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Abstract. In this paper we define an action of the Weyl group on the quiver varieties
M, 5. (v) with generic (m, A).
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In [11], [12] Nakajima defined a particular class of quiver varieties and
showed how to use them to give a geometric construction of integrable repre-
sentations of Kac-Moody algebras. Luckily these varieties can be used also to
give a geometric construction of representations of Weyl groups. In [6], Lusztig
constructed an action of the Weyl group on the homology of Nakajima’s quiver
varieties. His construction is similar to the construction of Springer represen-
tations. In [12], Nakajima gave a construction of isomorphisms &, . (d, v) :
Me(d,v) —> Ms;(d,0(v —d) +d) in the case of a quiver of finite type
(Nakajima’s conventions are different from the ones we adopt here, for us this
case would be a particular case of quiver varieties of affine type). In the same
paper he also suggested that it would have been possible to construct these
isomorphisms using reflection functors in the general case. His construction
is analytic and relies on a description of quiver varieties as moduli spaces of
instantons on ALE spaces.

The main result of this paper is a direct and algebraic construction of these
isomorphisms which works for a general quiver without simple loops. To do it
we also describe a set of generators for the algebra of covariant functions.

The paper is organized as follows. In the first section we fix the notation
and we give the definition of a quiver variety: M,, ;(v) where m and A are two
parameters, and v is a dimension vector. We are interested in quiver varieties
as algebraic varieties but in order to explain one of the applications we need
to give also the hyperKihler construction of a quiver variety. We use a result
of Migliorini [9] to explain the connection between the two constructions.

Algebraic quiver varieties are defined as the Proj scheme of a ring of
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covariants. In the second section we describe a set of generators for this ring.
In a special case which is not directly related with quiver varieties we are also
able to give a more precise result and to describe a basis for the vector space
of x-covariants functions.

In the third section we use this description to generalize a construction of
Lusztig [6]. Namely, if m and XA are generic, for any element o of the Weyl
group we construct an isomorphism &, between M, ;(v) and My, 51 (o).
More precisely we construct ®; for all simple reflections s and we verify the
Coxeter relations.

In the fourth section we give a result which reduces the study of the
geometric and algebraic properties of the quiver varieties M, ;(v) to the case
v dominant, for all m and A.

In the fifth section, following Nakajima [11], we show how to use the
action constructed in section 3 (and the connection between the hyperKahler
construction and the algebraic construction) to describe an action of the Weyl
group on the homology of a class of quiver varieties. This action is different
from the one constructed by Lusztig in [6].

In the first version of this paper only Nakajima’s quiver varieties were
considered. In an attempt to make the paper clearer I found that the notation
required to explain the general case was simpler. In the last section I restrict
my attention to Nakajima’s quiver varieties, which depend on two dimension
vectors v and d. In particular in the case of a quiver of finite type and d — v
a regular weight, I prove the normality of the quiver variety My(d, v) and the
connectedness of M (d, v).

After this paper was available Nakajima gave a construction of the iso-
morphisms described in Section 3 based on the hyperKihler construction of
quiver varieties and Crawley-Boevey gave a complete proof of the connected-
ness of M(d, v).

1. — Notation and definitions

In this section we associate to a quiver many different objects: a Cartan
matrix, a Weyl group, a variety and an associative algebra.

1.1. - Double quivers

Let Q =(,H,h+ hy,h+ hp) be a finite oriented quiver: [ is the set
of vertices, H the set of arrows and the orientation is given by the two maps

h+—— hy and h — h

from H to I. A double quiver is a quiver as above equipped with the following
extra structure:

1. For all h € H we have hg # hy;
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2. An involution & — h of H without fixed points and satisfying ho = hy;
3. Amap ¢: H— {—1, 1} such that ¢(h) = —e(h).

We define Q={heH :eh)=1}and Q={h e H : e(h) = —1}.
Observe that given a symmetric graph without simple loops it is always
possible to define ¢ and an involution ~ as above.

1.2. — The Cartan matrix, the root lattice and the Weyl group

To a double quiver O we associate a card / x card / matrix A with the
following entries:

ajj=card{h € H : ho =i and h; = j}.

We define a generalized symmetric Cartan matrix as follows: C = 2I—-A = (cj).

We define also a lattice R = Z[I], its dual P = Hom(R, Z) and its positive
part R™ = N[I]. To avoid confusion we indicate with «; the element of R
corresponding to i € I. The set {o; : i € I} is a basis for R, we indicate with
w; the dual basis of P.

We define a symmetric bilinear form (, ) on R by (o, ;) =¢;5. If r € R
we let 7 be the element of P defined by this bilinear form, so o; = Zje [ Cijwj.

The Weyl group W attached to C is defined as the subgroup of Aut(R)
generated by the reflections

(D) Si X x —(x, ;).

A presentation of the group W is given by the following Coxeter relations:

(2a) st =1 foralliel,
(2b) (sisj)*> =1 for all i, j € I such that ¢;; = 0,
(2¢) (sis;))> =1 for all i, j € I such that ¢;; = —1.

1.3. — Representations of a quiver

If Q = (I, H) is any oriented quiver and v = ) ,; v;a; € R, we fix the
vector spaces V; = C% and we define the space of representations of Q of
dimension v to be the vector space

3) S(Q.v) = @ Hom(Vy. Vi)

heH

If there is no ambiguity about Q and v we will write S instead of S(Q, v).
If s € S we will write B;, or B;(s) for the component of s relative to the
arrow h.
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In the case of a double quiver Q when v is fixed and s € § we define:

(4a) Ti= B Vi

h:hy=i
(4b) a; = a;i(s) = (By(s)n:ny=i : Vi — T;,
(4c) bi = bi(s) = (e(W)By(s)h:ny=i : Ti —> Vi.

A natural symplectic form is defined on the space S(Q, v) by the formula:

w(s,1) = e(h) Te(By() By (1) = > Tr(bi(s)a;(1)).

heH iel

1.4. — Hermitian structure on S

We suppose now that a double quiver Q = (I, H) is fixed and that the
spaces V; are endowed with hermitian metrics. So we can speak of the adjoint
¢* of a linear map between these spaces, and we have a positive definite
hermitian structure 7 on S defined by

his.0) = Tr(By(s) B} (1) = Y _ Trai(s)a; (1) + b} (1)bi(s))

heH iel
and an associated real symplectic form w;(s,t) = Reh(v/—1s, 1).

1.5. — Group actions and moment maps

We can define an action of the group GL(V) = [[GL(V;) on the set S
in the following way:

g(Bi) = (gn, Bugyy) for g = (g) € GL(V).

Observe that @ is GL(V) invariant. Observe also that the 1-dimensional subgroup
C*-(Idy;)ies acts trivially, so an action of the group G, =GL(V)/C*(Idy,);e; is
defined. Moreover if U(V) = [[U(V;) is the group of unitary transformations
in GL(V) and U, = U(V)/S' C G, then the real symplectic form w; is U,
invariant.

We want now to give explicit formulas for the relative moment maps.

Given two finite dimensional vector spaces E and F we will identify the
dual of Home¢(E, F) with Homg(F, E) through the pairing (¢, ¥) = Tr(poy).

Using this identification we see that we can identify g} with the space
{(x;) € ®iergl(Vi) @ >, Tr(x;) = 0} and u} = Homg(u, R) with the subspace
of g, of skew-hermitian matrices.
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We can now give the following explicit formulas for the moment map

u:S — g, relative to the symplectic form w and for the moment map
ur: S — uf relative to the symplectic form wy:

(u(s)i= Y &h)B,B; =ba;,

heH :hy=i
M —1 * * Vv —1 * *
(wi)i=-~——| > BuB;—B:B; | = ~—(bb] —afa).
2 heH :hy=i " 2

It is common to group these moment maps together and to define an
hyperKihler moment map

w=(ur,pn):S—udg=R6C) A u,.

1.6. — Quiver varieties as hyperKi:hler quotients
Let 3 = (R®C)Q®z P and for any v € R define 3, ={¢ €3 : (¢,v) =0}
If ve RY and ¢ = >, (&, Ai)w; € 3, define:

L(0.v)={s€S : w(s) —AIdy, =0 and ps;(s) — v—1&Idy, = 0}.

We observe that £,(Q,v) is stable for the action of U,, so, at least as a
topological Hausdorff space we can define the quiver variety of type ¢ as

M (Q,v) = L:(Q, )/ Uy

It will be convenient to define also M, (Q,v) =@ if ve R — RT.

REMARK 1. There is a surjective map from 3, to Z(u,) & Z(g,) given by:

D (E o — <Z V=1ETdy, Y Idvi)

iel

Observe that £, is the fiber of 1 over the image of ¢ in Z(u,) @ Z(g,).

REMARK 2. If v > O define: I*={i el : v, 20}, H* ={h € H :
ho, hy € I*}, ¢* = S‘H*, V¥ =)o Vi, and $F =), Siw; then it is clear
that

Lex(v*) = L, (v) and M= (V™) = M, (v).
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1.7. — Geometric invariant theory and moment map

In this section we explain the relation between the moment map and the
GIT quotient proved by Kempf, Ness [4], Kirwan [10] and others. To be more
precise we need a generalization of their results in the case of an action on an
affine variety proved by Migliorini [9].

Let X be an affine variety over C and G a reductive group acting on X.
We can assume that X is a closed sub-variety of a vector space V where G
acts linearly. Let i be an hermitian form on V invariant by the action of a
maximal compact subgroup U of G and define a real U-invariant symplectic
form on V by

n(x,y) = Reh(v/—1x, y).

Then we can define a moment map v : V — u* = Homg(u, R):

1
(v(x), u) = Znu - x, x).

We observe that the real symplectic form 7 restricted to a complex submanifold
is always non degenerate and that u restricted to the non singular locus of X
is a moment map for the action of U on X.

Now let x be a multiplicative character of G. We observe that for all
g € U we have |x(g)| = 1 so «/—1dy is a map with values in R. In particular
we can consider «/—1dx as an element of u*. Moreover we observe that it
is invariant by the dual adjoint action, hence it makes sense to consider the
quotient:

m=v'(V/=1dx)/U.
As we saw our varieties are a particular case of this construction.

On the other side we can consider the GIT quotient. Let us recall the
definition. If ¢ is a character of G we consider the line bundle L, =V x C
on V with the following G-action:

g(x,2) = (g-x,9(8)2).

An invariant section of L, is determined by an algebraic function f :V — C
such that f(gx) = ¢(g)f(x) for all g € G and x € V. We use the same
symbol L, also for the restriction of L, to X.

Given a rational action of G on a C-vector space A we define

App=1{acA:g-a=¢"(ga for al g € G},

oo
A, = @Aw.n as a graded vector space.
n=0

Hence we have that H°(X, L(,))G = C[X]y,1. We observe that if I is the ideal
of algebraic function on V vanishing on X then

HO(V, L,)°

H(X,L,)° =
I,
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This last fact can be easily proved (for example) by averaging a ¢-equivariant
function f on X in the following way:

f) = /U<p71(u)f(u -v)du.

DEerINITION 3. A point x of X is said to be y-semi-stable if there exist
n>0and f e H (X, L;?")G such that f(x) # 0. We observe that by the
remark above a point of X is yx-semi-stable if and only if it is x-semi-stable as
a point of V. We denote by X ' (resp. V,*) the open subset of x-semi-stable
points of X (resp. V).

ProposiTION 4 ([10], [13]). There exists a good quotient of X ;S by the action
of G and we have that
Xf(s//G = Proj C[X],.

Moreover Proj C[ X1, is a finitely generated C-algebra and a natural projective map
m:X//G —> X//G = SpecC[X]9

is defined.

In the case of x =1 the following fact is well known:
Proj C[X], = Spec C[X]° ~v~'(0)/U.

The following result is less well known, and its proof requires some adjustment
of the classical proof for the case x =1 (see for example an appendix of [9]
or par.l.2 in [8]).

ProposiTION 5 (Migliorini, [9]). Let x € X then
Jg € G : v(gx) =V —1dx <= Guxisaclosedorbitin X}’
PROPOSITION 6. The inclusion v='(v/—1dx) C X 5 induces a homeomorphism

v I(V=1dx)/U ~X3'//G.
1.8. — Quiver varieties as algebraic varieties

If ve R and m =3, miw; € P is such that (v, m) =0 then we define a
character x,, of G, by xm = [[;; detgiL(VI). Let Z=C®gzP and if v € R set
Zy={r€eZ:xv)=0L If A=>,Aw; €Z, meP and v € R" then we
define the varieties:

M (Q,v) ={s €S : pui(s) —A; Idy, =0 for all i},
Apa(Q,v) ={s € Ay(Q,v) : s 1S x, — semi-stable}
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and the associated quiver varieties

Mm,A(Q’ U) = Am,A(Qv v)//Gv

We call p, ;: Ay a(v) —> My, ;(v) the quotient map. Observe that the inclusion
Ay (v) C Ay(v) induces a projective morphism

ﬂrlrjz,)\ : Mm,)»(v) I MO,A(U)-

Finally it will be convenient to define M,, ;(v) = @ if v € R — R™.

REMARK 7. As in Remark 1 we have a surjective map from Z to Z(g,)
and A;(v) is the fiber of u over the image of A in Z(g,).

REMARK 8. Remark 2 holds without changes also in this case.

REMARK 9. Observe that P& Z C 3. Observe also that the map m —> x,,
defines a surjective morphism from P to Hom(G,, C*) and that the following
diagram commutes:

P —— Hom(G,C*) >

l ! !

R" —— Zu) ~ W)Y >J—1dyx

In particular we can apply Proposition 6 to the action of G, on A;(v) and we
obtain:

iDt(m,)»)(Qa U) x Mm,A(Q, U)-
1.9. — Path algebra

To describe functions on quiver varieties we need some notations about the
path algebra.

DerINITION 10. A path « in our graph is a sequence £ ... h"") such that
h® e H and h\" = h{*Y for i = 1,...,m — 1. We define also the source
oy = hg)l), and the target o) = h(lm) and we say that the length of o is m. If
oy = ) we say that « is a closed path. We consider also the empty paths &;
for i € I and we define (9;)¢ = (&;)1 = i. The product of paths is defined in
the obvious way.

Given a path o = h™ ... 1Y we define an evaluation of o on S in the
following way: if s € § then

2i(s) = Idy, € Hom(V;, Vi) and a(s) = Bymo...0B,q) € Hom(Vy,, Vo).

The path algebra R is the vector space spanned by all the paths, and with
the product induced by the product of paths. If i, j € I we say that an element
in R is of type (i, j) if it is in the linear span of the paths with source in i
and target in j.

REMARK 11. We observe that the evaluation on § is a morphism of algebras
from R to the algebra defined by the morphisms of the category of vector spaces.
Moreover if f is of type (i, j) we observe that f(s) € Hom(V;, V;).
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2. — Generators of the projective ring of a quiver variety

In this section we want to describe a set of generators of the graded ring
C[S], and by consequence of the projective ring of a quiver variety C[A,],.
More precisely we will give a set of generators as C[S]°-module of its I-
homogeneous part: C[S], ;. This result is a generalization of the one obtained
by Le Bruyn and Procesi in [1] in the case of invariants: x = 1. Other bases
of the ring of covariants have been obtained by Derksen and Weyman for all
characteristics (see [3]).

First of all recall the result of Le Bruyn and Procesi.

TueorReEM 12 (Le Bruyn and Procesi [1]). The ring C[S]C is generated by the
polynomials s — Tr (a(s)) for o a closed path.

2.0.1. — Determinants

To describe our result we make first some general remarks. Forget for a
moment our quiver, and suppose to have a finite set of finite dimensional vector

spaces X, ..., Xy of dimensions uy,...,u;, a pair of nonnegative integers
+ - k + k i
(m;",m;") for each of them and assume that N = > ,_,m; u; = > ;_,m; u;.

Construct the vector spaces:

k k
- +
y=c" ox;, z=FC" ®X;
i=1 i=1
and observe that dimY = dimZ = N. Define an action of the general linear
group GL(X;) of X; on Y by

k
8- Zvj x| = Zvj ®x; +v; ® gixi,
j=1 J#i
and also a similar action on Z. Hence the vector space Hom(Y, Z) acquires a
natural structure of Gy = Hle GL(X;) module. If we choose an isomorphism
o between Hom(A" ¥, A" Z) and C we can define a function det on Hom(Y, Z)

by
det(A) = o (/\A) )

For simplicity we do not emphasize the role of o in this definition, so strictly
speaking, det is a function defined only up to a nontrivial constant factor. We
observe also that A" Y =~ (A" X;)"1 @ ---® (A" X;)®"* (and similarly for
Z) so an isomorphism o is determined if we choose orientations, or bases, of
the X;’s. Finally observe that for any g = (g;) € Gx we have
k .
det(g - A) = [[(detgrx;)(g)™ i det(A).

i=1
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2.0.2. — Description of the generators

We go back now to our quiver and we describe a set of covariant poly-
nomials on S. Any character x of the group G, is of the form x = x, =
[Lie; detg’L(Vi). We fix such a character. We use now the construction explained

in 2.0.1 in the case X; = V; and m;" —m;

m, mT
r=@gev”. z-pov”

iel h=l1 iel k=1

= m;. In particular we have

where Vi(l), Vi”] are isomorphic copies of V;. For any i, j € [ and for any

l<h<m;,1<k< m;’ we choose an element a}:i’ of the path algebra of
type (i, j). We call the data A = (mf,mf,a]i-:Z) a yx-data and we attach to it
a x-covariant function fa on S through the formula:

fa(s) = det (Wals))
where WA (s) is a linear map from Y to Z defined by

v o
[\I”A]Vl[k] (s) = a7y (s).
j

The functions fa form a set of generators as C[S]1°-module of C[STy 1,
but we will need to define a smaller set of generators. To define this set we
give a notion of good A.

DEFINITION 13. Data A as above is said to be x-good if it satisfies m;" +
m; = |m;| for all i € I.

THEOREM 14. The set of polynomials fa with A x-good generates C[S], | as
a C[S16v-module.

REMARK 15. In a previous version of this paper [7] a slightly more general
and precise result was proved. In that case we used a different definition of
quiver varieties where extra vector spaces were considered.

2.1. — Some remark on the invariant theory of G L (n)

If V is a finite dimensional representation of a linearly reductive Lie group
G and S is a simple representation of S we write V[S] for the S-isotypic
component of type S of V.

We now fix n and V = C" and we make some remarks on the representa-
tions of GL(n). To any partition of height less then or equal to n we associate
an irreducible representation of GL(n) in the usual way. If we multiply these
representations by a power of the inverse of the determinant representation we
obtain a complete list of irreducible representations of GL(n). If A is a partition
we define A = (A1 — Ay, Al — A1y ..., A1 — A1). We call § the determinant
representation of GL(n) and ¢ = 1" the associated partition. Finally we call V
the natural representation.



A REMARK ON QUIVER VARIETIES AND WEYL GROUPS 659

LEMMA 16.
1. L;* =61 ® L;op,

C ifrA=pu+ (m— e,
2. Homgrm (8", Ly ® Ly) = { 0  otherwise

C ifr=p+me,
3. Homere@", L1 & LZ) - { 0  otherwise.

We want now to describe Homg ) (8™, V& @ (V¥)®/). To do it we will
use Schur-duality. Remind that the irreducible representations of the groups
S, are parameterized by the partitions of m and we call S, the irreducible
representation associated with A. Consider now the action of S,, on V®" given
by permuting the factors. This action commute with the GL(n) action. Schur
duality asserts that the action of the group S,, x GL(n) on V®" decomposes
in the following way:

ver = P S ® L.
A=m

ht(L)<n
We describe a set of elements of Homgra (8™, VO & (V*)®/). Let m be a
nonnegative integer and choose a permutation o of {1,...,i +mn}. To o we
associate maps:

— V®i+mn ® (V*)®i[6m],

o, - (V®i 2 (V*)®i>GL(n)

. N\ GL(n) . .
v, - (v®’ ® (v*)@) s YO @ (V@i gm ]

by
O, (tRs)=0(0Q@---QoRLt) Vs,
U, (t®s5)=tR0(0"® - ®0*®s)

where o is a nonzero vector in A" V, 0* is a non zero vector in A" V*, 1 € V&
and s € (V*)®'.

Lemma 17. ' _
1. Ifi # j + mn then Homg ) (8’", Ve ® (V*)®J) =0.

2. If m > 0 then VM @ (V)% [§m] =3 Im ®,,.
3. Ifm > 0 then V& @ (V*)®Hmn[s=m] =" Im Y,.

We want now to give a slightly different formulation of the Lemma above.
Let M = V® @ (V*)® we want to describe My, = {p € M* : g-¢ =
87" (g)p}. Of course this problem is completely equivalent to the previous one.
We shall now reformulate the description of a set of generators of M, in a
more convenient way for our purposes. Let m > 0 and choose a collection
Z={l,...,I,} of m disjoint subsets of {1,...,i +mn} of cardinality n. Let
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I; ={ij1 << ij,1} and {1,...,i+mn} —UJZ ={j1 <--- < J;}. To Z and
to a permutation o € S; we associate elements

dro e (V@) and o, e (V@ (e

S —m
defined by

m

¢I,J(Ul ® .. Vigmn ®(/’1---(Pi)=H<0*,Ui1 /\vl H U]h,(/’ah
j=1 h=1
m

VoW1 ®...0 @1 ...Qi4mn) = H(O, Pijg N AN ig,) - H Voy, » ¥jy,)
j=1 h=1

where o is a nonzero vector in A" V and o* is a non zero vector in A" V*.
Lemma 18. ' _
1. Ifi # j +mn then (V&' ® (V*)®/)§, = 0.
2. Ifm > 0 then (V™ @ (V*)®){ is generated by the functions ¢z .
3. Ifm > Othen (V& @ (V)®+mm)L_ is generated by the functions Yz, .

The proofs of the three Lemmas are straightforward.

2.2. — A special case

To simplify the exposition in this subsection we prove two special cases of
Theorem 14. In one of these cases we obtain a more precise result interesting
in its own.

Let J*, J~ be two sets of indexes and define J = J© x J~. For each
i € Jt (resp. j € J7) choose a vector space Y; (resp. X;) and define
X=@c;- Xj and Y =P, ,+ Y. Consider the group

Gxyr =[] GL) x [] GL(X))

ieJt jeJ—

-1
and its character ¢ = [[;c,+ detgr(y,) X (Hjel_ detGL(xj)> .
We fix a matrix r = (rij);cs+ jes— Of integers and we consider the vector
space:
= P Hom(x;, y)®i.

(i, )el
When r and the spaces X,Y will be clear from the context we will write
H instead of HXY. In the case r;; = 1 for all i, j we obtain the space

HIXY = H; = Hom(X, Y). We fix a basis €’/ of C'i/, so we have a canonical
identification

(5) H= (P Hom(X;,Y;) ®C'ii.
(UMY
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We want to study c-equivariant polynomials on H. If we choose elements
@ij € (C"i)* for all i, j then we can define a map &, : H — H; by

(6) D, Z Aij®u; | = Z @ij (vij) A"

@i,j)el @, jet

where A;; ® v;j € Hom(X;, Y;) ® C"i/. We will prove that the determinants of
these maps generates the space of c-equivariant polynomials. We will study
first the case r;; =1 for all i, j where we can state a more precise result. To
state it we introduce the following set of matrices:

Sn: S:(Sij)ENJ+Xj_ . Zsij =n,,
iJ

S =85={85= (sij) € N]+XJ_ : Zsij =dimY; Vi € JT and
J

> iy =dimX; ‘v’jeJ}.

1

As for H we will write S when the spaces X, ¥; will be clear from the context.
Observe that S = @ if ) ;dimX; # > ;dimY; and that if N = > dimX; =
>.dimY; then & C Sy. For each card(J*) x card(J~) matrix § = (s;;) we
consider ¢;; € C* given by ¢;; (1) = s;;A and we define

O5=d, and fs(A) = £ (A) = det(ds(A)).
We can now state the two special versions of Theorem 14.
PROPOSITION 19. { fs}gcsxv is a basis of C[H{ Y ].
LEMMA 20. C[HXY). is generated as a vector space by the following functions:
s > det(DPy(s))
where ®, : H*Y — H{XY is as in (6) above.
2.2.1. — Proof of Proposition

Here and in the following we will use polarization: if V is a finite dimen-
sional vector space then we can define a map

P (VEY* — §"(V*) C C[V] through p()(v) =V ® -+ ® V).

LemMMA 21. g is surjective, moreover if V is a finite dimensional representation
of a reductive group I, and x is a character of T then

P (V) = S"(VH),

where E, is the isotypic component of type x " ofa G module E.
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LEmMMA 22, Fori = 1,...,n let T'; be a reductive group, x; be a character
of Ty and E; be a f.d. representation of T';. Let T = [[ Ty, then E = Q;E; is a
representation of T and y = [] x; is a character of T'. Then

E; = (ENy, ® - ® (Eyy,

Now we prove Proposition 19. We have to compute S"(H{). = (S"(H1))}
for all n. For all S € S, define

Es= @ S% (Hom(X;.Y))).
G, ))e txJ—

Observe that S"(H1) =@ges, Es as a G-module. So S"(H1)! = @Dges, (Es);-
Observe now that Eg is a quotient of

~ .. ®s; i
(7 Es= Q@ xp®iey, .
(i,j)eJtxJ—

By the Lemmas of Subsection 2.1 we have that

By 0 if §¢SXY,
( S)c_{c if §eSXY.
So in particular (Eg)* =0 if S ¢ SX'. Hence dimS"(H)* < card(SXY).

The functions fs are clearly c-equivariant so the only thing that we have
to prove is that they are linearly independent. To prove it we will prove a
generalization of it.

If ieJ" and j € J~ let E;; be the card(J ") x card(J~) matrix with a 1
in the (i, j) position and O elsewhere.

For each i € J*,j € J-,m € N and N € N we consider the following
sentence P; j o N:

If Y dimX; =N =) dimY; then {fs g, i}sesxr is linearly independent.
j i
In the case m = 0 we call this Proposition Py y since it does not depend on i, j

and we observe that VN Py y is equivalent to the statement of Proposition 19.
For each N € N we consider also the following sentence Qy:

If Y dim X; =N=)_dimY; then P, j,, n is true for all icJ",jeJ~ and meN.
j i

We prove Qu by induction on N. The case N = 1 is trivial. Suppose now
that there exist cs € C, ip € JT, jo € J~ and m € N such that

XY _
Z CSTs+mEyj, = 0.
SesXY

We shall prove c¢s =0 for all S in various steps.
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First step: If there exists ji such that dim X;, = 1 then c¢g =0 for all §. Set
5,' ={S ESXY D Sijp = 1}

and observe that since dim X; = =1 then SX¥ =][S;. Now choose a non zero
vector xj, € X;, and for all i € J* choose a non zero vector y; € ¥; and an
hyper-plane Y/ of Y¥; such that ¥; = Cy; @ Y/.

1

Now fix ij # io such that dimY;, > 2 and consider Jt=Jt and J- =
—{j1}. For all i € J* and for all j € J~ define:

Yo ifi#i,

Y/ if i =1i.

3|

X, =X, ¥i=

For any S € S‘il we define also 7(S) € SXY by 1(S);j = s;; for all i e Jt,
jeJ . S+ t(S) is a bijection between 5}1 and S*Y: we call r~! the
inverse map. Finally we define W : H¥Y — H{Y by

() wT)y| =T

for all j € J~ and W(T)(xj) = yj-

X

J X;

J

Observe that if S € SXY then fo .k
Now if jy # j; we have

oW=0if S¢S,.

le

0= Z Csf5+mE ( (T ))—ZCSfI(S)+mE (T)

i0.Jjo
SesXY Se8;

Z C_l(S)fS+mE,0]0 T)

SX¥
and by Pj) jo.m,n—1 we deduce c¢g =0 for all § € Sil.
If jo = j1 we obtain similarly
0 = ((S[Oilm + 1) Z Ct—l(S)fSXY(T)
sesXY
and by Py y_; we deduce cg =0 for all S e 3,~1.

In a similar way we prove c¢g =0 if S € <§i1 and dimY; = 1.

Second step: If there exists i; such that dimY; =1 then ¢y = 0 for all S. This
is completely analogous to the previous step.
So we can assume dim X;, dimY; > 2 for all i, j.

Third step: If m = 0 then cg = 0 for all §. Choose i, j; arbitrarily. Since
dim X; ,dimY;, > 2 we can choose a nonzero element x; € X; (resp. y; €
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Y;,) and an hyper-plane X} C Xj (resp. Y/ CY;)) such that X; = Cx; & X},
(resp. Y;; = Cy;; @ Y; ). Define:

~ X, if j# gy i Y, ifi#i
9 X;=< 7 d v, =
©) J {X]’.l if j=j O {Y,f1 if i =iy

and W : H}Y — HXY by

(10) W) =T| and W(T)(x;) =
Xj Xj
Then .
0= > e/ @@= Y syesf3T)
SesXY SesXY is; i, #0
= D Guj + Desery , o, (T)
sesX¥

By induction P; ;i y—; is true for all i, j so we see that cg =0 for all S € S
such that s; j > 1. Now we conclude thanks to previous two steps.

Fourth step: If m > 1 then c¢g = 0 for all S. We can construct )~(j, 17,-, W as in
the third step with j; = jy and i; = iy and we see that

0= Z CSfSXJ:nEiojo (W({T) = Z (Sigjo +m)chS)S:;"Eiofo ()
SesXY sesXY
Xy
= Z (si()j() +m + l)cs+EiOfO fS+(m+1)Ei0j0 (T)

sesX¥
and by Py jo.m+1,n—1 We deduce cg =0 for all S.

2.3. — Proof of Lemma 20

We study first (H®")* and then we apply polarization. As in the previous
section we can decompose H®" in summands of the following form:

(1) E= @ Hom(X;, ¥) @ C)® = Q) (X)®0 oY, " @ (1)
(i.)et (i,))et

where s;; are nonnegative integers such that ) ; ;jsij = n. Notice that the order
of the factors is not important for us since we will apply polarization.

We can describe easily E} using the Lemmas in Subsection 2.1. In par-
ticular a necessary and sufficient condition for the existence of c-covariants is
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dies+sij = dimX; for all j € J~ and 37, ;45 = dimY; for all i € J*.

Moreover
Elx= @ (@)™
@, j)et
To write explicit formulas we choose an order on the factors of E, for

example choosing a lexicographic order in i € J*, j € J~ and 1 < g <s;;:

E:XT®Y1®(Cr“®~'®XT®Y1®(C”1®XT®Y2®C”2®~'

g=1 g=s11 g=1

Once we have chosen such an order we can write an element of E as linear
combination of elements of the form ® ; yexx"/4 @ y"/ 4 @v"/4 with x"/1 €
Xz, yh4 ey v/4 e and we have set K = {(i,j,q) € J xN:1<g <
s;j}. Using this convention if

(12) ¢ = ® ¢i,j,q€ ® (Crij)*

(i.j.9)eK (i.j.9)eK

the corresponding ¢ equivariant linear function on E is defined on an element
5 = ® j.gek X ® yhi1 @ vl by

o =TI1CA oo I[TC A %0 I o700

ieﬁ(l, ]B;K jeJ——> (i,j,9) ek (,j,9)eK

where /\ means that we are making the exterior product with respect to the
—

order we have chosen above. Observe now that g (E)) = 50( X S (((C’U )*))
(i,))el

In particular since S™(V) is spanned by vectors of the form v®---®v, @ (EY)

is spanned by the functions g (¢) with ¢ of the following special form:

(13) ¢p= ) @)%

(i.))et
The Lemma now follows from the following claim:

Cram. For each ¢ as in (13) g (¢) is a linear combination of the functions
A+ det(D,(A)).

We prove the claim as follows: we consider the space H; = Hom(X, Y)
and we construct a Gxy equivariant map p : H — Hj such that

1. there exists a c-covariant function f on Hj such that p (¢) = fop,
2. for all S € SXY there exists ¢ as in equation (6) such that for all A € H
we have fs(p(A)) = det(Py(A)).

The claim now follows from Proposition 19.
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To prove 1. fix ¢ as in (13) and define p” : Hom(X;,Y;) ® C'i —>
Hom(Xj}, ¥;) by
p(T @v) =¢" (0T,
and define p = @, ;c; o/ : H —> Hy. Observe that p is Gxy-equivariant.

Observe now that H1®” = Es where S € S, and Eg is defined as in (7).
In particular we choose the following summand of HZ":

E = (X) Hom(X;,Y;)®%i
@.pnes

where the (s;;) are the same as those used to define ¢ in formula (13). Observe

that (E)F = C. Choose a non zero element (Z € (E)} and observe that up to a
nonzero scalar factor we have

(14) om(@)op = pu ().

To see this choose ¢ as in (13), and bases y,i of Y;, x,{ of Xj* (and its dual
basis z of X;) . Choose also a bases & of C'i/ such that ¢/ (i) = §,, and
set AV = pY(s) =3, amyh ® x| for s € H. Then

p@O =Y TN @ioniioviaie o) TTCN % o)

heky.keKy jej+ — - —
PRERX T ek I G ek
_ ijJ * j .
=> ITCA A%gjpod TTCA Hajor o)
keKy ieJt . —> jeJ= . —>
' (i,j,q) ek J (i.j.q)ek

where the indexes are as follows:

Kx ={k: K — N:1=<k(@,}j q) <dimX;},
Ky={h: K —N:1=<h(,j,q) <dimY;}.

The left hand side in (14) clearly gives the same expression.
Finally for any § = (1;;) € SXY if we choose @ij = tjj¢"’ then

fs(p(A)) = det(®,(A)).

REMARK 23. The basis of C[H]. we have described are different from the
polarization of the natural basis of EY. The relation between the two basis is
given by formulas of the following types

_ aiy ann _ b]l b12
1. If A= (6121 azz) and B = (b21 bzz) then

an b by an\ _ - B
det (azl b22) + det <b21 322) = det(A + B) — det A — det B.
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2a=(on G2)-o=(hn pa)e=(n ) men=(G G2)
der (G0 P ) (C2 G ) e (00 ) ae (2 G
et (52 M Yaer (092 waer (52 PR Yaer (S0 9
= —det(é g) +det(g lO)) +det<g g)

The first type of formula corresponds to the reduction of Lemma 20 to
the case r;; = 1. The second type of formula correspond to the case of
Proposition 19.

2.4. — Proof of Theorem 14

Write the vector space S(Q, v) in the following way:

S=E Vi ® Vi
heH

Fix a character x,, and m;, m;r, m; as in 2.0.2 and let I (resp. 19 17) be
the set of vertices i such that m; > 0 (resp. = 0, < 0). We describe first the
Xm covariants of S®". Observe that we can decompose S®" in the following
way:
S®n :@E§()®"'®E,(f)
¢

where each Ei([) is of the form V; ® Vj,. So it is enough to compute the x,,

covariants of each piece Ef€)®o . -®E,(f). We fix such a piece £ = E|1®---QE,
and we compute E. Let I* be a copy of / and fix an isomorphism i <— i*
between the two sets. For each j =1,...,n we define the subset S; of / 17
as {hg, hy} if E; = Vh*() ® Vhl'
Let now S = ]_[j’.‘:lSj. An element of & can be thought as a couple
(i, j) (or (i*, j)) where i (or i*) is in S;. We consider now a special class of
partitions of S: a collection § = {C, M,Q) for i € I and 1 <[ < m;} of disjoint
subsets of 29 is called m-special if:
1. U3 is a partition of S,
2.VCeC card C =2 and Ji € 1, §;,Sj, such that i € §;;, i* € §;, and
C =1, j», @* jh
3. VM e M we have M = {(i, j)} if i € I'T and M = {(i*, j)} if i € I,
4. card Ml@ =v; =dimV,.
We can represents a special collection with a graph whose vertices are the sets
S, enriched according with the following rules:
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we put an arrow from S; to Sj, if there exists C = {(i, jp), (i*, j1)} €C,
we put an indexed circle boxcé on §; if there exists M = {(i, j)} € MU)

we put an indexed square box [} on S; if there exists M = {(i*, j)} € MEI),
if E; is of type Vh*o ® Vj, then we write & at the left of the corresponding
vertex.

Ll

Observe that: i) a vertex can be marked with a circle and a square but that
it cannot be marked with two circles or two squares, ii)the cardinality of the
vertices marked withcf; is v; foreachi € IT and 1 <[ < m;, iii) the cardinality
of verteces marked with Dﬁ is v; foreachi e l” and 1 <[ < —m;.

To a special collection § as above we attach a function ¢z on E. We
define it by the formula

%M®M®M=H@rHIF$AM%JIHwAMm
iel— =1

ceC ielt =1

where o; is a non zero element in A" V;, of is a non zero element in A" V*,
ej=x;Qy; € Vy @V if E; = Vh0®Vh1, and

¢C - ( ]1 ’ vjz) lf C = {(1*9 jl)v (ls ].2)}»
AM? =y nc i MP =G D) G ) and §e T

AMP =x; A enxg o f MP = (G, j)}s - G o))} and i€ 17
Finally we extend ¢z to E by linearity. By the discussion in 2.1 we deduce
easily the following Lemma:

LEMMA 24. E7 is generated by the functions ¢g.
Theorem 14 now follows from Lemma 24 and the following claim:

CrLamv. for any special collection § the function g (¢5) is a C[S]¢?-linear
combination of the functions f described in 2.0.2.

We consider the connected components of the graph. There are only two
possible types of paths:

1. closed paths,
2. straight paths leaving from a square boxed vertex and arriving in a circle
boxed vertex.

Let now §p be the union of the connected components of the first type and §
be the union of the remaining components. Observe that

9 (95) = 9 (D5)8 (¥5,)-

Observe also that ¢z, is an invariant function (indeed this part of the graph
corresponds to the situation studied by Lusztig in [5]). Since we are interested
in generators of C[S], jas a C[S]1%-module, we can suppose § = .
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Observe now that each connected component I" of the graph of the second
type with the initial vertex marked with a square Dﬁg and the final vertex marked

. . ! .
with a circle o,i determines:

1. a path o' of our quiver Q such that a(l; =1ip and ol =iy,
2. two numbers [y = Lo(I") and [; = Lo(I") such that 1 < [y < —mag and
(

1<li<m.
bl

Now we prove the claim in the following way, we construct X;, ¥; and r as
in 2.2, a group homomorphism o : G, —> Gxy such that c*c = x,, a G,
equivariant map p : S — H, and a Gxy c-covariant function f on H such
that:

1. for all ¢ there exists a x,,-good data A such that det(®,(po(s))) = fa(s),
2. p(¢3) = fop.

The claim will clearly follow from Lemma 20.

Set
J ={G,1):iel and 1 <[l <-—m;},

Jt={G0 iel" and 1 <1 <m}.

For all (i,/) € J~ choose X ;) = V; and for each (i,!) € J* choose Y = V;.
For each (ig, lp) € J~ and for each (i1, [;) € J* define:

F(ig.lp) iyl = card{ connected component I' of the second type such
that af =i, o] =i1, Lo(T') =1y and Li(I") =1;}.

We use the connected component I' of the set in the right hand side as a basis
er of the vector space C'¢0-/0)(1/0) This basis plays the role of the basis e/
we used to give the identification in (5).

Now for each connected component I" of the second type define p! : § —>

Hom(X(ag’LO(F)), Y(ocF,Ll(l"))) by p'(s) = ' (s). Finally define

p:S— H by p:@pr.
r

Define also a group homomorphism o : G, —> Gxy by (o(g;)) Xigip) = 8io
and (O’(g[))y([l I = 8irs and observe that p is G, equivariant.

Now we describe ¢ € (H ®ﬁ)j (in general 7 is less or equal to n) such that

(15) £ (93)(5) = 0 (D) (p(s)).

We describe ¢ by giving a summand E of H®" as in (11) and ¢ € E;‘ as in
(12). To define £ we set S(ilvll)(iOJO) = r(il’ll)(iOalo) for all (il,ll) (S J+ and for
all (ip,lp) € J—.



670 ANDREA MAFFEI

Observe that we can choose a bijection g <— I'y between {1,...,5¢,.1,)aq.l0))

and the set of connected component I' of the second type such that af =
i,L(I') =1, ozg =iy and Lo(I") =1p. So we can define ¢(’1’11),(10,lo)»4 by

00 Go o). B
¢(ll 1)-(ig.lp) 9(er) = 8afi18a(1;i08L0(F)105L1(F)118F’r‘1'

Up to a sign which depends on our choices and ordering, equation (15) is
tautologically satisfied so we proved property 2. above.
To prove property 1. fix ¢ as in (6) and choose a x,,-good A = {«}} as
follows: _
Ol}k = Z P(m. ik (erg o .
1=a=s¢j.m ik

The equation det(®,(p(s))) = fa(s) follows now by definition.

3. — The action of the Weyl group

For any v € R, m € P and for any A € Z we have defined a variety
M, ,(Q,v). Observe that on v, m, A there is a natural action of the Weyl
group W. So it makes sense to consider the variety My, 51(ov) or the variety
My (ov) for ¢ € 3.

In [11] Nakajima used analytic methods to prove, in the case of a finite
Dynkin diagram, that if ¢ is generic then there exists a diffeomorphism of
differentiable manifolds

CDG’;-: 9)?{ (d, U) — gina{ (G(da U))

and moreover that @,/ ,,0®,; = ®,/, .. In the same paper he also asserted
that a similar construction could be obtained in the general case using reflection
functors as indeed we are going to do.

In [6] Lusztig gave a purely algebraic construction of an isomorphism

My ;. (v) = Mo s,5.(siv)

whenever A; # 0. In this section we will give a generalization of Lusztig
construction and we will prove Coxeter relations.

DerINITION 25. If u € R and A C R we define

H,={(m,2) e P®Z: (u))=(um) =0} and Hy =] H,.

acA

Let K =max{1,ai2j 2i,jel}. If veZ" we define

Ay={ueR" : Kv—ueR") and H' = Hy,.
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We define also
A =|JW& and H™ =Ha,,.
iel
Finally we set G, = {(m,A) € P x Z : (om,oA) ¢ H°" for all 0 € W}. Let
G ={w,mA)eRxPxZ:(m )\ eG,) and
G"={(v,m,A)eRx PxZ: (m»x) ¢ H>}.
Observe that both G’ and G” are W-stable.
If G=G or G=¢" then the following Theorem holds.
THEOREM 26. For all v € R, for all o € W and for all (m, \) such that
(v, m, A) € G there exists an algebraic isomorphism:

q)v 'Mm,k(v) — Mcm,dk(av)-

o,m,\*

Moreover these isomorphisms satisfy

(16) P odY = Y

T,0m,o\ o,m,A TO,m,A"

3.1. — Generators

In this subsection we define the action of the generators s; of W following
[6]. We fix i€, veR, A€ Z and m € P. We call v/ = s;v, A’ = s5;A and
m' = s;m. Through all this section we assume v, v’ € R™. For the convenience
of the reader we write explicit formulas in this case:

A} =X — cijhi, m;- =mj —cijm; for all j,
Ul{:_vi"l'zaijvjv U; = for all]#l
J#

Observe that we can choose Vj’ =V; for all j #i and that in particular we
have T; = @hl:i Vi, = T; since we suppose that our quiver has not simple
loops.

DerINITION 27 (Lusztig [6]). Fix A € Z and define Z?(v) to be the subva-
riety of S;(v) x S;(v') of pairs (s, s’) such that the following conditions hold:
Cl: By(s) = By(s’) for all h such that hg, h; #1i,

C2: the following sequence is exact:

i (s) bi ()
0 V= T = Y, 0,

C3: a;(s")bi(s") = a;(s)b;(s) — X; 1dr,,
C4: s € A;(v) and s € A, (V).
LEMMA 28. Let (s, s') € S;(v) x S;(v') and suppose that it satisfies conditions

Cl1, C2, C3 above then:

I. s € Ay(v) < s" € Ay (),

2. 0f pi(s) — A Idvj =O0forall j #ithens € A\, (d, v),

3. ifui(s") = Arj1dys forall j #ithens € Ay(d, V).

J
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PrOOF. 2. We have to prove b;a; — A;Idy, = 0 and by condition C2 it is
enough to prove b;a;b; = A;b;. So bja;b; = b;(a;b; — 1;) = A;b; by conditions
C2 and C3.

The proof of 3. is equal to the proof of 2. We prove the implication =
in 1. By 2. and 3. it is enough to prove that bia; = A; for j # i.

bia; = > &(h)B,B;
hy=j
= Y. eWByB;+ >  e(h)B,B;
hy=j.ho#i hy=j.ho=i
=bjaj+ > e (BB, — BiB;)
h1=j,ho=i
—biaj+ Y (Bﬁs(h)Bh _ B,ge(h)B,;)

ho=j,h1=i
Y Vi
=bjaj+ Y ([a,»b,-]vhg - [a;b;]vhg>
ho=j,h1=i
=k+ >, A=A
ho=j,h1=i
The proof of the converse is completely analogous. O

LEMMA 29. Let ) € Z, (s,s') € Zl-k(v) and o be an element of the path algebra
algebra of type (g, @1) then if agy, a1 # i there exists an element o' of the path
algebra of type (g, a1) such that o’ (s") = a(s).

Proor. By induction on the length of o we can reduce the proof of this

Lemma to the following identity that is a consequence of condition C3 in
Definition 2.0.2:

BB ByBy — % if k=h and ho =1, -
=k =1 B, By otherwise.

LEmMA 30. Let (s, s') € Zf‘(v) and suppose m; > 0 or A; # 0 then
s is xm semistable <= s is x, semistable

Proor. We prove only =. Let us consider first the case m; > 0. If s is
Xm semi-stable, then there exists A = {«}} m-good such that fa(s) # 0. Using
the notation in 2.0.2 we have fp = detW, where Wp : Y —> Z is a linear
map. In our case we can write Z as C" Q V; & Z and we observe that no Vi
summands appear in Y or Z since A is Xm-good.

Now we construct a new data A" = {m™*,m~,&';} such that fa/(s') # 0
and f,s is a x’-covariant polynomial. Our strategy will be the following: we
substitute each V; with the space 7; in the space Z and we add m; copies of
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V/ to Y. Let’s do it more precise: first of all the new data will not be m’-good
so we have to define m'T and m';:

J J
1. m'7 =0 and m'; =m; =m},
2. m;” =m; and m;-+ = m;r +a;;m; for all j #1i.

Observe that m}+—m}_ = m]; for all j so our data will furnish a x,, equivariant

function. Moreover if we define
Z=C"QT,®Z and Y =C" QV/ @Y

we observe that they have the numbers of V/ factors prescribed by m'™ m'”
Now we construct the new data A’ in such a way that with respect to the

decompositions above we have:

Id®b;)om
[\DA(S)]éml-@V[@Z = (( @ ) ) and
nCrieviey  ld®a;
[Vars )]C’"i@»Ti@f - ( 0 QD) :

If we construct a data with this property we observe that W, (s) is an
isomorphism if and only if W,/(s’) is an isomorphism. Hence fa(s) # 0
implies fa/(s”) # 0 and the Lemma is proved.

To construct the new data we choose first of all a’]j-zlﬁ’;:zl for j; # i and
hy < m;r as an element constructed according to the previous Lemma (observe
that j, 1s always different from i).

In this way we guarantee that the projection of W,/ (s") onto Z is equal
to (0 <I>). To define the remaining part of the new data we do not give details
on the indexes, but we explain how to construct it. It is clear that we can
choose o’ :;h for the remaining indexes * in such a way that the projection of
War(s') | om; v/ On C"i ®T; is equal to Id ®a;. Finally we observe that a path g
from V; to V; with j # i need to pass through a summand of 7; so there exists
a path o such that f(s) = b;jox(s). Now we use the previous Lemma to change
a with a o such that B(s) = b;oa’(s"). More generally if 8 is an element of
the path algebra of type (j,i) with j # i then there exists an element of the
path algebra «’ such that B(s) = b;oa/(s). In this way we define the elements
of the path algebra connecting summands of Y and summands of C" ® T;.

In the case m; < O we proceed in a similar way: we choose A m-good
and we have

Y=C"QV,eY, Y=C"QTeY, Z=C"eVe:z

As in the previous case we can find a new data A’ such that:

[Wals)ls €% — (no(d®a) @),
CMieney  (1d®b; 0
[wA/(s)]Cfm,.@Vi,@Z—( 2 e
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Now to conclude that W,/ (s") is an isomorphism if Wx(s) is an isomorphism
we need to know that b; is an epimorphism and this is not guarantee by
(s,s') € ZXv). But if A; # O then, since bjal = —A;, we have that b is
surjective. O

DEerINITION 31. Let p (resp. p’) be the projection of Z}(v) on A; (v) C S(v)
(resp. Ay (V) C S(v')). Suppose that m; > 0 or A; # 0 then we define

Z" = p (Awa ) = P (A @)).
We define also

Giv=[[GL(V)) x GL(V;) x GL(V)).
J#
Observe that there are natural projections from G;, to G, and G, therefore
there are natural actions of G;, on S;(v) and S;(v'). Observe that there is

a natural action of G,, on Z} and Zim’A such that the projections p, p’ are
equivariant.

LEMMA 32. Lets € Ay (v) then

1) if A; # O then b; is surjective and a; is injective,
2) if m; > O then b; is surjective,
3) if m; < O then a; is injective.

Proor. If A; # O then the result is clear by b;a; = A;. Suppose now that
A =0 and m; > 0. Let U; = Imb; and let V; = U; & W;. Define now a one
parameter subgroup g(¢) of Gy in the following way:

W 1 0 o
[gi(t)]ggng = (O fl) and g =1 for j #i

Since Imb; C U; we have that there exists the limit lim; o g(¢) - s = s9. Let
now n > 0 and f a x"-covariant function on S such that f(s) % 0. Then

_1i _1i nm; N H —nm; dim W;
f(So)—tlgl(l)f(g(t)-s)—}%detGL(w)f(S) —tlgT(l)l mEf(s)

So we must have dim W; = 0. The proof of the third case is completely similar
to this one. O

LemMmA 33 (see also Lusztig [6]). If m; > 0 or A; # O then

1) p: Z;"’)"(v) —> Ay, 3 () is a principal GL(V]) bundle,
2) p': Zl'."’k(v) —> A,y (V) is a principal GL(V;) bundle.
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Proor. Lusztig’s proof extends to this case without changes. Let’s prove for
example 1. We have to prove: i) that the action on the fiber is free, ii) that it is
transitive. First of all we observe that by the previous Lemma if s € A, then
bi(s) is surjective. In particular there exists a; : V/ — T; such that sequence
(17) is exact, and clearly a; is univocally determined up to the action of GL(V/),
moreover this action is free. So i) and ii) reduce to the following fact: if
s € Ay, and 4] is such that sequence (17) is exact, then there exists a unique, b,
such that a;b; = a;b; —1;. Since a; is injective the unicity is clear. To prove the
existence we observe that it is equivalent to Ima; D Im(a;b; — X;). But the last
statement is clear since we have: Ima] = kerb; and b;(a;b; — A;) = 0. O

PropPosITION 34. If m; > 0 or A; # O then the projections p, p’ induces
algebraic isomorphisms p, p':

A (0)// Gy <;— ZP )/ Giw ——> A 1))/ Gy
P
ProoF. This proposition is a straightforward consequence of the previous
Lemma and the following general fact (see for example [10] Proposition 0.2):
let G be an algebraic group over C and X, Y two irreducible algebraic variety
over C; if G acts on X and ¢ : X — Y is such that for all y € Y the fiber
X, contains exactly one G-orbit then ¢ is a categorical quotient. If we apply
this Lemma to the projection p, (resp. p’) and to the group GL(V/) (resp.
GL(V;)) we obtain the required result. O

We can use this proposition to define the action of the generators of the
Weyl group.

DEFINITION 35. Let i, A, m, v, ', m’, v’ be as above, and suppose v, v € R™
and (A;, m;) # 0. We define an isomorphism of algebraic varieties

¢U

sioh, m- m,A(v) — Mm/,)»’(v/)

in the following way:

L if m; >0 or A; #0 we set ¢ ; _ﬁ’p_l,
2. if m; < 0 we exchange the role of v, v in the previous construction: more
precisely we observe that m; > 0 so we can define dJ o Mo @) —

My 5(v) and we define @Y, , = (@, )",

REMARK 36. To see that ®¢ A is univocally defined we have to verify
that if A; % 0 and m; < O the two definitions above coincide. This fact reduces
easily to the following remark: if A; # O then

(s,8") € ZMv) > (s,5) € ZV' (V).

Let us prove, for example, the = part. Since a;b; = a/b, + A; = ab; — A, the
only thing we have to verify is that the sequence

!
p b

0 Vi T; ' v/ 0
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is exact. The surjectivity of b; and the injectivity of a; are a consequence of
Ai # 0. Since dim7; = dim V; + dim V/ we need only to prove that ba; = 0.
Observe that bla; = 0 if and only if a;bja; = 0 since a; is injective. Finally
a{bl’-ai = (Clibi — )»,-)a,» =0.

3.2. — Empty case

We saw how to define

q)}v)i,m,k:Mm»}»(v) —> Msi(m)ssi()‘) (S,‘U)
in the case that (A;,m;) # 0 and v,s;v € R*. To define an action of the
Weyl group we have now to guarantee that Coxeter relations hold. We will
prove these relations in the next paragraph. Before doing it we observe that
we have to guarantee some conditions on m, A such that we will be able to
define @7, ; for any element o € W: this condition will be (v,m, 1) € ¢’
or (v,m,)) € G”. We will make some remark also about the case v & R™.

LemmA 37. Suppose that (m, A) € G, and that there exists o € W such that
o-v¢R*, then My, ; (v) = @.

ProoF. Suppose that o is an element of minimal length such that o -v # 0
and let [ = (o). We prove the Lemma by induction on /. The case [ =0 is
trivial.

Initial step: | = 1. If s; -v & R* then we have 0 < ) a;;v; < v;. Hence
dim7; <dimV;, u =«o; € A, and (X;,m;) # 0. So M, ;,(v) = & by Lemma
32.

Inductive step: ifl > 2thenl —1 = [. Let 0 = ts; with £(r) =1 — 1 and
vV =s;-v, A =s;A, m" = s;m. By induction M, ;/(v') = @ and, since [ > 2,
v/ € RT. If (m;, ;) # 0 then we can apply Proposition 34 and we obtain
M5 (v) = M,y ;0 (V') = @. If (m;, A;) =0 then u = o; & Ay, hence v; = 0.
Moreover ' =1 and m' =m so (m},1;) =0 and u =o; ¢ A,y. Hence v, =0
so that v = v and Tv € R* against the minimality of o. O

LemMA 38. Let (I, H) be connected, (m, \) € G, and suppose o - v € R™ for
all o € W. Ifthere exists i € 1,0 € W such that (om, w;) = (oA, w;) = 0 then
v=0.

Proor. Without loss of generality we can assume o = 1.
First step: v; = 0. This is clear since otherwise o; € A,.
Second step: v; = 0 for all j such that a;; # 0. Let v' = s; - v and observe that
siA = A and s;m = m. Then, as in the first step, we have 0 = v; = Zj ai;vj
from which the claim follows.

Let now W' = ({s; : a;; =0 and j # i}). Since (I, H) is connected there
exists j € I and T € W’ such that a;; # 0 and

n = Zajhﬁh > 0.
hel
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where U = 7 - v. Since (tA); = A; =0 =m; = (tm); we can assume T = 1.
Let now v' = s;5; - v, A’ = s;5;A and m’ = s;s;m, we have:

/ /

’Ul» = a,-jn )‘i = —a,»j)»j m; = —aijm_,-

— I (42 . C— (g2 _ )
v; =n kj = (aij DA, mj = (aij Dm;.

Hence u = aijaj+(a,2j—1)ai € Ay and (u, )') = (u, m’) = 0 against (m, 1) € G,.
O

REMARK 39. The analogous Lemmas in the case of G" = {(m, A,v) :
(m, )) ¢ H*>} are simpler.

3.3. — Relations

In this section we define an isomorphism of algebraic varieties

D) i My i (V) —> Moy i (ov).

o,m\*
in the case (m,A) € G, or (m,1) ¢ H®. If there exists 0 € W such that
ov € RT or in the case v =0 we have seen in the previous section that there
is nothing to define or that the definition is trivial. In the remaining cases we
observe that for all o,i we have ({(om, «;), (oA, «;)) # 0 by Lemma 38. Hence

we can define @7, by induction on £(0) by the formula

(18) (DU = q)Siv,Sim,Sl‘)Loq)}Y)l’,m,)x

o,nm,A os;

if £(os;) = €(o) — 1. Of course we have to prove that (18) is well defined
by checking the Coxeter relations (2a), (2b), (2c) that in our situation take
respectively the following form:

Siv v -
(1921) q)si,si)\,xl-moq)si,)u,m =1Id
$:0 .
J v _ Hiiv v
(19b) q)s<,s-k,s-zno(ps~,x,m - ¢S‘,S‘K,S'mo¢5',}»,m
[ A J AR 4
Sisiv . Sisiv Siv
' Si s;iv v _ i5j Jj v
(190) q)xi,sjsi)\,sjsimOq)s]-,six,simoq)si,k,m - .S‘j,.S‘l‘Sj)\,Sl‘Sjmoq)xi,S')»,SjmOq)sj',)\,m'

The first equation is clear by the very definition and Remark 36. The second
equation is trivial. We need to prove the third equation. We need the following
two simple Lemmas of linear algebra whose proofs are trivial.

LemMA 40. Let V, W, X, Y, Z be finite dimensional vector spaces and o, B, y,
8, &, @ linear maps between them as in the diagrams below. The sequence

o
(ﬂ) 5§ 0 -1
14 (O £ go)
0 1% wWeXepY ———>
is exact if and only if the sequence

()

YezZ —— 0

0 % (¢S &)

is exact and y = da.

Wo X z 0
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Lemma 41. Let U, V, W, X, Y, Z be finite dimensional vector spaces and «,
B, v, 6, & ¢, V¥, p, o linear maps between them as in the diagrams below such that
Y dp: WX — Zisan epimorphism. Then the sequence

o 5§ 0 1
0 Y veawex 0¥ P/ w o -

Xovez - Z—50

is exact ifand only if y = =6, Y = o¢, pd + oe = 0 and the sequence

(5) ¢ o

0 U Veow Y 0

is exact.

We fix now and i, j such that a;; =1 and we verify (19c). Let

A =siA m = s;m vV o=sv
)\// — SJ)\,/ m// — s]m/ v// — s] U/
)\‘/// — Sl )\‘// m/// — Sim// U/// — Sl'U//

A= sjA m =s;m U =sjv

5\ = S,'X l’;l = S,'l’ﬁ l:) = S,'f)

First of all we observe that since relation (19a) holds we can assume that:

1) )\i¢00rmi>0and):j¢00rmj>0,
2) 2;#0 or m; >0 and A; # 0 or mi; >0,

3) A/ #0 or m/ >0 and %; # 0 or i > 0.
Define
Ziji ={(s",8) € Ny (V") X Ay (v) + 35" € S(V"), and 5" € S(v') such
that (s, s") € Z" *" "), ", € Z"¥ (v) and (s', ) € Z"* (V)
Ziij ={(s".5) € Ay (0") X App(v) : 35 € S(F), and § € S(9) such

that (s, 5) € Z" (@), .5 € 2 () and G.s) € Z"* (V)

Observe that (s”,s) € Z;;; = p;’:x,_/\,,,(s”’) = P CDXJ. @, (py,5(s)) and that
(SWZS) € Zjij — p;)n///.)\///(sm) = (bs]-q)si q)sj(an,)L(S))- So relation (190) is
equivalent to Z;;; = Zj;;.

Let Ri = @y.p,=ingzj Vior Bi = @n:ny=isng=; Vnp and observe that 7; =
Ri®V;and T; = R; @ V;. Let k be the only element of H such that ko = j
and k; =i. Let ¢ = g(k). Define A = A(s) = Bx(s), B = B(s) = Bj(s) and
for I =i.j and {I',1} = {i, j} set ¢, = ei(s) = 7 "ar(s) and dy = di(s) =
b[(S)’Rl.
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Let (s,s”) € Ay(v) x A, (V") and set A* = A(s*), B* = B(s*), ¢ =
c/(s*) and d = d;(s*) for [ € {i, j} and x € {,”}.

If we apply Lemmas 40 and 41 to our situation we obtain the following
result: (s, s”) € Z;j; if and only if there exist vector spaces V7, Vj’, v/, Vj” and
linear maps A’, B, ¢}, d;, c}, d]/, A", B",c,d, c;-’ , djf/ such that:

I. dimV* = v/ for [ € {i, j} and x € {",”},
2. for each x € {’, "} and [ € {i, j} A* € Hom(V/*, Vj*), B* € Hom(Vj*, Vi),

¢; € Hom(V/*, Rf) and d; € Hom(R/, V"),

3.V/i=Vv/", "=, d’"=d/ and
© J VA J

Cl{”dl-w = Cid,' — )\i — )"j
A///di/// — A//di/

C;//B/// — C;B//
8A///B/// — EA//B// _ )\‘j

4. V=V, ! =cl. d' =d and

1

U A T AN Al
cjdj—cjdj Ai — A ch =cjA

B"d! = B'd;

5. Vj/= Vj, C; = ¢y, d]/ =dj and

gA"B" = sA'B' + A\ + A

Cl/dl/ = Cid,' — )\i C;B/ = CiB
A'dl = Ad; eA'B'=¢cAB — );
6. ec;B"A" + cidic/” =0 and ¢A'B" = d;aj,
7. the following sequences are exact
(i)
A Ad: .
0 Viw ¢ R ® R, (Ad; d]) v, 0
()
c;B” Bd; d;
0 Vj// i R & R; (bdj i) Vi 0
() 0 e
0 —— v/ 24 Rev G2y 0

REMARK 42. The first condition in point 6 is equivalent to eB"A” = dc".
Indeed this condition is certainly sufficient. To prove its necessity observe that
by the injectivity of a/ = (c¢; A’)" it is enough to prove ec;B"A"” + cid/c]" =0
and eA’B"A" + A'dic;” = 0. The first equation is the first condition in point
6 and the second one is a consequence of ¢A’B” = d;c]”, A'd] = Ad; and the

exactness of the first sequence.
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REMARK 43. The condition (s,s”) € Zj;; can be expressed in a similar
way. In the previous conditions we have only to exchange i with j and ¢
with —e.

We will prove now Z;;; C Zj;j. To do it we suppose tl~1at A’,~. .., dj are
given as above and we construct A, B, &, d;, ¢;,d;, A, B, ¢, d;, ¢, d; such that
they satisfy the analogous conditions for (s, s”) € Zj;;.

We construct first A,E,Ei,éj,cii,cij. Choose § such that (5,s) € Z}(’}‘ and
define A =AG), B =B(@), & =c(5) and d = d)(3) for [ € {i, j} .

I claim that there exist unique A : V/” — V; and B : V; — V/” such

that:

o~

GA=c]A" AB = AB —e); — e)j

- an {

BA = —Sd,'CW
Unicity of A: since the map @ = (¢; — eB)' is injective the unicity is clear.
Existence of A: to prove the existence of A is enough to prove:

C(/A/// 5
J /AR o
Im(—ed,-cl’-”) CIm(B) ker (d; eA).
So the thesis follows from d;c/A" + Ad;c]” = 0.
Let now a; = (¢}’ A)'. T claim that g; is injective and that Ima; =
ker(d; eB) = kerb;. First of all observe that since m; > 0 or A; # 0, b; is
surjective. Observe also that

(Ej 0 )O A: B CJ//AW
0 Ide C;” = Cl{// .

So &; is injective as claimed. Now since dim R; + dim V; = dim V! 4 dim V;
to prove the last part of the claim it is enough to check that b;d; = 0. Indeed

B

c¢/'B=c¢;B

u

i

E,’gi = d,'Cl{” + 831&: =0.

Unicity of B: this is a consequence of &; injective.
Existence of B: As for the existence of A this is equivalent to

"

¢iB S\ B
Im(z&é — EA; —8)».,') < Im( A ) _ker(dl EB).
So the thesis follows from e BAB — 1;B — A;B + dic; B = 0.
Finally we set

Z = " 7 "
;= ‘/l Ci = C; di = di

<u Sn

i=V &=¢  di=d,.
The verification of all the conditions is now straightforward.

The inclusion Z;;; C Z;;; can be proved similarly and equation (16) is
clear by definition. Proposition 26 is proved.
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4. — Reduction to the dominant case

As a consequence of Proposition 26 we see that in the finite type case if
(m, \) € G, then there exists 0 € W and v = o - v such that v’ is dominant
and My 05 (V) =~ M, ;(v). We generalize now this result to arbitrary quiver
and arbitrary (m, 1).

On R we consider the following order: v’ < v if and only if v —v' € R*.
We say that an element v of R is dominant if (v, ;) <O for all i € I.

We consider now the following construction: let v’ < v and fix an embed-
ding V/ < V; and a complement W; of V/ in V;, then we can define a map
7:S() —> S(v) through:

20) = (%0

where the matrices of the element on the right hand side represents the com-
ponents By, through the decomposition V; = V/ @ W;.

Suppose now that (m;, A;) = 0 for all i such that (v — v/, w;) # 0. Then
it is easy to see that this map restrict to a map j, : Ay (V) —> Ay (v) and
that induces a map ]5/ = J: M, ; (V') — M, ;(v). Clearly ; is independent
from the choice of the embedding V/ < V; and of the complement W;.

LemMA 44. j is a closed immersion
PRrOOF. It is enough to prove that the map j°: (C[AA(U)]%U)—’ C[Ax(vl)]%v/)

is surjective. By Propositions 12 and 14 this follows by the identities:

Tr (e (j(s))) =Tr(a(s)) and fa (j(s)) = fa(s)

for each closed path « and for each x, good A. O

LEMMA 45. If (v,a;) > 0, vV = v — «; and (m;, A;) = O then j is an
isomorphism of algebraic varieties.

Proor. It’s enough to prove that ; is surjective. Let s € Ay 3 (v) and A
a X, good data for some positive n such that fa (s) # 0. Consider now the
sequence (see equation (4) for the notation):

bj a;

T; Vi

T;.

Since bija; = A;Idy, =0 and 2dim V; —dim T; = (v, o;) > 0 we have that b; is
not surjective or that @; is not injective.

Suppose that b; is not surjective, then up to the action of G, we can
assume that Imb; C V. Then, for r € C* consider g(¢) = (g;(t)) € G, with

d, 0
gi(t)=( Oi t‘1> and g;(t) =1Idy, for j #i.
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Then

1. gi(t)By = By, if hy =i, since Im B, C Imb; C V/,
2. 3lim;_o Bygi(t)~' = By, if hg =1,
3. xm(g(t)) =1 since m; = 0.

So 3 1lim;_gg(t)s = s and fa(s’) = fa(s) # 0. We observe now that s’ €
J(Ap () and that pl, () = p, ,(s') € Im .
If b; is surjective and g; is not injective the argument is similar. O

PROPOSITION 46. For all A and for all v there exists v’ and o € W such that v’
is dominant and

Mom,ak (U/) = Mm,)n(v)‘

Proor. If v & R™ it is enough to prove that there exists a dominant v’
such that M, ; (v') = @. So it is enough to prove that there exists a dominant
v & RT. By absurd suppose that v dominant implies v € RT. Observe that R
doesn’t contain any line, so the same is true for the cone D of dominant v.
So the linear functionals (o;, -) must be linearly independent. Then we are in
the case of a Cartan matrix of finite type and we know that D C —R™.

If v € Rt we prove the Proposition by induction on the order < on R.

First step: v=0. If v=0 we can take v =v =0 and o = 1.

Inductive step. If v is not dominant then there exists i such that (v, «;) > O.
If (m;, A;) # 0 we observe that s;v = v’ < v (that is v' < v and v’ # v)
and that Msim,sik(v/) >~ M,, ,(v) by Proposition 34. Now we can apply the
inductive hypothesis.
If (m;,A;)=0 we apply the previous Lemma and the inductive hypothesis. O

REMARK 47. We observe that in the case of a Cartan matrix of finite type
this implies that for all v € R the variety M,, ;(v) is a point if v;(m;, ;) =0
for all i and it is empty otherwise.

5. — A representation of the Weyl group

The maps @, , ; induces isomorphisms between the cohomology of dif-
ferent quiver varieties. In this section, following Nakajima [11], we show how
to use this action to construct an action of the Weyl group on the cohomology
of a single quiver variety.

Let QO = (I, H) be a complete subquiver of a double quiver Q (7 ﬁ)
thatlsICI HCHandforallheH1fh0,h1eIthenheH Let

= R® R’ be the root lattice of Q and W (resp. W) the Weyl groups related
to O (resp. Q). W is a parabolic subgroup of W.
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Choose v = ZiGTU:’“i € R such that the following conditions are satisfied:

CON1 ov =17 for all o e W,
CON2 GCDWii €l) = 1,
CON3 [i: S(Q, V) —> uy ® gy is surjective.

Under these hypothesis if A € Z; is generic then there exists a representation
of W on the cohomology of M, ; (V).
We need the following definitions:

Reg(v)={reZy : L& Z, for all 0 <u < v},

Reg(v) ={L €3y : A g3, forall 0 <u <0},
A@) ={(r,s) € Z; x S(Q, D) : s € A},
M@)=AW)//Gy and p: M(v) — Z; the projection,

L) ={(£,5) €3x (0, ) : 5 € &),
M) = L£@W)/U; and p : 9M(v) —> 3 the projection.

We define also Mz =p~'(Reg) (resp. Mn = p~' (Reg)) and we call pr: Mp —>
Reg (resp. po: My —> MReg) the restriction of p to Mg (resp. p to My).
By Proposition 6 we have the following pullback diagram

(h,s) € M@ —2— Z; > x

| b b |
0,4, 5) € ME) —s 35 50,1

LemmA 48.
1) The maps pr and py are locally trivial bundle.
2) The sheaves R'p r«(Zypy) and R Py (Zgn,,) are constant.

ProorF. 1) By the surjectivity of f it is enough to prove that d i, is surjective
for all s € My. It is easy to see that in the hyperKéhler situation this is
equivalent to x -s = 0 = x = 0 for all x € uz. If there exists such an
x = (x;) ey C EBieyu(V,») let ¢ = (§,A) = pu(s), and decompose each vector
space V; in eigenspaces with respect to x;: Vi = &, —pVi(r). Now by
x -5 =0 we see B;(Vy,(r)) C Vi, (r) so >, dimV;(r)x; = >, dim V;(r)§ =0
and by ¢ € PReg we have that there exists r such that V; = V;(r) for all i and
x = 0.

2) By point 1) we know that these sheaves are locally constant. Observe now
that $eg is the complement of the the union of a finite number of linear
subspaces of real codimension 3 so IT;(fReg) is trivial and each locally constant
sheaf is also constant. Finally R’ pg.(Zy,) = 15R’ pors(Zonyy)- O
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As a consequence of this Lemma for any A', A2 € Reg we have a canonical
isomorphism ' ' .
Uit H (Mg ,0.2) — H' (M, ;2. 7).

Now Qbserve that G; C PReg. So, for each (0, 1) € G; we can define a W action
on H'(My,(v),Z) by

o(c) = Yl o H (DL ) )()

for any 0 € W. To verify that this definition is well given we have only to
verify that

]/,;A27kl OHl(q):;,O’)LZ)Ow;LI’)“Z = w;A17A1 OHl(q);’O’)Ll)-

Since {A : (0, X)) € G,} is connected and H'(M,Z) is discrete this is clear. So
we proved the following corollary.

COROLLARY 49. If (0,)) € G, then there is an action of W on H' (Mox(é, v),7Z).

6. — Some remark in the case of Nakajima’s quiver varieties

In the previous section we saw that enlarging the original quiver it is
possible to construct representations of the Weyl group W. The simplest way
to enlarge our original quiver is to add only one vertex that we call co. If
we call di = a;o and we consider element v of the root lattice of the form
U= oo + Y jc; Vi®; € R we construct a class of varieties depending on two
discrete parameters: v € R and d = ) ,.;djw; € P. These are Nakajima’s
quiver varieties: M(d, v). Observe that in this case the condition CON2 above
is always satisfied and that the condition CONI1 is equivalent to v = ), ; v;&; =
Y ic;diwi =d. In [12] par. 10 a criterion for condition CON3 is also given.

In this final section we want to show in the particular case of Nakajima’s
quiver varieties how to use the reduction to the dominant case to study geometric
properties of quiver varieties.

In the following we fix a quiver of finite type Q = (I, H),d =), ., diw; €
P and v = ), ; vio;. We construct a new quiver Q as explained above and
we choose UV = v + ay € R =R @ Zos. We restrict our attention to the
case A =0 and mo =),;.; wi — (O ;c; Vi)wso. Moreover by Remark 2 we can
assume without loss of generality that v; > 0 for all i € /. We would like to
give a proof of the following conjecture in some special case:

CONJECTURE 50. M, 0(d, v) is connected and My o(d, v) is normal.

REMARK 51. The connectedness states in the conjecture has now been
proved in general by Crawley-Boevey [2]. The same author said me that he is
now able to prove normality for a much bigger class of quiver varieties.
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REMARK 52. If m = ZiETV”iwi and m; > 0 for all i € I it is easy to see
that Aj o = Apgo0. Hence by the argument in Lemma 48 M, o(v) is smooth
and if it is not empty has dimension dim S( é, v) —2dim gz. On the other hand
My, is a cone so it is clearly connected.

By Proposition 46 it is enough to prove the Theorem in the dominant case
which in this case can be read as (d —v, ;) > 0 for all i € I. Unfortunately I’'m
able to prove the conjecture only in the case d — v regular: (d — v, ;) > O for
all i. To prove the conjecture in this case we will use the following stratification
introduced by Lusztig in [6].

DerINITION 53. For any s € S(é, v) and i € [ let

V=V = > Im(a(s)).

« path: oy =i and ag=00

If v/ =73, via; € R we define

AV = {s € Ag(Q, D) : dim V;*(s) = v] for all i € I}.

Observe that AV = Amo,o(é, v). To prove our result we will use the
following Lemma of Lusztig.

LeEMMA 54 (Lusztig: [6] Proposition 4.5 and Proposition 5.3). Ifv' < v then

dim A” = dim S(0, 7) — Zdimgl(Vi) —(v—=v,d—-7)— %(v —v, v ="
iel

Our result follows trivially from the following Lemma.

LemMmA 55. 1) If d — v is dominant then Aogo(é, V) is a complete intersection.
2) If d — v is regular then Ao o(Q, V) is normal and irreducible and A, ,,0(Q, V) is
connected.

ProOF. Observe that Ao,o(é, ) = u~'(0) so each irreducible component
of Ag(Q, v) must have dimension at least dim S(Q, v) — >, dim gl(V;) = dy.

Suppose now that d —v is dominant. By Nakajima’s theorem ([12] Theorem
10.2) My,.0 is not empty. Observe also that working as in Lemma 48 we obtain
that Au.0(Q, v) is a smooth subset of Ago(Q, V) of dimension Jy.

It is well known that Amo,o(é, v) = A". Hence

Aoo(Q. D) = Amgo(@. ) = |J A"

v/ <vand v'#v

By the Lemma above we have that if v/ < v and V' # v dim AY < Sy.
So Amo,o(é,f)) must be dense in Ao’o(é,f)) and Ao’o(é,f)) is a complete
intersection. Moreover if d — v is regular we have that dim AV < dy — 1 so
the singular locus has codimension at least two and normality and irreducibility
follows. Finally by our discussion it is clear that if Amoyo(ﬂQv, v) is disconnected
then Ao,o(é, v) is not irreducible. O
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REMARK 56. In the Lemma we can substitute Amo,o(é, v) with any other

subset Regular of regular points in A(Q, ¥). In this way is indeed possible to
improve a little bit the theorem (for example can be proved completely in the
A case) but Crawley-Boevey explained to me that this strategy cannot work in
general because there are cases where d — v is dominant and Ao,o(é, V) is not
normal.
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