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Connecting Topological Hopf Singularities

ROBERT HARDT — TRISTAN RIVIERE

Abstract. Smooth maps between Riemannian manifolds are often not strongly
dense in Sobolev classes of finite energy maps, and an energy drop in a limiting
sequence of smooth maps often is accompanied by the production (or bubbling)
of an associated rectifiable current. For finite 2-energy maps from the 3 ball to
the 2 sphere, this phenomenon has been well-studied in works of Bethuel-Brezis-
Coron and Giaquinta-Modica-Soucek where a finite mass 1 dimensional rectifiable
current occurs whose boundary is the algebraic singular set of the limiting map.
The relevant algebraic object here is 72(S2) which provides both the obstruction
to strong approximation by smooth maps and the topological structure to the
bubbling set and the singular set. With higher homotopy groups, new phenomena
occur. For 73(52) and the related case of finite 3-energy maps from the 4 Ball to
the 2 sphere, there are examples with bubbled objects that no longer have finite
mass. We define a new object, a scan, which generalizes a current but still occurs
naturally in bubbling while automatically providing the topological connection
between the singularities of the limit map. The bubbled scans, which are found
via anew compactness theorem, again enjoy a representation using a finite measure
1 rectifiable set and an integer density function which is now however only L3/4
(rather than L) integrable.

Mathematics Subject Classification (2000): 58D15 (primary), 58E20, 49Q15
(secondary)

0. — Introduction

There are many interesting questions and works concerning the relation
between the topology of Riemannian manifolds M and N and the structure of
the various Sobolev spaces W*%P(M, N) of maps between them. For example,
the space W'P(M,SP) of finite p energy maps to the p sphere and issues
concerning the possible approximability by smooth maps have been well-studied
by F. Bethuel [Bel] and others using the notion of topological degree, which is
associated with 7, (S”). For dim : M < p, these Sobolev maps are automatically
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continuous. In the critical dimension dim M = p, one has the phenomenon of
bubbling whereby a weakly convergent sequence of smooth maps may, in the
limit, drop energy and topological degree and produce, in a suitable space,
auxiliary objects (bubbles) accounting for topological changes near a finite set
of points. In case dimM > p, the limiting map itself may have essential
topological singularities, detected by degree, which are topologically connected
by a bubbling set of dimension dimM — [p]. These are particularly well-
understood for dim M = 3, p = 2 [HL1], [BCL], [Be2], [BBC], [GMS1] where,
for example, the bubbling set carries a 1 dimensional finite mass rectifiable
current whose boundary is the topological singularities of the limit map.

In general, the homotopy group m,(N) should be used to study the Sobolev
spaces W''7(M, N). In the present paper we work with the Hopf invari-
ant, which is associated with 73(S?), to understand spaces W'3(M, S?) where
dimM = 4. We discover some new phenomena. Examples in Section 2.5 show
that now the bubbled object can possibly have infinite one dimensional mass
and that the singularities that appear in weak limits of sequences of smooth
maps may possibly not bound any finite mass current. We define in Section 2
a new object, a scan, which generalizes a current but still occurs naturally in
bubbling while automatically providing the topological connection between the
singularities of the limit map. The bubbled scans, which are found in Section
6 via a new compactness theorem, again enjoy a representation in Section 7
using a finite measure 1 rectifiable set and an integer density function which is
now however only L3/* integrable (rather than L' integrable).

BACKGROUND.

With the target manifold N viewed as isometrically embedded in a Eu-
clidean space R¥, one may define, for positive numbers p and s, with p > 1,
the Sobolev space

WSP(M,N) = {u e WP(M,R") : u(x) e N for ae.: x € M},

where the vector space W*? (M, R¥) is obtained from W, 7 (RYI™M R¥) using
local coordinate charts for M.

In contrast to the vector-space case N = R, some Sobolev maps u €
WSP(M, N) do not admit approximation by a sequence of smooth maps u, €
C*®(M, N) in the strong or even in the weak W*? (M, N) topologies. Questions
about density of C*°(M, N) in W*? (M, N) arise naturally for example from the
study of variational problems among manifolds such as with harmonic maps,
etc. [SU], [W1], [W2], [HL1], [BZ], [Bel], [BCL], [BBC], [GMS2]. Recently
the path-connectness of W!”(M, N) has been studied in [BL], [HgL1], [HgL2].

As a first approach to the notion of topological singularity, with M being
the open unit ball B” in R™, we may define the topological singular set of a map
uec W5P(B™, N) as the largest open subset of B” on which u is W*? strongly
approximable. The obstruction to the strong approximation is characterized by
the appearance, locally around the singularities of u, of nonzero elements of
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mr(N) where k = [sp], the integer part of sp. For example, the fact [SU]
that the map u : B> — S%, u(x) = x/|x|, is not strongly approximable in
whr(B3, §?) (for2 < p < 3) by regular maps is due to the realization of a
nonzero element of m,(S?) on spheres surrounding the singularity 0. More
generally, one has, for s =1,

THeorREM 0.1 [SUJ, [BZ], [BEl]. The space C*°(B™, N) is strongly dense in
WLP(B™, N) if and only if

p=m or wp(N)=0.

As recently observed by F. Hang and F.H.Lin [HgL 1], [HgL.2], this sufficient
condition for strong density does not extend to an arbitrary domain. The map v
from CP3 to CP2, defined in homogeneous coordinates by v([zl, 22, 23, z4]) =
[z1, 22, 23], has a singularity at a = [0, 0,0, 1] and admits no global strong
approximation by smooth maps. While the above theorem gives the existence
of local obstructions due only to 7[,(V), this counterexample illustrates global
obstruction. Here the singularity is delocalized in the sense that one may very
well approximate the above v strongly in W!3(CP3, CP?) by maps smooth in a
fixed neighborhood of a because, one may, with arbitrarily small energy, “order
the globally essential singularity to reappear somewhere else.” By contrast, the
local obstructions are fixed in space: it is impossible to strongly approximate
u(x) = x/|x| in WH2(B3, %) by a sequence of maps smooth in a fixed neigh-
borhood of the limit singularity 0. This is the phenomenon that we wish to
study here, and we will thus restrict especially to the domain M = B™. We
also restrict to the case s = 1 although certain results below extend to fractional
Sobolev spaces (see [Be3], [Ri2]).

Whenever m(,1(N) # 0, C*°(M, N) is too small to “cover by strong density”
all of WHP(B™, N), and one uses the following larger space

RPB", N)={uc C°B"\A,N)NW"?: A isann—[p]—1
dimensional smooth cell complex and [u|S,A] # 0 inm,(N) for a.a. : x € A}

where u|S;A is the restriction of u to any sufficiently small [p] dimensional
sphere normal to A at x. One then has the following:

____wl
THeorem 0.2 [Bel]. For [p] > 1, R>-P(B™, N)W ! = WhP(B™, N).

For example, R*2(B3, S?) consists of maps u € W'2(B3 S?) that are
smooth away from a finite set A and whose restriction to any small spheres about
a point of K has nonzero degree. In particular, u(x) = x/|x| € R®2(B3, S%) \

1,2
Co@3, S7)

DerINITION. For u € R°P(B™, N) one defines the ropological singularity
of u, Sing,u as the flat 7,(N) chain obtained from the singular set K by
assigning to each point x € K the representative of [u|S,K] in m[,(V). Flat
G chains are defined in [FI] (see also [F], [GMS2], [W3]). For example the
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topological singularity of an element of R°!'(B?, RP?) is a sum of disjoint
unoriented curves in B> because 7 (RP?) = Z,.

The general question motivating the present paper is the following. Being
given a sequence u, in R°?(B™, N), converging strongly in W!7(B™) to a limit
u, may one experience some convergence of the flat 7, (N) chains Sing,,u, to
a limit “object Sing,,u” which will depend only on u and will characterize the

approximability of u by smooth maps in W7 (in particular, if Sing,u =0,

then u € CR@. M) ).

As we will see below, the understanding of the behavior of the topological
singularities of maps strongly convergent in W!7” is linked to the problem of
weak sequential density.

A WELL-UNDERSTOOD CASE: IT,(S”).

One may consider W!-?(B™, S?) where m > p are positive integers. For
simplicity we treat the specific case p = 2, m = 3, keeping in mind that the
set of results below extends to the general case.

So consider u, € R>®Z*(B>, S§2) strongly convergent in W2 to u €
W'2(B3,S?). Then Sing,,un is simply a finite sum of integer multiples of
point masses ), A, My gllal]l. Tt isn’t difficult to see that these distributions
are characterized by the formula

Z mﬂ,a[[a]] = *duﬁ (C;)_jgj)

acAp

where g is the volume form of S%. From the strong W'? convergence of u,
one deduces without difficulty the convergence

Sing ity = *d u}y (jf:) — *du” (3?:) in DB,

independent of u,, which is the desired topological singularity of u#. On has
also the

1,2
TreoREM 0.3 [Be2]. d utwpm =0 <= u e CO(B3, &%) .

The relation between the topological singularities and the weak convergence
of smooth maps is understood by means of the following

THEOREM 0.4 [Be2], [BCL], [GMS2]. For u € WH2(B3, S?), there exists a 1
dimensional rectifiable current such that 01 = *d (u#a)gz) and

87 M(I) < / |Vu|?
B3

where M(1) is the mass (or length) of 1.
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In order to approximate a map u having d(u*w) # 0 weakly by smooth
maps, it suffices to “withdraw” the topological singularities using a finite amount
of W2 energy. This is accomplished (see [Be2]) by inserting some coverings
of S? along I which, by the above estimate, costs exactly 8STM(I) + € (with €
being arbitrarily small). One thus obtains the sequential weak density:

THEOREM 0.5 [Be2]. For any u in W-2(B?, S?) there exists u, in C* (B>, S?)
which converge weakly to u in W2,

Finally there is another elegant method of characterizing the topological
singularity of a map in W'2(B3, S?), constant on dB>, as being the “holes” of
its graph.

THEOREM 0.6 [GMSI1]. For any sequence of maps u, € C* (B>, S?) that is
W12 yweakly convergent to u € W-2(B3, S?), there exists a subsequence u,y and a
one dimensional rectifiable current I, so that one has the weak convergence of the
three dimensional rectifiable currents

Graph(u,,) — Graph(u) + I x [[S*1].

Moreover,

9Graph(u) = 91 x [[S?]] with 8] = sdu® <%) .
JT

AN EXAMPLE OF A MORE COMPLEX CASE: 773(S?).

This is the first case of an infinite homotopy group of spheres which is
different from m,(S?). Thus in the present paper we take N = %, m =
4 and p = 3 and work with the Sobolev space W'3(B* S?). The space
R°3(B*, S?) which now consists of maps in W'3(B*, S?) which are smooth
outside a finite set of points and realize the nontrivial elements of 73(S?) ~ Z on
sufficiently small spheres centered at these points. Once again the topological
singularity is identified with finite atomic measures having integer multiplicities.
Also R*3(B*, S?) is again strongly dense in W!3(B* S?) [Bel]. Criteria for
a given map in W'3(B* S?) to be strongly approximable by smooth maps
have been obtained by Zhou [Z] and Isobe [I1] who also considered [I2] gap
phenomena [HL1] for this space. Being given a sequence u, of elements of
R°>3(B*, S?) strongly convergent to a map u in W!3(B* S?) one again poses
the question about the limit of the topological singularities Sing,u,. Recall
that the homotopy class in 73(S?) of a regular map ¥ : S* — S? is given by
the Hopf degree of i, which is topologically the linking number of the inverse
images of two regular values of Y and is analytically given by the integral

1
Hopf degree(y) = 12 /n A w#a)gz
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where 7 is any 1-form on S® verifying dn = Y*wg. A simple integration by
parts then shows us that, similar to the case of R®2(B3, S?), the topological
singularity of the map u, € R*3(B*, S?) may be written

. .
Singpits = . mygllall = xd {n,,/\uﬁ (;Tﬂ

acAy

where 17, is any 1-form on B*\ A, verifying dn, = uﬁwsz. Our principal
preoccupation is then to study a possible convergence of *d (1, Aufwg) and for
example to verify whether, as in the case of W'2(B?, S?), or not there exists a
sequence of 1 dimensional currents [, having 91, = . A, M qlla]] and having
uniformly bounded masses (i.e. ||>_,c A, My qllalllly-11 < C independent of
n). However, such an attempt runs into the basic problem of the actualfailure
of suitable bounds for these convergences.

To see this failure, one starts with u € W13 (B*, S?) and first proves without
difficulty that du#a)sz = 0 and that the 1-form n verifying dn = u#a)Sz of
“maximal” regularity is a priori the Coulomb gauge which is the solution of

dn =u*oy in D*(BY
d'n =0 in D' (BY

L§B4n =0

where (;z4 is the inclusion of 9B* into R*. Since the form u*w is only in
L3/2(B*), the solution n of this problem is in L'?/3(B*) 5> L3S(IB%4), thus a
priori n A u* is not in Llloc(]B%“), and it seems difficult to give this a meaning
even in D'(B*). In [R1] the second author showed in fact that the above small
calculation is optimal in establishing that

3
(0.2) log inf{/2 WIPdH? @ ¢ :S* = S, Hopf degree(y) = d} R Zlog d
S;

as d — oo. This 3/4, which replaces the 1 that occurs in minimizing p-energy
among (topological) degree d maps from S” to S”, appears when one expresses
the Hopf degree by means of the above Coulomb gauge. One shows that it is
optimal by using maps whose inverse images are self-linked (see [R1]). This
is the source of all the difficulties encountered below in this paper. Using the
argument of Section 2.5, this 3/4 estimate allows us to construct a sequence
u, € R®3(B*, S?) such that

u, — u strongly in w3

but
inf {M(Z,) : 91, = Singtopun} — 400,
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and one does not see a priori how Sing,,,u, may converge in D’ BY. 1t
is necessary to envision some convergences in larger spaces for some objects
whose masses may tend to infinity.

INTRODUCTION OF “SCANS”.

In face of the impossibility of getting convergence in D’'(B*) of our topo-
logical singularities of maps u, € R>3(B* S?) strongly convergent to a u €
W3 (B*, §?), we will adapt the approach that Giaquinta, Modica, and Soudek
[GMS1], [GMS2] used for the case 7,(S”), and we will be interested in a
possible convergence of a sequence of graphs of smooth maps in C*(B*, S?).

Therefore let u, € C°(B* S?) converge W!3 weakly to u € W'3(B*, §?).
One will suppose for simplicity that u,, and u are constant on dB* (see Section
2.3). It is not difficult to see that, for all u € W3(B*, S?), the graph of u is
a rectifiable current satisfying

d Graph(u) = 0 in B*.

In fact u may be approximated strongly by a map v € R®3(B*, S?) and the 3
dimensional flat current d Graph(v), being supported in B* in the 2 dimensional
set sing(v) X S2, must vanish [F], 4.1.21.

The boundary of the graph thus does not characterize, in this case, the
failure of the strong approximability by smooth maps. On the other hand, one
can prove, from the vanishing of 711(1834 \ Singmp(v)), the existence of a Hopf
lifting © of v for the Hopf map IT:S*> — S? (ie. 0:B* - S* and Mo = v).
For such a v one has that

9 Graph(v) = Sing,,,v x [[S’]]

so that the boundary of the graphs of Hopf lifts do characterize the topological
singularities. One is therefore led to take a smooth Hopf lifting i, of the map
u, and study the possible convergence of Graphi, to a limit object in the form
“Graphit + I x [[S*]]” where I will be a “reasonable” object connecting the
topological singularities of u. There exist a lifting operation for the Hopf fibra-
tion which is associated (Section 2.1) with the extraction of the Coulomb gauge
described above. Let i, denote such a Coulomb lift for which one then has
control in W'3/12 but not in W3 as seen by the example of Section 2.5. While
Example 2.5 shows the possibility that M(Graph(ﬁn)) — 00, we nevertheless
establish in Section 2.4 an L** bound for the mass of hyperplanar slices.

More precisely, for each unit vector v € S* and + € R, we have the
corresponding hyperplane A (v, t) = {x € R*: x - v = ¢t} oriented by the normal
vector v. Intersecting the 4 dimensional current Graph(ii,) by h(v,t) X [[S*11,
or equivalently slicing [F], 4.3, by the projection (x,y) — x - v, gives the 3
dimensional current Graph (ﬁnlh(v, t)) corresponding to restricting i, to the
hyperplane ki (v, t). We show

1
(0.1) sup/ M*/*[Graph (@i, |h(v, 1) NBY)] dt < C<1+/4|Vu|3dx).
-1 B

ves3
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Such control on the integral of the masses of the slices to a power less than 1
suggests characterizing an object as a collection of all (or almost all) its slices.
This is the notion of a scan which we will define below.

As motivation, consider the following simplified problem where one is
given a sequence of unions of immersed oriented closed curves ', = UiT'¥ in
the closed unit ball in R? satisfying the bound

1
0.2) sup/ Card*(I', N L(v,1))dt < C independent of n.
vesl /-1

where L(v,t) denotes the line {x € R> : x-v=1t}. If « = 1, then this bound
gives us control on the mass (or total length) of the 1 dimensional current I,
independent of n. Knowing that dI",, = 0, one is then in position to apply the
Compactness theorem of Federer-Fleming and deduce that, after passing to a
subsequence, the I',, converge to a limit rectifiable current T'.

When o < 1, (0.2) does not guarantee control of the total length M(T,),
and there is no reasoning that allows us to deduce some convergence of the
[, as distributions. One thus introduces a map wu, from the space of oriented
lines S!' x R to the space M of atomic measures on R? which at almost every
(v, 1) associates the 0 dimensional intersection current

mn(v,t) =T, N L(v, 1)

which is a sum of point masses with integer multiplicities. Being given a
reference frame {e;, e;} of R?, one equips M with the following metric

2 1
d(u, u') = inf M“(S)—{—Z/ M“(FnﬂL(ej,s))ds - =8S+9T
j=1771

and one verifies that the above u, is a measurable function from S! x R to M
equipped with the topology induced from the metric d.

The current equation dI', = 0 translates to a new boundary zero condition
for the corresponding scan p, (see Section 1) which is a compatibility condition
allowing one to see that w, is the scan of an underlying closed object in the
plane. Also estimate (0.2) and this boundary zero condition imply the following
regularity estimate:

d(pn(v, 1), (v, 1)) < Fy(0)|t — 1|

for all v € S! and some F, in LY/*(R) weak = LY/** with

1
1Fall s = Csup [ 109(0, 0 Lo, 9)) ds.
vesl /-1
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Such uniform control of this regularity permits us then to establish, after passing
to a subsequence, convergence a.e. of w, to a scan limit u, a limiting object
at least which, though a priori strange, is convenient to study in the particular
cases we consider. When o = 1, we recover the characterization by Ambrosio
and Kirchheim of rectifiable objects by means of a weakly BV maps with values
in metric spaces. See also White’s rectifiability proof [W3].

Returning now to the original problem of the sequence u, of maps in
C>®(B*, S?) converging weakly in W' to u. To each u, one may associate the
scan of its Coulomb lift

Gi, :S* xR — R3B*xS», Gg,(v,t) = Graph (i,|h(v,1)),

the space R3(B* x S?) denoting the 3 dimensional rectifiable currents in B* x S?.
On R3(B* x S?) one considers the distance

4
de(P, Q) = inf { M(S) + Z/M(T Ah(ej.n)3di : P— Q=S +0T
j=l1

where e = (ey, e, e3, e4) is a fixed frame of R*. This time the control of (0.1)
translates to a regularity for the scan Gy,:

d(Ga, . 1), Gi, (v0.1)) < Fy@)lt — |3

for all v € S® and some F, in L*>% with

1Ell e < C<1+/4|Vu,1|3dx>.
B

Rather than referring to general properties of the space L**°°, we prove in
Section 9, for the reader’s convenience, the appropriate precise compactness
statement needed. With this, we then establish the following result which is
the analogue for wh3(B*, S?) of Theorem 0.6.

THEOREMS 6.1, 7.2. Suppose that u,, € C*(B*, S?) converge weakly in W'-3 to
u. Then, after passing to a subsequence, one has the convergence almost everywhere
of scans of Coulomb lifts
G;, — G;+1x[[S’]]

where I x [[S*1] is the scan of a rectifiable set R x S* in B* x S* equipped with an
integer multiplicity 6, measurable on T, such that

3
/|9|4dH < 0.
R
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In the sense of scans,
3(Gi + I x[[S’) =0 in B*.

While it is still unknown whether an arbitrary map u € W3 (B* §?) is
such a weak limit of smooth maps, we can nevertheless still use the scan Gy
of the graph of its Coulomb lift to express the strong approximability criterium

LEMMaA 2.7.

1,3
ueC=B. S = 9G;=0 inB*.

In any case, this scan boundary may again be capped off by a vertical scan:

THEOREM 8.1.If u is any element of the Sobolev space W' (B*, S?), then
(G + I x [[S11) =0 in B*
where, for all v € S and a.e. t € R,

(I x[[S’N) (k. ) = Y my,[lal] x [[S']],

CZEAUJ

for some finite subset A, ; of h(v, t) and non-zero integers m,, ; with

1
/ > m,, dt§C<1+/|Vu|3dx) .
R

aEAU,;

We can use this estimate to show only that the / of Theorem 8.1 is carried by
a set of finite H*/3> measure, and not, as in the case of Theorem 7.2, carried by
a 1 rectifiable set. In fact the optimal structure of such an I seems related to
the question of the weak sequential density of C*®(B*, S?) in W3 (B*, S?). For
general Sobolev spaces of mappings, strong approximability by smooth maps
has been well-studied (see [Bel], [HgL1], [HgL2]), but the same problems for
the weak topology are still largely open. (see [PR]).

As we have argued here and in the seminar [HR1], the scans defined in this
work allow one to study Sobolev mappings via their graphs by exploiting esti-
mates valid on restriction to hyperplanar subspaces. Approximation properties
characterized by restricting to lower dimensional subspaces also occurs in the
work [M] of Mucci. Our limiting objects however are no longer currents, and
the scans we introduce thus strictly extend and generalize the Cartesian currents
of [GMS2]. General rectifiable currents (not necessarily related to smooth map-
pings) have also been understood and well-studied through slicing [AK], [W3].
So general scans (as in the motivating example (0.2)) should provide a useful
extension of various classes of currents. The second author and T. DePauw
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[HD] have studied some compactness, rectifiability, and variational problems
for such scans.

Recently [HR3] we have also realized another argument for W13 (B*, S?)
for producing a suitable connecting “bubbled” scan I which avoids the use of
Hopf liftings. This approach allows, for an arbitrary manifold N, identification
of suitable connections for those topological singularities that issue from the
infinite part of 7,(N), 7,(N)®Q. In [HR3] we study certain Gauss integrals in
product spaces and the Novikov integral expressions [Nov] of rational homotopy.
The use of scans again seems necessary to expedite such an approach. One
expects, in fact, because of considerations which led to the above 3/4 and
to the exponents of Gromov [Gr], that this power should be replaced by other
powers strictly less than 1 (except in the simple case 7,(S”) described above)
and that therefore the masses of these connections / should again be infinite.

The torsion part of homotopy groups may also contribute to bubbling, failure
of strong density, topological singularity, etc. Much less is known. Pakzad
and Riviére [PR] studied 7;(RP?) ~ Z, and more generally nm_l((m —2)—
connected N ) In [HR2] we analyze the effect of m4(S*) &~ Z, on the second
order Sobolev space W22(B>, S%).

1. - Hyperplanes in R* and scans

We identify S* x R with the space H of oriented hyperplanes in R* by
associating with each pair (v,7) € S* x R the hyperplane

h(v,t)E{xeR4:x~v=t}

oriented by the normal vector v. Thus H is equipped with the standard metric
of S*> x R and the 4 dimensional Hausdorff measure (H3|S?) x H!, that is,
dh(v,1) = dH vdr.

We also occasionally let & = h(v, t) denote the corresponding 3 dimensional
current (See [F], [S], [GMS2] for notations.) that is the boundary of the
standardly-oriented half-space,

h=8[[{xeR4:x-v<t HI.

The orientation is described by either the constant tangent 3 vector h or by the
dual normal 1 vector /* = v.

We will study a smooth map w € C®°(R*, S?) in terms of its restrictions
to hyperplanes. In particular, for any & € H, we consider the oriented graph of
w restricted to H as the 3 dimensional current

Gush = where G, (x) = (x, w(x)).
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Thus, G,#h € R31,c Where we here use the abbreviations
Ri = Ri(R* x §%), Rijoc = Rijoc(R* x §%),
for the groups of i dimensional integer-multiplicity rectifiable and locally recti-

fiable currents in R* x S* ([F], [S], [GMS2]).
We also need various projections:

p:R“xS3 — R4, plx,y) = x,

q:R' xS - §, g,y =y,

JTUZR4 —- R, 7,(x) = v-x,
po=mpyop:R*xS - R, py(x,y) = v-x,

for x eR*, yeS? and v eS.
In terms of boundary or slicing (see [F], 4.3 or [S],),

Gush(v, 1) = 3 (Gyullr, ' (=00, D]1) =< Guel[RY]], py, t > .

Note that
0G ysh = Gudh =0,

psGush = h, quGyah = wgh .

Moreover, for any two hyperplanes h, i’ € H, we have the compatibility
property that

(Gush) N (A" x [[S°1]) = (Gush') N (h x [[S*]])
because
(Gush(, ) N (R, 1) x [[S1]) =<< Gul[R1], pu, t >, py, t' >

=<< GuslR*IL, py. 1" >, py. 1 >
= (Gush(W', 1)) N (h(v, 1) x [[S*]]) .

In general, we define a scan to be any function
S : H — R3

satisfying
Syn (W x [[S*1]) = SH)n (k= [[S*]])

for almost every pair h, i’ € H. The special scan S = G, is called the
scan of the map w € C*°(B*, S*). More generally, for any current T € R4 with
psT = [[R*]], there is an associated scan, Scan7, defined by the hyperpla-
nar intersection

(ScanT)(h) = T N (h x [[S*]]) fora.e. h € H,
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so that, in terms of slicing, (ScanT) (h(v, t))=<T, p,,t > for ae. t € R.

Thus a scan may be considered as a generalization of a Cartesian current
([GMS2)).

The compatibility condition indicates that scans may be determined by their
values on a smaller family of hyperplanes, for example, the coordinate hyper-
planes associated with some orthonormal frame. This will be first illustrated
in Section 6 where use of standard coordinate hyperplanes will be sufficient to
establish the convergence of a sequence of scans of smooth maps. Actually,
our limiting scan will only be determined at almost every h € H, but will
nevertheless inherit some properties from the scans of rectifiable currents.

In particular, we may define the notion of a scan cycle, that is, what it
means for a general scan to have zero boundary. For the scan of a smooth map
w € C*(R*, S?) and any subset U of R* of locally finite perimeter

IGusd[[UN=Guy00[[U11=0 and G,4d[[U11(¢*ws)=Gusl[U1l(¢"dwgs) =0.

A definition suitable for general scans may be made by using polyhedral do-
mains.

A polyhedral frontier is a current d[[U]] where U is an open polyhedral
domain in R*. For a polyhedral domain U with k distinct 3-dimensional faces,
we may represent

k
AU = hiLdU
i=1
where each h; is supported by the hyperplane containing some 3-face of dU
and hi* is the outward unit normal of this face. We now say that

05=0

(or that S is a span cycle) if, for almost all polyhedral frontiers 9[[U]] =
Zf‘zl h;LoU as above, the rectifiable current

k
Sow = Y Shi)p~'U)

i=1
satisfies the two conditions
3(Ssy) =0 and  Syy(q*ogs) =0.

Here, “almost all” means that an exceptional set Z of polyhedral frontiers has
measure zero in the sense that

{(h1,ha, ..., hy) € H" . 3[[U]] € Z for some component U of RrR* \ U hi}

has measure zero in H” for all n. The necessity of the second condition in the
definition is shown by the oriented graph of x/|x|, which is a current in R4
with nonzero boundary [[0]] x [[S?]] whose corresponding scan satisfies the first,
but not the second condition. In fact, as we will see later, the graph of any
map in W13 (R*, S?) satisfies the first condition. For the scan of a rectifiable
current, we have the following:
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Lemma 1.1. If T € Rajoc and M(0T) < oo, then T = 0 if and only if
d(ScanT) = 0.

Proor. For almost all polyhedral domains U as above, [F], 4.3 gives the
formula

(ScanT)yy = 3(Tup '(U)) — (3T)cp~'(U)).

Thus if 87 =0 , then 9((ScanT),y) = 39(T p~'(U)) =0 and

(Scan T)yy (¢*wes) = (TLp™' (U)) (¢¥wss) = (Tep™' (U)) (¢ dwg) = 0.
Conversely, suppose d(ScanT) = 0. Then, for almost all h(v,t) € H,
< dT, py,t >=0

because, we may, for any form ¢ € D*(R* x S%), choose a large polyhedral
domain U with oU Nspt¢p = h(v,t) N spte, hence, < 9T, p,,t > () =
3((ScanT)yy ) (¢) = 0.

It follows that, for ||07|| almost all points z, the approximate tangent 3

plane L, associated with 8_T> (z) has p(L;) = 0. In fact, if p(L,) contained a
line, then p,|L. would have rank one for a.e. v € S°. By [F], 4.3, this would
give

z € spt<dT, py, py(2) >

for ||0T|| almost all such z, contradicting the vanishing of < o7, p,,t > for
ae. f.

— —
Thus 87 (z) = £(0, [[S*11(¢(z))) for ||dT || almost all z, and, since 90T =
0, an elementary argument [H], Th.1, shows that

OT = > myllall x [IS°]]

acA

for some finite subset A of R* and some integers m,. Using now the second
condition of 9 (ScanT) = 0 with almost any polyhedral domain U with UNA =
{a}) = U N A, we deduce that

me = (@T).p™' (U)) (¢"ws) = ((Scan Ty + 3(TLp™ ' (U))(¢*ws3) = 0+0.

Thus 0T = 0. o
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2. — The Hopf map and Coulomb lifting
Recall that the Hopf map
m:s® - s

may be described explicitly by the formula IT(z, w) = z/ w where we identify
the domain S with

{(x1 +1ix2, x3 +ixg) € C ¢ g > + [xaf® + w3 )? + xg? = 1)

and the range S? with the extended complex plane C via the usual stereographic
projection. One readily checks that

(z, w) = I(Z/, w)if and only if (z, w) = € (z’, w’)for somed € R.
Also, pulling back the volume form wg via IT gives
I'I#a)Sz =4(dx1dx, + dxzdxs) =2da

where o = x1dxy — xpdx; + x3dxg — x4dxs.
Let M =S?, R3 R* (or any oriented simply 2-connected Riemannian man-
ifold). For any smooth map u : M — S?, a smooth map 4 : M — S° satisfying

MMou=u

is called a Hopf'lift of u and a smooth 1 form n on M satisfying

dn = u*wy

is called a gauge for u. For a Hopf lift & of u, the formula
n =2i*a

clearly defines a gauge for u. Conversely.

LEMMA 2.1. Any gauge 1 for u € C®(M,S?) equals zﬁ#a for some Hopf
lift it of u. The lift i for n is unique up to multiplication by € for some constant
0 € R, and

R 1
Vil* = A—tlnl2 + |Vul*.

ProoF. First note that the u pull-back of the bundle IT: S* — S? is a trivial
S! bundle over M. Using a trivializing map, we readily find some smooth Hopf
lift & of u. Since
d(ZzZ#oz — n) =0,
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i*a — 1/2n = d¢ for some smooth ¢ : R* — R. Then we readily verify that

is a Hopf lift of u satisfying
20 a = (e_i¢ﬁ)#a = Z(ft#a — d¢)=n.
Also if ;2 is another Hopf lift of u, then

=0

ISP

for some smooth 6§ : M — R because M is simply connected. Assuming in
addition that

we compute, as above, that
A4 —i6 A# 1 o
dd =u"a—e ua:zr}—ua:&

so that 6 is a constant.

For the Hopf map IT:S* — S?, observe that the restriction of DII to the
orthogonal complement of the tangent space of any fiber is an isometry. Since
o orients every fiber, we find that, for each @ € M and unit tangent vector v
at a,

D l* = |aa@ (Dialv])® + D) (Dita[v])?
= |(@a@)a[v]) > + | Dug[v]?
2
+1Duglv]) P,

|1
- 'zna[v]

and the lemma follows. O
For a smooth u : S* — S?, the Hopfdegree of u is the integer

L/ n Adn = degree (1) = L/ o = LG~ [[S°11(q*wg3)
272 J3 272 Jo3 o U8 T g2 §
for any any gauge n of u or Hopf lift # of u. Incidentally, the normalizing
constant here,
H(S?) =272,

will be frequently used.

For a smooth u from R? (respectively, R*) to S?> which is constant near
infinity, we can use the special Coulomb gauge [R1]

1 1
2.1 g=d {— S Ix] * u#a)gz] <respectively, d* [_W * u#a)gz}>
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which, besides being a gauge for u, has the additional properties that
(2.2) d* =0 and |Vij| = |di]| = |lu*wg|

A Hopf lift # corresponding to the Coulomb gauge 7 will be called a Coulomb
lift of u. Also for a smooth map u : S* — S?, using stereographic projection
from S*\ {(0, 0,0, 1)} to R? readily gives a corresponding Coulomb gauge and
Coulomb lift.

For a map u : S* — S? that is only W!3, the Hopf degree is still well-
defined as the degree of a W'3 lifting [R1] or via the associated gauge. It
can also be given by approximation since smooth maps are strongly dense
in W'3(S3,8%) [Bel]. Under this strong approximation, the corresponding
Coulomb gauges converge strongly in W!! to a Coulomb gauge of u (as
defined by 2.1) and the Coulomb lifts converge strongly in W'3 to a lift & of
u that satisfies (2.2) weakly and hence pointwise a.e. in R3.

We need the following important lower bound [R1].

LEMMA 2.2.

8o = inf{/3 \VulPdH? - u e WH3(S?, S?), Hopf deg (1) # 0} > 0.
S

Proor. We assume u € C*(S?, §%) with Coulomb lift 4 : S* — S* and with
3 energy [i |Vul*dH® < 1. By Lemma 2.1, Sobolev embedding, and Hélder’s
inequality,

- 1/3 -
(222" < ‘/3u#wgs‘ < Vil s
S‘
1.
< | 3], +1vule
= C||Vﬁ||L3/2(h) + ||Vu||L3
= clufwgll e + IVuls < €+ DIVull,s,
for some absolute constant c. O

Now we turn to maps from a 4 dimensional domain to S?. It will be
notationally simpler to work with mappings defined on all of R*, that are
constant near infinity. The next extension lemma indicates how we may reduce
to this situation.

Suppose £ is a bounded C' domain in R*. We may construct C' domains
Q, so that Q; C ©; for —1 < s <t < 1 along with a retraction map p :
Q1 \ Q- = 9 so that the induced map sending x € 3, to (p(x), ) gives a
C! correspondence between the tubular neighborhood Q1\Q2_; and 9Qx[—1, 1].
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LEMMA 2.3 (compare [He], p.146). Any u € C*(Q, S*) admits an extension
U, € C®°(R*, S?) such that U, = (0,0, 1) on R* \ Q; and

/ VU, > dx < Cq, <1+/ |Vu|3dx>
R4 Q0

where Cq depends only on .

PrOOF. Letting ¢y, c3, ... denote constants depending only on €2, we first
choose, by Fubini’s Theorem, a number r € (0, 1] so that

||Vu||L3(35Lr) < ||v”||L3(QO) )

and, for x € @, with r € [0, r] define v(x) = u(x) where x € 92_; and
p(x) = p(x). Then

||VU||L3(Q,\QO) =< 02||v”||L3(QO) s

and
IVUll 300, < a3lVull3pq ) -

By Sobolev embedding and the bound |v| < 1, we have
Ivlly 3744040, < callvlyizag, < ca(l+ 1Vl 30q,)
Since u‘ Q_, is continuous, deg (v[0€2,) = deg (u|0R2_,) = 0, and the class
W={weW"(@Q\Q ) : w=von 92, w=(0,0,1) on I}

is nonempty. Thus we may find w € W of minimum 4-energy,

/ |Vw|4dx,
Q\Qr

which is, by [HL2], bounded by

4
callvll

3
wa

(9€2r)

Holder’s inequality then gives

||vw||L3(Ql\Q_r) =< C6||vw”L4(Ql\Q_r)'

Letting C—u on Q
= 0

L=v on 2, \ Qg

=w on 2; \ ,

£ =1(0,0,1) onR*\



CONNECTING TOPOLOGICAL HOPF SINGULARITIES 305

we deduce from the above inequalities that

1 1
IS0 L3Rey < (1 + 2 + cocd 040361) IVull 3y + cocs €3 -

Qualitatively, we deduce from the interior and boundary regularity of 4-energy
minimizers [HL2] that ¢ is continuous on R*. Letting ¢ denote a standard
R*-valued smoothing of ¢ on the closed region 2 \ €, preserving boundary
data, so that, in particular,

IVEell;3 — 1IV¢ll3 and  |g| — 1 uniformly as € — 0,

we may complete the proof by taking U, =¢./|¢.| for € sufficiently small. O

For the remainder of the paper, we will, for simplicity, restrict to mappings
that are constant outside of a fixed compact set.

For map u € W'3(R*, S?), constant near infinity, one again has the notion of
a Coulomb gauge 7 € W' defined by (2.1) which may alternately be obtained
using the strong W3 approximation [Bel] of # by maps smooth away from a
finite singuar set and homogeneous near each singularity. The complement of
each finite set being simply-connected, we readily obtain corresponding Coulomb
lifts that converge strongly in W'!2/3 to a Coulomb lift & satisfying (2.2) a.e.
Our main estimate for Coulomb lifts on R* is the following

LEMMA 2.4.Suppose u € W'-3(R*, S?), and u is constant outside of a compact
set K C R*. Then there is a constant cg depending only on K so that any Coulomb

lift u of u satisfies ,
3
Vil p | <ex (1 +/|Vu|3dx) ,
LS RY

IV G 3y < cx <1+ |Vu|3dH3) foreachhe H,
h

Wl

4
3
M(G,;#[hl_K]) <cg (l +/ Vul? dH3) foreachhe H,
h

00 >
/ (/ |V (ii|h (v, t))|3dH3> dt <cg (1 +/ |Vu|3dx) foreachv € S*,
—oo\Jh(v,t)

o
/ M (Gza[h(v, 1)LK] )% dt < cg (1 +/ |Vu|3 dx) foreachv € s®.
—0o0

Proor. By Lemma 2.1, Sobolev embedding in R*, and Holder’s inequality,

- 1 .
IVl 1275 gay < H—n + IVull s < aillVall e + el Vull 3

L12/5
2/3
= allifogll iz + alVuls < (1+/|Vu|3dx) ,

for some constants cy, ¢z, c3, depending only on K.
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Similarly Lemma 2.1, Sobolev embedding in the 3 dimensional A, and
Holder’s inequality imply

||Vﬁ||L3(h) <

+ ||VM||L3(h) = C4||Vﬁ||L3/2(h) + ||V”||L3(h)
L3(h)

1
K

2/3
= callwbwpll 320 + VUl 36y < (1+/h|Vu|3dH3> ,

for some constants cy4, ¢s5, depending only on K.
To prove the third conclusion, observe first that

M(Gzlh K1) = H3(Ga(h N K)) = /hnK JGap dH,

where JGy);, is the 3 dimensional Jacobian [|A3DGg|l. Also, in the expansion
of |J G,;|;,|2 on h, the only term involving the square of the product of 3
derivatives of u is the square of

[J@alh)| < |(Jiu)| = Iﬁ#a)s3| = Iﬁ#(a N H#w82)|
1
= |i'a A ﬁ#H#wSzl = EW A u#wszl .

Thus we may use Sobolev embedding in 4 and Holder’s inequality several times
to estimate

M(Gaulh K1) < c6/ (17 A utop| + IVal* + |Vi| + 1) dH
hNK

2

1
3 3 3
< cg (/ |f;|3dH3) (/ |u#wsz|7dH3) + 7 +c8/ \Vii|dH?
hNK hNK hNK

2 2
3 3 3 3
c6</ |Vﬁ|7d7{3> (/ |u#a)S2|7d7‘l3> +c7+c8/ (171 +|Vul*)dH?
hNK hNK

2
3

hNK
3 3 3 3
(/ |u#wSZ|7 dH3> +co+cio (/ |ﬁ|3dH3> +ci1 (/ |Vu|3dH3>
hNK hNK hNK
4 4
3.3)\° =3 .3 325\
Ce |Vul|’dH +cia4ci3 IVnl2dH’ | +c11 |Vu|"dH
hNK hNK hNK

<cu ( / |W|3dH3> +c12,
hNK

where cg, ..., c14 depend only on K.
Finally, taking h = h(v, t), raising the second and third inequalities to the
3/2 and 4/3 powers, integrating with respect to #, and noting that

o0
/ / \VulPdH3dt = / |VulPdx
— o0 Jh(v,t)NK K

gives the fourth and fifth conclusions. O

IA IA
)
vl

6

IA
TS

[SSTEN
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ExampLE 2.5. One cannot improve 12/5 to 3 in the above estimate for u.
In fact, we here describe a sequence of smooth maps u, € C*(R*, S?), constant
outside of By, so that

sup/qun|3dx < 0,
n

but
lim inf{/|Vﬁn|3 dx : ii, is a Hopf lift of un} =00.
n—oo

We obtain the u, by a suitable dipole construction. First consider in R*
the oriented intervals

1 1 1
Ij: 05070’7. ) 0’09 A2 A
2j 2j7 2j

for j =1,2,... There is a map u, € C*(R* S?) which is a constant (0,0, 1)
outside of small disjoint closed tubular neighborhoods of Iy, I, ..., I, and
which, has on each 3 dimensional perpendicular slice DJ’. of the neighborhood

of I;, Hopf degree j (as a map from (D}, 8D]t-) to (S%, {(0,0, 1)})), for j =
1,2,...,n. Using the crucial observation of [R1] that

inf{/3 IVeldH? : g e ™S, ?), Hopf deg g = j} <cji,
JS

we see that we may obtain such a u, with 3 energies uniformly bounded

LI X 3/ 1
/4 |Vun|3dx <c E jZ length (Ij) <c E jZ <ﬁ) < OoQ.
R : : J
J=1 j=1

On the other hand, for any smooth Hopf lift &, of u, the restriction of
i, to each 3 dimensional slice D} has (as in Section 2) topological degree j,

when viewed as a map from (D}, dDj) to (S%,{(0,0, 1)}). Thus we have the
lower energy bound [R1] on each slice

3
| IvGDpFar = 3ax,

J

Integrating over all such slices we find that

n n 1
/R4|Vft,,|3dx > 3%47r22j- length(/;) > 3%47122]'(?) — 00 as n — oQ.
j=1 j=1

Similarly, concerning the graphs G;, (R*) C R*xS?, we find that, for each slice,

4
1 (Ga, (D)) = [ H(D) 0 () drty =
S;
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and integrating over all the slices gives
H4(G;, Bs)) > ﬂyri:j (1> — 00 as n — o0,
n — 3 .

so that these graphs do not converge as Cartesian currents [GMS2].

REMARK 2.6. For any fixed 3 dimensional oriented hyperplane 7 C R* and
(not necessarily smooth) map ¥ in W!3(h, S®), the graph of ¥, Gy (h), is still
a countably 3 rectifiable subset of 7 x S* whose approximate tangent planes
project onto 2 and are thus oriented by the orientation h of h. We will use the
notation Gy, for the resulting locally rectifiable current defined by

G, (9) =/ < AsDGy Wk, d(x, y) > dH(x, y)
Gy ()

for ¢ € D3(R* x S?). Note that Gy = Gysh in case Y is smooth. Inasmuch
as smooth maps are strongly dense in W!3(h, S*) [Bel], say ¢ = lim._¢ ¥
with . € Wh3(h, $*) N C™, we readily verify that

Gy = elg% 0Gy, = €ll%r% 0Gy 4h = ggr(l) Gy 40h =0.

Similarly, for any Lipschitz domain  C R* and ¢ € W33, S*) one may
define Gy and verify that 3Gy = 0.
For u € W3 (R*, S?), constant near infinity, we infer from Lemma 2.4 that
the function sending
heH — G,;‘h € R3,10C

is a scan which we denote G;.
This scan may be used to give another criteria [Z], [I1] for the strong w3
approximability by smooth maps.

LEmMMA 2.7. Amap u € W1'3(R4, Sz), constant near oo, is in the strong w3
sequential closure of C*(R*, S?) if and only if 3G; = 0 for some lift it of u.

PrOOF. Suppose that u, € C*°(R*, S?) converges strongly in W' to u with
u, = (0,0, 1) near infinity. Consider corresponding Coulomb gauges 7, and
Coulomb lifts i, with i, = (0,0, 0, 1) near infinity. Passing to a subsequence,
we obtain from Lemma 2.4 a pointwise a.e. limit

i= lim i, e WH/2(RY S,
n—>oo
For all v € $3, Fatou’s lemma and Fubini’s theorem,

o0
/ lim inf IV, —uw)|? dH> dt < 1iminf/4 IV (u, —u)Pdx =0,
n—0o0 R

—o00 M7 Jh(v,1)
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then give, for a.e. t € R, strong convergence in W1’3(h(v, 1)) of a subsequence
(depending on t) u,/|h(v,t) to ulh(v,t). Then the Coulomb gauges 7,/ con-
verge strongly in Wl'l(h(v, t)) and the Coulomb lifts i,/ converge strongly in
W1'3(h(v, t)). The graphs then converge weakly as currents

lim G; #h(v,t) = lim Gi ,jhw.n = G, -
n—o00 n n—o00 n

Slicing theory [F], 4.3, then gives, for almost all polyhedral domains U C R*,
the current convergence of Gﬁn,#a[[U ]] to the rectifiable current (Gg)w. We
thus deduce the vanishing of 9[(Gj)sv], (G,;);,U(q#a)g3), and hence 0G;.

The converse follows essentially from arguments of [Bel]. In the proof
of [Bel], Theorem 2 (with n=4, p = 3), the singularities of the approximating
map only arise in making a homogeneous extension on some 4 dimensional
cubes C where the 3 energy on dC is controlled. But now second condition
of the of 9G; = 0 implies that the Hopf invariant on dC is zero so that one
may, with arbitrarily small extra energy, remove the singularity by modifying
this homogeneous extension in a very small ball about the center. O

To effectively use Lemma 2.4 to get information about the span G;, we
require a new topology on R3, which we now describe.

3. — The d. metric on R;
For any orthonormal frame e = (ej, e, €3,¢e4) of R*, and P, Q € R3.1oc
with spt (P — Q) compact, we now define

4
3
de(P,Q)=inf M(S)+Z/M<T,pej,t >2dt:P—Q=S+0T,SeRs, TER4y.
j=1

This should be compared to the flat distance where one uses instead the quantity
M(S) + M(T) while noting that

4
M(T) < Z/M<T,pej,t>dt§ AM(T) .
j=1

LEmMMA 3.1. d, is a metric on Rj.

Proor. The function d, clearly satisfies the conditions de(P, Q) = de(Q, P),
de(P, P) =0, and the triangular inequality because (A 4+ B)¥* < A3/4 4 B3/4,
It remains to prove that the assumption

de(P, Q) =0 implies P = Q.
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For this we first find S; € R3 and T; € R4, so that
P—0Q=S8,+0T,
and

4
3
M(S,-)+Z/M<Ti,pej,t>1 dt — 0as i — 0.
j=l1
For each j € {1, 2, 3,4}, Fatou’s lemma implies that

3
liminfM < T,-,pei,t >4dt=0.

i—00

Thus, for almost every ¢ € R, there is a subsequence i’ (depending on j, )
so that
M < Ty, pe;,t >— 0 as i’ = 00.

Since M((P — Q — dT;/) — 0, we find from [F], 4.3 that, for such j, ¢, and any
2 form ¢ € D*(R* x S%),

<P—-0Q, pe.,t> ()= lim <30Ty, pe.,t> (p) =— lim 0 < Ty, p.., t > (¢)=0.
J i’ 00 J i’—00 J

It follows that, for ||P — Q|| almost all z, the approximate tangent 3 plane L,

associated with P — Q(z) has p(L;) = 0. In fact, otherwise Pe; |L, would have
rank one for some j € {1, 2, 3,4} which would, as in the proof of Lemma 1.1,
contradict the vanishing of < P — Q, Pejs 1> for a.e. t.

We deduce again, as in the proof of Lemma 1.1, that

P—0Q =) mallal]l x [[S*]]

acA

for some finite subset A of R* and some nonzero integers m,.
If A # (), we may fix one point b € A, a positive § < 1 so that

Bs(b) N (AU 0BR) = (b},

and i sufficiently large so that

3
4 2\ i
3 T 37
* M(S; M < T;, pe., t >4 dt 1) — ] .
*) ()+,§:1/ <T;, pe,t > <<8> cos<8>

Since fS3M < Si,q,v > dH*v < M(S;) by [F], 43 and < S;,¢,v > is an
integer-multiplicity O chain for 7> almost all v € S, we first note that

V=(eS :<S,qv>=0 = (vesS : M<S,q,v> <1}

has H3(V) > 7?2 = 1/2H3(S?).
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For H3 almost all v € V,

—0<T,q,v>=<P—0,q,v>=>Y mlavll,

acA

and < T;,¢,v > contains an oriented integer-multiplicity curve I', in R* x
{v} joining (b, v) to (a,,v) for some point a, € (A \ {b}) U dBr. Then the

corresponding direction
b—a, - 3
—— - ej, < cos | —
b—a,| " 8

for some integers ¢, € {—1, 1}, j, € {1, 2, 3, 4}. The current pejv#l"v is a nonzero
integer multiple of the projected interval 1, = p,; ([(b, v), (ay, v)]) which has

length at least §. So, using Fubini’s Theorem and [F],4.3, we see that, for H3
almost all v € V and H! almost all ¢ € I,

M << T,-,pejv,t>,q,v>=M<< Ti,q,v>pejv,t> > 1.

Now we simply chose ¢ € {—1, 1} and j € {1, 2, 3, 4} so that
W={veV : ,=tand j, = j}

has H3(W) > 1/8H*(V) > =?/8. Then the interval / joining e; - b and
ej - b+ 1,6 is contained in each I, for all v € W, and we may use [F],4.3 to
deduce that

3
4 3 4 i
Z/M<Ti,pej,t>4dt22/ /M<<Ti,pej,t>,q,v>dv dt
j=1 j=1 v '

3

1
=/</M<<Ti,q,v>pev,t>dv> dt
I w
2\ 3
3
2(H3(W))152<%> 5,

which contradicts (*). Thus, A =¢, and P = Q. O
As in [F], let N(T) = M(T) +M(AT) for a current T.

LEMMA 3.2. For each R > 0, N is, with respect to the d, metric, lower semi-
COntinuous on

Rr={P e€Rs : spt PCBg(0) xS’}.
Foreach A > 0, {P € Rg : N(P) < A} is de sequentially compact.
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Proor. By the Federer-Fleming compactness Theorem [F], 4.2.16, any N
bounded sequence in Rr has a subsequence P; that is convergent to some
P € Ry in the FER(O)xS3 norm, that is, P, — P = §; + 07; of some rectifiable

currents S;, 7; with supports in Bg(0) x S3 so that
M(S;) + M(T;)) > 0 as i — 0.

This flat convergence implies the weak (current) convergence of P; to P and
dP; to 0P so that

N(P) = M(P) + M(3P) < liminfM(P;) + liminf M(3 P;)
1—>00 1—>00

< liminf [M(P,) + M(3P;)] = liminfN(P;).
1—> 00 11— 00

But the flat convergence also implies the d. convergence of P; to P because
Holder’s inequality and [F], 4.3 show that, for each j € {1, 2, 3,4},

3 i 1
/M<T,~,pej,t>1 dt < (/M<T,~,pej,t>dt> (2R)%

< M(T)3(2R)F — 0 as i — oo.

This establishes the desired compactness.

Moreover, to show the lower-semicontinuity that N(P) < liminf;_, . N(F;)
for any d. convergent sequence P; — P in Rp, we may assume first that
the righthand side is finite and second, by passing to a subsequence that
lim; .o, N(P;) < oo. Then as above we find the flat (and hence weak current)
convergence of a subsequence Py — (. But then this implies d, convergence
so that Q = P and

N(P) = N(Q) < liminfN(P;) < liminfN(P;). 0
1—>00 1—>00

4. — Energy concentration associated with bubbles in 3 dimensions

For a general W!3 weakly convergent sequences of maps in C*(R?, S?),
the graphs may subconverge to a current that includes not only the graph of
the limit but additional terms, called “bubbles”. These are studied in the work
[GMS2] of Giaquinta, Modica, and Soucek on Cartesian Currents, which shows
the following
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LEMMA 4.1 (3d Bubbling). For any sequence of maps v, € C*°(R3, S*) which
are constant (0,0, 0, 1) outside of a fixed bounded subset of R? and have a uniform
3-energy bound

sup/ VP dH? < oo,
n R3

the oriented graphs Gy, locally have uniformly bounded masses, and a subsequence
of them converges weakly to a locally rectifiable cycle. Assuming that the mappings
Vu — ¥ weakly in W'-3, any such limiting current has the form

Gy +Y_m(a)([lal] x [[S°]1)

acA

for some finite subset A of R® and nonzero integers m(a) for a € A. Moreover,

3
lim lim inf VY, dx > 23272 m(a)|
r—0 n—-oo By (a)

Joralla € A.

Thus the finite supporting set A of the “bubbles” is contained in the 3-
energy concentration set,
{a eR*® : limliminf VY, dx > 0} ,
r—0 n—>oo By (a)
of the sequence V.
We are here interested in these phenomena for Hopf lifts of given maps

from R? or from R* to S?. Of course, each map ¥, : h — S* above can be
viewed as a Hopf lift of the map

Moy, :h— S%.

It is important that the supporting set A of bubbles for the sequence i, is
actually contained in the 3-energy concentration set of this “downstairs” sequence
IT o v,. Specifically, under the hypotheses of Lemma 4.1,

lim lim inf IV(IT o ¥, > dH > g

r—0 n=>00 JhnB, (a)
for all @ € A and some absolute positive constant gyp. This will follow from
Theorem 4.2 below.

The reason we will need this is that, in our application, we start with a
3-energy bounded sequence of maps to S? defined on R* rather than R3. This
sequence may unfortunately not have a single subsequence with Hopf lifts of
bounded 3 energy on almost all hyperplanes. In fact, any single subsequence
may itself fail to have bounded 3 energy on almost all hyperplanes, despite
Fatou’s lemma which only guarantees bounded energy subsequences depending
on the hyperplane. Nevertheless, we will find, in Section 6, a single subsequence
of graphs of Coulomb lifts that is de convergent on almost all hyperplanes, thus
giving the desired limiting scan. The next theorem, which is crucial for proving
the rectifiability of this limit in Section 7, shows that the appearence of a bubble
under this weak d, convergence (even in the absence of energy or mass bounds)
is enough to guarantee energy concentration.
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THEOREM 4.2. Suppose h is a fixed hyperplane in R* and u,, = T1 o ii,, where
i, € C®(h,S) and the it, are constant (0,0, 0, 1) outside of some fixed bounded
subset of h. If

(de) lim Gz, = Gz + Y _m(a)([lall x [[S’])

acA

for some it € W'3(h, S?), some finite subset A of h, and some nonzero integers
m(a), then

lim lim inf / Vi, dH? > &
hNB,(a)

r—0 n—oo
forall a € A for some absolute positive constant &.
PrOOF. We begin by deriving the desired constant &g.

First, on the unit 3 dimensional ball B = & N B;(0), any smooth map
v:B — S? has a local Coulomb lift v : B — S* obtained from an associated
gauge (as in Section 2) i which satisfies

di =t*wy on B
d*n=20 on B
B =0 where (5pis the inclusion map ofdB.

Arguing as in Section 2.2, using a Poincaré instead of Sobolev inequality, we
find constants ¢y, ¢y so that

. 1,

||VU||L3(B) =< 577

+ ”VUHL3(B)
L3®)
<calvall 3 +1IVull.s
n e L3®)

#
=civiogel 3 +IIVull g < allVulls
S L3 ) L3(B) L3(B)

assuming [ |Vv|dH? < 1.

Second, since TT~'{y} is a great circle in S* for every y € S?, we readily
find a positive constant pg so that

(4.1) H (7' By, (») NS?]) < 72 = %H3(S3)

Third, on any convex 2-dimensional region Q C R* with B? 4 C Q C Bj,
a function f € Wh3(Q, RY) is, by Sobolev embedding, Holder continuous, and
there is a positive constant £; small enough so that

4.2) / IVFPdH* < e implies f(Q) C B,y3(»)
Q



CONNECTING TOPOLOGICAL HOPF SINGULARITIES 315

for some y € R*. Now we choose

(4.3) ind1 ! 2n”
. go=min 1, g, — 5.
0 6" 43 +6)

Assuming for contradiction that the lemma is false with this gy , we find (by

passing to a subsequence without changing notation) u,,, i, A, m(a) satisfying
the hypothesis, a point a € A, and a positive r so that

/ |Vun|3a'7-(3 < &
hNBy (a)

for all n. Since A is discrete and # € W'3, we may also assume that r is
small enough to insure that A N B, (a) = {a} and

/ \Vit|* dH> < & .
hNBy(a)

For convenience, we now rescale from B,(a) to B =2 NB;(0) by defining
Un(X) = up(a+rx), v,(x) =unla+rx), v(x)=ula+rx),

and noting that

(4.4) / |V, |> dH> = / Vi, | dH? < &,
B hNBy(a)

(4.5) /|V17|3dH3 :/ Vi dH? < &,
B hNBy(a)

While the given sequence of lifts v, of v, may have unbounded 3-energy on
the ball B, the local Coulomb lifts ¥, described above satisfy

(4.6) /|V6n|3dH3 < c§/ |V, P dH> < c3ep.
B B

We may homologically connect the graphs of the two lifts 9, and v,|B
because they are homotopic through lifts. Specifically, each circle fiber TT~!{y}
of the Hopf map is oriented (by the 1 form «). Let I'(-,0) : [0,1] — & x S
be the unique shortest constant-speed, positively-oriented curve in the circle
{0} x IT~"{v, (0)} from {(0, 9,(0))} to {(0, B,(0))}. By the simple- connectedness
of B, there is a unique smooth extension I : [0, 1] xB — & x S? so that, for all
x € B, T'(-, x) is a constant-speed, positively-oriented curve in {x} x TT"{v,(x)}
from {(x, 9,(x))} to {(x,0,(x))}. The current T = T4([[0, 111 x [[B]]) then
gives the homology

(4.7) 9T, = Gi,e — Gy, — Tx (1[0, 111 x A[[B]]) ,
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with the last term having support in p~!(dB). This current may have high

multiplicity at various points, and we have no control on the I\\/Jl(f") as n — oo.
Next, using the d, convergence, we may write

4.8)  Gy+ Y m(b) (H”l” x [[S]] ) — Gy, = 5, + 07,
r

beA

for some S‘n € R3 and f"n € R4 such that
4
. - 3
M(S,) + Z/M<Tn,pej,t>4 dt > 0asn— 0.
j=1
We now fix an integer n sufficiently large to guarantee that
4
~ ~ 3
(4.9) M(S,,)+Z/M<T,,,pej,t>4dt§eg.
j=1

To use this estimate we need to choose polyhedral regions whose boundaries
lie in such hyperplanes. For our fixed frame e = (ey, 3, €3, e4) of R*, we note
that the angle between the hyperplane & and three of the e;, say e, e, e3, is
at most /4. So using the norm

u(x) = maxfe; - x, e - x,e3 - x}
on h, we find that, for 1/2 < < 1, the open parallellopiped ©; = {x € h :
m(x) < t} has
hNB1(0) C 2 C hNByO).
8
Each of the six 2 dimensional faces of 0€2;,

{(x €0 : x-e; ==t}
similarly satisfy this interior-exterior ball property.
Since p~!(9Q;) C U;le;{—t,t} and
1 4
3 2 = 3 ~ 3
/ / |VU”| dH +Z<M<Tn7pejv_t >4—|M<Tn7p€jvt>4> dt§380
0 GleY i
j=1

by (4.4) and (4.9), we may now fix a number ¢ € [ 1/2, 1] so that

(4.10) / Vv, P dH? < 6gg,
99
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and the slice Ién =< fn, Wwo p,t > has
4.11) M(R,) < 6&g .

Also since T, is constructed by a homotopy through liftings, one deduces from
(4.2), (4.3), and (4.10) that the other slice R, =< T,, uo p,t > has

(4.12) spt R, € 8% x 10, (3Q) < 8% x T (S* N B, ()

for some y € S?.
Combining (4.7) and (4.8) with usual slicing formulas, we now have the
equation of rectifiable currents

a(Tn‘—p_IQI + 7Awn‘—p_lQl) =

(4.13) \ L
= Gijg, + m(@( [[01] x [[S'N]) = Gy, 0, — Spep™ Q + Ry + Ry

We may apply g# to project onto S* and then restrict to the region,
(4.14) U =S\ (S2NB,, ().

and compute the resulting masses. Checking each term using (4.1), (4.3), (4.5),
4.4), (4.6), 4.9), (4.11), (4.12), and (4.14),

Mq#a(Tan_lQ, + f’an_lQl)LU < M(dg# (4 dimensional current)) = 0,

M (gsm(a)( [[0]] x [[S*).U) = Im(a)|H*(U) > H*U) > =*,
7.[2
ﬂ’

3 n?

M(q#Gﬁnm,LU)g/|van|3dH3 < 6o =
B

M(gsGigLU) < / VaPdH} < s <
B

N
|38

M(g#(S,Lp™'QOLU) < M(S,) < & <

M(q#(R,)LU) < M(R,) < 689 < —,
M(qsR, U) = 0

which gives the desired contradiction and completes the proof. O
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5. — A fractional maximal function estimate for the scan of a smooth map

In this section we assume w is a smooth map from R* to S? which is
constant outside of a fixed ball By = Bg(0). We first note that the correspond-
ing scan

Gy#: H — Rj3 is continuous, and hence, measurable,

with respect to the de metric on R3. In fact, for oriented hyperplanes i, k € H,
we may use a geodesic path from & to k in H = S® x R to define a 4
dimensional locally rectifiable current 7 € R4 with 0T = h—k and M(T Bg) <
CR’|h — k|, hence,

Gush — Guek = 0G T

M(Gu#(T Bg)) < C(w)R*|h —kl.
Thus G4 is a continuous map from H into R3, with the locally flat, and hence
(as in Section 3), d. topology. O

THEOREM 5.1. Suppose that w € C*°(R*, S*), and w is constant outside of Bg.
If e = (ey, 2, €3, eq) is an orthonormal frame for RYO<a<1l,veS?andl is
a subinterval of [— R, R), then the fractional maximal function

de (G ysh(v, s), Gysh(v, t
M, (1) = esssup e( with (v, 8), Gyuh(v ))

1#sel s — 1] forae.:tel,

satisfies the weak-type measure estimate

el : M,é(t) > < A ()

where

4
ww(l) = o '5a Z (/M(Gw#[h(ej, ) Br N, (D) dr)
j=1

REMARK 5.2. Note that the quantity u,, satisfies the super-additivity relation

M () + oy (J) <ty (K)

whenever I, J are nonoverlapping subintervals of an interval K in [—R, R].

ProOF OF THEOREM 5.1. For numbers s, € [—R, R], let st denote the
closed interval joining s and ¢ and observe that the 4 dimensional locally
rectifiable current

Tys = Gusllr, ' (57)]1]
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has
Gush(v,s) — Gysh(v, 1) = +03Ts,

so that we may estimate

4
de(Gush(v,5), Gush(v.1) =Y / M( < Ty, pejr T > Lp~ ' (Br))" de
j=1

4
_ Z/m(c;w#[h(ej, DB Ny (51)]) dr .
j=1

We can now use a covering argument to estimate the measure of
E,={tel: M/*1t)>1}.
For each t € E,, we may choose a number s; # ¢ in I so that

ANt — 5" < de(Gush(s, v), Gush(v, 1))

4
<Y [ (Gusltier. o) Br ()
j=1

The (1 dimensional) Besicovitch covering lemma allows us to find, for i =
1,...,5and k=1,2,..., points t;; € E, with corresponding closed intervals

Lik =84, lik
that altogether cover E),,
E, C U_ U2, Lk,
while each of the five separate families
{liv, Liz, ...},
corresponding to i € {1,...,5}, consists of disjoint intervals. In particular,
5 o0
|l <D0 rix
i=1 k=1

where 1y = |tix — s,l.!kl.
For nonnegative A;; we have the elementary estimate

l—«a

1—
Zri,kaAi,k = Zri,k ZAi,k
ik ik ik
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One may check this by reducing to the case »;; A;x = 1 and noting that, on
the simplex

o0
oo .
{(xl,l’xl,z,x1,3’x1,4’x1,5’x2,1’x2,2’ L) ERT 1x e 20, E E Xix = 1} ,

the linear function Y, , r/;“xi« is bounded by the number (3, , rix)' ™% be-
cause it is trivially bounded by this number at all the vertices (1,0,...),
0,1,0,...),...

Now taking

4
Ak =Y [ M(Gusthtes. OB 17 (1)) de
j=1

we see that A;; > k“rﬁ‘k by the choice of St ko and, using the disjointness of
each {/; 1, I;2, ...}, we conclude that

a—1
T k) <Zri,k> <Zri,k)\“>
) ZrlkaAk<ZAzk
5 oo 4
= Z Z Z/M(Gw#[h(ej’ O BrlLp,  (1ix)) " dT

AYE; Y < A%

/N
»M/‘\

IA
9]
]~
=
g
i
=
=
R
w|
N
r
&
2
r
<
<
—
~
N—
SN—

and then raise to the 1/« power to complete the proof. O

6. — Limits of scans of Coulomb lifts of weakly convergent smooth maps

Here we will prove our main existence theorem by using the estimates of
Section 2-5 in the general compactness lemma of the appendix Section 9.

THEOREM 6.1. Suppose u,, € C*[R*, S?), u, = (0,0, 1) on R* \ B, and

sup/qun|3dx < 0.
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Ifii, : R* — S%isa Coulomb lifting of u,, as in Section 2, then there is a subsequence
n’ of n, a pointwise a.e. limit

5
= lim i, € Whiz(RY, %),
n—>oo
and a scan cycle S so that, for all v € S3,
S(h(v. 1)) = (de) lim Gy 4h(v, 1)
n—o00 n
Jor almost all t € R.

Proor. By Lemma 2.4, we may pass to a subsequence, without changing
notations, to get weak convergence in W' 12/5(R* S3) of the Coulomb lifts

12
ii, —~ii e WS (R SY).
This sequence converges pointwise a.e. on R*, and the limit & is a Hopf lift of
u=Toi € WR'SY.

Turning now to the corresponding scans, we proceed in two steps.

Step I. Convergence a.e. on one family of parallel hyperplanes.

Here we will show that for each fixed direction v € S°, there is a a
subsequence 7,(i) (depending on v) so that, for almost all ¢ € R, each sequence

is de convergent as i — oo.

For this, we apply the Compactness Theorem 9.1 of the Appendix, with

3
a=—-,
4
X =[-2,2],
Y ={PeR3 : 9P =0, sptP C B, x S*},
disty = de,

3 3
N(P) =N(P)3 =M(P)3,
fa(t) = G [h(v, 1) By] .

4
3

4 (/M(ng#[h(ej, LB, mn;‘(l)])% dr>"

44
L (1) ==-53
mn (1) 3 2

j=l1
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We have in hand all the necessary hypotheses. Note that the de lower semi-
continuity of N and d, sequential compactness of A/ bounded sets is provided

by Lemma 3.2 while the uniform integral bound of M(Gg,4[h(v, t)l_IBéz])3/ s
given by Lemma 2.4. We thus conclude the de convergence of a subsequence
(depending on v) of G;,#h(v, t) for almost every ¢t € R, and Step I is complete.

Step II. Convergence at a.e. coordinate hyperplane is sufficient.

We first apply Step I four times with v equaling
(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0, 1)

to find a subsequence n’ so that, for almost all s € R, one has the d, conver-
gences
: 1 1 : 4 4
nll)rgong,#hs = P, ..., lim G,;n,#hs = P/,

s n—oQ

at the coordinate hyperplanes
hl=h((1,0,0,0),s), ..., h{ =h((0,0,0,1),s).
It only remains to show that for any other direction
ves*\{1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0, 1)}

this convergence automatically implies d. convergence of Gl;n/#h(v, t) for almost
every t € R (with the same subsequence n').
Thanks to Step I, any subsequence of G; ,4h(-, v) contains a subsequence,

that is d. convergent a.e. on R. It thus suffices to show that any subsequence
of G,;n,#h(-, v) contains a subsequence, having pointwise a.e. de limit P(-) that

is uniquely determined by the currents P! already obtained from the coordi-
nate hyperplanes.
By Fubini’s theorem, the exceptional set

Z={teR:H{x eh(v,1): nli)rglo iy (x) #a(x)} >0}

has measure zero. Moreover, Lemma 2.4 and Fatou’s lemma imply that

o0 |
/ lim inf (/ |V (it |h(v, 1)) > dH?) 2dt < sup c(1 + / [V, ? dx)
h(v,t) n

Lo N

so that the set

Z ={t eR:liminf |V (i1 (v, ) ]* dH?v = o0}

=00 Jpw 1

also has measure zero.
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Let P(-) be any pointwise a.e. d. limit of a subsequence of G,;n,#h(-, v).

For t e R\ (Z U Z), we see that the limiting map u | h(v, ) is a weak wh3
limit of some subsequence of maps with bounded 3-energy while the limiting
current P(t) is, by Lemma 2.4, the weak limit of some subsequence of locally
M bounded smooth graphs. Thus, the limiting map has finite 3-energy,

/ IV (i |h(v, D))} dH? < o0,
h(v,t)

and, by Lemma 4.1, the limiting current has the form

P(t) = Gapwn + > my, (@) (I[all x [[S]])

ach(v,t)

for an integer-valued function m, ; supported in some finite subset of A(v, ).
We now only need to show how, for almost all t, all the integer multiplicities
m, ,(a), for a € h(v,t), are uniquely determined by our coordinate hyperplane
currents Psi.

This will be accomplished by using, for each a € h(v,t) and almost all
r > 0, the open coordinate cube

4
Q@) =[J@ —r.a+r),
i=1

and looking at the limit of the graph of the restriction of #,s to the boundary
of the half-cube

Qa)={xeQ(a):x-v>t}.

Since a - v = t, one face of 0Q)(a) lies in the hyperplane h(v,?) under
present consideration while the others lie in the 8 coordinate hyperplanes

i i i i : : :
b, s b yrs - hgyys by, The corresponding equation of currents is

4
Q@] = oh(v, ) Q,(a) + Z (hi,i+, — h;i_,)l_{x €0Ql(a):x-v >t}

i=1

where o = sign (t — v - a).
As above, we have, for a.e. r > 0, pointwise a.e. convergence of i, to u
on the hyperplanes £, ,, as well as

n—oo

lim inf/, |V (i B, o)1 dHPY < 00
hi !

ajtr

for i = 1,2, 3,4. As before, we deduce that, for a.e. r > 0, each limiting
map u |hi¢l~ir is a weak W' limit of some subsequence of maps with bounded
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3-energy. Also by Lemma 2.4, for a.e. r > 0, any d. limit of a subsequence
of Gﬁn,#h; ., the weak current limit of some locally M bounded subsequence.

Next we recall one relevant consequence of slicing [F], 4.3.1. If h is
a hyperplane and n* is a subsequence of n such that the currents Gj ,#h
are locally mass bounded and converge weakly to a current T, then, for any
direction v* € S?, not perpendicular to &, one has, for a.e. s > 0, the current
convergence of the restrictions

ng##(hl_{x cx-v >} o To{(x,y)ix-v* >s).

Consider now any two subsequences n” and n” of n'.

quences of these, we may assume, by Lemma 4.1, that

Passing to subse-

Tim Gg,4h(v,0) = Gapon + 3 m'(@Ilall x [[S]

ach(v,t)
Jim Ga,\4h(v.1) = Gy + Y m"@|lall x [[S°]]
aeh(v,t)

for some integer-valued functions m” and m” supported in finite subsets of
h(v,t). We now want to show that m”(a) = m” (a) for each point a € h(v, t).
For this, first choose r, small enough so that

Q. (@) N (sptm” Uspt: m”) C {a}.

The slicing remark implies that, for almost every ¢ € R, we may, for almost every
0 <r < r,, pass to subsequences, without changing notations, to insure that

Tim Gi i (h(v, NLQr(@)) = Ginw.np™ Q@) +m"(@)lal] x [[S™]]
Jim Gz 4(h (v, DLQr @) = G Qe (@) +m” @)[a]] x [[S*]].

Similarly, cutting by {x : x - v > ¢}, we see that the the two current limits

lim G ,4(3[[Q) (@)]l{x :x - v >1}),
lim Gy 4 (3[[Q) (@] fx : x - v > 1})
n—00 n
exist and equal the same current
4 . .
P.(a) = Z (P;iJrr — P;i_r)L{(x, y) i x €9Q)(a), x -v >t}

i=1

because of the uniqueness of the 8 coordinate hyperplane limits PL’;iir.
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Finally concerning the total boundary, one has, by the smoothness of i,
on QV(a), that

Gi#dlIQ} (@)]1(¢%wg) = 440G a,s11Q} (@)1 (wg3)
= 3g4Gi,#[[Q} (a)]](wg3) =0

because g4G,#[[Q)(a)]] is a 4 dimensional current in S3. Thus,

27°m" (@) + o (Gapw.nep~ 9QL (@) (¢¥wss) + Pr(a) (¢Fog)

= lim Gz, (3LQ} @]ILh(v, 1) + QL @]I{x : x - v > 1}) (¢"wg)

= lim G, ,#1Q} @]](¢"w3)

= Jim,0

= lim G ,+3[1Q)(@1](¢"wgs)

= lim Gi, s (Q(@Nch(v, 1) +3[IQI @] {x : x - v > 1}) (¢"wg3)

=27"m" (@) + o (Gapwnp '9QL(@) (¢ wg) + Pr(a) (¢ wg),
hence,

m” (a) = m” (a).
Arbitrary subsequences of ng,#h(~, v) thus have subsequences d. conver-

gent to a unique limit, determined by the coordinate hyperplane currents P;,
and for the original subsequence n’ (which was chosen independent of v) the
currents G; ,#h(v,t) de converge for a.e. t+ € R. From Fubini’s theorem, we

finally conclude that, for a.e. hyperplane h € H, the d, limit
S(h) = lim G; ,4h
n—oo n

exists.
To check that S is a scan cycle, we note that, for a.e. h € H, Lemma 2.4
and Fatou’s lemma imply that

liminfM(G; ,#(hLB3)) < o0,

n'—o0
so that S(h) is the limit of a locally M bounded, weakly convergent, subsequence
G,;n,,#h. In particular, using [F], Section 4.3.2,
SN(W'XIS™) = (lim Ga,,4h)N(A'<[[S°]]) = lim ((Gg,,+mN(H <[IS*]D)

for almost every ' € H. Moreover, Section 1 and the same argument show
that, for almost every h' € H,

lim ((Ga,, sV [[S'D)= Tim ((Gz,+h )N [[S’1D) =SH)N(hx[IS])

for a.e. h € H. Also, for almost every polyhedral frontier d[[U]] as in Section 1,
one has, by the previous slicing remark, that 9(Syy) =lim, o 9G; ,#9[[U]1=0,
and

(S10) (¢*0g) = lim Gy #0lU11(g*wp) = lim Gy ,4[UT)(dg*0g) =0,

so that § is a scan cycle. O
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7. — Structure and rectifiability of the limiting scan

Here we will show that the limiting scan of Theorem 6.1 is carried by
the graph of the limiting map and a set Rg x S for some 1 rectifiable subset
Rs of an energy concentration set of finite measure. The measure estimate is
provided by the elementary

LEMMA 7.1. For € > 0 and any sequence u, € W'3R* S?) with L =
sup, [ |Vu, | dx being finite, the € energy concentration set

1
E. = {x eR*: limliminff/ \Vun | dy > 6} ,
By (x)

r—0 n—o0 r
has H'(E.) < 24¢7'L.

Proor. Let K be a compact subset of E.. For each § > 0 and point x € K,
we may choose a positive r, < %8 so that

1 1
liminf—/ |Vu,>dy > —€.
Br, (x) 2

n—>00

By compactness and the Vitali covering theorem, we may choose a finite subset
A of K so that the corresponding balls {B,,(a) : a € A} are disjoint while their
triple enlargements {Bs,,(a) : a € A} cover K. We may now choose a single
integer n sufficiently large to guarantee that

1 3 1
— [Vuu|”dy > ~e€
Fa JBr, () 2

for all a € A. Thus,

H3(K) <) 2(6r,) < 24e! Z/ IV, dy < 24¢7'L.
Bra(a)

acA acA

Letting 6 | O and taking the supremum over such K completes the proof. O

As motivation for our rectifiability Theorem 7.2, recall that a 1 dimensional,
finite mass, integer-multiplicity rectifiable current T in R* is given by 3 things:

a 1 rectifiable set Ry of finite measure,
an H' measurable T : Ry — S® orienting a.e. the approximate tangent of Rz, and
an H' integrable multiplicity function my : Ry — Z*

so that

T () =/R <Tx), ) >mr@x)dH'x  for ¢ € D(RY).
T
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Each of these three may be determined, H! ae., by the 0 dimensional
slices T Nh for a.e. h € H. More, in fact, is true.
For any countably 1 rectifiable set R O Ry and v € S?, let

ER’UE{X € R : h(v, x - v)is not transverse to the
approximate tangent line of R atx}

and observe that
Ve={veS:H'(Zr,) > 0

is at most countable because H!'(Zz, N Yg.v) > 0if and only if v = +v".
Now fixing a direction v € S3 \ Vg, one has, at a.e. point x € Ry, that

my(X) = Mrap,c0)(x) >0
and that the choice of orientation f(x) is determined by the slice condition
sgn [f’(x) -v] = sgn[(T Nhv,x- v))(XEp(X))]
for p > 0 small. Also, up to an H' null set, the carrying set for T,

Ry = Uier{x : mrape n(x) # 0} .

Thus, for such a generic v € S*\ Vg, the rectifiable current T is completely
determined just by its slices by almost all of the parallel hyperplanes {i(v,?) :
t € R}.

The bubble part of our limiting scan has a similar representation by a recti-
fiable set, orienting vectorfield, and multiplicity function, except the multiplicity
function is only L** integrable.

THEOREM 7.2. There is a positive constant &, so that if u,,u, u,, u, and
S = lim,_ G,;n/# are as in Theorem 6.1, then, there exist an H' measurable 1
rectifiable subset Rg of the €| energy concentration set E¢| for u,, an H' measurable
S : Rs — S3 orienting a.e. the approximate tangent line of Rs, and a nonzero
integer multiplicity function mg with |, Rs m?g/ *dH! < 0o such that for almost every
hyperplane h € H,

S(h) =G+ Y sen (S@) - h*)ms(@)[[al] x [[S*]].

acRgNh

Proor. First to choose €1, note that there is a uniform bilipschitz equivalence
between each half-cube Q) (a) (from the proof of Theorem 5.3) and the ball
B,. Thus by Lemma 2.2 there is a positive Ay so that

inf{/ VP dH? -y € W3 (0QV(a), S?), Hopf deg(y) # 0} > 280 .
QY (@)
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Let |
&1 = 6 min{eo, )uoa()} .

Next recall [G], Th.2.2, that, for the W13 (R?*) function ii, the set of energy
density points

1
XE{xER4:1imsup—/ |Vﬁ|3dy>0}.
Br(x)

r—0 T

has H!(X) = 0.

By Lemma 4.1 and Theorem 6.1, we know that for any fixed direction v €
S3, we have, for ¢ off some measure zero subset Z, of R, that i|h(v,t) € W3
and that the sequence Gun/#h(v, t) is de convergent to

S(h(v, ) = Gapoy + 3. my (@Ilall x [[S°]]

acA(v,t)

for some finite subset A(v,?) of A(v,t) and non-zero integers m,,. We will
next verify that, for all such t € R\ Z,,

AWw,0) \ X C E, .

Assuming, for contradiction that a € A(v,7) \ (X U E,), we choose a
positive p sufficiently small so that A(v,t) NB,(a) = {a} and

/ |Vﬂ|3dH3+,o_l/ |Vﬁ|3dy+liminfp_l/ |Vu,|® dy < 3e; .
h(v,0)NBp(a) By (a) n—00 By (a)

By Fatou’s lemma and Fubini’s theorem,
5
/ lim inf (IVal® + |Vu, *)dHdr
0 "7 JaQr()
< liminf (IVil® + |Vu,*) dy < 3e1p

n—o0 Qp (a)
2

where, as before, Q,(a) = H?zl(ai —r,a; +r) C By (a). Recalling now the
proof of Step II of Theorem 5.3, we see that we may pass to a subsequence
and find r € [0, p/2] so that, for all n,

/ (IVal* + |Vu, P)dH® < 6ey,
9Qr(a)

and so that, for each of the 8 hyperplanes h'_, determined by the faces of
Q. (a), ilhl,., € W"? and each sequence G, ,#hl,, is locally M bounded and
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convergent as in Lemma 4.1. As in the proof of Theorem 5.3, r can also be
chosen so that these convergences restrict to each face of the half-cube Q) (a).
However, now, by Theorem 4.2 and the last small energy estimate, no bubbles
occur on any of the faces in the coordinate hyperplanes hﬁlir, while, on the
remaining face in h(v,t), exactly one bubble occurs at a because A(v,?) N
0Q; (a) = {a}. Also the small energy estimate

/ |Vul® dH? < 6¢;
3Q} (@)

implies
(Gapoy@) (¢"wg3) = 4% Hopf deg (u[0Q} () = 0.

Summing over the faces in 9Q(a) now gives the desired contradiction

0= lim 80 = lim dgsGs #[[Q!(@)]](ws3)

n—oo
= lim Gq, #l1Q}@)]l(¢"wg)
= £27°m, (@) + (Gapgr ) (¢ 0s3)
= 4+27°m, ,(a) + 0,
and establishes the inclusion A(v, 1)\ X C E,,.
By Lemma 7.1 and the Besicovitch Structure theorem [F], 3.3.13, the energy

concentration set E, contains an H! measurable 1 rectifiable set R so that the
“unrectifiable visibility” directions

Y={veS :H (m,(E; \ R)) > 0}
have 1> measure 0. Also, as before, the “non-generically transverse” directions
Vi = {v €S H (Zgo) > 0}

are at most countable.
Ignoring these exceptional directions, we now fix one direction v € S\
(Y U Vg) and let

Rs={J{A@.0):1 €R\ [Z, Uy (X U (E;; \ R)UZgy)] }.

and, for a € Rg, let
mS(a) = |mv,v~a(a)| s

and §(a) bf: the unit vector orienting the approximate tangent line of R at a
with sgn (S (a) - v) = sgn m, ,,(a). These definitions automatically give the
desired formula for S(k) in case & = h(v, t) for almost all ¢ € R.

We will now show that the formula continues to hold for hyperplanes in
almost all other directions; i.e. that these definitions are, up to an H! null set,
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independent of our choice of v € S*\ (Y U V). For this, we now fix a second
direction v’ € S*\ (Y U V). Since Rs C R and Hl(ZR,U/) = 0, the area formula
applied to m,/|R shows that

RsNwy ' [ Zy Umy (X U (Ee) \ R)U B )]

has H! measure zero. It now suffices for us to verify, at each of the remaining
points a € R\ 7' [Zy U py(XU(E,, \ R)UZg,)], that a € AW, V' - a)
and that the integer multiplicity m,/ s, (a) is correct, that is,

Imy .q(@)] = mg(@)| and sgnm, ,(a) =sgn (S(a)-v).

We will argue as before by considering the behavior on the boundary of small
half-cubes

Q@=xeQ@:(x—a)v>0, Q@ ={xeQ@:(x—a)v >0},

To use this same notation, we assume (as can be achieved by rotating coordi-
nates) that none of the four coordinate directions (1,0,0,0),...,(0,0,0,1) are
in the exceptional directions Y U Vg. We also suppose first, for convenience that

sgn (S‘(a) -v) >0, sgn (§(a) V') >0.

Then the (affine) approximate tangent line {a + tS (a) : t € R} of R intersects
the closed conical region

C =xix—a)v=<0,(x—a)vV>0U{x:(x—a) - v>0,(x—a) v <0}
= [Q@\ Q@] U [Q@\ Q)]

r>0
only at a and
limsupr'"H'(RNC NB,.(a)) =0,

r—0
so that, by Fubini’s theorem,

J={r>0:RNCNIQ,(a) # B},

has density 0 at 0. Also, since both restrictions i|A(v, v-a) and i|h(v', V" - a)
are W3 and a ¢ X, we may argue as before to choose a positive r ¢ J so that

B,(a)NA(,v-a) ={a},B.(a) NAQ',V -a) C {a},

/ Vil dH? +/ \Vii|? dH? +/ Vi dH? < ¢,
h(v,v-a)NBy(a) h(V/ V' -a)NBy (a) Qs (a)

ay£r ¢ Z1,000 Yra,000(XUE;\RUZR1.000) -
as£r ¢ Z0,00,1) Y0001 (X U(E; \ R UZg00001) -
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and so that, for a subsequence, there the weak convergence of currents

71 lim Ga #9llQ)@]] = Gapgr + Y mB[B]] x [[S]

beB
72) lim Ga #9lQ @11 = Gy, + D m' GBI x (5]
beB’

for some finite subsets B of QY (a), B’ of BQf/(a), and integer multiplicities
m, m'. Then

BNh(v,v-a)={a}, ma)=my.q(a),
B'Nh(' v -a) C{a}, m'(a) =my y,(a) in casea € AV, v - a).
For the remaining faces, we infer from Theorem 4.2 and our choice of r that
(BUB)\{a} C (RN3Q}(a)\ h(v,v-a)) U (RN 8Q;’,(a) \h(V', V' - a))
C (0Q¥a) \ h(v,v-a)) U (aQr”/(a) \h(W' v -a)) \ C
=3(Q @) NQY @)\ (h(v,v-a) Uh(W', v - a)).

So we may restrict our mappings to the latter set and pass to the limit to
conclude that

B\ {a} = B'\ {a} and m(b) = m'(b) for b € B\ {a}.
As before, the smoothness of the u,  gives

Gi #0lQ} @] (¢*wg3) = G 41Q} (@)]](¢*ws3) =0,
Gi #lIQY @11(¢*wss) = 3G #l1QY @1](¢ws) =0,

while the small energy condition

/ |Vu|3dH3—|—/ o IVulPdr? < 2
3QY (a) 3Q} (@)

(Gigy@) (¢°0s3) = 0= (Gy 0 )) (@"053) -

Plugging the form q#a)s3 into (7.1) and (7.2) now gives

implies

0=0+2n’m(a)+ »  27°m(b)
beB\{a}
=0+21’m(a)+ Y 27°m'(b)
beB’'\{a}
=0+ Y 2n’m' (D),

beB’
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and we conclude that B.(a) N A(V',v" - a) = {a} and my ,, = m'(a) =
m(a), hence,

my | = [m(a)| = |mg(a)l,
sgnm, ., (a) = sgn m(a) = sgn m, ,.4(a) = sgn (E(a) -v) = sgn (§(a) V).

The remaining three cases where

(sgn(S(a) - v), sgn(S(a) - v)) = (=1, +1), (+1,=1), (=1, =1),

may be treated similarly, and we now have the desired representation formula
for S(h(v',1)) for ae.r € R.

The set Rg, being a subset of the 1 rectifiable set R is itself 1 rectifiable.
To see that it is also H' measurable, it suffices to show that

lim r~'#' (B,(a) N Rs) = 1 for ae. a € Rs.,
r—

lin(l)r_lHl(]B%r(a) \Rg) =0 for ae. a € R\ Rs.

Both of these may be verified by arguing as before taking v € S*\ (Y U V) and
forming the limits of a subsequence of graphs restricted to a half-cube boundary
0Q; (a) for a generic point a € R\ X and generic small positive r. Here R is
H! almost contained in a countable union of C! arcs I';, and one may insist
that a be a point of density 1 for precisely one I'; and be of density O for all
the others. So as before, r is chosen so that dQ;(a) hits I'; transversally at
a and at preciesly one other point a, € dQ;(a). The limiting current equation
guarantees that this point a, € Rs if and only if a € Rs and in which case that
mg(a,) = mg(a) and that S (a;) and S (a) give the same orientation to I';. The
set of suitable positive r for both v and —v has density 1 at 0. For the point
a, we conclude not only the above density statements, but also the approximate
continuity of both mg and S. Thus we verify the ! measurabluty of the set
Rs as well as the H'LRs measurabliity of the functions mg and S.

To establish the multiplicity estimate, we will prove, for ae. h € H,
the bound

3
z . 3 3
(7.3) g mg (a) < Cl;rgggf/thnd dH’ .

aeRgNh

This will do it because we may then choose a frame {vy, vz, v3, v4} C S*\ (Y U
Vg) and apply the coarea formula to each p,|Rs as well as Fatou’s lemma
and Fubini’s theorem to deduce that

3
mg dH <Z/ mslv, S|dH' = Z/ > mS(a)dt

Rg % yeRgNA(v; 1)
4
L 3 1 _ .. 3
< CZ/ lim inf |Vu, |”dH" dt _4C11m1nf/ [Vu,|>dx < oo.
oo N0 h(v;.1) n—>oo [p4
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To verify (7.3) (by contradiction) we may pass to subsequences depending
on h, without changing notations. In particular, we may by Fatou’s lemma,
assume that sup,/ [, |Vu,|>dH?> < oo and that the graphs Gi, 4 converge to
S(h), as in Lemma 4.1, weakly as currents. For each point a € Rg N A,

lim IVulPdH? =0,
0 JB, (a)nh

and we have, for ae. r > 0, strong W' convergence of a subsequence
on the 2 dimensional sphere 4 N dB,(a). So there is, for any ¢ > 0, a
small » > 0 so that By, (a) N Rg N h = {a} and so that (for a subsequence)
sup,,/ fhﬂaBr(a) |Vu,/|>dH*> < €. Then we may obtain extensions v,/ : h — S? of

u,|(hNB,(a)) so that v,/ is a constant y,» on 1\B,.(a) andsup,, fhm(Bzr(a)\Br(a))

|V > dH? < ce. Tt follows that the induced relative map

Yo (RN Bay (@), h N By (a) — (S2, {yw))

has a well-defined Hopf degree, which must, for n’ sufficiently large, be the
multiplicity mg(a), by the convergence of G,;n,# and the formula for S(h). From
the conformal invariance of the 3 energy in 3 dimensions and the lower bound
of [R1], we now conclude that

3
/ Vi, > dx + ce > / VY dx > C 'mg(a)?
hNB(a) hNBy, (a)

Summing over a € RgNh and letting n’ — oo and € — 0 now gives (7.3) and
completes the proof. O

REMARK 7.3. The vanishing of the second term in 7.2 (i.e. no “bubbling”)
does not guarantee that the convergence is strong in W'3. In fact, it is easy to
make a construction as in Section 2.4 of a smooth map u, : R* — S? which is
constant (0, 0,0, 1) outside the 1/4n tubular neighborhoods of the two parallel
intervals [(0, 0, 0, 0), (1,0,0,0)], [(0, 1/n,0,0), (1, 1/n,0,0)] and which has
Hopf degree +1 and —1 on the slices of these 2 tubular neighborhoods by the
hyperplane x, =t for 1/n <t <1— 1/n. One can insist that

‘250 - / |Vu,|> dx
R4

The weak W3 limit is a constant map, but the energy drop is not detected by
the limiting scan, which is the constant [[R“]] x [[(0, 0, 0, 1)]] by cancellation.
Note that here one may have the energy concentration on an interval, with the
convergence of the positive measures,

<

11)1{.10|Vun|3dx — 227> H'[(0,0,0,0), (1,0,0,0)],

even though the “topological” part of this concentration vanishes.
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8. — Connecting the singularities of a general finite energy map

It is still unknown whether an arbitrary map u € W3 (R*, S?) is a weak
W13 sequential limit of smooth maps in C*°(R*, S?) although some other cases
of such weak density have been established [Bel], [PR], [HgL2]. In this section,
we verify that we can still (as in the conclusion of Theorems 6.1) cap off the
scan boundary of the graph of a Coulomb lift of # by addition of an oriented
vertical scan.

As motivation for our proof, consider a corresponding construction [GMS2],
2.5, for the simpler case of a map u € W"?(R3 S?). Here one can first
approximate u strongly in W'2 by maps u, € C*[R>\ A,) " W!? with A, a
finite set. Then as currrents

3Gy, = (I, x [[S™1])

where I, is a “minimal connection”, a finite sum of oriented intervals whose
boundary gives the points of A, with multiplicities determined by the local
degrees of u,. Then local mass bounds for G,, and I, X [1S?1] along with
the Federer-Fleming Compactness theorem provide subconvergence of the aug-
mented graphs G, — I, x [[S?]] to an integer-multiplicity rectifiable current in
the form G, — I x [[S?]], in particular, (G, — I x [[S*]]) = 0.

In our situation, we need to work with the scan cycles of augmented graphs
of Coulomb lifts, replacing mass bounds by L ¥* slice mass bounds and the
Federer-Fleming Compactness theorem by a version of Section 6 upgraded to
handle such augmented graphs.

THEOREM 8.1. For any map u € W'3(R*, S?) with u constant outside of B,
and Coulomb lift it : R* — S3,

9(Gi —T) =0
for some scan T such that, forallv € S* and a.e. t € R,

T(h(v,0)) = Y my,llall x [[S°]],

LZEAU’;

for some finite subset A, ; of h(v, t) and non-zero integers m,, ; with

q
/ > my, dt§C<1+/|Vu|3dx) :
R

aeAv,,

Proor. We first recall from [Bel] that there is, for each positive integer
n, a finite subset A, of By and a map u, € C*(R*\ A,) N W"3 with u, = u
outside of B, and

lim [ |Vu, — Vul?dx =0.

n— o0
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In particular, by passing to a subsequence,
L= sup/|Vun|3dx < 2/|Vu|3dx < 00.
n

We may also insist that near each point a € A,, u, is homogeneous with Hopf
degree on small spheres about a being 4=1. Consider now the Coulomb gauge
fin € E'R*\ A) of u, defined by the formula of Section 2. By the simple-
connectivity of R*\ A, this gauge provides, as in Section 2, a corresponding
Coulomb lift iz, € C®(R*\ A, S$*) N W3 with

0Gz, = »_ my(a)[la]] x [S’]]

acAy

where m,(a) = deg (ii,|0Bc(a)) = Hopf deg (u,|dBc(a)) for all sufficiently
small € > 0. As before, neither [ |Vii, |3 dx nor M(ng) is necessarily uni-
formly bounded independent of n, but one still has all the integral estimates
of Lemma 2.2 with u, u replaced by u,, ii,. With these, one verifies that i,
converges weakly in W' /12 (also strongly in L' /12 and pointwise a.e.) to
a Coulomb lift i of u.

While we cannot, by Example 2.5, hope to find a uniformly mass-bounded
minimal connection to cap off 3G;,, we can use a suitable level curve i, '{y}.

To choose y, first note that the set X, of critical values of i, has H>(X,) =
0. By Jensen’s inequality, the coarea formula, and the above estimate, we also
find that, for each v € S°,

/Sz/card(a;‘{y} N nv_l{t})%dtd’l-ﬁy 5/ (/Szcard (i {y} 0 nv_l{t}dey> dt
R R

i i
= / / 1 Iﬁiwsﬂ dt = C/ / 1 Iﬁn A dﬁn| dt
R \Jry ) R\, )

3
< V4_)4dt=/v3d<L.
<c [ (Vs on,,) e =c [ 1Vular <

In particular, integrating over v € S?, we see from Fatou’s lemma and Fubini’s
theorem that H3(X) =0 where ¥ ={y € S’ : H3(Wy) > 0} with

ESN[O8)

3
W, = {v es: / liminfcard (i, '{y} N7, ' {t})* dt = oo} :
R n—oo

Finally, to get a uniform bound for d, estimates, we can now, fix a single point
yeS\ (ZU U%,%,) and pass to a subsequence so that

3
sup/card (@, ynmg () dr < cL
R

n

for each j € {1,2,3,4]}.
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Since y € S? is a regular value for each i,, the set
Ry =i, {y}

is a union of smooth curves that transversely intersect almost all of the hy-
perplanes T, '{t}. The set R, is readily oriented to become a 1 dimensional

rectifiable current , with 91, =) . An m,, (a)[[a]] so that
(I, x [[S’1]) = 3G, 4[[R*]].
Then, in the langauge of scans,
a(ng# - Tn) =0

where T, is the corresponding vertical scan defined by T,,(h) = (In ﬂh) x [[S*]]
for ae. h € H.

We now discuss how to carry over essentially all the results of Section 5-
Section 6 replacing the former sequence of scan cycles of smooth functions
G;,# by the present sequence of augmented scans G;,# — T,. Since, for a.e.
t € R,

M(T,h(ej. 1)]) = 27* card (R, N7, {1})

we still have, from the new Lemma 2.2 estimate and the choice of y, the basic
global bound

4 3
M(G,4 — T,) (h(ej, T).By) | * dt <4C5 (1 + L) + 32n%c L.
n J By
j=1

We need a new version of Section 5 in which the scan G,4 of a smooth map
w € C*(R*, S?) is replaced by an augmented scan G,y — T corresponding to a
map w € C®(R*\ A, S*) N W3 with A finite and a rectifiable vertical current
T such that 37 = 3G ,«[[R*]]. In the proof of Theorem 5.1, one now uses,
for almost all s, ¢ € R, the rectifiable current

Ty = (Gusl[R*] = T)ip, ! (57)

to connect (Gu4 — T)h(s,v) to (Gus — T)h(t,v). The remainder of the
proof carries over to give a corresponding fractional maximal estimate for
Gusl[R*] - T.

In Step I of the proof of the new version of Theorem 6.1, we now just
consider directions v € S* outside the measure zero set W,. In the application
of the appendix Theorem 9.1, we simply take f,(t) = (G, — T,)h(t,v) and
keep everything else the same. In Step II, one considers, for a fixed v € S*\ W,,
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subsequences of (Gg,# — T,)h(t,v) for almost all + € R. In addition to the
measure zero sets Z, 7 defined as before, one also now avoids the set

Z =m,(A,) Ut € R:liminfcard (R, N7, {r}) = oo},

which has measure 0 by Fatou’s lemma and the fact that v ¢ W,. Then, for
teR\(ZUZUZ), ade limit P(t) of a subsequence of (Gip# — T) (2, v)
again has the form

P(t) = Gipwy + Y my (a)([lal] x [[S’]])

ach(v,t)

because P(z) is, by Fatou’s lemma, a weak limit of some uniformly mass
bounded subsequence

G h(t,v) — (Ly Oh(t, v)) x [[S*]]

with &, |h(t, v) smooth and uniformly 3-energy bounded and 7, N A(t, v) uni-
formly mass bounded. We also have the estimate

[ ( 2 “‘v!f)idf <C (1 +/|Vul3dx) .

(lEAv,l

We again apply Step I to obtain a subsequence d. convergent at almost every
coordinate hyperplane. Then one verifies the automatic convergence of this
same subsequence on hyperplanes 4 (v, t) for any other direction v € S\ Wy
and a.e. t € R by considering currents lying over the boundary of a small
half-cube Q) (a). For the total boundary, one now uses the relation

(Gadl[QY (@) + (I, N Q@) x [[S*11) (¢¥wg3)
= g4 (G, [QL (@11 — (I, N[[QY (@)D x [[S’]]) (wg3) = 8 0(wg3) =0,
which leads to
21*m” (@) + o (Gapw.nLp ' 0QY (@) (¢*ws) + Pr(a) (¢F o)
= lim (Gq,,#dlQ} @1 + L,y NIQ @D x [[S']]) (¢*w3)

= lim O
n—oo

= lim (Ga,,#3[1Q; (@1 + (L N 3[IQ} @] x [[S°]1) (¢ wg3)
=27’m" (@) + o (Gappw.np '8Q% (@) (¢*oz) + Pr(a) (¢ ws),

so that again m”(a) = m” (a). Thus we have d. convergence of a subsequence
of ng,# at a.e. h € H to a limiting scan S = ng,#— T with T of the required
form, and we again verify that S is a scan cycle. O
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REMARK 8.2. It seems unlikely that the scan T obtained in the proof of
Section 8.1 is 1 rectifiable in the sense of Theorem 7.2. One is tempted to
replace the energy concentration set used in Lemma 7.1 by the fractional mass
slice concentration set

1
F. = {x e R*: lim liminf —v, (B, (x)) > €}

r—-0 n—>oo r
defined with the super-additive function

4

3
v (U) = Z (/card (UNR, ﬂne;l{t})zdt> for open U C R*.
j=1

[SSTEN

However the new Lemma 4.1 then only gives an estimate of H*/3(F,) rather
than of H!(F,). Following some of the proof of Theorem 7.2, one then only
obtains an H*/3 measure estimate for the carrying set of the scan 7. In future
work we hope to consider a more efficient scan connection for the topologi-
cal singularities.

9. — Appendix. Compactness from a fractional maximal function bound

Let 0 <a < 1, X be a closed interval, Y be a metric space, and A be a
nonnegative, lower semi-continuous function on Y such that {y € Y : N'(y) < R}
is sequentially compact for all finite positive R. For any measurable f : X — Y
and subinterval I of X, let M, f denote the associated «-maximal function,

(M F)(x) = esssup ST @) /D)

x#iel lx — x|*

for x € I.

THEOREM 9.1. Suppose that foreachn = 1,2, ..., f, : X — Y isameasurable
map satisfying on each subinterval I of X, a (weak-type) measure estimate

9.1) sup i | {x € 1 My f)E () > 23| < D),

for some nonnegative function [, of subintervals of X that satisfies the superaddi-
tivity
wn(I) + 1y (J) < pny(K) for nonoverlapping subintervalsl, J of K .
If
L= sup/ N(fu(x)) dx < 00 and sup pu,(X) < oo,
n X n
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then f, contains a subsequence that converges pointwise almost everywhere. The
limiting function f : X — Y satisfies similar bounds

/J\/(f(x))dxf L and k]{xel:(/\/llf)é(x) > A} < sup ().
X n

Proor. First we observe that it suffices to show there is a subsequence f,/
that is pointwise a.e. Cauchy convergent.

In fact, for a.e. x € X, the sequence f,/(x) will then have, in the completion
Y of Y, a unique limit f(x) a.e. Also, for a.e. x € X, Fatou’s lemma will
provide a subsequence n” of n’ (depending on x) so that

sup N(fur(x)) < o0.

n'—00

The compactness assumption then will give a subsequence n” of n” so that
fwr(x) converges to a point of Y. Thus, f(x), being necessarily this limit
point, will belong to Y. Moreover, then, for a.e. x,

M f(x) < liminf M f,/(x)
because
dist (f(x), f()?)) = /lim dist (fn/(x), fn/(i)) < liplinfMIfn/(x)|x —Xx|*.

The lower semi-continuity assumption on A and Fatou’s lemma gives

/N(f(x))dx < /liminf./\/(fn/(x))dx < liminf/ N(fy(x))dx < L.
X X n'—o0 n—oo Jx
For the measure estimate, we note that
1
(xel: (M f)ax) > 1)
is, except for a null set, contained in an increasing union of the sets
D,=ny_{xel: (M]fm)é(x) > A},
so that
(v € 1+ (M f)# () > 2)] = Tim | D, |

< liminf [{x € I:(M; f,)& () > A} < 27" (D).

n—>oQ

We now construct the desired subsequence which is Cauchy convergent
a.e. Starting with the sequence no(j) = j, we will choose, by inducton on
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k, a subsequence ny(j) of ny_;(j) and some countable family Z; of closed
subintervals of X along with distinguished points ¢; € I for each I € Z; so that

Zv=x\J 1

1€y,

has measure 0, and, for every I € 7,

Jup(h(cr)is Cauchy convergent asj — oo and lim sup(./\/llfnk(j))é(cl) < M
Jj—00

This will do it because then the diagonal subsequence f"i( ;) will be Cauchy
convergent at almost every point x € X. In fact, for almost every x € X \UR 0 Zk
and for € > 0, we will be able to choose:

1
— first an integer k > (g)“,

— second, an interval I € Z; containing x, and
— third, an integer & > k so that

dist (fu, i) (cD)s fap(iy(cn)) < €/3 and (M fu,(j))(cr) 3k (1)

for i, j > h. Then, since n;(i) = ni(i’) and n;(j) = ni(j') for some
i',j = h,

A

dist (fu; (€0, fu;(p(en) < €/3
dist (fn, i) (X), fu;i7(cD)) < My fo;i))(cDx —cf|*

< My fanen(In® < I _ €
o an) (€ < < =,
= M m (R 3kl 3
. o €
dist (fo;(H (), fa;plen) < My fa;p)enlx —erl® < 3
hence, . ¢ <
dist (fni(,')(x), f,,j(.,»)(x)) < § + § + 5 = €.
Fixing k, we will inductively choose subsequences m(j) of ni_1(j), ma(j)
of mi(j), m3(j) of my(j), ... as well as subintervals Iy, I, I3, ... of X with

points ¢; € I; so that
ne(j) =mi(j), I ={lIi, L, ...}, cp, = ¢

satisfy the desired conditions.
To do this, we first choose an integer

q > 2k sup p, (X),
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and let 7 be the decomposition of the interval X into 2g nonoverlapping subin-
tervals of equal length. Since, for each n,

;un(n < un(X) < ﬂ

we may choose a subfamily of g “good” intervals {I{, I3, ..., Ij} C Z so that
n 1 .
wa(1') < T fori=1,2,...,q.

But since there are only finitely many (2;) choices of subfamilies, we may

choose a single subfamily {/y,/>,...,I;} C T and a subsequence m(j) of
ni—; so that

1
Mgy (i) < % for all i € {1,2,...,q} and all j € {1,2,...}.

Now, for each i = 1,2, ... ,qg, we may use the weak-type bound with
I =1I; and A = 1/(k|I;|) to see that each set

1 1
Emo(j) = {x €l (Mlifmo(j))a(x) > k|I‘|}

has measure

1
[Emgj) < kil mg ) (i) < §|Ii|

for all j sufficiently large. By Fatou’s lemma,

i I;
. |N(fm0(/)(x)) dx < —|I | + uL - _|1|

hmlnf |:XEm (j)(x) + 3L

L o
Thus we may choose a point ¢; € I; and a subsequence m(j) of mo(j) so that

XEml(j)(Ci) + | llN(fml(J)(ct)) <1

for all j. In particular, ¢; € E, (), hence,

(Mlifml(j))é(ci) <

kL1

Also since N(fy,(j)(ci)) is bounded in j, we may use another subsequence to
assume that
Jm;(j(ci) is Cauchy convergent as j — o0.
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We are still left with the remaining ¢ (possibly “bad”) subintervals
I\{I, ... . Iy ={J1,..., Jg}.

Scaling shows that we may repeat the above argument first with X, nz_;(j)

replaced by Ji,my(j) obtaining again g good subintervals [, q,..., I, of
Ji and then, inductively, points c,11 € Iy41,...,¢q € Ip; and consecutive
subsequences mg41(j), ..., ma(j) so that

1

Miyii Ty iy (C1+i) =

fmq +i()(cq+i) is Cauchy convergent
kgl

fori =1,...,q. Similarly, we extract ¢ good subintervals with distinguished
points from each of J,,...,J;,. Then we repeat with the remaining, possibly
bad, subintervals of Ji, J»,...,J,. Continuing, we finally obtain consecutive
subsequences m;(j), intervals I;, and points ¢; € I; so that fy )(c;) is Cauchy
convergent as j — 00.

It also follows that almost every x € X is eventually contained in some
good subinterval /;, that is,

X \UZ, | =0
because, at each stage, the good subintervals cover at least 1/2 of the interval

being considered. For j >1i, ni(j) = m;(j) is a subsequence of m;(j), hence,
Jup(h(ci) is Cauchy convergent. Moreover, the estimate

1
Mi; fupp(ei) = m

now holds for each i and all j > i, and the proof is complete. O
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