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Second order parabolic equations and weak uniqueness of
diffusions with discontinuous coefficients
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Abstract. We prove the unique solvability of parabolic equations with discon-

tinuous leading coefficients in W;’z((O, T) x R4 ). Using this result, we establish
the uniqueness of diffusion processes with time-dependent discontinuous coeffi-
cients.
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1. Introduction

The unique solvability of second order parabolic equations in non-divergence form
is well established if the leading coefficients are uniformly continuous (see [8] and
[9]). More precisely, the parabolic equation

ur = aji(t, x) uy,x +bj(t, x)ux; +c(t, x)u+ f(t,x)

with appropriate initial and boundary conditions has a unique solution u €
WI],’Z((O, T)x Q), 1 < p < oo, if aji(t, x) are uniformly continuous with re-
spect to x uniformly in ¢ (a i satisfy the uniform ellipticity condition). However,
even if a i (¢, x) are discontinuous, there are some cases where one can expect the
unique solvability of the above equation. The most intensively investigated case is
when the coefficients a i are in the space of VMO. As noted in [13] (also see ref-
erences therein to find a list of many papers which deal with elliptic and parabolic
equations with VMO coefficients), VMO contains the space of bounded uniformly
continuous functions as a proper subset. However, for example, if a j are piecewise
constant, then they are not in the space of VMO. This means that we may try to find
another class of discontinuous coefficients a j (a class that includes piecewise con-
stant coefficients) so that equations with leading coefficients from the class have
strong unique solutions.
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In this paper we prove the existence and uniqueness of a solution u in W;’z (0, T)x
R%), 1 < p < o0, to the above parabolic equation with coefficients a jk(t, x) being
discontinuous at the hyper-plane {(,0,x’) : t € R, x’ € R¢~1}. Specifically, we
assume that

ajr(t,x) = afk(t,x) for x; > 0 and aji(t,x) = aj_k(t,x) for x; <0,

where a;rk (t, x) and aj_k (t, x) are defined on R x Ri and R x R? respectively and
uniformly continuous with respect to spatial variables uniformly in 7. In addition,
ajck (¢, 0, x") are uniformly continuous as functions of (¢, x"). We see that aﬁ do not

have any relation with aj_k, so the coefficients a j; can be discontinuous at the hyper-

plane {(r,0,x") : 1 € R, x' € R4-1y, Clearly, this contains piecewise constant a i
with discontinuity at the hyper-plane. An a priori estimate, as usual, is the main
step we achieve, and to do that, we make use of trace operators and multipliers.

When aji, bj, and c are piecewise constant with discontinuity at the above
hyper-plane, Salsa [12] solved in Wzl’z((O, 00) X Rd) the equation u; = AjkUxjx;, +
bjuy; + cu with a non-zero initial condition. For elliptic equations with similar
leading coefficients, see [10], [11], and [5].

In this paper we also discuss the well-posedness of the martingale problem for

L;, where
2

1
L= Eajk(fa 2)

Here the coefficients a (¢, x) are allow to be discontinuous at infinitely many par-
allel hyper-planes. For more details, see assumptions in Section 3. In fact, there
are papers which investigate the well-posedness of martingale problems (or well-
posedness of diffusion processes) when the diffusion coefficients a j; (x) are discon-
tinuous in x. Some of them can be [2], [3], and [7]. However, they dealt with coef-
ficients a j; (x) which are independent of . We here consider time-dependent coef-
ficients which are discontinuous at hyper-planes {(r, y;, x) : t € R, x’ € R~}
where {y;} is a subset in R with no limit points. As is shown in [15], the well-
posedness of the martingale problem for L, follows from the unique solvability of
the corresponding parabolic equation (if the equation is uniquely solvable). Hence
our result on parabolic equations in Section 2 plays a major role in the discussion
of the martingale problem. For complete details about martingale problems, see the
monograph [15].

This paper consists of two sections excluding this introduction. We discuss
parabolic equations and martingale problems in Section 2 and 3 respectively.

A few words about notation. We denote by (7, x) a point in R4*!. That is,
(t,x) = (t,x1,x) € RxRY = R wherer € R, x; € R, v’ € R4, and
x € R4, We write Ri and R? for half-spaces

a
——+bi(t,)—.
8xj8xk+ i )ij

{((x1,x):x1 >0, X’ e RN and  {(x1,x) :x1 <0, x' e RN

respectively. Throughout the paper we set L, = L), R+,



PARABOLIC EQUATIONS AND WEAK UNIQUENESS OF DIFFUSIONS 57

ACKNOWLEDGEMENTS. The author would like to thank Nicolai V. Krylov for his
guidance and support throughout the preparation of this paper.

2. Second order parabolic equations with discontinuous coefficients
We consider parabolic equations of the form

u(t, x) = Lu(t, x) + f(t,x) in (0,T) x R?
u(0,x) =0 ’

where
Lu(t, x) = aji(t, X iy (1, X) + b (1, X)uy; (2, x) + c(t, Xu(t, x).

We prove the existence and uniqueness of solutions to the parabolic equations as
above in the Sobolev space W;’z((O, T) x RY, 1 < p < oo. The definition of
Wll,’z((Tl, T») x 2) can be found in [8] or [9], where —o0 < T} < 1> < oo and
is an open set in RY.

Let us first state the assumptions on coefficients a (¢, x), b (¢, x), and c(, x).
Note that in the below the coefficients a (¢, x) are not uniformly continuous in

x € R?. The function w below is an increasing function defined on [0, co) such
that w(g) — 0 as e N\ 0.

Assumption 2.1. The coefficients aji, j,k =1, --- , d, are defined by

a;;{(t,x) if x>0

ajr(t,x) = ,
! ayt.x) if x <0

where aﬁ satisfy the following.

1. afk(t, x) are defined on R x Ri and a/.*k(t, x) are defined on R x R<.
2. ajck (t,x) = a;; (t, x), and there exists a constant k € (0, 1) such that, for any
teR, x eRY and ¥ € RY,

d
k9P < Y a0 < kIR
k=1

3. Foreacht € R,
lafi(t,x) —af(t, ] s o(x =y for x,yeR],

@i (t, ) — a5 (6, ) < o(lx —y) for x,y e R,
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4. Fort,s € Randx’, y € RI-1,

jat (1, 0.) — at (5.0, )| < w(lt — 5|+ |2’ — y'].
laj (1,0,x") — aj; (5,0, Y0 = (|t — s+ [x" = y']).

Assumption 2.2. The coefficients b; (¢, x) and c(z, x) are measurable functions de-
fined on R x R? satisfying

1bj(t, x)| + lc(t, x)| < K

for some positive constant K.

The first case we consider is
uy(t,x) = Lou(t, x) — Au(t,x) + f(t,x) in R x R4

with

+ _ 4+ d
. L —ajijk in R xR}
0= ,
— — . d
0 :ajijk in R xR%

where afk and ajfk are constant. Recall that L, = L p(Rd“).
Theorem 2.3. Forany A > Oand u € Cgo (R4+1,

Miull, + iz, + Nz, < NliLow — A —uqlr,, @.1)
where N depends only on d, p, and k.

To prove this theorem we need the following function spaces and trace theorem
which can be found in [8, 17]. For a non-negative real number /, let

W/ R x RN = L, R, W RTY) n WP R, L,RITY),

where W;;(Rd_l), s =0,1,2,---,are Sobolev spaces and W[S, (Rd_l), s # integer,
s > 0, are Slobodeckij spaces.

Theorem 2.4. Set [ =2 — 1/p. There exists the trace operator T from
WI2R xRY) onto Wy R x R x WiV R x RET

such that
TM = (M(t, 07 -x/)a ”xl (tv 07 -x/))

and

e 0.yt gy + ity GOy gy < Nl may  22)

foru € Wli’z(]R X R‘_‘;_), where T = R x R~! and N depends only on d and p.
Moreover, T has a bounded linear right inverse (extension operator).
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We also need the following notations, similar to those in [10, 12]. Set

d
oHE)=1) afE. &= B eRTY = VoL
j=2

J

d
BEEN = ) aiEiE+ 1,

Jk=2

and

H* &) = (@*E)) + o}, 5 (&)

d 2 d
- (Zaﬁ's/) +aj; (Z anEig+ 1) .
=2

jk=2

Let s € IR. We denote

—at(§) = \[H*(E) +ia);s

+ N

Z (Ssg: ) - aﬂ )

B ) —a~ () +,/H (&) +iaps

7 (s,8) = — ,
apy

Z(S’ 5/) = Z+(S’ 5/) - Zi(sa S/)’
where /w means, from now on, that branch of the analytic function w1/2 that has
non-negative real part. Note that

RzF (s, 6N = —ésﬁ [,/H+(s/) + ialﬁs}

ap

Rz (s, €] = ai_m [,/H—(g/) + ial_ls:| .

11

and

The following estimates hold true for [z% (s, £€)]. One can find the same estimates
in [12].

Lemma 2.5.

—Noy/ L+ (12 + |s] < Rzt (s, 6)] < —Niy/ 1+ [E/12 + Is]
Niy/ L+ [E12+ Is| < Rz (s, E)] < Noy/ L+ €12 + s,

where N1 and Ny depend only on k.

and
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1

Proof. The lemma follows from the fact that ¥ < aljt1 <Kk~ and

NE')? < HEE) - af; < MaJg', (2.3)

which is proved in Lemma 3 in [10]. Here the constants N; and N, depend only
onk. U

The main step in the proof of Theorem 2.3 is to prove that an operator T
defined by I
Th=h/z(s.§). heCFRxRI,

can be extended to a bounded operator from
WiV R xR e WP R x R,

where/ =2 —1/pand R x R9~1 = {(1,0,x') : t € R, x' € R?~1}. Here f is the
Fourier transform of f in R x R4~ To prove this, we start with a lemma showing
that (1 + s2)'/4/z(s, &) and i& j/z(s, &) are multipliers. Note that we sometimes
mean by R?, especially in Lemma 2.6 and 2.7, the space {(r,0,x") : t € R, x’ €
Rd—l}‘

Lemma 2.6.

(1 +s2)1/4 15]
—_— and ,
z(s, §') z(s,§")

are multipliers for L ,(RY). That is, if we set ﬂ(s, ') = m(s, &) f, where f €
Ly(RY N Lp(Rd) and m(s, &') is either of the above multipliers, then we have

j:2’...7d,

||Tf||L1,(Rd) = N||f||L1,(Rd),
where N depends only on d, p, and k.
Proof. Sets = &) (recall that &’ = (&, - - - , &;)). We prove

m 2\1/4
0 (1+&)) - N (2.4)
08, --- 0§, \ z(81,&) 1§, - - &,
and
‘ gm ( igj >‘§ N =2 2.5)
0&j, -+ 0§, \z(51,8") & =&l

where m = 1,---,d, jx € {l,---,d}, and jix # j; if k # [. Especially, the
constant N depends only on d and «. Once these inequalities are proved, the lemma
follows from Mikhlin’s theorem (Theorem 6’ on page 109 [14] or see page 289 [8]).
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First, we prove that, for a multi-index o, « = (0, g, - - - , ag),

‘Da\/Hi@wiaﬁsl <N+ IEP+ 18D (2.6)

where N depends only on d, «, and . Using the matrix |/ [aﬁ] and an appropriate

orthogonal change of variables, we can find a matrix A = [o0};] satisfying the
following:

(i) The mapping x — Ax is a diffeomorphism from Ri onto itself.
(ii) For a twice differentiable function v(x) defined on R%, set w(x) = v(Ax). Then
Lgv(Ax) = Aw(x) in R?, where, as we recall, L(J)rv = a;rkvxjxk.

Notice that from the above two properties of A = [0 ] we have a;rk = Zflzl 010k,
k=1,---,d,and oy =0,k =2,---,d. Denote by B the sub-matrix formed by
removing the first row and column of A. Then B is a non-singular matrix. Observe
that

d d
|B*E|* = Z (@ —oj1ok)é 6k = — Z oj10k16 5k +

d
+
ajkgjék
k=2 jk=2 jk=2

d 2 g | d 2y
= - ( 0;15;’) +> alEig =—— (ZGllGjlfj) +> a6 gk
2 j=2

jk=2 on Jik=2

Jj=

2
1 (& d 1
=—— (Zaﬁ-éj) + 2 afdib= Y E) - 1.
j=2

ary jk=2 11

Thus

JHE) Fiafe = Jaf, (B +1+i8).

From this and (2.3) we see that

‘D“\/H’“(S/) Fiaha| < NO+IER+1ED T,

where N depends only on d, «, and k. By the same calculation, we also have the
above inequality with H~(¢’) and a,; in place of H (&) and aﬁ. Therefore, (2.6)
is proved. Moreover, it follows easily that

‘Da [(Hi(f/) +iaﬁ§1)71/2i” <N+ |€/|2 + |§l|)_# @7
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Next, we prove that, for @ = (0, a2, - - - , ag),

! Joe|+1
v NA -+ R 2.8
‘ <z<s1,5/>>’5 I+ 8P+ 16D 08

where N depends only on d, «, and k. If « = 0, then by Lemma 2.5

1
z(61,8")

where N depends only on x. For a multi-index |«| > 1, the inequality (2.8) is
justified using (2.6) and induction.

1 1
N( + € -4
S L e 1 ey = VAR EDTE

Finally, we prove that, for o = (0, aa, - - - , ag),
° : jal+3
7 W )| S NAFEEaDT (2.9)
‘ [351 (Z(El,g’))]’ &7 + |&1]

where N depends only on d, «, and «. This follows from (2.7), (2.8), and

i( 1 )_ i aj, N ap
1 \261.80 ) @8\ JHre viafe JH@) +iags

Now we use (2.8) and (2.9) to prove (2.4) and (2.5). For example, if §;, = & and

am—l

Da=m,then
85]1 e agjm Z(Sl: S/)
S (mm) o [ ()]
avenn ) T o€ \z(51, €
_ 611 (1+gp'H

N
B ((1 +EDIAA+IER + D ID2 T (T 1EP + |sl|><la+3>/2)

N N
= ol = .
&N+ €2+ a7 18 Sl

The other cases are proved in a similar way. The lemma is proved. U

Using the above result and interpolation, we prove the following lemma.
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Lemma 2.7. Let T be an operator such that

~ 1

= 0 Rd
Th Z(S,S/)h’ h e Cy~(RY),

where Th and Tt are Fourier transforms of Th and h in R? respectively. Set | =
2 —1/p, then

||Th|| 121 N||h||W(1 1)/2.0-1 (2.10)

(RxRI-1) = (RxRA-1)’

where N depends only on d, p, and k.

Proof. Define an operator S by

= U+sHl/A
Sh=-—"——h
2(s. &)

where h € Ci° (R?). By Lemma 2.6 the operator S can be extended to a bounded
operator from L, (R, L,(R~")) to L ,(R, L,(R?"")) and from W} (R, L ,(R‘~1))
to W;(R, Lp(Rd*I)). Here we used the fact that S(D*h) = D*S(h). By real
interpolation (see [1]) we have

(LR, LRI, WR, LR onyn, p = Wy VPR, LRI,
Thus

1Shllyy =172 = Nkl -vr (211

(R,LpRI7L) = (R,L,(R1))’

where N depends only on d, p, and «. Since (1 4 s%)!/4 is an isometric multiplier
from W,/*(R) (=B} (R)) to Wy ~"*(R) (=B, "> (R)),

h . !
| ThI” W R, (1)) /Rdl I Th(, )|| 12 @) dx

—1 2\1/4
= Ad_l £, (1 +57) / }—I(Th)(‘,x/)”pwl()/fl)/z(R) dx’

= |Sh|” ,
|| ||W,()lfl)/2(Rpr(Rd_l))

where F1 and F|° ! are the Fourier transform and its inverse on R. This and the
inequality (2.11) prove

TR, < Nl (2.12)

2R, L,(RI-1)) = WP R, L, R

where N depends only on d, p, and «.
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On the other hand, from Lemma 2.6, we know thati&;/z(s, &), j =2,--- ,d,
are multipliers for L p(Rd). This implies that

W[]§+1 (Rd-1)

o0 x
[ imnaong dr =N [y
o0 —0o0

where k = 0, 1 and N depends only on d, p, and «. Hence T can be extended to a
bounded operator from

LR, WyRI™) o LR, Wy R,

where k = 0, 1. Note that by real interpolation (see [1] or Theorem 1.18.4 in [16]),
we have

(L,,(R, L,(RYY), Ly(R, W;(]Rd’l))) — L,R, W R

-1, p

and

(L,,(R, WIRIY), Ly (R, W;(Rd—l)))l_l =L@ Wl @A),

Therefore,
||Th||Lp(R,Wé(]Rd71)) = N”h”LP(R,W,’,’I(Rdfl))’ (2.13)

where N depends only on d, p, and «.
Finally, recall that

W/ (R x RN = LR, WSRITH) n Wy (R, LRI,

where s is either / or /[ — 1. From this, (2.12), and (2.13), the inequality (2.10)
follows. O

We need the Fourier transform of a solution to a parabolic equation defined on
a parabolic half-space (e.g. R x Ri).

Lemma 2.8. For g(1,x') € CO(R x R4 (= CO(RY)), let vt € Wy (R x RY)
and v~ € W;’Z(R x R%) be the solutions of the equations

v =Livt —v in RxRY v, =Lyv” —v in RxR?
v1(t,0,x") = g(t, x') ’ v (,0,x") = g(t, x').

Then
0 (5.0.8") = 2 (5, EN3(5. &) and vy (5.0.8") = 2~ (5. 6)3(s. &),

where Fourier transforms are taken with respect to (t, x’) € R x R4,
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Proof. First consider

{vtzAv—v in RxRi

v(t,0,x") =g, x) ’ (2.14)

where g € Cj°(R x R4-1), Let

1
, L R A 0, x>0
K(t,x1,x)={ (4mt)d/? t
0 for t <0, x;>0.

Then the solution to (2.14) is
v(t7 X1, x/) = [K(a X1, ) * g(a )](ta X/).
We see that

/ e IHE D g v XY dt dx! = e IV IHIE S
R4

Thus we have

Vs, x1, %./) _ g(s’ g/)e—xn/ 1H& 2 +is

and

0y, (5,0,8") = —g(s, &)/ 1 + &> + s, (2.15)

where the second equality can be justified as follows. Note that

v(t, x1,x') = cq / (s e VITEP S g g,
R

where ¢g = (277)~4/2. Thus

—ha/1+E" P +s _
h

= ¢4 / R 614 18P s dsdg,
R

By taking Fourier transforms, we arrive at (2.15). This, together with the definition
of T (s, &), proves the case Lar = A. The case L, = A is proved similarly. For

general L(J)r and L, we use the change of variables in the proof of Lemma 2.6. [

ds d&'

. I eI~ e
vy, (t, 0, x/) — lim Cd/ el(ts+x £ )g(s, S/)
h—0 R4
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Proof of Theorem 2.3. We prove the inequality (2.1) only for A > 0 because the
inequality with A = 0 is obtained by continuity (with respect to 1). In the case A >
0, since we can use a dilation argument, it is enough to prove (i.e., the inequality
2.1)withr =1)

el 2pey < NlLow —u = wyllL,, (2.16)

where N depends only on d, p, and «.
Let f =u; +u — Lou and g(, x") = u(z, 0, x’). Consider

vh=Livt—vT nRxRL [wf=Lfw"—wh+ f inR xRY
vr(t,0,x) = g(t, x'), wr(t,0,x") =0,

and

v, =LyvT —v” inR x RY w, =Lyw” —w™ + f in R x RY
v (t,0,x7) = g(t, x"), w™(0,7,x") =0.

As is well known, the above equations have unique solutions
vt wt e W;’Q(R X Ri), v, wo € W;‘Q(R x RY)

satisfying (weset/ =2 —1/p.)
||U+ ”WPI‘J(RXRi)S N”g” WIIJ/Z’I(RXRd_l)’ ||w+ ”W;’Z(RXRi)S N”f”L,;(RXRi)’ (217)
and
||v_ ”Wpl’z(RXR(i)S N”g” WII,/Z’I(RXRd_l)’ ”w_ ” W;’Z(RXR‘i)S N”f”L,,(RXR{)’ (218)
where N depends only on d, p, and «. We see that

v+ wt in Rx Ri

u= .

v 4+w”- in RxRY

It then follows that
12ty < N (1712, + 18l g gasy)

where N depends only on d, p, and x. Therefore, to prove (2.16) we need only
prove

Il 2t ity < NI Fllzy, (2.19)

V4

where N depends only on d, p, and . We prove this inequality as follows.
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Observe that (in the trace sense)

x, (1,0, x') = v} (1,0, x7) + wif (1,0, x") = vy (1, 0,x") + wy, (2,0, x).

Thus
vy (1,0, x") — vy (1,0, x") = wi (1,0, x") — wi (7,0, x"). (2.20)
Set
h(t, x") = wy, (1,0, x") — wy (2,0, x").
Then by Theorem 2.4 we have h € Wl(,l*l) /2= (R x R4~1). In addition, from the

inequality (2.2) and the estimates for w¥ in (2.17) and (2.18), we have
1l a-vr21-1 g g1y = NILFIlL,»

where N depends only on d, p, and k. From this inequality, we notice that the
inequality (2.19) follows if we prove

”g”W]’,/z”(Rde*I) < N”h||W;’7”/2"71(R><]Rd*1)' (2.21)
Notice that by Lemma 2.8, (2.20), and the definition of z(s, &),
~ ~ . - 1 ~
2(s,ENg(s. &) = h(s, &), e, 2(s,&)= —h(s, &").
z(s, &)
Then Lemma 2.7 proves the inequality (2.21). The theorem is proved. O

Now we solve the first case. Specifically, fora given f € L, = L p(Rd+1) and
A > 0, there exists a unique u € WII,’Z(R x R?) such that

uy = Lou — Au + f.

This can be done, as is well known, using the estimate in Theorem 2.3 and the
method of continuity. In addition, we can find a unique solution u € W},’Z((O, T) x
R?) of the equation

uy=Lou—u+ f in (0,T) xR?
u(0,x)=0 ’

where 0 < T < o0.
We now consider the general case. That is, we deal with

wi(t, x) = Lu(t, x) — au(t,x) + f(tr,x) in RxRY, (2.22)

where the coefficients of L satisfy Assumption 2.1 and 2.2. The problem can be
solved by freezing the coefficients aj; and using the estimate in Theorem 2.3. In-
deed, we can proceed as follows.
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Lemma 2.9. There exist constants ¢ > 0, Lo, and N, depending only on d, K, p,
Kk, and w, such that if u € Cgo (Ré+1 satisfies

supp u C {(t, x1,x"),: [t — o] <&, |x' —x(| < e}
for some (o, x)) € R x R4 then
Mulle, + luelle, + lluxxllz, < NIILu — ru — uellr, (2.23)
for any A > Ag.

Proof. We can assume that ) = 0 and x, = 0. Choose an infinitely differentiable
function 7(x) defined on R satisfying n > 0 and

1 —e/2<x1<¢g/2
0 x;>eorx <-—g’

n(xy) ={

where ¢ will be specified later. Set © =1 — n.

First notice that puu € W;,’Z(RXRi), U E W;’Z(RXR‘i), and (uu)(1,0,x")=0.
Thus by the well-known result (see, e.g., Chapter VII and Exercise 7.5 in [9]), there
exist A" and N, depending only on d, K, p, k, and w, such that, for any A > A/,

A”“””Lp(RxRb + ”(Mu)t”[‘p(ﬂgxﬂgi) + [ (en) xx ”L[’(RXRi)

< N|L(pu) — A(pu) — (/’Lu)t||Lp(R><Rd+)-
The same estimate holds true with R in place of Ri. Hence we have

MipullL, + 1 (u)ellL, + 1 ()xxllL, = NIIL(uu) — A(uu) — (uu)liz, (2.24)

for any A > A’. Note that the above N is independent of ¢.
Now consider nu. We see that

supp(nu) C {(t, x1,x") 1 |t] <&, |xi| <&, x| <e).

Set
aj(ODjx if xi >0

Lo = - )
ajk(O)Djk if x; <0,
where 0 € R?*!. Then by Theorem 2.3, we have
Minullz, + 1ol + 10alln, < NILoGu) — () — (el (2.25)
for A > 0, where N is the same as in Theorem 2.3. Observe that

ILoGrue) — 2 (qu) — (o),
< L) — A(qu) — (quo)ellz, + (Lo — L) (qu)lL,
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and
(Lo — L)Yuw)llL, < Nli(mu)xllz, + Nlnulz, + J1 + Ja,

where N depends only on d and K, and
_ + +
= s (1O = af . 0) 100l o

(t,x)€supp(nu)
x1>0

b= sup (130 = a5, 01) 100l e
(r.x)€supp(nu)

x1<0

Also observe that

|, 0) — afy(t.x1. x| < 1§, (0) — afy(t.0, x")| + |af (¢, 0, x') — afy(t. x1. x')]

< o(t| + X' + o(x1]).

Similarly,
laj; (0) —aj(t, x1, )| < w(|t] + X)) + @ (jx1]).

Hence we can find a sufficiently small ¢ > 0 depending only on d, K, p, k, and w,
such that the following inequality holds.

Mimallz, + 1@uelz, + 1,

1
< NIIL(u) — A(qu) — (nu)ellL, + Z”(n”)xx”L,, + Nll(muxllz, + Nlnullz,.

Using the interpolation inequality, we find that the right hand side of the above
inequality is not greater than

1
NILOpu) = 20n0) = (e, + S 100l + N linulz,.

where N is the same as in (2.25) and N’ depends only on d, K, p, and «. This
implies that there exits A" > 0 (specifically, A > 2N’) depending only on d, K, p,
and «, such that

Minullz, + Iz, + 1(mw)xxllL, < 2NIL(u) = A(qu) — (u)iliz,

forany A > A", where N is the one in (2.25). From this inequality and the inequality
(2.24) we can find A9 and N depending only on d, K, p, k, and w, such that the
inequality (2.23) holds true. The lemma is proved. O

Lemma 2.10. There exist .1 and N, depending only on d, K, p, «, and w, such
that, for any . > Ly and u € Cg® (RA*YY, the estimate (2.23) holds true.
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Proof. First note that (recall again that L, = L, (Rd+1y)

ez, = 1 Lu — dat — (L — hu — w1,
< |Lu = —ugllz, + Nluxcllz, + Nluxlz, + O+ N)lullz,.

Thus we need only to prove that there exist A; and N such that, for A > A1,
MlullL, + luxxlle, < NIILu —Au —utlL,.

Choose an infinitely differentiable function ¢ (7, x") defined on R (recall that 7 € R,
x’ € R?1) such that ||¢ I, @) = 1and

suppe C {(t,x) e Rx R 1] <&, x| <&},
where ¢ is as in Lemma 2.9. We denote
{S’y/(t, Xy=¢t—s,x" —y).

Then
luxx (2, x)|P =/ e (1, )25 (2, X)) |P ds dy'. (2.26)
Rd

Using the fact that Uxi§ = WUE)xjx — U Exp — Uy Cx; — Uk xy> WE obtain

i (2, )85 (1, 2P < 2P (e, )8 (8, %)) x|
+ N(u(t, )P + |uy (t, )Pt —5,x" = ¥,

where ¢ = |£|? + |¢xx|P € L1 (RY). Combining this and (2.26), we have
il <N [ 16000, dsdy' + N (lalf, + ).

For each (s, y') € R?, we see that u(r, )Y (¢, x') satisfies the assumptions in
Lemma 2.9. Thus

/ 9 ,
@& )axllL, < NH (L — A 5) @e™")

Lp

for A > Ao, where Ao and N are as in Lemma 2.9. We then have

d /
14 _ o s,y
”Mxx”LPSNAd H <L A 32‘) (ug™>")

p
_dsdy+N (lulf, +lulf ) @27

!
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Note that
a / /
(L — A= E) (ué‘s’y ) = ;s’y (th — AU — M;)
+2ajn oy +ufapeti + e -]

/
where, for instance, ;j]’ik (t,x) = Cxjxy (t —s,x’ —y’). Thus

-2
R4 at

< N(nLu —hu—w ]+ lully + ||ux||’zp>.
From this and (2.27) we have

p /
dsdy
LP

|qux||€p = N(IILM — At — utllfp + IIMIIZP + IIMxIpr)- (2.28)

Similarly,
p P _ap s,y P /
A lf = /R g7 dsdy

< N<||Lu —hu— w4 el + ||ux||§p). (229)

Therefore, from (2.28) and (2.29) we have
Mullz, + lucelln, < NillLu = du —ucl, + N2 (luclz, + lulz,)

where N| and N, depend only on d, K, p, «, and . Now we make use of the
argument in the proof of Lemma 2.9 to finish the proof. U

Using the estimate proved in the above lemma and the method of continuity,
we arrive at the following theorem.

Theorem 2.11. Let . > Ay, where Ay is as in Lemma 2.10. For f € L,(R x RY),

there exists a unique solution u € W;’z(]R x R?) satisfying the parabolic equation
(2.22). Moreover; the solution u satisfies the estimate (2.23).

Remark 2.12. It follows from Theorem 2.11 that there exists a unique solution
u e W;’z((O, T) x R?) to the equation

ui(t,x) = Lu(t,x)+ f(,x) in (0,7T) x R?
u(0,x) =0 '
Moreover, the solution u satisfies
“u||Wp]‘2((O,T)de) = N”f”Lp((O,T)XR‘I)’

where N dependsond, K, T, p, k, and w.
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3. Uniqueness of diffusions with discontinuous coefficients

In this section we investigate the well-posedness of the martingale problem for L;

2

0
— bi(t,)—, 3.1
o i) (3.1)

1
Ly = zaj(t,-
t 2a]k(a ) 8)(]

where the coefficient a j; and b; satisfy the following assumptions.

Assumption 3.1. aj; (¢, x) and b; (¢, x) are Borel measurable functions defined on
[0, 00) x R4 such that, for all 7 € [0, 00), x, ¥ € RY,

2
ajk = agj, ajk(t, )00 > k|7,

lajit, )|+ bt 01> < K (14 |x]).
Assumption 3.2. Let / be the set of all integers. There exists a sequence {y;, j €
I} C R, yj < yj+1, with no limit points such that
(i) forx = (x1,x"), x1 ¢ {y;, j € I},

lim sup |aji(t,y) —ajr(t,x)| =0
Y=X0<t<T

forall T > O,
(i) for x = (yj,x’), j € I, there exist a;rk(t, yj,x') and a;,{(t, yj, x) defined on

[0, 00) x RY~! such that they are continuous (in (¢, x’)), and they satisfy

lim - sup |a;rk(t, vi.x") —aj(t, y1,y) =0
O1,Y)—=> (). x") 0<e<T
YI>Vj
and
lim  sup laj (1, v, X)) —aj(t, y1,¥) =0
01— x) o<e<T -
YI<Vj
forall T > 0.

Let @ = C([0, 00), RY) and F = B(2), where C ([0, 00), R?) is the Polish
space of continuous R?-valued functions given on [0, co) with metric

o0

1
d(@1, ) =) = max (jo1(1) — (O] A1)
n=1 =t=n

B(R) is, as usual, the Borel o-field of subsets of Q. Define a random variable X on
Qby Xi(w) = w(t), w € Q.
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We say that the martingale problem for L, (or martingale problem for a ;; and
bj) is well-posed (see [15], [4]) if, for each (s, x) € [0, 00) x RY, there exists a
unique probability measure Ps  on (€2, F) satistying

Py x(X;=x, 0=<tr=<s)=1

such that

t
(X0 _/ L, f(X,)dr

is a Py .- martingale after time s for all f € Cgo (R%).

Remark 3.3. The well-posedness of the martingale problem for the operator L; in
(3.1) is equivalent to that of the stochastic integral equation

1 1
& =x +/ o(r,&)dW, +/ b(r, & )dr,
0 0

where W, is a Brownian motion, o is the positive square root of the matrix [a; k]‘j. k1>
and b = (b j)'f: |- The stochastic integral equation is said to be well-posed if, for

every initial condition x € ]R{d, it admits a weak solution which is unique in the
sense of probability law. For details, see [4].

We first note that, for each (s, x) € [0, c0) X R4, there exists a solution to
the martingale problem for L;. This follows from Remark 2.1 in [7] and references
therein.

To prove uniqueness, we start with coefficients aj; and b; which satisfy as-
sumptions in Section 2.

Lemma 3.4. Let aji(t, x) and bj(t, x) be Borel measurable functions defined on

[0, 00) x R? satisfying Assumption 2.1 and 2.2 in Section 2. Then the martingale
problem for L; is well-posed.

Proof. Clearly, we need to prove only the uniqueness of a solution to martingale
problem for aj; and b; starting from (s, x) € [0, c0) x R?. By Corollary 6.2.6 in
[15], this can be done if we prove that, foreach0 < s < T and f € Cgo([s, T] x

R4 ), there is a bounded measurable function u defined on [0, T') x R4 such that

T
u(s,x)=—EP U f, X,)dt} (3.2)

whenever P solves the martingale problem for L, starting from (s, x) € [0, co0) x
R4

Let P = P; . is a solution to the martingale problem for L, starting from
(s,x) € [0, 00) x R4 For agiven f € C°([s, T] x RY), we set

Fe f@,x)y if s<t<T
a 0 otherwise.
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We also fix a real number p such thatd + 1 < p < oo. Then by remark 2.12 we
can find a unique solution u € W;’z((O, T) x R9) of the equation

ur+ Lou(t,x)=f in (0,T) x R?
u(T,x) =0 ‘

Now we find a sequence u,, € C 1’2([0, T] x Rd) such that each u, is bounded

(derivatives are bounded as well), u, — u in Wy*((0, T) x R?), and u, (T, x) = 0.
Note that we have (see Lemma 6.3.1 in [15])

T
un(s, x) = —E” [ f (g + Leun)(t, X,)dr}
N
for each n, where, as we recall,

(uny + Lup)(t, X;)
1
= ul’lt(t’ Xl) + Eajk(t’ Xl)unxjxk(t7 Xl‘) + b](ta Xl‘)ul’lxj(ta Xl)

Since u, (s, x) — u(s, x) pointwise by the Sobolev embedding theorem, to prove
(3.2), it only remains to prove that

T T
EF U (uny + Liup)(t, Xt)dt] — EP U (u; + Lyu)(z, X,)dt].

This follows easily from
T
EP/ | 4+ L") (2, X;) — (up + L) (1, X,)| di
N

< NllQuny + Liun) — (ur + L)l 0.7) xR

< Nllu, — 0,

— ully120,7)xre)
where the first inequality is due to Theorem 2.3.4 in [6]. The lemma is proved. [J

Now we can say that the martingale problem for L,, where coefficients a j; and
b satisfying Assumption 3.1 and 3.1, is well-posed. The justification of this claim
follows from Corollary 10.1.2 and Theorem 6.6.1 in [15]. Indeed, we may prove
this as follows.

As noted earlier, we have the existence for the martingale problem for L;. Thus
by Corollary 10.1.2 in [15] we need only check the well-posedness of the martingale
problem for L, with bounded a j; and b satisfying Assumption 3.1 and 3.2. In that
case by Theorem 6.6.1 (and Exercise 6.7.4) in [15] it is enough to show that, for
each (s, x) €[0, 00) x R4, there exist coefficients jk and b j defined on [0, oo) x R4
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such that

(i) djx = ajx and b; = b; in a neighborhood of (s, x),
(i1) the martingale for Zt is well-posed, where

- 1 2

L= saj(t, )

~ d
: + bt )

0x;0xx 0x;

Note that {y;, j € I} has no limit points. Thus, for points (s, x) € [0, c0) x R4,
where x; ¢ {y;, j € I}, we can find coefficients a; and b ; satisfying the above
two conditions. Especially, (ii) is satisfied by results in Ch. 7 in [15].

For points (s, x) € [0, 00) x RY, where x| € {vj, ] € I} (say, for example,
x1 =0and0 € {y;, j € I}), we find coefficients a j; and l;j defined on [0, co) x R4
such that they satisfy Assumption 2.1 and 2.2 in Section 2 as well as (i) in the above.
In fact, we may set

djk =¢ajk+ (1 — @)k, bj=bj,

where ¢ is a non-negative infinitely differentiable function defined on R¢*! such
that ¢ = 1 in a sufficiently small neighborhood of (s, 0, x”) and supp ¢ dose not
intersect {(z, vk, x') : (¢, x") € [0, 00) x R4~1} for all y € {vj,j € I}\ {0}. Now
we prove (ii), i.e., the well-posedness of the martingale problem for a;; and b js
using Lemma 3.4. Therefore, we have proved

Theorem 3.5. Under Assumption 3.1 and 3.2, the martingale problem for L,, where
L, is as in (3.1), is well-posed.
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