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Abstract. In a first part resolvent positive operators are studied. It is shown that
the inhomogeneous abstract Cauchy problem has mild solutions for sufficiently
smooth and compatible dates. The heat equation with inhomogeneous boundary
conditions is considered in the second part. It is shown that it is well-posed if and
only if the domain is Dirichlet regular. Moreover, the asymptotic behaviour of the
solutions is studied. Here we apply the first part to the “Poisson operator” which
is resolvent positive but not densely defined and does not satisfy the Hille- Yosida
condition. Finally, we prove analogous results for general elliptic operators with
measurable coefficients.

Mathematics Subject Classification (2000): 35K20 (primary), 47D06 (secondary).

Introduction

Let 2 be an open, bounded set with boundary I'. Given continuous func-
tions ¢ : [0,00) xI' = R, up : 2 > R we consider the heat equation with
inhomogeneous boundary conditions

ur = Au on (0, 00) x
Poo(uo, ) u(t,2) =¢(,z2) (=0, z€T)
u(0,x) =up(x) (x €).

In this paper we study well-posedness of the problem and the asymptotic
behaviour of its solutions as ¢+ — oo. For this we use an operator theoretical
approach which is of independent interest.

Supported by DFG in the framework of the project: “Regularitit und Asymptotik fiir elliptische
und parabolische Probleme”.

Pervenuto alla Redazione il 2 novembre 1999 e in forma definitiva il 22 maggio 2000.
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It is well-known that the Hille-Yosida theorem gives an efficient tool to
prove well-posedness of parabolic problems using results on elliptic problems.In
our context, however, this transfer is done with help of a resolvent positive
operator which is not densely defined and does not satisfy the Hille-Yosida
condition. It is a natural operator on C(Q2) @ C(I") whose resolvent in 0 solves
the Poisson equation. We call it the “Poisson operator””. Two abstract results on
resolvent positive operators are proved to study well-posedness of the problem
P, (=] (U(), ‘P)

1. If A is a resolvent positive operator on a Banach lattice, then for ug € D(A),

f € WH1((0, t); X) such that

(%) Aug + f(0) € D(A)
the inhomogeneous Cauchy problem

u(t) = Au) (te€l[0,r])

(ace ){ 4(0) = uo

has a unique mild solution. We prove this by constructing a Hille-Yosida op-
erator on an intermediate space and applying a result of Da Prato-Sinestrari
[DS87] for non-densely defined Hille-Yosida operators.

2. We show that every mild solution of (ACP) is positive whenever f > 0
and up > 0.

Via the Poisson operator, the problem Pu.(ug,¢) is transformed into an
abstract Cauchy problem. Then (%) becomes the natural compatibility condition
uo. = ¢(0); and the result of 1. yields solutions of Po(uo, ) for smooth
data. The second result gives an a priori estimate which allows to prove well-
posedness.

The results on asymptotic behaviour are obtained by applying relatively new
Tauberian theorems for individual solutions (cf. [ArBa99], [AP92], [Chi98],
[Ner96]) to the Poisson operator.

More specifically we obtain the following results. The parabolic problem
Poo(ug, @) is shown to be well-posed if and only if Q is Dirichlet regular. This
is not new; it had first been proved by Tychonoff [Tyc38] in 1938 with help
of methods of integral equations. Other proofs were given by Fulks [Ful56],
[Ful57] and BabuSka and Vyborry [BV62] (see also Lumer [Lum75]). But,
besides its simplicity, our approach has the advantage to work if general el-
liptic operators in divergence form with bounded measurable coefficients are
considered instead of the Laplacian. The corresponding result, Theorem 6.5, is
new in the generality considered here. Our new framework allows us to deduce
the parabolic maximum principle from the elliptic maximum principle by Bern-
stein’s theorem on monotonic functions (Theorem 6.6). So far it seems that
merely operators in non-divergence form with Holder continuous coefficients
had been considered by Chan and Yound [CY77] with help of barriers. _

Concerning the asymptotic behaviour we show that u(¢) converges in C(S2)
if ¢(t) converges in C(I') as t+ — o0o. We also study periodic and almost
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periodic behaviour. It is shown that the solution u is asymptotically almost
periodic whenever the given function ¢ on the boundary is so. Moreover, we
show that for each (almost) periodic function ¢ there exists a unique initial
value ug such that the solution u is (almost) periodic.

It should be mentioned that Greiner [Gre87] has developed an abstract
perturbation theory for boundary conditions by extending operators to a direct
sum of the given space with a boundary space. Moreover, resolvent positive
operators had been studied before under various aspects (see [Are87a], Thieme
[Thi97a], [Thi97b], Nussbaum [Nus84] and Borgioli and Totaro [BT97] for very
different applications).

Concerning a very detailed recent account on well-posedness of parabolic
problems with barrier methods we refer to Lumer and Schnaubelt [LS99].

The paper is organized as follows. In Section 1 we derive abstract results on
resolvent positive operators. The Poisson operator is studied in Section 2. Well-
posedness of the heat equation with inhomogeneous boundary conditions is the
subject of Section 3. The asymptotic behaviour of its solutions is investigated in
Section 4, and in Section 5 the results are extended to the inhomogeneous heat
equation. Finally, we consider general elliptic operators instead of the Laplacian
in Section 6. The proofs in Section 3 are given in such a way that they are
valid in this more general case. However, now they are no longer self-contained.
We need the De Giorgi-Nash result on Holder continuity of weak solutions of
elliptic equations as well as regularity results on the boundary due to Littman,
Stampacchia and Weinberger [LSW63] with their applications in [Sta65, Section
10]. To be complete, we give a proof of the elliptic maximum principle for
distributional solutions in the appendix.

0. - Preliminaries

Let A be a (linear) operator on a complex Banach space X. Thus A is
a linear mapping from a subspace D(A) of X, the domain of A, into X. By
o (A) we denote the spectrum, by o(A) the resolvent set of A. We denote by
R(A, A) = (A — A)7! the resolvent of A if A € po(A). Note that A is closed
whenever o(A) # 0.

If A is an operator on a real Banach space X, we extend A to the com-
plexifation of X. By o(A) we always mean the spectrum of this extension.
Let t > 0. By WU!((0,7); X) we understand the space of all functions
f :[0,t] = X which are of the form

t
= (5)d
FO=y+ /0 f(s)ds
for some y € X , f € L'((0,7); X). We let C([0,7]; X) = {f : [0,7] —

X : f is continuous}, C!([0,7]; X) = {f : [0,7] — X; f is continuously
differentiable}. Note that W-1((0, t); X) c C([0, 7]; X).
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If @ CR"” is open, C(2) denotes the space of all continuous real valued
functions on ; by C!(2) we denote the continuously differentiable functions
and by D(2) the test functions.

Let Y be a Banach space. We consider the Banach space

BUCR,;Y) ={f : Ry — Y : f is bounded, uniformly continuous}

with uniform norm

| flloo =supll fOI .
t>0
ForneR, yeY we let
e; ® y e BUC(R,,Y)
be given by (e, ® y)(t) = €™y (t € Ry). By AP(R,,Y) :=5pan{e,®y :n €
R, y € Y} we denote the space of all almeost periodic functions on R, with

values in Y.
We let Co(Ry; Y) = {f € BUC(R4; Y) : lim,, f(t) = 0} and denote by

AAP(R4; Y) := APR; Y) @ Co(R4; )

the space of all asymptotically almost periodic functions on R, with values
in Y. It is a closed subspace of BUC(R4; ¥Y). For u € AAP(R;; Y) we let
1 /.
(Myu)(0) = lim —/ eMu(s)ds
t—>o00 t 0
be the mean of u in n € R and denote by
Freq(u) = {n e R: M,u # 0}

the frequencies of u. If u € AAP(R;; X), then lim,_, o u(¢) exists if and only
if Freq(u) C {0}. A function u € AAP(R.; X) is t-periodic (i.e. u(t+7) = u(t)

for all t+ > 0) if and only if Freq(u) C ZT"Z. We refer to [Fin74] and [ArBa99]
for all this.

1. — Resolvent positive operators

Let X be a Banach space, and let T > 0. Let A be a closed operator. We
consider the inhomogeneous Cauchy problem
ut) = Au(t)+ f(@) (e€l0,7])

(ACP){ u(0) = ug.

where ug € X and f € C([0, t]; X) are given.
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DEeFINITION 1.1. a) A mild solution of (AC P) is a function u € C([0, t]; X)
such that u(0) = uo, [y u(s)ds € D(A) and

u(®) —upg=A /Ot u(s)ds + /Ot f(s)ds

for all ¢ € [0, T].

b) A classical solution of (AC P) is a function u € C1([0,7]; X)NC ([0, t]; D(A))
such that (AC P) is satisfied.

Here we consider D(A) as a Banach space for the graph norm. It is
obvious that every classical solution is a mild solution. Moreover, if u is
a mild solution, then it is a classical solution whenever u € C!([0, t]; X).
Concerning the terminology we should mention that Da Prato and Sinestrari
[DS87] reserve the term “mild solution” for the case where A is the generator
of a Cyp-semigroup 7. Then a unique mild solution always exists and is given by

u@®) =T@ug +/0 T —s)f(s)ds .

In the general case the term “integral solution” is used instead in [DS87].
We say that A is a Hille-Yosida operator if there exist we R, M >0
such that (w, o0) C 9(A) and

A —w)"R(A, A = M

for all A > w , n € Ng. This means that A satisfies the conditions of the Hille-
Yosida theorem besides the density of the domain. We recall the following
result proved by Da Prato-Sinestrari [DS87].

THEOREM 1.2. Let A be a Hille-Yosida operator. Let f € WL, 1); X),
up€ D(A). Suppose that Aug+ f(0) € D(A). Then (AC P) has a unique classical
solution.

RemArk 1.3. a) Theorem 1.2 can also be obtained from the theory of
non-linear semigroups, see Bénilan-Crandall-Pazy [BCP88].
b) A proof on the basis of integrated semigroups is given by Kellermann-Hieber
[KH89].
c) A proof with help of “Sobolev-towers” is given by Nagel and Sinestrari
[NS94].

Now let X be a Banach lattice. An operator A on X is called resolvent
positive, if there exists some w € R such that (w, 00) C ¢(A) and R(A, A) >0
for all A > w. We denote by

s(A) =sup{Re A : A € 0(A)}
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the spectral bound of A. If A is resolvent positive, then R(A, A) > 0 for all
A > 5(A). Moreover, if s(A) > — oo, then s(A) € o (A) (see [Are87a]). Finally,

(1.1 if A € 0(A) such that R(A, A) >0, then A > s(A) .

Now we prove the main result of this section.

THEOREM 1.4. Let A be a resolvent positive operator, f € WL, 1); X),
uog € D(A). Suppose that

(1.2) Aug+ f(0) € D(A) .

Then (AC P) has a unique mild solution.

ProoF. By a usual rescaling argument we can assume that s(A) < 0. We
consider the space

={yeX:Ixe X, |yl < RO, A)x} .
Then Y is a sublattice of X and a Banach lattice for the norm
Iylly :=inf{flx|| : x € X1 , |yl < RO, A)x} .

In fact, it is clear that || ||, defines a norm such that ||y||, = || |yl ||, and
0 < y1 <y, implies |[y1ll, < lly2ll,. We show that (Y, | ||,) is complete.

o0
Let y, € Y such that } [ly.ll, < oco. There exist x, € X such that
n=1

o0
|Yal < R(0, A)x, and ) [Ixallx < oo.

n=1

Let y = Zy,, in X. Then |y| < ER(O A)x, = R(0, A)x where x =

n=1 nl

o0 (o]
> x, in X. Since for m € N, |y — E Yol < 3 Il < Z R(0, A)x, =

n=1 n 1 n=m+1 n=m+1
n
R(0, A) E Xp; it follows that ||y — E Wully < 2 lxally = 0 (m — o).
n=m+1 n=m+1
This completes the proof that (Y, || || ) is a Banach lattice.

It is clear that ¥ < X and that R(0, A) defines a continuous operator
from X into Y. Moreover, D(A) — Y. Denote by B = Ay the part of A
in Y. Then (s(A), o) C o(B) and R(A,B) = R(A,A)),. Let ye Y , [|y| <
R(0, A)x, where x € X. Thenfor A >0, [AR(X, A)y| < AR(A, A)R(0, A)x =
R0, A)x — R(A, A)x < R(0, A)x. Hence AR, A)yl, < Ilylly,. We have
shown that B is a Hille-Yosida operator.

Now let f € WH1((0,7); X) , up € D(A) such that Aug + f(0) € D(A).
Consider g = R(0, A) o f € WL1((0,7) ; D(A)) c WhI((0,7) ; ¥)), v =
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R(0, A)ug € D(B). Then Bvy+g(0) = R(0, A)(Auo+£(0)) € R(O, A)ﬁ(_A—)X -
D(B) .

By Theorem 1.2 there exists a function v € C([0, t]; D(B))NCL([0, 7); ¥)
such that v(0) = vg and v(¢) — v(0) = Bfot v(s)ds + fot g(s)ds. Note that A is
a continuous operator from D(B) into Y, and Y < X. Hence u := —Aov €
C([0, ], X). Moreover, fot u(s)ds = —B fot v(s)ds = f(; g(s)ds — v(t) + v(0) €
D(A) for all ¢t € [0, 7] and Afotu(s)ds = Afot g(s)ds — Av(t) + Av(0) =
—f(; f(s)ds + u(t) —u(0). Thus u is a mild solution of (ACP). O

COROLLARY 1.5. Let A be a resolvent positive operator on a Banach lattice
X. Let f € W»'((0,7); X) , uo € D(A) such that Aug + f(0) € D(A) and
A(Aug+ f(0)) + f(0) € D(A). Then (AC P) has a unique classical solution.

Proor. By Theorem 1.4 there exists a unique function v € C([0, t]; X)
such that [j v(s)ds € D(A) and v(t) — v(0) = A [, v(s)ds + [y f(s)ds for all
t € [0, t] where v(0) = Aug + f(0). Let u(t) = uo + f(; v(s)ds. Then u €
Cl([0, t]; X)NC([0, T]; D(A)), u(t) = v(t) = A [y v(s)ds+v(0)+ [y f(s)ds =
Au(t) — Aug+v(0)+ f () — f(0) = Au(t) + f(2) (t €[0,7]). Thus u is a
classical solution of (ACP). O

REMARK 1.6. a) We note from the proof of Theorem 1.3 the following:
Let A be a resolvent positive operator on X. Then there exists a Banach lattice
Y such that D(A) — Y < X and such that the part B of A in Y is a Hille-
Yosida operator. In particular, 0 (A) = o(B) and R(A, B) = R(A, A)),, for all
A € 0(A). Thus also B is resolvent positive.

b) Another construction [Are87a, Theorem 4.1] shows that every densely defined
resolvent positive operator A on X is part of a generator B of a positive
Co-semigroup on a Banach lattice Z such that D(B) < X — Z. However, in
this construction it is essential that the domain of A is dense. So the result is
not suitable for our purposes.

Finally, we want to discuss positivity of mild solutions.

THEOREM 1.7. Let A be a resolvent positive operator on a Banach lattice X.
Letug € X, , f € C([0, t]; X+) and let u be a mild solution of (ACP). Then
u(t) > 0forallt € [0, T].

For the proof of this result we cannot use the techniques used above. The
point is that f(z) might not take values in D(A), which is typically the case
for the application we have in mind. There, Theorem 1.7 will allow us to
deduce the parabolic maximum principle from the elliptic maximum principle
(see Section 3 for the Laplacian and Section 6 for general elliptic operators).

For the proof of Theorem 1.7 we use some results about integrated semi-
groups. Let A be a resolvent positive operator on a Banach lattice X. Then
by [Are87b, Corollary 4.5], A generates a twice integrated semigroup S, i.e.
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S : Ry — L(X) is strongly continuous, S(0) =0, and
o0
R, A)x = A? / e M S(t)xdt
0

T
= A? lim e MS()xdt

T—>0 0

for all x € X , A > max{s(A) , 0}.

LEMMA 1.8. The function S is increasing and convex; i.e. S(At; + (1 —A)tp) <
AS(t1)+(1—1)S(ry) in the sense of positive operators forallt;, t e R, 0 < A < 1.

Proor. Let x € X, , x* € X}. Since (=1)"R(}, A)® = n!R(, A)MH,
the function r(A) = (R(A, A)x, x*) is completely monotonic. By Bernstein’s
Theorem (see [Wid71, Section 6.7]) there exists o : R, — R increasing such
that (0) =0 and r(\) = f0°° e Mda(t) (A > s(A)). Integration by parts yields
r(A) = A oo e Ma()dt = A2 [T e MB(t)dt for all A > max{s(A), 0}, where
B@) = féa(s)ds. Note that the function B is convex. On the other hand
r(x) = A% [° e (S(t)x, x*)dt for all A > max{s(A), 0}. It follows from the
uniqueness theorem that (S(¢)x, x*) = () (¢t > 0). 0

REMARK 1.9. A discussion of vector-valued versions of Bernstein’s theorem
is given in[Are94].

ProOF oF THEOREM 1.7. Let u be a mild solution of (ACP) where ug =
u(@0) > 0 and f(r) > O for all ¢t € [0,7]. Let v(t) = f(; u(s)ds. Then
v e CY([0,7]; X) and (1) = u(t) = ug+ A [y u(s)ds + [y fds = Av(t) +uo +
f(; f(r)ds; i.e. v is a classical solution of the inhomogeneous Cauchy problem

v(r) = Av(r) +g(1)
v(0) =0

with g(t) = uo + [y f(r)dr. Let w(t) = [; S(s)g(t — s)ds. It follows from
[Are87b, Proposition 5.1] that w € C2([0, z]; X) and v = w”. Since v(t) =
Jo u(s)ds, it follows that w € C3([0, 7]; X) and u = w®. By Fubini’s theorem
we have

t —S
w(t) =/0 S(s)uods+/0t S(s) /Ot f@)dr ds

= /0 " S(syuods + /0 t /0 T S@)frds dr .

Thus w'(t) = S(uo + f(; S(t —r)f(r)dr. We show that w’ is convex. This
follows from the first term by Lemma 1.8. Let S(t) = 0 for t < 0 and
S‘(t) = S(t) for t > 0. Since S is convex, increasing and S(0) = 0, it follows
that § is convex. Hence f(; St —r)f(r)dr = f0°° S(t —r) f(r)dr is also convex

. . 2 . . ..
in t > 0. Since u(t) = ‘%Zw’(t), it follows that u is positive. O
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2. — The Poisson operator

Let Q C R"” be an open, bounded set with boundary I' = 92. We say
that Q is Dirichlet regular, if for all ¢ € C(I") there exists a solution u of the

Dirichlet problem -
ueClQ), uyp.=9¢
D) { Au=0 in D(Q)’ .

Note that automatically u € C*(R2) if u is a solution of D(p). Moreover,
there is at most one solution. If © has Lipschitz boundary, then €2 is Dirichlet
regular. But much less restrictive geometric conditions on the boundary suffice.
We refer to classical Potential Theory ([DL87, Chapter 2], [Hel69], [GT77,
§ 2.8]. Let C(R2) = {f : @ — R continuous} which is a Banach lattice for
pointwise ordering

f>0 <= f(x)>0forall xeQ
and the supremum norm

I fllc) = sup £ (o)l -

xeR
On C() we consider the Laplacian Ap,, with maximal distributional domain

D(Amax) ={f € C(Q) : Af € C(Q)}
Amax f = Af in D(Q) .
Here we identify C(Q) with a subspace of D(R2)’ as usual. One always has
D(Amax) C CH(R), but also D(Apax) ¢ C*(Q) (see [DL87, Chapter 2]). So it
is important to consider the Laplacian with distributional domain.
Next we consider the space X = C(2) & C(I'). It is a Banach lattice for

the ordering (f, ¢) > 0 if and only if f(x) >0 for all x € Q and ¢(z) = 0 for
all z € I' and the norm

I )l = max{ll fllc), lellcar}
where || flic@y =suplf@)|,  Ifllea = Su?l‘P(Z)I .

x€R
On X we define the operator A given by
D(A) = D(Amax) ® {0}
Aw,0) = (Au , —uy) .

Thus, for u € D(Apmax) » f € c() ,p € C(I') we have A(u,0) = (f, ¢)
if and only if
Au = in D()
2.1) { / .
—U=¢;
i.e., u is solution of the Poisson equation. For this reason we call A the Poisson
operator.
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PROPOSITION 2.1. Assume that Q2 is Dirichlet regular. Then the Poisson operator
is resolvent positive and s(A) < 0.

_Proor. a) Let 0 < A € o(A). Then R(A,A) > 0. In fact, let f €
CR), pelCI),f<0, <0, RAA(,¢) = (u,0). Then u €
D(Amax) » Au— Au = f in D(Q)’ and u. = ¢. It follows from Theorem 7.2
that u < 0. )

b) We show that 0 € po(A). Let f € C(R) , ¢ € C(I"). Denote by E, the
Newtonian potential. Let f (x) = f(x) for x € Q and f (x)=0forx € R”\Q.
Let w := —E, x f. Then w € C(R") and —Aw = f in D(R")’ (we refer to
[DL87, Chapter II § 3] for these facts). Let ¥ := wy. € C(I'). Let v be the
solution of the Dirichlet problem D(p — ¥); ie. v € CEQONCYHQ) , Av=0
in © and v, =¢ — . Then u :=w,+veCQ), u, =¢ and —Au =
—Aw — Av = f in D(Q). Thus (,0) € D(A) and —A®u,0) = (f, ¢). We
have shown that —A is surjective. It follows from Theorem 7.2 that —A is
injective. Thus —A is bijective. Since A is closed, we have 0 € g(A).

c) Let Q ={A > 0:[0,A] C 0(A)}. Then by b) R(A, A) > 0 for all A € Q.
Since R(0,A) — R(A, A) = AR(M, A)R(0,A) > 0, we have 0 < R(A,A) <
R(0, A) for A € Q. This implies that Q is closed. Thus Q is open and closed
in R;. Consequently, Q=R,. 0O

Note that
(2.2) D(A) =C(Q) ® {0} .

In fact, since polynomials are dense in C(2) one has D(Apa) = C(R). This
implies (2.2).

Identifying D(A) with C(Q), the part of A in D(A) becomes the operator
A. defined on C(Q) by

D(A,) = {u € Co(R) : Au € C(R)}
Acu=Au  (in D)) .

Since A, is identified with the part of A in D(A) one has o(A) C 0(A.). In
particular, if Q is Dirichlet regular, then

2.3) A € 9(A;) whenever ReA >0 .

Also the operator A, is not densely defined. But it is sectorial in the sense
of the following theorem. Thus the operator A, generates a holomorphic semi-
group in the sense of Sinestrari [Sin85], see also the monograph by Lunardi
[Lun95, Chapter 2] for properties of these holomorphic semigroups (which are
not strongly continuous in 0).

THEOREM 2.2. Assume that 2 is Dirichlet regular. Then there exist an angle
0 € (n/2, ) and M > O such that
(@ ZO) ={re®:r>0,|a| <0} C o(A) and
®) IAR(A, ALY < M forall A € X(6).
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Proor. Consider the Laplacian L on Cy(R") given by

D(L) = {f € Co(R") : Af € Co(R")}
Lf = Af in DR" .

Then L generates the Gaussian semigroup, which is bounded and holomorphic.
In particular, there exists My > O such that

2.4 A€ o(L) and ||AR(A, L)|| < My

whenever ReA > 0.

We show the same estimate for A.. Let f € C(Q). Let f € Co(R") be an
extension of f such that ||f||c0(Rn) = || fllcy) and let g := R(A, L)f Let ¢ :=
gr and (w,0) := R(A, A)(0,¢). Then w € C(Q), \w— Aw =0 in D(Q)
and wi. =¢ = g.. Thus, g : =g —w € D(A;) and (A — A.)g = f. Observe
that |[R(, A)x| < R(0, A)|x| (x € X). Hence |wl¢@) < RO, Dllllellca) <
IR, A)lIgllc)- Setting ¢ =1+ [[R(0, A)|| we obtain

lgllc@ = g — wllc@)
< cllgllc

< cMo/IAl |l flicomny by (2.4)
=cMo/IA| |1 fllce) -

We have shown that

IAR(A, Al <cMy (Rex > 0) .

This implies the claim by a usual analytic expansion (see e.g. [Lun95,
p. 43]). a

By Ao we denote the part of A, in Co(£2); that is Ao is the operator on
Co(2) defined by

D(Ap) = {u € C()(Q) Au € Co(Q)}
Aou = Au (in D(R)) .
Since D(2) C D(Ap), the operator A is densely defined.

COROLLARY 2.3. Assume that 2 is Dirichlet regular. The operator A generates
a bounded holomorphic Cy-semigroup Ty on Co(2).
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Theorem 2.4 had been proved in [ArBe98] with help of Gaussian estimates.
The easy direct proof given here is basicly a consequence of the maximum
principle. In a different form (not using the Poisson operator as we do) it is
due to G. Lumer (cf. [LP76] where a more abstract context is considered). We
are most grateful to G. Lumer who explained us his argument.

If Q is Dirichlet regular, then it has been shown in [ArBe98] that o (Ap) =
o (Ajy) where A; is the Dirichlet Laplacian in L*(Q); ie.,

D(Ay) = {f € Hy(Q) : Af e L*(Q)}, Aof = Af .
Moreover,
2.5) To®) = Ty ¢ 20)

where T; is the Cp-semigroup generated by A,.
Next we prove further spectral properties of the Poisson operator.

PROPOSITION 2.4.
(@) One has 0(A) C 0(Ac) C 0(Ao).
(b) If Q is Dirichlet regular, then 9(A) = 0(A/).
(©) Ifo(A) N o(Ap) # @, then Q is Dirichlet regular.

ProoF. a) Let A € o(A). Then for f,u € C(Q) , R(, A)(f,0) = (u,0)
if and only if Au — Au = f in D(Q)" and u;. = 0. Thus A € o(A.;) and
R, A)(f,0) = (R(A, AL) f, 0). We have shown that o(A) C o(A,). It is clear
that o(Ac) C 0(Ao).

b) Assume that 2 is Dirichlet regular. Let A € o(A.). For ¢ € C(I') denote by
u(p) the solution of the Dirichlet problem D(g). Define Q(1) : C(I') - C(§2)
by QW)¢ = u(p) — AR(A, AJu(p). Then for ¢ € C(I') , w = Q(A)p one
has w. =¢ , A= Aw =0in D(Q). For g € CT) , f € C(RQ), let
v=RMQ,A)f+ QQ)p. Then v € D(Apmax) , v = ¢ and Av — Av = f.
Thus (v,0) € D(A) and (A — A)(v,0) = (f, 9). This shows that A — A is
surjective. If v € D(A) and (A — A)v =0, then v € D(Apax), A —A)v =0
and v, = 0. Thus v € D(A.) and (A — A;)v = 0. Consequently, v = 0. We
have shown that o(A;) C o(A).

c) Assume that there exists A € g(A) Ne(A.). Let ¢ € C(I'). Let (w,0) =
R(A, A)(©,¢). Then wi. = ¢ , Aw— Aw = 0. Let u := AR(0, A)w + w.
Then u). = ¢ and Au = —Aw + Aw = 0. Thus u is a solution of D(p). O

REMARK 2.5. Assume that Q is Dirichlet regular. Let A be the Poisson
operator.
a) The operator A has discrete spectrum, consisting merely of point spectrum. In
fact, let A € 0(A) C 0(Ag). There exists u € D(Ag) \ {0} such that Agu = Au.
Hence (4,0) € D(A) and A(u,0) = A(u,0). But the resolvent of A is not
compact if n > 2 (in fact, if (u,0) = R(0, A)(0, ¢), then —Au =0, u. = ¢.
So compactness of R(0, A) would imply compactness of the unit ball of C(T")).
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b) A is not a Hille-Yosida operator. In fact, ||AR(A, A)]| > A for A > 0, since
for R(A, A)(O, Ir) = (w,,0) , Wy, = Ir, so [[Awrllc@) = A-

¢) However, the part of A in Co(2) @ {0} is generator of a Co-semigroup and
the part of A in C(2) @ {0} is a Hille-Yosida operator. In fact, identifying
C(R2) @ {0} with C(2), the part of A in C(2) @ {0} is just A..

d) Since D(A) = C(2) {0}, the part Ay of A in the Banach space Y = D(A)
is not densely defined.

e) The situation is different if B is an operator on a Banach space X such that
limsup [AR(A, B)|| < oo. Then Alim AR(A, B)x = x for all x € D(B). Thus,
—>00

A—>00

the part of B in Y = D(B) is densely defined.

3. — The heat equation with inhomogeneous boundary conditions

Let Q C R" be an open, bounded set with boundary I' = 9S2. Let 7 > 0.
Given up € C(R) , ¢ € C([0, ], C(I')) we consider the problem

u(t) = Au(t) o
t 9’
Pt o) up =pif S0P
u(O) = Uy

DEeFINITION 3.1. A mild solution of P, (ug, ¢) is a function
ueC(@0,t]; C))

such that [ u(s)ds € D(Amax) and u(t) —uo = A [y u(s)ds and u(t). = ¢(t)
for all ¢ € [0, 7].

Eventually we will see that every mild solution is of class C*™ on (0, ] x £;
but at first we show existence and uniqueness of mild solutions with help of
the results of Section 1 and 2. B

Consider the Poisson operator A on X = C(R2) @ C(I'). Recall that
D(A) = D(Apax) © {0} and A(x,0) = (Au , —uy). It follows from the Stone-
WeierstraB theorem that D(A) = C(Q) @ {0}. For ® € C([0,7]; X) , Uy e X
we consider the Cauchy problem

Ut)=AU@®)+®@)  (tel0,7])
voy="0, .

PROPOSITION 3.2. Let Uy = (uo, 0), where ug € C(S), let
¢ € C([0,7]; C()), @(t) = (0, (1)) .

Let U € C([0, t]; X). Then U is a mild solution of (3.1) if and only if U(t) =
m(),0) (¢t € [0, t]) for some u € C([0, t]; C(2)) which is a mild solution of
Py (uo, ¢).

3.1
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PrROOF. Assume that U is a mild solution of (3.1). Then
d [* __ _
U@ = E/ U(s)ds € D(A) = C(2) & {0}
0

for all t € [0,7]. Thus U(t) = (u(z),0) for some u € C([0, t]; C(Q)). Now
the claim is immediate from the definition of A and Definition 3.1. O

Now let ug € D(Apax) so that Uy=(ug, 0) € D(A). Let ¢ € C([0, 7]; C(I')),
D) = (0, p(¢)) (¢ €[0, r]). Then the consistency condition (1.2) of Theorem
1.4 looks as follows

(Bug , —ug_ +¢(0)) = AU + ®(0) € D(A) = C(Q) & {0} ,
ie.
(3.2) ug. = ¢(0) .

This is obviously a necessary condition for the existence of a mild solution of
Pr(uo, ¢o)-

Since A is resolvent positive if 2 is Dirichlet regular, Theorem 1.4 gives
the following result:

ProposITION 3.3. Assume that 2 is Dirichlet regular. Let uy € D(Amax),
¢ € WH((0, 7); C(I)) such that uo. = @(0). Then there exists a unique mild

solution of P, (ug, ¢).

Next we obtain the weak parabolic maximum principle as a direct conse-
quence of Theorem 1.7. It will serve us as an a priori estimate.

PROPOSITION 3.4. Assume that 2 is Dirichlet regular. Let u be a mild solution
of Py (ug, ¢). Let cy, c_ € R such that

c_lg <up =<cylg and
c-1Ir <p() <cilr (€0, 7]).
Then c_1g <u(t) <cylg (@ €[0,7]).

PrOOF. Note that e(?) = c4 1 defines a mild solution of Pr(cylg , cilr).
Let v(t) = c41g—u(t). Then v is a mild solution of P (cy1lg—uo , cylr—o).
Since ¢41g—up > 0 and ci 1 — ¢(¢) > 0, it follows from Theorem 1.7 applied
to (3.1) with U(?) = (v(#),0) , Up = (c+1g—up,0) , @) = (0,cy1r — ()
that c;1g — u(t) = v(¢) > 0 for all ¢ € [0, t]. The other inequality is proved
in a similar way. O
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It follows in particular that
(3.3) lullcqo,rcy < max{llelicqo,n.cay » luollc@y}

for each mild solution u of P;(ug,¢). Here we consider C([0, t]; C (R)) and
C([0, t]; C(I")) as Banach spaces for the norms

lelicqo,ei:cay = sup lle@®llcay and |ulleqo ey = SUP lu@®llce -

O<t<t

respectively.

THEOREM 3.5. Assume that 2 is Dirichlet regular. Let ug € C(Q), ¢ €
C([0, t]; C(I")) such that ug). = ¢(0). Then there exists a unique mild solution of
Pr(uo, ).

Proor. Choose ug, € D(Amax) such that lim,_, o, 49, = ug in C (€2). Choose

e WL1((0, T); C(T")) such that ¢,(0) = ug,|r and ¢, — ¢ as n — oo in
C([0, t]; C(I")). By Proposition 3.3 there exists a unique mild solution u, of
P(uon, ¢n). By (3.3) we have

lun — umllcqo.r.c@y < max{llgn — @mllcqo.cicay 5 Nuon — uomllcm} -

Hence (un)nen is a Cauchy sequence in C([0, 7]; C(Q)). Let u = lim,_ o0 Uy
in C([0, t]; C(2)). Then u(t). = lim,c @a(t) = @(#). Since

t
AmaAlM@MS=uA0—uw

and since Amax is closed, it follows f(; u(s)ds = lim,_, o f(; un(s)ds € D(Amax)
and Apax f(; u(s)ds = u(t) — ug for all ¢ € [0, r]. We have shown that u is a
mild solution of P (ug, ¢). O

COROLLARY 3.6. Assume that 2 is Dirichlet regular. Let ug € D(Amax) , ¢ €
C!(Ry ; C(I")) such that

(3-4) ug. = ¢(0) and (Aug). = ¢(0) .

Then there exists a unique function u € cl(o,z]; C (Q)) such that u(t) € D(Amax)
forallt € [0, t] and

u(t) = Au(t) ( [0, <)
t €|V, .
3.5) u(@) = 9(0) i
u(O) = Uy

Note that (3.4) is a necessary condition for (3.5).
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PrOOF. Let v be the_mild solution of P;(Aug, ¢). Let u(z) := fot v(s)ds+uyp.
Then u € C'([0, 7]; C(R)) and

u®) =v(@t) =Aug+ A /t v(s)ds = Au(t) .
0

Moreover, u(t). = Jo v(s)dsip + uo, = [y 9(s)ds + ¢(0) = ¢() for all 1 €
[0, 1. m

So far, we saw that for each ug € C(Q) and @ € C([0, T]; C(T")) satisfying
¢(0) = U, there exists a unique mild solution. If we want u to be differentiable
in time at O the additional hypotheses of Corollary 3.6 are needed. However,
we now show that the mild solution u is always of class C* on (0, 7] x Q. In
fact, we may identify u# with a continuous function defined on [0, ] x 2 with
values in R by letting u(¢,x) = u(t)(x) (¢ €[0,1],x € Q).

The following Theorem 3.7 is well-known for classical solutions (see [E98,
2.3 Theorem 8, p. 59]), and we use the argument given there. But additional
arguments have to be given which take into account that our mild solutions are
merely defined in terms of distributions.

THEOREM 3.7. Assume that Q is Dirichlet regular. Let ug € C(Q), ¢ €
C([0, t]; C()) such that oy, = ¢(0). Let u be the mild solution of P, (ug, ¢).
Then

ueC®(0,711x Q).

PROOF. a) Assume that ug = 0. Let v(t) = [y u(s)ds. Then
vE Cl([O, 7]; C(Q)) , v(t) € D(Amax) and v(¢) = Av(z) for t € [0, 7] .

Now we argue as in the proof of [E98, 2.3 Theorem 8, p. 59] taking care of
the fact that here v(t) is not supposed to be regular, but just in D(Amax). Let
0<th=<7t, x0 €. Choose r >0 such that B(xo,r) :={x € R" : [x — x| <
r} C Q, and let C := [0, t] x B(xo,r) and C’ := [ty/2, 7] x B(xg, r/2). Choose
£eC>(0,7r]xR") suchthat § =1onC’, £ =0on ([0, 7]xR")\C and § =0
on {0} x R". Let w =& -v. Then w € C!([0, ]; C(R)) and w(t) = &v + &v;.
Now .recall that D(Amax) C C1(2). The injection is continuous by the closed
graph theorem, where D(Apa.x) carries the graph norm and C 1(©) the natural
Fréchet topology. In particular, v : [0,7] — C!(K) is continuous whenever
K C Q is compact. We have,

Aw(t, ) = EAv(t) +2VE@R, )Vu(t, ) + A&, Hv(r) .
Hence w(t) = Aw() + f(t) (0 <t <1), where
f(@) =§&v—2VE(@, )Vu(t, ) — AE@E, )v(@) .

Note that f =0 on ((0, 7] x Q\ C)UC’. Extending f to R” by O we obtain a
continuous function f : [0, ] — Co(R"). Denote by G the Gaussian semigroup
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on Co(R"); ie,, G)g =k *xg , k(x) = (4ytt)'"/2e”"‘|2/4’. Since w(0) = 0,
it follows from semigroup theory (see e.g. [Paz83, § 4.2]) that

t
w(t) =/0 Gt —s)f(s)ds ; e,

w(t, x) = /Ot(47t(t - s))'”/2/ e""_yl2/4("s)f(s, v)dyds

R

forall 0 <t <7, x €eR". Since f =0 on C’ and out of C, the function w
is of class C* in a neighbourhood of (#, xp) in (0, 7] x R"”. Hence v and also
u € C*®0,1)] x Q).

b) Now consider the general case where ¢(0) = u(0).. Take the solution wg
of the Dirichlet problem D(¢(0)). Consider v(t) = u(t) — wp. Then v is a mild
solution of

v(t) = Av(t) tel0, ]

and v(0);, = 0. Denote by Tp the Co-semigroub generated by Ag on Co(S2).
Let w(t) = v(t) — To(t)v(0). Then w is a mild solution of P(0, ¢ —¢y). Hence
w e C®(0, 7] x 2) by a). Observe that To(t) = TZ(t)|C0(Q)' Since T; is

holomorphic, we have T, € C*((0, c0); D(A’;)) for all k € N. It follows from
interior regularity (cf. [Bre83, Théoreme IX.25]) that D(A’;) C leoﬁ(ﬂ). Hence
for each m € N there exists k € N such that D(A’;) C C™(L2). This injection is
continuous by the closed graph theorem. Thus Ty(-)v(0) € C*°((0, 00); C™(K2))
for all m € N. This implies that Tp(-)v(0) € C*((0, 00) x ©2). Hence v =

w~+ To()v(0) € C*((0, 7] x 2) and consequently u € C*®((0, 7] x Q). ]

REeMARK 3.8. Having proved Theorem 3.7, the parabolic maximum principle
_is a classical result (cf. [E98, 2.3.3]). However, as we will see in Section 6,
the approach to the parabolic maximum principle presented here remains valid
for elliptic operators with measurable coefficients for which Theorem 3.7 no
longer holds.

In the next theorem we reformulate Theorem 3.5 in connection with The-
orem 3.7. For this, we consider the parabolic domain

Q. =0,71] xQ
with parabolic boundary
[r = ({0} x Q) U (0, 7] x T)

where 7 > 0.
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THEOREM 3.9. Assume that 2 is Dirichlet regular. Then for every ¥ € C(I';)
there exists a unique function u € C(2;) N C*(2;) such that

u; — Au=01in Q; and
(3.6) {

U, =Y.

Thus, (3.6) is formulated exactly as the Dirichlet problem, the Laplacian
being replaced by the parabolic operator % — A, Q by the parabolic domain
Q; and T" by the parabolic boundary I3.

It is remarkable that also the parabolic problem (3.6) is well-posed whenever
the Dirichlet problem for the Laplacian is well-posed. Next we prove the
converse assertion. At first we consider solutions on R, instead of finite time
interval.

Let p e CR4;C(T)) , up € C(). We say that u is a mild solution of
the problem

u(t) = Au(t)}
(t=0)

Pos(0, %) { u(®) = 0(t)
u(0) = ug

if Afot u(s)ds = u(t) — uo in D(Q)" and u(t)|, = () for all > 0. If u is a
mild solution of Pe(ug, ¢), then for all T > O its restriction to [0, r] is a mild
solution of P;(ug, ¢). Thus, there exists at most one mild solution. Moreover,
if @ is Dirichlet regular, then for all ¢ € C([0, 00); C(I')) , ug € C(RQ) such
that uoy, = ¢(0) there exists a unique mild solution u, and we then know that

u € C*((0, 00) x ).

THEOREM 3.10. Let Q2 be a bounded, open set. Assume that for all ug € C*( Q)
there exists a mild solution u of Px,(uo, @) where p(t) = Uy, forallt > 0. Then Q2
is Dirichlet regular.

PrOOF. Let B be an open ball containing Q. We show that D(gp) has
a solution if ¢g = Uy, for some test function uy € D(B). Since the space
F = {uolF : up € D(B)} is dense in C(I"), it follows that € is Dirichlet
regular (see [DL87, Chapter 2, § 4]). Let up € D(B), ¢ = oy » o) = o
for t > 0. Let u be the solution of Pu,(ug, 9). Let v(¢) := u(t) — up. Then
v(t) € Cy(2) , v(0) =0 and v is a mild solution of v(t) = Av(¢)+Aug (t >
0) (e. fyv(s)ds € D(Amax) and tAug + A [jv(s)ds = v(t) for t > 0).
Let w(t) = fot v(s)ds. Then w € C!(Ry; Co(R)) , w(t) € D(Amax) for all
t>0, wO)=0and w@) = Aw(@) +tAug (¢t > 0). It follows from [ArBe98,
Lemma 2.2] that w(?) € HOI(Q) for all + > 0 and so w(t) € D(A;) for all
t > 0. Consequently, w(t) = f(;(t — $)Tr(s)Aupds. Hence v(t) = w(t) =
f(; T>(s)Auods. Here T, denotes the Co-semigroup on L2(2) generated by the
Dirichlet Laplacian on L2(2). Denote by U the Cy-semigroup generated by the
Dirichlet Laplacian Ap on Cy(B). (Observe that B is Dirichlet regular). Then
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for f € L2(Q); , Th(s)f < U(s)f ae. in Q for all s > 0 (see [ArBe98] or
[[Dav89], Theorem 2.1.6]). Then for t >0, t >0

t+1 t+1
/ Tz(s)Auods‘ < / U (s)| Auolds .
t t

Since fot U (s)|Aup|ds converges uniformly on B as t — oo (to R(0, Ap)|Auygl),

it follows that v(¢) = f(; T,(s) Aupds converges uniformly on € to some function
Voo @S t — 00. Since v(t) € Co(R2) it follows that vy, € Cy(£2). On the other
hand, v(¢) converges to R(0, Ay)Aup in L?(R) as t — oo. It follows that
—Aveo = Aug in D(RQ)'. Let w := voo+uo. Then w € C(R) , wir = ug . = ¢o
and Aw =0 in D(Q)'. O

COROLLARY 3.11. Let Q be a bounded, open set. Let T > 0. Assume that for

every ug € C(Q) there exists a solution u of Py (ug, ¢) where ¢(t) = uo for all
t € [0, T]. Then Q2 is Dirichlet regular.

ProOF. Let ug € C(Q). Let ¢(t) = Uy, for all + > 0. Let u €

c([o, t];C(S:Z)) be the solution of P;(ug,¢). Let v9 = u(r) and let v €
C([0, t]; C(2)) be the solution of P;(vo, ¢). Extend u by letting u(¢) = v(t—71)
for ¢t € (tr,27]. Then u is a solution of P;(ug, ¢). Iterating this argument we
obtain a solution on Ry, and the result now follows from Theorem 3.10. O

4. — Asymptotic behaviour

Let Q@ C R” be open and bounded with boundary I'. In this section we
study the asymptotic behaviour of u(t) as ¢t — oo for solutions u of Puo(ug, )
as defined in Section 3. We start by Cesaro convergence.

PROPOSITION 4.1. Assume that 2 is Dirichlet regular. Let ¢ : R, — C(I") be
continuous and bounded. Assume that

.1 .
“.1) ,1_’,%10 ;/0 @(s)ds = 9o in C(T') .

Let ug € C(Q) such that uoy, = ¢(0) and let u be the solution of P (ug, ¢). Then

t

1 -
4.2) lim — [ u(s)ds = uyo exists in C(2) .

t—>00 t 0

Moreover, Aus = 0 in D(2)' and Uoo), = Poo-
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ProoF. Taking Laplace transforms we have Au(A) — Au(A) = uy and
(M) = @A) (A > 0). Denote by w(A) the solution of the Dirichlet problem
D(@(2)). Then u(A) — w(r) € Co(R2) and

A@A) —w@)) — A@QA) — wd)) =ug — Aw(A) .

Thus, 2(A) —w(A) = R(A, Ac)(up—Aw(d)). Let uy be the solution of D(¢s).
Now (4.1) implies that AQ(A) = ¢ in C(T") as A J 0. It follows from the
maximum principle that Aw(A) = ux as A | 0 in C(2). Thus u(A) —w) —
R(0, Ac)(uo — o) in C(2) as A | 0. Consequently, A(t(A) —w(A)) — 0 in
C(2) as A | 0. This implies that lim, o Al(A) = us in C(Q). By a well-
known Tauberian theorem [HP57, Theorem 18.3.3] or [AP92, Theorem 2.5])
this implies (4.2). O

Next we consider uniform continuity.

ProrosITION 4.2. Let ¢ € BUC(R,; C(IN)), up € c(Q). Assume that ¢ (0) =
Uy .- Let u be a mild solution of Poo(uo, ¢). Then u € BUC(R; C(£2)).

Proof. For § > 0 let us(t) = u(t +6) —u(®) , @st) = @ + 8) —
@) (t > 0). Then u;s is the mild solution of P(u(§), ¢s). Since ¢ — 0
in BUC(R,; C(I')) and us — O in C(Q) as 8§ | 0 it follows from (3.3) that
us(t)~— 0 as § | 0 uniformly on R,. This means that # is uniformly continuous.

O

Using Proposition 4.2, the Tauberian theorem [ArBa99, Corollary 3.3] gives
us the following result.

THEOREM 4.3. Assume that Q2 is Dirichlet regular.

Letp € AAP(R,; C(I)), ug € C () such that p(0) = uo|.. Denote by u the
mild solution of P(ug, ¢). Then u € AAP(R,, X) and Freq(u) = Freq(p).

Moreover, if o = o1 +¢2, 91 € APR,; C(I")), 92 € Co(Ry; C(T)) , u =
uy+uy, uy € APR,4; C(RQ)), uz € Co(Ry; C(S2)), then u; is the mild solution
of P(u1(0) , ¢1) and u; the mild solution of Peo(u2(0) , ¢2).

ProoF. Consider the function v(¢#) = (u(¢),0). Then by Proposition 4.2,
v € BUC(R;; X). Let ®(t) = (0, ¢(¢)). Then ® € AAP(R,; X) and v is a
mild solution of

43) { o) = Av(t) + @) (t = 0)

v(0) = (uo, 0)

where A is the Poisson operator. Since s(A) < 0, it follows from [ArBa99,
Corollary 3.3] that v € AAP(R4; X), hence u € AAP(R;; C(2)). Moreover,
it also follows that Freq(v) C Freq(®). In particular, Freq(u) C Freq(¢) U {0}.
Now Proposition 4.1 implies that Freq(x) C Freq(¢). The converse is obvious.
The last assertion is a direct consequence of [ArBa99, Proposition 3.4]. O
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COROLLARY 4.4. Assume that 2 is Dirichlet regular. Let ¢ : Ry — C(T") be
continuous such that lim;_, o ¢(t) = @ exists in C(I"). Let ug € C(2) such that
©(0) = ug|. and let u be the mild solution of P (4o, 9). Then lim, ;o u(t) = U
in C(Q) where uy is the solution of the Dirichlet problem D(¢).

Proor. We have ¢ € AAP(R,; C(I")) and Freq(p) C {0}. It follows from
Theorem 4.3 that u € AAP(R,; C (Q)) and Freq(u) C {0}. Consequently, u(t)
converges in C(2) as t — o0. It follows from Proposition 4.1 that uy, is the
solution of D(¢s). O

COROLLARY 4.5. Assume that 2 is Dirichlet regular. Let ¢ € AP(R,; C(I')).
Then there exists a unique ug € C(S2) such that ¢(0) = uq|. and such that the mild
solution u of P (ug, @) is almost periodic.

PrOOF. EXISTENCE: Let vy € C() such that vo. = ¢(0). Let v be the

mild solution of P(vg, ¢). Then v = vy + v, where vy € AP(R,; cKQ), ne
Co(Ry; C(Q)). By Theorem 4.3, v; is the mild solution of Pu,(v1(0), ¢).
UNIQUENESs: Assume that the mild solution & of P (étp, @) is almost
periodic. Then v = u — i € AP(R;, C()) and v is the mild solution of
Poo(ug — g, 0). It follows from Corollary 4.4 that lim,, ., v(#) = 0. Hence
v(®) =0. O

In the situation of Corollary 4.5, if ¢ is t-periodic, then also u is r-periodic.
This follows since Freq(u) C Freq(p) C %EZ.

5. — The inhomogeneous heat equation with inhomogeneous boundary condi-
tions

Let 2 C R"” be a Dirichlet regular, bounded, open set with boundary T'.
Given ug'e C(R2) , ¢ € C(I')) such that o = ¢(0) and f € CR4; C(N)),
we consider the problem

u(t) = Au(t) + f(t)} - 0)

Poo(”O’ @, f) u(t)lr = ‘P(t)
u0) =up .

A mild solution is a continuous function u : Ry — C(2) such that u(0) =
ug , u(t). =), Jou(s)ds € D(Apax) and

t t
G A / u(s)ds +/0 f@s)ds =u(t) —ug
0

for all + > 0. It is clear from Section 3 that there is at most one mild
solution of P(ug, ¢, f). Consider the operator A, on C(2) and denote by
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T, the (generalized) holomorphic bounded semigroup 7, on C(Q) (see [DS87,
Section 2]). Note that T, is not a Co-semigroup since D(A.) is not dense. For
f € C(R,; C(S2)), the function

52) o(t) = /0 T—s9fe)ds (20

defines a mild solution of P(0, 0, f) by [DS87, Proposition 12.4]. By Section
3 there exists a unique mild solution w of P(ug,¢,0). Hence u = v+ w is a
mild solution of P(ug, ¢, f). We have shown the following.

THEOREM 5.1. Let f € C(Ry; C(R)), ¢ € CRy; C(I), ug € C(Q) such
that oy, = ©(0). Then there exists a unique mild solution of Poo(ug, ¢, f)-

Notice that the semigroup 7, satisfies
(5.3) IO < Me™ (120

for some M >0, ¢ > 0. This follows from the definition [DS87, (10.3)] and
the fact that s(A.) < 0. Concerning the asymptotic behaviour we obtain by the
arguments of Section 4.

THEOREM 5.2. Let f € AAP(R,; C(RQ)), ¢ € AAP(Ry; C(IM)), ug € C(Q).
Assume that uo . = ¢(0). Let u be the mild solution of Py (ug, ¢, f). Then

u € AAP(R,; C(Q)).

COROLLARY 5.3. Let f : Ry - C(Q), ¢ : Ry — C(T') be continuous.
Assume that lim;_, f(t) = foo exists in C(2) and lim;—, o ¢(t) = Qoo in C(I').
Let uy € C(K2) such that oy, = ¢(0). Let u be the mild solution of P, (uo, ¢, f).

Then limy_, oo u(t) = uo exists in C(Q) and

Uso|, = Poo
(5.4) { d .
—An = foo inD(RQ) .

Under more restrictive regularity assumptions Corollary 5.3 is proved by
Jost [Jos98, Satz 4.2.1] by completely different arguments. For more general
parabolic equations see also Friedman [Fri59].

6. — Elliptic operators

In this section we generalize the results on well-posedness proved for the
heat equation in Section 3 to arbitrary parabolic equations with measurable
coefficients. It is remarkable that again Dirichlet regularity is a sufficient con-
dition whatever the coefficients are. For this we use a result due to Littman,
Stampacchia and Weinberger [LSW63] and its consequences in [Sta65] for the
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corresponding elliptic problem. Again a resolvent positive operator yields the
transition to the parabolic problem. In particular, the parabolic maximum prin-
ciple is proved for arbitrary elliptic operators in divergence form (Theorem 6.6).
Let 2 C R” be an open, bounded set with boundary I'. We consider ellip-
tic operators using the notation and some results of Gilbarg-Trudinger [GT77,
Chapter 8]. Let a;; € L*°(2), i, j =1, ...n, be real functions such that

> ajx)EE > a- &P
i,j=1

for all £ € R”, x-a.e. where o > 0 and let d, b;, c; € L>(2) be real coefficients,
Jj=1,...n. We consider the elliptic operator L, formally given by

n n n
Lu = Z D; (Z(a;iju + biu)) + Zc,-Diu +du .
i=1 j=l1 i=1
Defining the form
n n
a(u,v) = / Z a;jDjuD;v + Z(b,-uDiv — ¢;Dijuv) — duv  dx
i,j=1 i=1

for u € HILC(Q) , v e D), we can realize L as an operator L : HILC(SZ) —
D(2) given by

Lu(v) := —a(u,v) (4 € HL.(Q),v e D)) .
We assume throughout this section that
(6.1) > Djbj+d <0 in D(Q)
j=1
which is equivalent to saying that
6.2) Llg <0 in D(Q) .
Let A, be the realization of L in L?(§2) with Dirichlet boundary conditions;

ie.,
D(A2) = {u € Hy(Q): Lu € L*(Q)} , Au=Lu .

Then A, is associated with the form a on the form domain HO1 (£2); more
precisely, the form a is elliptic; i.e.,

(6.3) a(u,u) + w(ulu)2 > Bllully,
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for all u € H}(2) and some constants 8 > 0, w € R, and the operator A on
L%(Q) is given by

D(Az) = {u € H () :3 v e L¥(Q) such that
a(u,9) = (vlp),2 for all ¢ € Hy(RQ))
A2u = -V .

Thus A, generates a holomorphic semigroup 7; on L*(2). Now we define
Lpnax on C(S2) by

D(Lmax) ={u € HL (2 NC(Q) : Lu € C(R)} , Lmaxtt = Lu .

We recall the elliptic maximum principle.

PrOPOSITION 6.1. Let u € D(Lyax) such that

(6.4 —Lu<0inD(Q);

6.5) uyp <0,

Thenu < 0 on S.
PROOE. a) If u € H'(R) such that (6.4) holds and ut € Ho1 (), then u <0
by [GT77, Theorem 8.1, p. 179].

b) Let &¢ > 0. Assume that (u — &)* # 0. Then (u — &)* has compact
support in 2 := {x € Q : u(x) > ¢/2}. Since u € HI},C(Q), it follows that

(u—e)t € Hj(Q). Let Ly = L 1, Since Lilg <0 in D(R1), one has
1

—Li(u—e) =—Lju+elilg, <0in D(2;). Thus a) implies that (u —e) <0

in Q. 0

COROLLARY 6.2. Let . > 0, ¢ > 0, u € D(Lpax) such that

M—Lu<clg inD(Q) and
Au) <clg.

Then Au < clg.

ProOF. a) We assume first that A = 1. Since L1y <0, we have (u —c) —
L —c) <0in D(R) and (u — ‘. < 0. Thus Proposition 6.1 implies that
u—c<On.

b) If 0 < A is arbitrary, then u — 1 Lu <
from a) where L has to be replaced b

1 s Up < flr. So the claim follows
]

>a|.—>a|<s
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Let X = C(Q) @ C(I") as before. We define the Poisson operator A; on
X associated with L by

D(AL) = D(Lmax) ® {0}
AL(u,0) = (Lmax#, —u|)

We emphasize that in the following proposition the notion of Dirichlet regularity
is understood with respect to the Laplacian, exactly as it was defined in the
beginning of Section 2.

PROPOSITION 6.3. Assume that 2 is Dirichlet regular. Then AL is resolvent
positive and s(Ar) < 0. Moreover, D(AL) = C(2) & {0}.

Proor. 1. Let A > max{w, 0} where w is given by (6.2). We show that
A — L is surjective. We extend the coefficients to R" by setting

1 if i=j
GOV=\0 if i

for x € R"\ Q and d(x) = b;(x) = ci(x) = 0 for x € R" \ Q. Denote by
L: Hl})c(]R” ) = D(R")’ the corresponding elliptic operator on R" and by A, its
realization in L2(R"). Let g € C(Q) , ¢ € C(I'). Extend g by 0 to a function
defined on R”. Let v = R(A, Ay)g. Then v € H'(R") and Av — Lv = g in
D(R2)'. By the famous result of De Giorgi and Nash [GT77, Theorem 8.22] the
function v is continuous. Let ¥ = vj,,. By [GT77, Theorem 8.31] (in the case
where Q2 is connected; see [Sta65, Section 10] for the general case), there exists
w € HILC(Q)HC(Q) such that A w—Lw = 0 in D(R2)" and wj. = ¢—1y. Now let
u=v+w. Then Au—Lu=gin D(Q) , uc C() and Up =V +w)p =e.
Thus (u,0) € D(AL) and .

A—AL)u,0)=(g,9) .

2. Let (#,0) € D(AL) , A > 0 such that (A — Ap)(,0) = (g,9) < 0. It
follows from Corollary 6.2 that ¥ < (. This implies in particular that A — Ay
is injective for A > 0. We have shown that A € o(A.) and R(A, Ar) > O for
all A > max{0, w}.
3. We show that D(Lma) = C(Q), which implies the second claim.
a) If u € Co(£2), then it has been shown in [ArBe98, Theorem 4.4] that there
exist u, € D(Lmax) such that u, —> u in C(2) as n — oo.
b) Let v € C(Q). Let A > max{w, 0}. By the proof of Proposition 2.1 there
exists w € D(Lpax) such that

- Aw—Lw=0 and w=vy .

Then u = w—v € Co(2). Thus u € D(Lpx) by a). Hence v=—u+w €
D(Lpax). m]
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Let T > 0. For ¢ € C([0,7];C(I")) and uy € C(Q) we consider the
problem

u(t) = Lu(t) 0
) t )
P‘t(L7 Uo, ‘P) u(t)ll‘ = (p(t) ( © t])
u(0) =ugp .

A function u € C([0, t]; C(RQ)) is called a mild solution of P,(L,uq,¢) if
Jo u(s)ds € D(Lmax) and

u(t) =ug+ L/t u(s)ds and
: 0
u@®)) =) forallzel0r].

(6.6)

As in Section 3 one sees that a function u € C([0, t]; C(R)) is a mild solution
of P.(L,ug,¢) if and only if the function

U@®) = (u(@),0)

is a mild solution of

67 { Ut)=AU@) + @) (tel0,7])
' U(0) == (uo, 0)
where ®(1) = (0, 9(1)) (¢ € [0, ).
Next we prove well-posedness ot P, (L, up, ¢) We use the following simple
lemma.

LEMMA 6.4. Let K be a compact space and F a dense subspace of C(K). Let
T : F — X be linear and positive, where X is a Banach lattice (X = C(Q)® C(T")
in our case). Then T is continuous.

Proof. There exists u € F such that u(x) > 1/2 for all x € K. Let f € F
be real valued. Then —|| f|loc2u < f < || flloc2u. Hence, —|| fllcc2Tu <Tf <
Il flloo2Tu. 1t follows that [[Tf|| < I fllco - 21T ul|. 0

THEOREM 6.5. Assume that Q is Dirichlet regular. Let ug € C Q), ¢ €
C([0, 7], C(T")) such that uoy, = @(0). Then there exists a unique mild solution u

of P(L, ug, ¢). Moreover, u > Qifug > 0and ¢ > 0.

Proor. 1. It follows from Theorem 1.7 that a solution u of P,(L, ug, ¢)
satisfies u(¢) > 0 (¢ € [0, T]) if uo > 0 and ¢(¢) > O for ¢ € [0, t]. This implies
uniqueness.

2. Let G = {(ug, ) : u, € C(Q),¢ € C(0,7],T), uoy, = ¢(0)}. Then G
can be identified with C(I';). Let F = {(up,9¢) € G : up € D(Liax), ¢ €
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WI1((0, 7); C(R))}. For (ug,¢) € G let Uy = (ug,0) € D(AL), @) =
(0, ¢(2)). Then

ArLUo + ®(0) = (Lug, —uo ) + (0, 9(0))
= (Lug,0) € D(AL) .

It follows from Theorem 1.4 that there exists a unique mild solution of
(6.7). Consequently, there exists a solution of P, (L, ug, ¢).

Denote by T : F — C([0, ], C(Q)) the mapping T (ug, ¢) := u, where u
is the mild solution of P;(L, ug, ¢). Then T is linear and positive by step 1.
Since F is dense in G (cf. the proof of Theorem 3.5), T is continuous by
Lemma 6.4. Denote by T:G— C([0, 7], C(2)) the continuous extension of
T. Then, if (ug, ) € G,u = f(uo, @) can be approximated by mild solutions
in C([0, ], C(2)). This implies that # is a mild solution of P, (L, ug, ¢) since
Lmax is a closed operator (which follows from the closedness of the operator
Ap). O

Next we prove the parabolic maximum principle. The case where

(6.8) > " Djb; +d =0 in D(Q)

j=1

(i.e. Llg = 1g) plays a special role. Then Theorem 1.7 yields the result
immediately. In the general case (assuming merely the inequality (6.1)) we
use Bernstein’s theorem ([Wid71, Section 6.7]) to pass from the elliptic to the
parabolic case. More precisely, if f: R, — R is bounded and measurable then
f@) =0 ae. if and only if

o0 tn
(6.9) plas / —e™Mf(t)dt>0 forall A\ >0,neNy.
o n!

This is actually proved first by Stieltjes in a letter to Hermite in 1893 and
remains valid if f takes values in C(S2).

THEOREM 6.6 (Parabolic maximum principle). Assume that Q is Dirichlet
regular. Letug € C(S2), ¢ € C([0, t], C(T")) suchthatug. = ¢(0). Letcy,c_ € R
such that

c_lg<up < cylg and
c_1r <) <cilr (@ €[0,7]).

Assume (6.8) or that c- < 0 < cy. Let u be the mild solution of P, (L, ug, ¢). Then
c_lg <u(t) <cilg

forallt € [0, T].
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ProoF. 1. Assume (6.8). Then e(t) = 1g is the solution of P;(L, 1g, 1r).
Now the proof is the same as the one of Proposition 3.4.

2. Let 0 < up <cqlg, 0 < @(t) < c4lr (¢t € [0,7]). We show that
u(t) <cslg (¢t €10, 7]). The case c; =0 is covered by Theorem 6.5. So we
can assume that ¢, = 1. Letting f(t) =1 —u(t) for t € [0,7] and f(t) =1
for t > t and observing that A"*! [ %e‘“dt = 1, condition (6.9) becomes.

T tn
(6.10) A”‘“/ e"“—'u(t)dtgl A>0,n=0,1,2,...) .
0 n!

Let A >0, w, = A" r ‘“’,u(t) dt. We have show that Aw, <1, n =
0,1,2.... a) One has by (66)

T d t
_ -t &
Lw, —L/0 e dt/o u(s)ds dt
. T T t
= L{e™™* / u(s)ds + A / e M / u(s)ds dt}
0 0 0

= e M (u(r) — up) + A /t e‘“(u(t) — ug)dt
0

= Awo + e Mu(r) —u .
Hence, Awg — Lwo = ug — e **u(z). Since u > 0 by Theorem 6.5, it follows
T
that Awg— Lwo <up <1g and )»woIr = A/ e—)"w(t)dt <lr.
0

Now Corollary 6.2 implies that Awg < 15. b) Let n € N and assume that
Awp_1 < 1g. One has by (6.6),

L —A”L/t [ ods de
Wy = A e T u(s)das
.L.n T T tn
=)»”L{e_)‘t—/ u(s)ds+/ e M= — )/ u(s)ds}
n! Jo 0 n! - D!
™ T g tn—l
= e S —ug) + [ MO — ) — wo)dr)
n! 0 n! (m-1!

.L.n
= Aw, — AW,_1 + A”e'”——'u(r) .
n!

‘Hence Aw, — Lw, = Aw,_; — A"e "'\” ~u(t) < Awp—1 < lg by the inductive
hypothesis. Since (Aw,) < I, it follows from Corollary 6.2 that Aw, < 1g.

Thus (6.10) is proved. -
3. Let up < c4lg , @) < cylp (¢t € [0, 7]) where ¢, > 0. Let v be the

solution of P.(L,u™,¢™%). It follows from 2. that v(¢) < c4lg (¢ € [0, T]).
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The function w = v — u is the solution of P;(L,uy,¢”), hence w > 0 by
Theorem 6.5. Hence u(t) < v(t) <cilg (¢ €10, T]).

4. Let ¢c_ <0 such that

c_lg<uy, c_lr <o) tel0,] .

Then —up<—c_1g, —p(t) <—c_1r.Since —u is the solution of P;(L,—ug,—¢)
it follows from 3. that —u(?) <—c_-1g, hence u(t)>c_1g for all 1€[0,7r]. O

7. — Appendix: The maximum principl
Recall the classical weak maximum principle ([E98, p. 329]). Let Q C R”
be open and bounded.

- THEOREM 7.1. Let A > 0. Let u € C(Q) N C*(Q) such that (. — A)u < 0 in
Q. Let M > Osuchthatu(x) < M forx € 0. Then u(x) < M forall x € Q.

Let D(2)+ = {p € D(Q) : p(x) >0 for all x € Q}. If u € D(Q)’, write
u>0 in DQ) if (u,p)>0 forall ¢ € D), .
Let o, , € > 0, be a mollifier, i.e. o, € DR")y , [pn0edx =1, suppos C
B(0,¢). Let Q, = {x € Q : dist(x, 92) > ¢}. For u € C(2) define
ug(x) = / u(y)os(x — y)dy .
|x—y|<e

then u, € C*°(Q) and Au.(x) =f| u(y)Ao.(x — y)dy (x € Q). More-

over,

x—yl<e

7.1)  ug(x) > u(x) (& 0) uniformly on each compact subset of Q .

THEOREM 7.2. Letu € C(2), A > Osuchthat \u — Au < 0in D(Q)'. Assume
that for all 7 € 92
lim u(x) <0.
X—>Z

Thenu < 0on Q2.

PROOF. Suppose that M := supgu > 0. Then K :={x € Q : u(x) = M}isa
non-empty compact subset of Q2. Let w C € be open such that K Cw C @ C Q.
Then

M, =suwpu <M .
dw
Let M{ < My <M , M, > 0. By (7.1) there exists € > 0 such that sup,, u, <
M, and sup, u, > M. Since Aug(x) — Aug(x) = (Au — Au, g.(x —-)) < 0, this
contradicts Theorem 7.1. O



668

[Are87a]
[Are87b]

[ArBe98]

[AP92]

[Are94]

[ArBa95]

[ArBa99]

[BCP88]
[Bre83]
[BT97]
[BV62]
[Chi98]
[CYTT]
[Dav89]
[DL87]
[DS87]
[E98]
[Fin74]
[Fri59]

[Ful56]

WOLFGANG ARENDT

REFERENCES

W. ARENDT, Resolvent positive operators, Proc. London Math. Soc. 54 (1987),
321-349.

W. ARENDT, Vector-valued Laplace transforms and Cauchy problems, Israel J.
Math. 59 (1987), 327-353.

W. ARENDT — PH. BENILAN, Wiener regularity and heat semigroups on spaces of
continuous functions, In: “Progress in Nonlinear Differential Equations and Appli-
cations™, Escher - Simonett, (eds.), Birkhéuser, Basel, 1998, pp. 29-49.

W. ARenpT - J. PRrUSS, Vector-valued Tauberian theorems and asymptotic be-
haviour of linear Volterra equations, SIAM J. Math. Anal. 23 (1992), 412-448.
W. ARENDT, Vector-valued versions of some representation theorems in real analy-
sis, In: “Functional Analysis”, Proc. Essen 1991, K. Bierstedt, A. Pietsch, W. Ruess,
D. Vogt (eds.), Marcel-Dekker 1994, 33-50.

W. AReNDT - C. J. K. BATTY, Principal eigenvalue and perturbation, In: “Opera-
tor Theory”, Advances and Applications Vol. 75, Birkh4user, Basel, 1995, p. 39-55.
W. ARenDT - C. J. K. BATTY, Asymptotically almost periodic solutions of inho-
mogeneous Cauchy problems on the half-line, Bull. London Math. Soc. 31 (1999),
291-304.

PH. BENILAN — M. CRANDALL — A. PAzy, “Bonnes solutions” d’un probléme
d’évolution semi-linéaire, C.R. Acad. Sci. Paris 306 (1988), 527-530.

H. Brezis, “Analyse Fonctionnelle”, Masson, Paris, 1983.

G. BoragioLl — S. ToTAro, 3D-Streaming operator with multiplying boundary
conditions: semigroup generation properties, Semigroup Forum 55 (1997), 110-
117.

I. BABUSKA — R. VYBORNY, Regulire and stabile Randpunkte fiir das Problem der
Wirmeleitungsgleichung, Ann. Polon. Math. 12 (1962), 19-104.

R. CHiLL, Tauberian theorems for vector-valued Fourier and Laplace transforms,
Studia Math. 128 (1998), 55-69.

C. Y. CHaN - E. C. YOUNG, Regular regions for parabolic and elliptic equations,
Portugaliae Math. 36 (1977), 7-12.

B. Davies, “Heat Kernels and Spectrum Theory”, Cambridge University Press,
Cambridge, 1989.

R. DAUTRAY - J.-L. LioNs, “Analyse Mathématique et Calcul Numérique pour les
Sciences et les Techniques”, Masson, Paris, 1987.

G. Da PraTo - E. SINESTRARI, Differential operators with non-dense domain,
Annali Scuola Norm. Sup. Pisa Cl. Sci 14 (1987), 285-344.

L. C. Evans, “Partial Differential Equations”, Amer. Math. Soc., Providence,
Rhode Island, 1998.

A. M. FiNk, “Almost Periodic Differential Equations”, Lecture Notes in Math.
Springer Vol. 377, Berlin, 1977.

A. FrRIEDMAN, Convergence of solutions of parabolic equations to a steady state,
J. Math. Mech. 8 (1959), 57-76.

W. FULKS, A note on the steady state solutions of the heat equation, Proc. Amer.
Math. Soc. 7 (1956), 766-771.



RESOLVENT POSITIVE OPERATORS AND INHOMOGENEOUS BOUNDARY CONDITIONS 669

[Ful57] W. FuLks, Regular regions for the heat equation, Pacific J. Math. 7 (1957), 867-877.

[Gre87] G. GREINER, Perturbing the boundary conditions of a generator, Houston J. Math.
13 (1987), 213-229.

[GT77] D. GILBARG — N. S. TRUDINGER, “Elliptic Partial Differential Equations of Second
Order”, Springer, Berlin, 1977.

[Hel69] L. L. HeLMs, “Introduction to Potential Theory”, Wiley Interscience, New York,
1969.

[HP57] E. HiLLe — R. PHiLLips, “Functional Analysis and Semi-groups”, Amer. Math.
Soc. Collog. Publ., Vol. 31, Amer. Math. Soc. Providence, Rhode Island, 1957.

[Jos98] J. JosT, “Partielle Differentialgleichungen”, Springer, Berlin, 1998.

[Kel67] O. D. KELLOGG, “Foundations of Pontential Theory”, Springer, Berlin, 1967.

[KH89] H. KELLERMANN — M. HIEBER, Integrated semigroups, J. Functional Anal. 94

(1989), 160-180.
[Lan72] N. S. LaNDKOF, “Foundations of Modern Potential Theory”, Springer, Berlin, 1972.
[LSW63] W. LITTMAN — G. StampaccHIA — H. F. WEINBERGER, Regular points for elliptic

equations with discontinuous coefficients, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 17
(1963), 43-47.

[Lum75] G. LUMER, Probléme de Cauchy avec valeurs au bord continues, Comptes Rendues
Acad. Sci. Paris 281 (1975), 805-808.
[LP76] G. LuMER — L. PAQUET, Semi-groupes holomorphes, produit tensoriel de Semi-

groupes et équations d’évolution, Séminaire: Théorie du Potentiel, Lecture Notes
in Math. Vol. 563, Springer (1976), pp. 202-218.

[LS99] G. LUMER — R. SCHNAUBELT, Local operator methods and time dependent parabolic
equations on non-cylindrical domains, Preprint 1999.

[Lun95] A. LUNARDI, “Analytic Semigroups and Optimal Regularity in Parabolic Problems”,
Birkhiuser Basel, 1995.

[Ner96] J. M. A. M. vaN NEERVEN, “The Asymptotic Behaviour of Semigroups of Oper-
ators”, Birkhduser, Basel, 1996.

[Nus84] R. D. NussBauM, Positive operators and elliptic eigenvalue problems, Math. Z.
186 (1984), 247-264.
[NS94] R. NaGEL — E. SINESTRARI, Inhomogeneous Volterra integrodifferential equations

for Hille-Yosida operators, In: “Functional Analysis”, K. D. Bierstedt — A. Pietsch
— W. M. Ruess, D. Vogt (eds). Lecture Notes Pure Appl. Math., Vol. 150 (1994),

pp- 51-70.

[P93] J. PrUB “Evolutionary Integral Equations and Applications”, Birkhduser, Basel,
1993.

[Paz83] A. Pazy, “Semigroups of Linear Operators and Applications to Partial Differential
Equations”, Springer, Berlin, 1983.

[Sin85] E. SINESTRARI, On the abstract Cauchy problem of parabolic type in spaces of
continuous functions, J. Math. Anal. Appl. 107 (1985), 16-66.

[Sta65] G. STAMPACCHIA, Le probléme de Dirichlet pour les équations elliptiques du second
ordre a coefficients discontinus, Ann. Inst. Fourier Grenoble 15 (1965), 189-258.

[Thi97a] H. R. THIEME, Remark on resolvent positive operators and their perturbation,

Discrete and Continuous Dynamical Systems 4 (1998), 73-90.



670 WOLFGANG ARENDT

[Thi97b] H. R. THIEME, Positive perturbation of operator semigroups: Growth bounds
essential compactness, and asymchronous exponential growth, Discrete and Con-
tinuous Dynamical Systems 4 (1998), 735-764.

[Tyc38] A. TYCHONOFF, Sur l’equation de la chaleur a plusieurs variables, Bull. Univ.
Moscow, Ser. Int., Sect. A 1 (1938), 1-44.

[Wid71] D. V. WIDDER, “An Introduction to Transform Theory”, Academic Press, New
York, 1971.

Universitit Ulm

Angewandte Analysis
D-89069 Ulm, Germany
arendt@mathematik.uni-ulm.de



