9 , 0 . s = ( 1-0 ) s +0ST ; — = + — ; — = + — : 

° 1 p P0 Pi q q G °-i 
holds 

S s 
(9) [B ° n (ft) , B 1 n (ft)l = B^ (ft), 

po' qo pl' ql 0 p ' q 

s s 
(10) [H °(ft) , H 1(ft)] = Hs(ft). 

p o p l 9 p 

A proof of this theorem is given in [21,2 3] . There are futther 
results in this direction, see also [2 2] . Some of the descri
bed interpolation results also known, at least for ft = R R. 
For formula (7), we refer to [lOj , for formula (8) to 
[6,14,15] and for formula (9) to [6,17] . 

2. Function spaces of Sobolev - Slobodeckij type with weights.-

2.1 Definitions.-

In some papers, we considered function spaces with weights 
and the interpolation theory for these spaces [l8, 19, 23] . 
The obtained results are summarized in [2 2]. There is also 
a description of applications to the theory of regular and 
singular elliptic differential operators. We do not repeat 
these results and consider a new class of function spaces 
with weights, which is a generalization of the spaces intro
duced in [18] and [19]. 
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Let ft be a (bounded or unbounded) arbitrary connected 

domain in R . (Assumptions for the smoothness of the boundary 

are not necessary). We consider a weight function p(x), defined 

in ft : 

(11) 0 < p(x) e C°°(ft) ; 

(12) ¥ y , 3 > 0 with | D Y < J < c p 1 + ' Y ' <*) ; 

(13) p(x) °° for x + 8 ft or | x | ^ ° ° : 

(14) 3 a > 0 with p" a(x)e L 1(n). 

(13) means : for each positive number K exists a compact set 

O J ^ C fi with p(x) > K for x £ ft - o)^. For bounded domains 

(or domains with finite measure) (14) follows from (11) and (13). 

Examples : 

(a) Let ft be an arbitrary connected bounded domain. 

With d(x) we denote the distance of a point x€ ft to the boun

dary d Q . It is not difficult to show the existence of two posi

tive numbers and C 2 9 and of a weight function p(x) of 

the desired type with 

c 1 d(x) <_ p 1(x) _< c 2 d(x) . 

p "'"(x) is a " generalized distance - function". 

(b) For ft = R R are 

p(x) = (l+|x| 2) n ; P ( X ) = e ( 1 + l x | : n > 0 ; 

examples. 

The considered class of weight functions is rather wide. 

Now, we define Sobolev - Slobodeckij spaces with weights. 

Let l < p < o o ; s >_ 0 ; v and y are real numbers with 

v >_ u + sp. 
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We write : 
W S (ft) = {fIf € D'(ft) ; 

||f||WS = [( ( E P v(x)|D Bf(x)| P + p V(x)|f(x)| P)dx] P < -} 
1 1 1 1 P»>»»v LJ | a |=s ' 

for s = integer, and 

Vs (ft) = {f|f € D'(fl) : I |f I I s = [[ p V(x)|f(x)| Pdx + 

y |p^(x)Daf(x) - p£(y)D af(y)| p 1§ 
+ ^c|| ^ — dx dy < + oo } 

l a l ' H lx-vl n + { s } p 

for s = [s] + {s} ; [sj integer ; 0 < { s } < l . ( D f ( f t ) is the 
set of distributions • over ft). These spaces are introduced in [24-J . 

In [24] , we considered also Besov spaces and Lebesgue spaces with 
weights of this type. It is also possible to weaken the assumptions 
for o(x), or to consider the spaces W S (ft) with v < y + sp. 
[2 4]. But we restrict our attention to the above mentioned spaces. 

2.2 Structure theory.-

The indices have the meaning of the last section, we 
notice only additional assumptions. 

Theorem 3.-
(a) W s (ft) are Banach spaces. C°°(ft) is a dense 

p,y,v * o 
subset. 

(b) Let s t integer (Slobodeckij spaces with weights). 
s 

Then, W p > y 5 v ^ ^ "*"s isomorphic to 1 . 
(c) L E T s = integer (Sobolev spaces with weights). 

Then, Wp ) V l j V(ft) is isomorphic to L (0,1)). 
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The parts (a) and (b) are proved in [24J . The part (c) is 
new, a partial result is proved in [2 6] . 

On the end of the last section we remarked the possibility 
of the consideration of the spaces W s (ft) with v < y + sp. 
In this case, C*(ft> is (generally) not dense in W s (ft) . For ' o 6 J p,u ,v 
the details, we refer to [2*+] . 

2.3 Interpolation theory.-

Theorem M-.-
Let m^ and m 2 be integers >_ 0 ; 1 < p 1 , p 2 < 00 ; 

5 y 2 > v l a r e r e a I numbers with 
v l — y l + p l m l ' v° — 112 + P2M2 : 

(y 1-v 1)p 2m 2 = (y2" v2^Pl mi* 
(in the case m-̂  = m 2 = 0, we assume u-̂  = v-̂  and y 2 = v 2 ) . 
Let 0 < 0 < 1 and 

p ̂v||*x4 ̂ = m2 = "a(x)e L1(np1 2m2*^fq 2"v2^P p2 1 2 5-_ 

v-. v 9 u n -v 1 - ^ (l-O)-i + 0 ; u = v + sp — . 
p P l P2 m l P l 

yl~ Vl u?" v2 (In the case m n = 0 , m 0 > 0 we replace — by — - : 1 2 ^ m 1 p 1
 J m 2 p 2 

in the case m-̂  = m 2 = 0, we assume y = v). 
Then holds 

(15) (W (ft), W m (̂ )) = W s (ft) for s i integer 
pl' yl' vl P2'U2'"2 0 , p P> u' v 

and 
m, m 9 s 

(16) [W 1 (ft), W 1 = W (ft) for s = integer. 
Pl» ul» vl p 2 , u 2 - A ) 0 J0 p 9y 5v 
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The theorem is proved in [2 4j . With the aid of the 
Besov spaces with weights and the Lebesgue spaces with weights 
it is possible to prove more general results ( (15) without 
s t integer ; (16) without s = integer). We refer to \2^\ . This 
interpolation theorem is the basis for the - theory of a 
class of singular elliptic differential operators, described in 
the following sections. 

3. Singular elliptic differential operators.-

3.1 Definitions.-

In [2 2] we summarized some results about regular and 
singular elliptic differential operators acting in function spaces 
with and without weights on the basis of the interpolation theory 
for these spaces. Now we consider new singular elliptic differen
tial operators, which are generalizations of the operators consi
dered in [8, 11, 18, 20j , see als.o [22~J . 

Let ft be an arbitrary (bounded or unbounded) connected 
domain in Rn« p(x) denotes the weight-function of section 2.1. 
Let m be an integer ; m = 1,2, ... ; y and v are real num
bers with 

(17) v > y + 2m ; y > 0. 
Let 

( 1 8 ) X L = rv ( 2 m-L ) +^l ; L = 0, 1, . . . , 2m. 

We consider the operator A. 
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(13) Au = I I p *1L(x)b <x)D°d + Z a Q(x)D Bu 
L=0 | a | =2L a |f>|<2m 3 

b a(x) and a ^ ^ x ) are real infinitely differentiable functions 
defined in ft ; 

Vy > 3 c > 0 with sup I D̂ -b (x) |< c ; 
Y xia y 

I a I=0,2,...,2m 
J c > 0 with 
(-l)m I b (x) C a > c U | 2 m and b, n n,(x) > c ; |o|=2m a (0,...,0) 

(20) 

(-1)L Z b (x) ̂  > 0 for L = l,...,m-l; 
|a| =2L « " 

a cu a 
(we used g = ̂  . . . 5n* f o r 5 = ( > • • • > S n

} e R n } ; 

^ + | ' Y | - e 
(21) 3 e > 0 with D Ya B(x) =b!(p |s| (x)) ; 0 .< | Y | < » 

(20) is the ellipticity condition. 
(21) shows that I Z ... is the " main part " of 

L=0 } ot | =2L 
A and l ... is the " perturbation part ". 

| 8 | <2m 
Examples.-
(a) Let ft ba a bounded domain and let o "̂ (x) be the gene
ralized distance function described in the first example of 
section 2.1. Then is 
A u = D U ( X ) (-A)mu + o"(x) u ; (17) holds 
an operator of the described type. 
(b) Let ft = R . Then has 

n 
A u = (1+ | x | 2 ) n 1 (-A)mu + (l+|x| 2)" 2 u ; n 2> max (n-^O) 
the desired properties. (In both examples we have only a 
"main part"). It is easy to describe further examples. Special 
cases are also the operators considered in [l8j. 
Further we define the (F.) - space (complete locally convex 
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space equiped with a countable set of semi - norms) s
p ( x ) ^ ) > 

S , v * < 0 > = {f |f € C^ta), | | f | | r n = sup p L(x)|D af(x)| < co 
p v x ; xeft 

for L = 0,1,2,... and for all multiindices a }. 
The spaces W S (ft.) have the same meaning as in the sections 
2.1 - 2.3. 

3.2 L -theory.-

Firstly we consider A as a linear continuous map acting 
between function spaces. 

Theorem 5.-
Let be an arbitrary real number ; s > _ 0 ; l < p < « > . 

It exists a real number c, so that for all complex numbers X 
with Re X j< c the operator A - X E (E is the identity) gives an 
isomorphic map from 

W 2 m + S (ft) onto W S (ft) 
p ,X+py (1+fjj) ,)(+pv (l+fjj) p >*+Pu§i>'*+Pv§5 

and from S , .(ft) onto S , N (ftj) . 
p(x) p(x) 

The theorem is proved in [2 6j , partial results are proved in 
[8, 18] . The basis for the proof is the interpolation theorem 
4, together with some a - priori-estimates. 
Secondly, we consider A as a linear unbounded operator acting in 
Lp ^(^) with the domain of definition 

(22) D(A) = W^l, x ^ (ft). 
PvX+PH>VPv 

is an arbitrary real number ; 1 < p < » 
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Theorem 6.-
Let A = A be the unbounded operator (19) , (22) 

X'P 
acting in L v C Q ) . 

P»X 
(a) It holds 

D(A k) = W 2 m k (ft) ; 3v = '1,2,... 
p,&+pku ,-x+pkv 

(b) The spectrum of A ( = A, ) consists of a countable set of 
X p 

isolated eigenvalues. Each eigenvalue has a finite algebraic mul
tiplicity. The eigenvalues and the generalized eigenvectors are 
same for all values of p and ft .The finite linear combinations 
of the generalized eigenvectors are dense in S ^x^(fl) and also 
dense in all spaces W (ft) ; s > 0 ; l < q < ° ° ; 

q,a ,T -

s and T are real numbers ; T >_ a + qs. 
The part (a) is proved in [2 6j . The proof of (b) we 

shall publish in a later paper, (b) is analogous to the well 
known theory of Browder - Agmon for the density of the linear 
combinations of the generalized eigenvectors for regular elliptic 
differential operators [l], see also [5j . 

3.3 L 2 - theory.-

Let A be the operator (19), (22) with p = 2 and 
X = 0. We assume additionnally 

(Af,g) = (f,Ag) ; f £ C~ (ft) , g e C ~ (ft); 
L2 L2 (symmetric property). 

Theorem 7.-
(a) A is a self - adjoint semi - bounded operator, 

(Af ,f) > c | | f | | T
2 ; f e D (A) , 

L2 2 

with pure point spectrum. It exists four positive numbers c-̂ , 
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c 2, T > 1 and T ? with 

(23) c-ĵX < N(x) < c 2X 

(N(X) = Z 1 is the eigenvalue - function, X- are the 
A . < X J 

eigenvalues of* A). 
(b) For 0 < 0 < oo holds 
D(A°) = W ^ m f a , _ (n). 2 , 2piG , 2^Q 

This theorem follows from the theorem 6 and the considerations 

in [2 63 * 

4. Nuclear function spaces.-

4.1 Isomorphic properties.-

In [2 0j we gave a systematic treatment about the connec
tion between (singular) elliptic differential operators and nuclear 
function spaces. All nuclear spaces considered in [20J are isomor
phic to the nuclear spacesof rapidly decreasing sequences, 
s ={ 5|e = ( ^ ) ° ° j = 1 : | U I | L = sup j L < - for L = 0,1,2,...} 

Now we formulate a general theorem in this direction. 
We start with the description of the abstract background. 

Let A be a self - adjoint positive - definite operator with pure 
point spectrum acting in a separable complex Hilbert space, D(A°9) 

00 

= r\ D(A^) equiped with the norms ||u||• = ||A^u|| ; becomes 
j=0 3 

an (F) - space. We denote the eigenvalues of A with Xj ; 
j = Jr, 2, ... In [20J we remarked that D(A°°) is isomorphic to s 
if and only if there existr-four positive number's c-̂ , c 2, xn and T 2 

with 

.Tl _u_ .T? 
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Let ft be an arbitrary (bounded or unbounded) domain 
in R n ; smoothness assumptions for the boundary are not neces
sary. We consider 

f = Z (-l)m Drt (a 0(x) D 3f) 
° l.a'im a' f i 

I 6 i <_ m 
with the domain of definition D(A ) = C°°(#) , as an unbounded 

o o ' 
operator in L2(ft). We assume : 

a 0(x) are real functions, a ,B 

a _(x) = a <x)<£ C°°(ft) ; 

3 c > 0 with 
( V > f ) L 2 ( f t ) >-C H f M J 2(Q) 5 C-<Q>. 

A Q is a symmetric positive --definite operator. 

Theorem 8.-
Let A be a positive - definite self - adjoint exten

sion of A Q. Let D(A°°) be a nuclear space. Then D'A°°) is iso
morphic to s. 

We shall give the proof of the theorem in a later 
paper. Many interesting well - known nuclear function spaces are 
special cases of the last theorems, see [20] . We mention the 
Schwartz space S(R R) , and the space C°°(ft) , where ft is a 
bounded domain with 3ft C°° , [20] . 

4.2 The space S , V(ft). r p (x) 

We assume that the weight function p(x) and the 
space S , S(ft) have the same meaning as in section 3.1 * p(x) 
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Theorem 9.-

S t v(ß) is isomorphic to s. 
P (x; 

The theorem is proved in £2 6̂  . It is a positive 

answer of the problem 2 of [20], p,. 310. As a special case of 

the last theorem we mention that for an arbitrary bounded domain 

the space C*("fi) = { f | f €C*(R ), supp fc ß} ||f|| = sup|D af(x)|, 

( a is an arbitrary multiindex), is isomorphic to s. 
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