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A Relaxation Theorem in the Space of Functions of
Bounded Deformation

ANA CRISTINA BARROSO - IRENE FONSECA - RODICA TOADER

Abstract. We obtain an integral representation for the relaxation, in the space of
functions of bounded deformation, of the energy

/ f(Eux))dx
Q

with respect to L!-convergence. Here £u represents the absolutely continuous
part of the symmetrized distributional derivative Eu and the function f satisfies
linear growth and coercivity conditions.

Mathematics Subject Classification (1991): 49J45 (primary), 35J50, 49Q20,
73E99 (secondary).

1. - Introduction

The analysis of variational problems that model interesting elastic and mag-
netic properties exhibited by certain materials often involves minimization and
relaxation of nonconvex energies of the type

(1) /Q F(Vuydx,

where © C RV is an open, bounded set and the density function f satisfies
certain growth and coercivity conditions. In each case the function u in (1.1)
represents a specific physical entity and belongs to a space which is appropriate
to describe the material phenomenon in question.

In the context of perfect plasticity the function u represents the displacement
field of a body occupying the reference configuration £ with volume energy
density f. In this case u belongs to the space BD of functions of bounded
deformation composed of integrable vector-valued functions u for which all

Pervenuto alla Redazione il 25 giugno 1999.
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.. . T
components E;j, i,j = 1,...,N, of the deformation tensor Eu := 24tDu"
are bounded Radon measures. Thus, the study of equilibria leads naturally to
questions concerning lower semicontinuity properties and relaxation of

(12) /Q FEu())dx,

where £u represents the absolutely continuous part (with respect to the Lebesgue
measure) of the symmetrized distributional derivative Eu.

Our goal in this paper is to show that the relaxation of the bulk energy
(1.2), in the space of functions of bounded deformation, admits an integral rep-
resentation where a surface energy term is naturally produced. In a forthcoming
paper we will consider more general linear operators A acting on Du for which
A(Du) is a bounded Radon measure (see also [12]).

We remark that lower semicontinuity for (1.2) has been established for
convex integrands by Bellettini, Coscia and Dal Maso in [5] and for symmetric
quasiconvex integrands (see Definition 3.1) by Ebobisse in [9], where he proves
that symmetric quasiconvexity is a necessary and sufficient condition for lower
semicontinuity. A relaxation result has been proved by Braides, Defranceschi
and Vitali in [6] in the case where the bulk energy density is of the form |[|Eul|?
G.e. f(&):=|€]*) or |EPu||> + (divu)?, up to constants (where for any N x N
matrix A, AP = A — %tr(A)I is the deviator of A), and the total energy
also includes a surface energy term. In our work no convexity assumptions are
placed on the volume density f.

Precisely, for u € BD(2) we consider the energy

; 1,1 N
Flu, Q) = { /ﬂf(g"(x”dx if ue WH(Q.RY),

+00 otherwise ,

and the localized functional
F(u,V):=inf {nminf/ fEup(x))dx |upe WH(V,RY), u, — u in LI(V,RN)}
{un} n—o0o 1%

defined on the set O(£2) of all open subsets V of €2.
Assuming that f is continuous and satisfies growth and coercivity conditions
of the type

1

Gl <@ <CU+g) forall £ e MEEY,
where C > 0, we show that F(u,-) is the restriction to O(2) of a Radon
measure w1 which is absolutely continuous with respect to LN + |E*u|, where

Eu = EulN + ESu, and LV stands for the N-dimensional Lebesgue measure.
By the Radon-Nikodym Theorem it follows that

Flu, Q) = /Q fa(R)dx + /Q s (| Eul (x)
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and the question now is to identify the densities u, and ;. The main ingredient
of our approach is the blow-up method introduced by Fonseca and Miiller [10]
which reduces the identification of the energy densities of the relaxed functional
to the characterization of F(v, Q) when Q is a unit cube and v is obtained as
the blow-up of the function # around a point xy. Similar ideas have been used
in the context of BV-functions (see, for instance [2], [4], [7], [11]) where, in
order to identify the density of the absolutely continuous part p, one chooses
a point xo of approximate differentiability of the function u satisfying

1
(1.3) lim py Y / Ju(x) — u(xg) — Vu(xp)(x — x0)|dx = 0.
€ Q(xp,¢)

g0
Using the L'-convergence, as ¢ — 0%, of the rescaled functions
‘ u(xo + &y) — u(xo)
€

to the homogeneous function vy(y) = Vu(xp)y, which is guaranteed by (1.3),
it is possible to reduce the identification of the energy density of the abso-
lutely continuous part u,, to a relaxation problem where the target function is
homogeneous.

However this reasoning cannot be applied to the BD framework where the
equivalent of (1.3), replacing Vu(xp) by Eu(xp), is, in general, false (see [1]).
To overcome this difficulty we will use a Poincaré-type inequality

”u - Pu”Ll(Q,RN) < ClEul(Q)7

where P is the orthogonal projection onto the kernel of the operator E (cf. [13],
see also Theorem 3.1 in [1]). This, together with a compact embedding result,
will ensure the L'-convergence we need to proceed.

We organize the paper as follows: in Section 2 we recall the main properties
of the space BD which will be used in the sequel. In Section 3 we state our
main theorem, prove a version of De Giorgi’s Slicing Lemma and show some
properties of the localized functional F(u, V). Section 4 is devoted to the
characterization of the absolutely continuous density u,, whereas p; is studied
in Section 5.

ve(y) =
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2. — The space of functions of bounded deformation

Let € be a bounded, open subset of RY with Lipschitz boundary I. We
denote by B(£2), O(£2) and Oy (2) the family of Borel, open and open subsets
of © with Lipschitz boundary, respectively. We use the standard notation,
LY and HN-1, for the Lebesgue and Hausdorff measures. We recall that the
symmetric product between two vectors ¥ and v € RY, u Quw, is the symmetric
N x N matrix defined by u © v := (u ® v + v ® u)/2, where ® indicates
the tensor product. We denote by B(x, p) the open ball in RY of centre x
and radius p, by Q(x, p) the open cube of centre x and sidelength p, while
Q,(x, p) will be used to indicate the cube with two of its faces perpendicular
to the unit vector v. When x = 0 and p = 1 we shall simply write B and Q.
Let 0':==0QN{xeRY |xy =0}, S¥!:=93B and wy := LY(B).

By C we indicate a constant whose value might change from line to line. As
usual, L4(2,RY), W™4(Q, RV) denote Lebesgue and Sobolev spaces, respec-
tively, C°(2, RY) is the space of R"-valued smooth functions with compact
support in €2, and C;é’r(Q, RY) are the smooth and Q-periodic functions from
Q into RV,

For u € L'(Q2,RV) define 2, as the set of the Lebesgue points of u, i.e.
the set of points x € Q such that there exists i(x) € RV satisfying

N

1
lim — lu(y) —u(x)|dy = 0.
p—>0% P JB(x,p)

The Lebesgue discontinuity set S, of u is defined as the set of points which
are not Lebesgue points, that is S, := Q\ ©,. By Lebesgue’s Differentiation
Theorem, S, is £V -negligible and the function & : @ — RY, which coincides
with u £N-almost everywhere in ,, is called the Lebesgue representative of
u. We say that u has one sided Lebesgue limits u™*(x) and u™(x) at x € Q with
respect to a suitable direction v,(x) € V71, if

1
lim — lu(y) — u*(x)ldy =0,
p—0F P JBZ (xvu ()

where Bf(x, v (x)) :={y € B(x, p) | (y—x)-(£v,(x)) > 0}. Then the rescaled
functions u,(y) := u(x + py) converge in L'(B,R"), as p — 0%, to

ut(x) if y-v,(x) >0,

Uy (0 (¥) 1= { u=(x) if y-v,(x) <0.

When ut(x) # u™(x), the triplet (u™(x), u™(x), v,(x)) is uniquely determined
up to a change of sign of v,(x) and a permutation of (u*(x),u”(x)). If
ut(x) = u"(x) then x € Q, and the one sided Lebesgue limits coincide with
the Lebesgue representative of u. The jump set J, of u is defined as the set of
points in © where the approximate limits u*, u~ exist and are not equal. We
use [u](x) to denote the jump of u at x, i.e. [u](x) =ut(x) —u"(x).
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DEFINITION 2.1 ([14]). The space of functions of bounded deformation,
BD(S2), is the set of functions u € L!(€2, RY) whose symmetric part of the

distributional derivative Du, Eu := D"*—D“T—, is a matrix-valued bounded Radon
measure. We denote by LD(S2) the subspace of functions u € BD(2) for which
Eu € L'(Q,MNxN),

sym

We recall that Korn’s Inequality holds in certain subspaces of LD(S2), e.g.
for functions u € LD(R2) such that u € L?(Q,RY), with 1 < p < +o0, and
Eu € LP(2, MV XNy, precisely, there exists a constant C = C(£2) such that

sym

N
3 /S2 |Djuj (x)[Pdx < C() /Q (le@)I? + |Eu(x)|?) dx,

i,j=1

and thus this subspace of LD(2) coincides with W!?(Q, RV). A counterexam-
ple due to Ornstein [15] shows that Korn’s Inequality does not hold for p =1
and that the space LD(2) differs from the Sobolev space W!(Q, RV).

We recall some properties of functions of bounded deformation that will
be used in the sequel. For a more detailed study of BD(2) we refer to [1],
[5], [13], [17], [18], [19] and [20]. Notice first that the space BD(2) endowed
with the norm

lullspie) = lull 1 g rNy + |Eul(S2)

is a Banach space.

We cannot expect smooth functions to be dense in BD(2) with respect to
this topology but it can be shown, see for instance [19], that such a density
result is true in a weaker topology (cf. Theorem 2.6).

Given u, v € BD(2) we define the distance

d(u,v) = |lu — vl 1qgn) + | IEu[(S2) — |[EV[(R)],

and we denote by intermediate topology the one determined by this distance: a
sequence {u,},en in BD(S2) converges to a function u € BD(2) with respect

to this topology, and we write u, — u, if

u, — u in L'(Q2,R"Y),
{ Eu, X Eu in the sense of measures,

|[Eu,|(€2) — |Eul(2).
If u, > u in L'(Q, RY) and |Eu,|(R) < C then u € BD(RQ) and |Eu|(R) <
liminf| Eu,|(2). Indeed, Eu, converges weakly-* in the sense of measures to
n—o0
some measure i, and by the linearity of the operator E, u = FEu, so that
u € BD(2). The inequality follows from the lower semicontinuity of the total
variation of Radon measures.
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LEMMA 2.2 (Lemma 4.5 [3]). Let u € BD(S2) and let p € Cg"(]RN) be a
non-negative function such that supp(p) CC B(0, 1), p(—x) = p(x) for every

xRN and/N p(x)dx = 1. Foranyn € N set p,(x) := n" p(nx) and
R

1
uy(x) 1= (u*py)(x) = /Qu(y)pn(x—y)dy, Jorx e {y € Q| dist (y, 9€2) > ;}-

Then u, € C® ({y e Q| dist(y, 99) > l} ,RN) and

n

i) for any non-negative Borel function h : Q@ — R
[ hwlemldx s [ peodiEulco),
B(x0.5) B(x0.8+%)

whenever § + l < dist (xg, 9K2);

ii) for any posmvely homogeneous of degree one, convex function 0 : MN xN
[0, +o00[ and any 8§ €]0, dist (xo, dR)[ such that | Eu|(d B(xg, §)) =

dE
lim 0(Eu, (x))dx :/ 0 < “ ) d|Eul;
n—> [ p(x0.5) B(xg.5) \d|Eu|

iii) limy,_ o0 Un(x) = #(x) and lim,_, oo (|uy — u| * p,)(x) = 0 forevery x € Q\ Sy,
whenever u € L®(2, RV).

Proor. i) In the same way as it was shown for the distributional derivative
of BV functions, it can be proved that u,(x) = (Eu * p,)(x) for every x €
with dist(x, 82) > 1. Then, by Fubini’s Theorem, we get

/ h(@)|Eun(D)ldz < / / h(@)pu(z — y)d|Eul(y)dz
B(x0.8) B(x0.8)
< / / h(2)on(z — y)dzd|Eul(y)
B xO 3+
= [ e OIEUG).
x0,0+ ,‘,)
ii) Letting A =1 in part i) and since |Eu((dB(xp,5)) = 0, we obtain

lim sup |Euy(x)|dx < limsup d|Eu|(x)
n—o0 B(xq,8) n—00 B(x0,8+%)

= |Eul|(B(xo, 8))

< liminf [Euy(x)|dx.
n—00 B(x(.)
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Thus

lim |Eun(x)ldx = |Eu|(B(xo, 3)),
=00 JB(xg,6)

and since Eu, X Eu in the sense of measures in B(xg, ), the result now
follows by applying Reshetnyak’s Theorem (see [16]) (note that the hypotheses
on 6 imply that 0 < 8(w) < C|lwl]).

The proof of part iii) is carried out exactly as in [3] since it is independent
of the operator E. O

The following result summarizes the properties of the trace operator, see [1],
[13] and Chapter 1I of [19].

THEOREM 2.3. Assume that Q is a bounded, open subset of RN with Lipschitz
boundary I'. There exists a linear, continuous, and surjective trace operator

tr: BD(Q) — LY(T',RY)

such that tru = u if u € BD(Q) N C(, RN). This operator is also continuous
with respect to the intermediate topology.
Furthermore, the following Gauss-Green formula holds

(2.1) /Q(uG)D¢)(x)dx+/Q¢(x)dEu(x) = /F¢(x)( tru O v)(x)dHV !

for every ¢ € C'(Q).

Adapting the proof of Lemma I1.2.2 in [19] it is easy to show the following
proposition (see also [1] and [13]).

PROPOSITION 2.4. If M is a countably (HN~', N — 1) rectifiable Borel subset
of Q and u € BD(R2) then
EulM =" —u) 0 vyH" ' M,
where vy is a unit normal to M and u* are the traces of u on the sides of M
determined by vy;.

In the sequel, given u € BD(2) and V € O (2) we use the notation tru
or ujpy to indicate the trace of u on the boundary of V.

ProposITION 2.5. Ifu, v € BD(R2), and w C 2 has Lipschitz boundary, then
the function w defined by
{ u inw
w =

v inQ\w

belongs to BD(2) and
Ew = Euy, + Ev)ow + (Vjso — U)30) © vHY ! dw,

where v is the outward unit normal to dw.
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For the proof we refer to [19] and [13]. The following result, proved
in [19] (see also [13]), asserts that it is possible to approximate a function
u € BD(R2) by a sequence of smooth functions which preserve the trace of u.

THEOREM 2.6. Let 2 be a bounded, connected, open set with Lipschitz bound-
ary. For every u € BD(Q) there exists a sequence of smooth functions {un}nen C

C®(Q,RV) N WL, RY) such that u, > u and tru, = tru. If. in addition,
u € LD(Q), then ||Eu, — SullLl(Q,M&ﬁN) — 0.
A Poincaré-type inequality holds, precisely

THEOREM 2.7. Let Q be a bounded open set with Lipschitz boundary. There
exists a constant C = C(2) such that for every u € BD(Q2) with tru =0

2.2) lull 1@ ryy < CQ)IEu|(S).

For the proof see [19], Remark II.2.5, and also [13].

Note that the kernel of the operator E is the class R of rigid motions in R",
composed of affine maps of the form Mx + b where M is a skew-symmetric
N x N matrix and » € R", and therefore is closed and finite-dimensional.
Hence it is possible to define the orthogonal projection P : BD(2) — R. This
operator belongs to the class considered in the following Poincaré-Friedrichs
type inequality for BD functions (see [1], [13] and [19]).

THEOREM 2.8. Let Q2 be a bounded, connected, open set with Lipschitz bound-
ary, and let R : BD(2) — R be a continuous linear map which leaves the elements
of R fixed. Then there exists a constant C(2, R) such that

2.3) /Q lu — R(u)|ldx < C(2, R)|Eu|(2) for every u € BD(S2).

REMARK 2.9. Let C(£2) denote the smallest constant for which (2.2), (2.3)
hold. Then, as usual, a simple homothety argument shows that C(A2) = AC(£2).

The following embedding result, proved in [19], Theorem II.2.4 (see
also [13]), will be used in Sections 4 and 5 to obtain strong L! convergence
of a sequence which is uniformly bounded in BD(S2).

THEOREM 2.10. Let Q2 be an open, bounded subset of RYN with Lipschitz bound-
ary. The space BD() is compactly embeddedin L4 (Q2, RN) forevery1 < q < %
In particular, if {u,} is bounded in BD(S2) then there exists a subsequence {u, } such
that up, — u in L'(S2,RN) and u € BD(RQ).

The next theorem was proved in [1] (see also [13]).

THEOREM 2.11. For every u € BD(RQ) the jump set J, is a countably
(HN=1, N — 1) rectifiable Borel set.
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This result, together with Proposition 2.4, yields the following decomposi-
tion of the Radon measure Eu (see Definition 4.1 and Remark 4.2 in [1]):

(2.4) Eu=Eul + ESu = EulN + (u] © vi))HY | J, + E‘u,

where £u is the density of the absolutely continuous part of Eu with respect
to £V, E*u is the singular part, E‘u is the so-called Cantor part and vanishes
on Borel sets B with H¥~1(B) < 400 (see Proposition 4.4 in [1]).

DErINITION 2.12 (cf. Definition 4.6 in [1]). The space of special functions
of bounded deformation, denoted by SBD(£2), is the set of functions u € BD(R2)
such that the measure E€u in (2.4) is zero, i.e.,

Eu=&ul” + ((u] © v))HN 1| J,.

The next lemma will be used in Section 5 to identify the surface term of
the relaxed energy F(u, 2).

LEMMA 2.13 (Lemma 2.6 [11]). Letu € BD(R2). Then for HN'-a.e. xo € J,

(2.5) lim [([#] © v) DIdHY "1 (x) = |([u] © v,)(x0)].

£—0 8N—1 /Iuﬂ(x0+€ Q”(XO))

Its proof is based on the definition of rectifiable set and on the version
of Lebesgue’s Differentiation Theorem proved by Ambrosio and Dal Maso [2]
(see [11] for details).

3. — Statement of the main result

Let f:MJx¥ — R be a continuous function satisfying

3 %m < fE) <CA+IE) for all & e MVXY

and for some C > 0. Assume also that there exist A,L >0, 0 <8 <1 such
that

(3.2) @ -

for all £ e MV*N and for all ¢ such that 7|§| > L,

sym

f@é) <A|§|1”ﬂ
t - tB

where the recession function, f°°, of f is defined as

(&) := limsup f(IS).

t—00 t
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DErINITION 3.1. The function f : MJXN — R is said to be symmetric-

P 3 NxN
quasiconvex if, for every § € Myn™,

(33) £ < /Q £+ Eu(x))dx

whenever u € Coo(Q, RM).

Note that the symmetric quasiconvexity property (3.3) is independent of
the size, orientation, and centre of the cube Q.

Given a function f : MJX" — R we define its symmetric quasiconvex
envelope SQf by

(3.4) SQf (&) = inf{/Qf(%' +Eu(x))dx : ue c,;’é’,(Q,R”)}.

As it was proven for the usual quasiconvex envelope (see [8] Chapter 5), it is
possible to show that SQf is the greatest symmetric quasiconvex function that
is less than or equal to f. Moreover, the definition (3.4) does not depend on
the domain, i.e.

1
LN(Q)

SQf (&) =inf{ /Qf(§+8u(x))dx fue c3°(Q,RN)}

whenever Q C RV is an open, bounded set, with LNeR) =0.

REMARK 3.2. If f is upper semicontinuous and locally bounded from above,
it is easy to see, using Theorem 2.6 and Fatou’s Lemma, that in the definition
of symmetric quasiconvexity Cpg(Q, RY) may be replaced by u € LDper(Q).

REMARK 3.3. Let f: MQ}’,;‘,N — R satisfy the growth and coercivity condi-

tions (3.1). Then SQf also satisfies (3.1) and

%Ié‘l < @) < C§|.

Moreover, if f is symmetric quasiconvex then so is f*.
The first statement is easily verified. As for the second one, we have for
any u € CS;(Q, RY), and for some sequence {#;} with # — +o0,

) — timsup 208 _ i 100
t—00 t k—00 tk
< liminf L / F(tE + nEu(x))dx
k—o00 tk 1)
<Cm [ 1EHEFEDI
k—00 1) I
— liminf [C(l s HEu@D 1 e 4 psuedx] .
k—oco Jg 173 Ik
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By the growth condition (3.1), we may apply Fatou’s Lemma to obtain
1
fE) < [ limsup — f(#(§ + Eux)))dx < / FE + Eu(x))dx.
Q0 k—oo Ik 0

The following lemma will be used in Section 4.

LEMMA 3.4. Let g : R? — R be a continuous function satisfying |g(v)| <
C(1 + |v]) for some constant C > 0. If u, — uqg in LY, RY), with ug €
L®(Q, RY), and sup, ||valloo < +00, then

lim |g(un + vyp) — guo + vy)ldx = 0.
n—>+00 Jo
Proor. We divide the given integral into two terms

Iy = / 18 ttn + V) — g (o + va)ldx .
{xeQ : lup(x)—ug(x)|>1}

Jr I=/ |g(un+vn)“g(u0+vn)ldx-
(xeQ : lup(x)—ug)I<1}

The growth condition on g, together with the hypotheses on u, and v,, ensure
that the sequence {|g(u, + vn)(-) — g(uo + v4)(-)|}nen is equi-integrable. Thus,
since u, — wuo strongly in L'(Q,R¢), the measure of the set {x € Q
|, (x) —ug(x)| > 1} can be made arbitrarily small and thus for any ¢ > 0O there
exists an ng such that J; < ¢/2 for every n > ny.

On the other hand, using the uniform continuity of g on the closed ball
of radius |uolloo + 1 + sup, llvnllec centered at O, it follows that J, < &/2 for
every n > ng. O

Let u € BD(S2) and define
Su(x)dx if u e WH(Q,RN),
F(u,m:{/gﬂ ) Q. RY)
+00 otherwise.
We consider the functional defined for every V € O(2) by
J-'(u,V)::{inf} {linmitgf/f(gu,,(x))dxIu,,eWI’l(V, RY), u,—u in L‘(V,RN)}.
Un g \% )

The main result of this paper is the following integral representation for
the relaxed energy F(u, 2) of F(u,2) when u € SBD(S) (see also Proposi-
tion 3.9).

THEOREM 3.5. If f : M{ XN — R is a continuous function satisfying (3.1) and

(3.2), then for every u € SBD(S2) we have

f(u,V)=/VSQf(€u(x))dx+/

Ju

OV(SQf)""(([u] Ov)E)dHY T (x),

for every open subset V of Q.



30 ANA CRISTINA BARROSO - IRENE FONSECA - RODICA TOADER

REMARK 3.6. This integral representation does not provide a full description
of the functional since we consider only the case where the Cantor part of the
deformation tensor is zero. To extend this representation result to the whole
space BD a more complete characterization of the Cantor part of the measure
Eu is needed.

In this section we shall establish some properties of the relaxed functional,
while the remaining sections will be devoted to the characterization of the
volume and surface terms, respectively.

We shall use the following version of De Giorgi’s Slicing Lemma (see also
[4] and [7]) which allows us to modify a sequence on the boundary without
increasing the energy.

PROPOSITION 3.7. Let V C RN be an open, bounded setand let f : MYXN — R
satisfy the growth condition (3.1). Let {u,}, {v,} be sequences of functionsin BD(V)

such that u, — v, — 0in L'(V,RY), sup, |Eu,|(V) < 400 and |Ev,| A uw,
|Ev,|(V) — (V). Then there exist a subsequence {v,, } and a sequence {wy} C
BD(V) such that wy = vy, near the boundary of V, wy — vp, — 0in LY(V,RM),
and

lim sup/ f(Ewr(x))dx < liminf/ f(€u,(x))dx.
v n—->oo Y4

k— 00

ProoF. Without loss of generality we may assume that

hnlgggf/v f(Euy(x))dx = nli)nolo/vf(é'u,,(x))dx < +00.
Then, by (3.1), there exists a bounded Radon measure A such that
|Ettn] + |Eva| = .
Choose r; /' 0o as k — oo and e]’.‘ N\ 0 as j — oo such that
r({xevidisterav) = L}) =o,

3.5) " ({x €V | dist(x, V) = —%}) _0

Tkt
. _ l _
A ({x e V|dist(x,dV) = ;k—i?]"'}) =0.

Let ¢ ; be a smooth cut-off function such that 0 < ¢ ; < 1, ¢ ;(x) = 1 if
x € V and dist(x,dV) > rk—lgk-, and ¢ ;j(x) =0 if x € V and dist(x,dV) <
J
1
;k:;f’ and define

W k,j i= Pk, jin + (1 — @, j)vn.
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Then wyk j € BD(V), wyi, j = v, near the boundary of V, and
lwnk,j = Vel iy < lun = Vnll g1y gNy-

On the other hand, as Ewpk,; = ¢, jEun + (1 — ¢x, ) Evy + Uy — v,) © Dy j,
from the growth condition on f it follows that

/V FEwnp; (X))
< /V FEm@ds+ [ fEw@dx+ [ fEwns, ())dx

Vi, j Ly,j

< /V fEun(x))dx + CLY (Vi ;) + ClEva| (Va.j)
+C (LY (Liy) + (Eunl + |Eva) (L) + 1 DG, loollitn = vall 1 v )

where

< dist (x,dV) <

1 ) 1
rk+811-( ' "k—b‘f ’

1
Viii=<x eV |dist(x,dV) < .
k,j { | ( ) rk+8}(}

Lk’j = {erI

Thus, by the strong convergence of u, — v, to zero in L'(V,R¥) and (3.5),

lim sup lim sup lim sup f (Ewn i, j(x))dx
k—oo j—ooo n—>00

11m f(é’u,,(x))dx + C lim sup lim sup LN (Vk J)

k—oo  j—oo

+ C lim sup lim sup p (Vk,,-) + Climsup limsup A(Ly ;)

k—>o0  j—oo k—oo  j—oo

< lim / F(Eun(x))dx,
n—00 \%

where

- 1
Vi,j i= {erldist(x,8V)< k}.
rk—sj

By a standard diagonal argument, we may choose a subsequence ny — o0 and a

sequence &X,. — 0 such that wy:=w r satisfies the required properties. O
q j (k) nk,k,ej(k) q prop

REMARK 3.8. If the sequences {u,}, {v,} are more regular, e.g. if u,, v, €
WLLV,RY) or u,, v, € C®(V,RY), then so is the sequence {wy}.

The localized relaxed functional has the following properties
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PROPOSITION 3.9. Under hypotheses (3.1) and (3.2)

1— F(, V) is LY(V,RN) lower semicontinuous;
2 — for every u € BD(R2),

(3.6) élEuI(V) < Fu, V) < C(LN(V) + |Eul(V));

3~ F(u, -) is the restriction to O(S2) of a Radon measure.

We use the same notation for F(u, -) and its extension to the Borel subsets
of Q.

Proor. The proof of 1) follows from a standard diagonal argument, whereas
2) is an immediate consequence of the growth conditions on f, of the lower
semicontinuity of the total variation of Radon measures and of Theorem 2.6.

To prove 3), we begin by showing that for every u € BD(2) and every
U,V,WeO() with WccVccU

(3.7) Fu,U) < Fu,V)+Fu,U\W).

Indeed, let v, € WH(V,RV) and w, € WH'(U \ W,R") be such that v, — u
in L'(V,R"Y), w, = u in L'(U\ W,RV),

F(u, V)=lim/f(5vn(x))dx and f(u,U\W):lim/_f(é'wn(x))dx.
n—0o0 1% n—>o0 U\W

Let Vy € O (£2) be such that W cc Vy cC V and |Eu|(dVp) = 0. Applying
Proposition 3.7 and Remark 3.8 to {v,} and u in V;, we obtain a sequence
(.} € WH1(Vy, RN) such that U, = u near the boundary of V,, U, — u in
L'(Vo,RY) and

lim sup f(€v,(x))dx <lim inf/ f(€v,(x))dx.
n—oo VO

n—o0o Vo

By Proposition 3.7 and Remark 3.8, now applied to {w,} and u in U \ Vo,
there exists a sequence {w,} C whliwu \ Vo, RY) such that w, = u in a
neighbourhood of dVy, w, — u in LY'(U\ Vo, RY) and

lim sup f(Ewy,(x))dx < liminf f(Ew,(x))dx.
n—oo JU\Vy n=>o0 Ju\vy

Define

v, in Vp,
“= 1w, in U\ V.
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Then z, € WHI(U, RY), z, — u in LY(U,R"), and
Fu,U) < liminf/ f(€zn(x))dx
n—oo U

< lim sup/ f(Ev,(x))dx +limsup [  f(EWn(x))dx
Yo

n—00 n—o00 JU\Vg

< liminf/ f(Sv,,(x))dx—i—liminf/ _ fEwp(x))dx
n—>oo VO n—>o0 U\VO

< liminf / f(Evy(x))dx + liminf / _ fEw,(x))dx
n— o0 1% n—>oo U\W
=Fu,V)+Fu,U\W).

Now let u, € WH1(Q, RY) be such that u, — u in L'(2, R") and
3.8) F(u, Q) = lim / f(Eun(x))dx.
n—->oo Q

Since {f(Eun)(-)}nen is bounded in L'(Q), it follows that there exists a
bounded Radon measure p on 2 such that for a subsequence (not relabelled)

f(Euy) XQEN X @ in the sense of measures, and so
(3.9) Fu, Q) = u(Q).

By the definition of F(u, ), for every U € O(R2)
(3.10) F,U) < linmgrgf/ fEu,(x))dx < uw().
- U

Let now V € O(R2) and ¢ > 0 be fixed, and consider W € O(2) with W cC V
and u(V \ W) < . Then

u(V) <u(W)+e=puQ) —n@\W)+e.
By (3.9), applying (3.10) with U := Q\ W, and then (3.7) for U := Q, we get
uV) < Fu,Q) —u@Q@\W)+e < Fu,Q) —Fu, Q\W)+e < Fu,V)+e.
Letting ¢ — 0% we obtain u(V) < F(u, V) < u(V) for every V € O(Q). It
remains to show that F(u, U) < w(U) for every U € O(£2). In order to do this,

we fix again an ¢ > 0 and _C_l‘_lOOSC V,W e O2) such that W cCc V cCc U
and LY(U \ W) + |Eu|(U\ W) < e. By (3.6), (3.7), and (3.10), we get

Fu,U) < Fu, U\ W)+ Fu, V)
<CUNWUN\W) +|Eu|(U\W) + Fu,V) < e+ u(V) < &+ pu).

To conclude it suffices to let ¢ — 07, O
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For any u € BD(R2) and V € Oy (S2) define
mu, V) = inf{}'(v, V) vy =upy, ve BD(Q)}.

In order to identify the surface term of the relaxed energy we will follow the
general method for relaxation introduced by Bouchitté, Fonseca and Mascarenhas
[7]. The idea is to compare the asymptotic behaviours of m(u, Q(xg, ¢)) and
F(u, Q(xo,€)) as € — 0%, and to show, via a blow-up argument, that relaxation
reduces to solving a Dirichlet problem (see Lemma 3.12). The following three
lemmas are entirely similar to Lemmas 3.1, 3.3 and 3.5 in [7]; for completeness
of the presentation we include their proofs here.

LEMMA 3.10. There exists a positive constant C such that for any uj, up €
BD(R2) and any V € Oy (£2) we have

lm(u;, V) —m(up, V)| < C /8 ) | tr(uy — up)(x)|dHY ! (x).

Proor. Given § > O consider the set Vs := {x € V |dist(x,dV) > §} and
let v € BD(2) be such that v = u; on dV. Define vs € BD(2) by vs :=v in
Vs and vs := u; in \ V5. Then, by the definition of m, and by virtue of the
additivity and locality of F,

(3.11) m(uy, V) < F(vs, V) = F(v, Vs) + F(vs, V \ Vs).
By (3.6),

oy TERV\WSC (£YV \ V) + | Evsl(V \ Vi)
' = C (L¥V\ V) + |Em|(V\ V5) + [E*05|(3V) ).

The first two terms in (3.12) tend to zero as § — 0, and as for the third one
we have

|E*us)(3Vs) = / (Wavy — 13v;) © V) GIHY " (x)
(3.13) Vs
— [(( trup — trup) © v)(x)IdHN‘l(x) as § — 0.

1'%
Therefore from (3.11), (3.12) and (3.13) it follows that
m(ui, V) < F(v, V) +C / I tr(uz — ur) © V)(@)IdHY " (x).
A%

Taking the infimum over v and using the fact that |( tr(u;—u)Ov| < C| tr(uz—
ui)|, we obtain

mu;, V) —m(uz, V) < C./av | tr(uy — u2) ()| dHN T (x).

Interchanging the roles of u; and u; the proof is concluded. a
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As in [7], fix u € BD(R), v € S¥~!, and define u := LY + |ESu|. Let
0" :={Q,(x,8) |x e, vesS' ! >0},

and for § > 0, V € O(Q2), set

mb(u, V) = inf{Zm(u, 0):0Q;€0*, 0;NQ; =9, Q;CV,

i=1

diam (Q;) < 8, u(V \ UX,0;) = 0}.

Since 8§ — m®(u, V) is a decreasing function, we define
m*(u, V) := sup {m“(u, V) :8> 0} = lim m’(u, V).
5—0t

LemMMa 3.11 (Lemma 3.3 [7]). Let u € BD(2). Under conditions 1), 2), 3)
of Proposition 3.9, for any V € O(Q2)

Fu,V)y=m*u, V).

Proor. Since F(u,-) is a Radon measure and m(u, V) < F(u, V), the
inequality m*(u, V) < F(u, V) is clear. To show the reverse inequality, fix
6 >0 and let (Q;s) be an admissible family for m®(u, V) such that

(3.14) > m, Q) <m’,V)+8 and wu(N°) =0,
i=1

where N? .=V \ U2, Q;. Let now vf € BD(f2) be such that vl{SIBQ‘-s =u
and l

120

(3.15) F@?, Q%) <mu, 0% + 5LV (Q)).

Define

o0
. 8
va = E v,.XQ;s+u)(Ng,

i=l1

where N§ := Q\ U2, 0%, Clearly v* € L1(2,R"). On the other hand, given
¢ € CZ(Q), using the fact that v> —u = 0 in N§, and integrating by parts
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(see (2.1)) over the cubes Q}S we get

(E@°—u), ¢) = < (Zsz(v —u)) ¢>>

=3 (£ (rgpe' =) )

i/ ¢ tr(xgs (v *—u)) © vaH"! Z/ Qa(v —u) © Dodx
=—i=ZI/Q?v8®D¢dx+;/Q?u®D¢dx
=—§;/3Q?¢(x) trvf © vdHN ! +§/Q? ¢dEv]

+§:/ §¢(x) trvavdHN'l—g/Q?(pdEu

i<Ev 1O, > - <EuL(Q\N3),¢>,

i=1

Hence

o0
(3.16) Ev’ =) Ev}|Q} + Eu|N{
i=1

in the sense of distributions, and due to the lower bound in (3.6) and (3.14),
(3.15), the right-hand side is a bounded Radon measure on €2, and we conclude
that v® € BD(RQ).

By (3.14) and (3.16) |Ev®|(N®) = |Eu|(N%) < u(N®) = 0. Thus, by (3.6),

F®, N°) < C(LN(N®) + |EV’|(N%) =0

Since F(v?, -) is the restriction of a measure, by (3.14) and (3.15) it follows
that

F@', V)= Z F@!, Q) + F®, N%)
(3.17) :

8

<> mu, @) +8LY(V) <m’(u, V) + 5+ 5LV (V).

i=1

The result is now a consequence of the lower semicontinuity of F(-, V)
provided we can show that {v‘s} converges to u strongly in L'(V, R"). Indeed,
if this is the case, then

F(u, V) < lim igf]-'(v‘s, V) < 1i§ni0nfm<‘(u, V) =m*u, V).



RELAXATION IN BD 37

Since v} = u on 3Q?, by Poincaré’s Inequality (2.2) and Remark 2.9, there

exists a constant C > 0 such that
107 = wll 1 g8 gy < CSIEQ] — w)I(Q)).

Hence
’ 00
s 5 s
10° —ull v vy = D 0] = ullagp gy < COIEQ = w2, Q)
i=1

< CS(|EV’|(V) + |Eul(V)).
Since the sequence {|Ev®|(V)}s is bounded by the coercivity condition (3.6)
and (3.17), it follows that {v®} converges to u strongly in L'(V,RV). ]

Lemma 3.12 (Lemma 3.5 [7]). If F satisfies conditions 1)-3) of Proposition 3.9
then
Fu, Qvixo. &) _ . m, Qv(x,€))

m =lim wa.e. xo€ Qandforallv e SN,
=0 w(Qv(xo,8)) =0 u(Qy(xo, &)

The proof is the same as in [7] since it does not depend on whether we
are considering the distributional derivative D or its symmetrized part E.

REMARK 3.13. The conclusion of this lemma still holds replacing Q,(xo, €)
by U(xo, &) := xo + €U, where U is any bounded, open, convex subset of RY
containing the origin.

The following result shows that in the definition of the Dirichlet functional
m one may consider more regular functions.

LemmA 3.14. If the function f satisfies (3.1), then for every u € BD(2) and
every V € O (S2)
mu, V) =my(u, V) := inf{F(v, V) :v=uondV, ve W"‘(Q,RN)}.

Proor. Clearly mg(u, V) > m(u, V). To show the reverse inequality, fix
e > 0 and let v € BD(R2) be such that v =u on 0V and m(u, V) > F(v, V) —e.
Consider a sequence u, € W"1(Q,R") such that u, — v in L'(Q, RY),

F, V)= lim / f(Eu,(x))dx,
n—>o00 %
and, using Theorem 2.6, let v, € WH1(Q, R") satisfy v, — v in L1(Q,R"),
v, =von dV — thus v, =u on dV — and |Ev,|[(V) — |Ev|(V). It suffices
now to apply Proposition 3.7 to {u,} and {v,}, and, in light of Remark 3.8,

there exists a sequence {wy} of functions in W1(Q, RV) such that wy = u on
dV and

my(u, V) < likminf/ f(Ewr(x))dx < liminf/ fEuy(x))dx <m(u, V) +e¢,
— 00 vV n—->oo %4

and we conclude by letting & N\, 0F. O
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4. — The volume term

ProposITION 4.1. Ifu € BD(2) then -
Fu, Q) > / SOf (Eu(x))dx,
Q

where Eu = EulN + ESu.

This result follows immediately from Theorem 3.1 in [9], where f is
assumed to be symmetric quasiconvex. For completeness, we provide below a
slightly modified argument.

Proor. Let u, € WH1(Q, R") be such that u, — u in L'(Q, RV) and
Fu,R) = lingo/ f(Eun(x))dx < 4o00.
n— Q

By passing to a subsequence (not relabelled), there exists a finite non-negative
Radon measure A such that

f (Eu,,)LN XA in the sense of measures.

Thus, it suffices to show that for LV-a.e. xp €

di s c
W(xo) Of (Eu(xg)).

Consider a point xo €  such that

A(Q(xo, £))

4.1 ch( X0) = l —T exists and is finite,
o1
4.2) lim — [Eu(x) — Eu(xp)ldx =0,
e—>0 ¢ 0(x0,€)
o1
(4.3) lim —[E°u|(Q(xo, £)) =0,
e—0 ¢

where the sequence of ¢ \ 0" is chosen such that A(dQ(xp,€)) = 0. It is
well-known that properties (4.1)-(4.3) hold for £-almost every xo € Q.
Then

di 1
xg) = lim lim — (Eup(x))dx
(4.4) ac® "0 = B o T

= lim lim f(Sun ¢(y)dy

e—>0n—00
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where
un(xo + €y) — u(xo)

£
By (4.1), (4.4), and the coercivity hypothesis on f, we obtain

Un,e (y) =

4.5) sup |Eun,e|(Q) < +00
n,e

and so, applying Theorem 2.8,

sup |[un,e — Pun,e”Ll(Qv]RN) <C,
n,e

where P is the projection of BD(Q) onto the kernel of the operator E. Theo-
rem 2.10, together with (4.5) and the fact that E Pu, . = 0, implies the existence
of a function v € L'(Q, R") such that

4.6 lim li - P — =0,
(4.6) gl_>0nl—l—>nc}o lttn,e Un,e v“Ll(Q,]RN) 0

and this, in turn, entails

@7 Eu, . X Ev in the sense of distributions.

On the other hand, given ¢ € Co(Q), from the ‘strong convergence in L'
of u, to u and the convergence of Fu, to Eu in the sense of measures, we
deduce that

lim lim / 6 ()Eun.(»dy = lim lim / 6()Eun(xo + ey)dy
g—>0n—>00 0 e—>0n—00 0
1 _
= lim lim — / ¢ (x x") Eun(x)dx
e—=>0n—>00 g Q(X().E) F
1 -
= lim —N/ ¢ (x x") dEu(x)
e—->0 g Q(X(),s) &
1 _
= lim —N/ ¢ (x x0> Eu(x)dx
e—>0¢ 0(x0.€) I

1 —
+ lim — / ¢ (x x") dE*u(x)
e—>0¢ 0(x0,€) &

= lim /Q S () [Eulxo + ey) — Eulxo)l dy

+ /Q $()Eu(xo)dy

. 1 X — Xo s
+ lim —N/ ¢ dE’u(x)
e—>0¢ Q(x0,€) I

- /Q () Euxo)dy
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by (4.2) and (4.3). We have thus showed that Eu, . A Eu(xp)LVN in the sense
of measures, which, together with (4.7), yields

(4.8) Ev = Euxp) LV,

Extracting a diagonal subsequence {u,,} of {u,.— Pu,.}, according to (4.6),
(4.7) and (4.8), we then have, by (4.4)

ch (xo) > lim / f(Elpm(x))dx, n — v in L'(Q, RM).

By virtue of Proposition 3.7, without loss of generality, we may assume
that u,, = v on dQ. Hence by the definition of SQf, Remark 3.2 and (4.8),
we have

szwto = Jim [ (e s
= lim inf/ f(Eu(xgp) + E(Uy, — v)(x))dx
m—0o0 Q

> SQf (Eu(xo)). 0

PROPOSITION 4.2. Let u € BD(2). Then for LV -almost every xo € Q

df(u’ )
acvy

(x0) = SQOf (Eu(xo)).
Proor. Choose a point xp € 2 such that (4.2) and (4.3) are satisfied, and
dF(u, ) F(u, Q(xo, €))

N ——(x0) = 1 m———5 exists and is finite,

where the sequence of ¢ \ 0%*.is chosen such that |Eu|(dQ(xg,€)) =0
Fix 6 > 0 and let ¢ € C2(Q,R") be such that

per
4.9) /Qf(gu(xo) +EP(x))dx < SQOf (Eulxo)) + 8.
Extend ¢ to RV by periodicity and define

1
$n(x) 1= —¢(nx).
n

Then £¢,(x) = E¢(nx), and we define

5 (x) 1= (pn * 1) (X) + £ (" _g"") :
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Then, as n— oo, @ — u in L'(Q(xo, £), RY), so that {5} C W"'(Q(xo, £),R")
is admissible for F(u, Q(xg, €)). Hence we obtain,

dF(u,-) (xo) = lim F(u, Q(xo, €))
dEN 0 _e-—>0 8N

| _
< liminfliminf — / f <£(u * Pn)(X) + Epn (x xo)) dx
0(x.¢) ¢

e—>0 n—o>0 g

1 —
< lim sup lim sup —N/ f (cS'u(xo) + EPp (x xo)) dx
e—0 n—oo € Q(xg,€) 3

1 _
+ lim sup lim sup — / [f (S(u * p)(x) + Edn (x xo))
€7 J0(xp.6) €

-0 n—oo

—f (5u(x0) + £y (" _sxo))] dx

=1 + b,

where, by changing variables and using the periodicity of ¢, and (4.9),
I = lim /Q FEu(xo)+Edn(y)dy = /Q £ Euxo)+Ep(x))dx < SQf (Eu(x0)+.

It remains, therefore, to show that I, =0 and, finally, to let § — 0%,
By Lemma 2.2 and setting uo(x) := Eu(xo)x,

1
lim sup lim sup — |Eu * pp)(x) — Eulxp)ldx

e—0 n—oo € Q(xg.€)

1
= lim sup limsup — / |E((u — ug) * pn)(x)|dx
& Q(xq,€)

e—0 n—00

< lim sup lim sup

— d|E(u — up)|(x)
e—0 n—00 eN /Q(x0,8+—,1;) I ( 0 l(

£—>0 n—»oo €&

1
< lim sup lim sup — /Q( L [Eu(x) — Eulxo)ldx
X0,€ n

1
+limsuplimsup—N/ d|E’u|(x)
£ Q(

e—0 n—oo 1

x0,€+ﬁ)

1
= lim sup N / [Eu(x) — Eulxg)ldx
Q(xp.¢)

£—0

1 _
+ lim sup —N|Esu|(Q(x0, €)=0
e—>0 €&

where we have used (4.2), the fact that ¢ \, 0" were chosen such that
|Eul(dQ(xo, €)) =0, and (4.3). Then, since sup, [|EPnllLo0) = IEPlLoo(oy <
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400, using Lemma 3.4 we conclude that

I = lim sup lim sup /Q LF (£ % o) (o +€9) + Edn(»)

e—0 n—oo

—f(Euxo) + E@a(y))]dy = 0. o

5. — The surface term

PROPOSITION 5.1. Let u € SBD(Q2). Then, under hypotheses (3.1), (3.2),

Fu,vnlJ,) = /Vm g, ut (), u™ (), v (x)dH" Y (x) forall V e O(Q),

m(ux9,0(- — x), Qv(x, 8))

where g(x, A, 6,v) := limsup

e—0 gN_l
A ify-v>0,
and uy p.,(y) = { 0 ify-v<0

Proor. Since ut, u~ are Borel functions and J, is rectifiable, writing
v := v, (x0), for H¥~! almost every xo € J, we have (see [1]) |[u]Ov,|(x0) > O,
and

. 1
;.1 é’l—l)lgl_'_ S—N. Ql_}‘_(xo’e) |u(x) — u+(x0)| dx =0,

.1 -
5.2) lim — lu(x) —u~ (xg)|dx =0,

e—0t & 05 (x0.€)
d]:(u, ') . f(u’ Qv(XO, 8))

5.3 =1
©-3) d|[u] © vulHN_l A (x0) 3—l>r(§1+ [[u] © VulﬂN_l [Ju(Qv(x0, €))

exists and is finite.

Choose one such point x € J,,. Let & := [[u]lOv,|H¥~!|J, and set u := LY +a.
By Lemma 3.12 the limit in (5.3) is equal to

I m(u, Q,(xo, €))
m —————F

for a a.e. xg € Q2.
e—0t  a(Q,(xo, €))

Recall that

m(u, V) = inf { F(v, V) [viav = wav , v € BD(@)} .
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By Lemma 2.13 the point x¢ can be chosen to satisfy also
54) 1 ! i !
(54 8_1)151+ SN—_I|EM|(Qv(x0, &) = 51_1)1;1)1+ SN—_TOl(Qv(xO, €)) = [([u] © vi) (x0)!.

Let u, : Q, — R¥ be defined by u.(y) := u(xo+¢y). Then, by (5.1) and (5.2)
ug — Uy, strongly in L'(Q,, RY), where

ut(xg) if y-v>0,

() = { u (xg) if y-v<O0.

Also, from Lemma 2.13 it follows that

1
|Euel(Qy) = ST_—IIEMI(QV(XO,IS)) — [([u] © v)(x0)| = |Etixyv[(Qv),

so that u, — 1y, in the intermediate topology of BD(Q,), and since the
trace operator is continuous with respect to this topology (cf. Theorem 2.3),
we deduce that

lim — / |t — Ty o (- — x0))| dHV !
(5.5) =0 eV J30,60.6) ¢
=1im [ | tr(ue — Ux,0)|dHV ' =0.
e—0 a0y

We have, by (5.3), Lemma 3.10 and (5.4), (5.5),

dF(u,-) . F(u, Qv(xo, £))
(xo) = lim T~ 2v¥0. %)
do e—0t  a(Qy(xg, €))
o m(u, Q,(xo, €))

T 0t a(Qy(xo, €))

(5.6)
li m(us Qv(x()va))—m(ﬁxo,v("-xo)s Qv(XO»g))"'m(ﬂxO,v(""xO), Qv(xO’S))
= lm
e—0F eN-1
EN_I
x —
a(Qy(xg, €))
= tim P02l =20 2550 1141 0 1) ).
e—>0T1 &
Hence
Fw,vnl,) = AP da(x) = / gr,ut(x),u (x), vx)HdH¥ ! o
vy, do Vdy
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REMARK 5.2 In view of Remark 3.13 and (5.6), setting

ek
Qk,e(XO)t={x€RN | 1(x—xo) - vi| < PR [(x—x0) - V| < %’i=1*"' ,N—l},

where {vi,...,vy_1, v} is an orthonormal basis of RV, the surface energy
density g is given by

. m(uy 0, (- — x0), Qk,e(x0, €))
g(xp, A, 0,v) = 521(1)11“ eN—1pN—1 ’

for all k € N.

We will show now that the surface energy density may be more explicitly
characterized.

ProposiTiON 5.3. If (3.1), (3.2) hold and ifu € SBD(S), then for HN ~-almost
every xo € Jy

g(xo, ut (x0), u™ (x0), vu(x0)) = (SQF)®(([u] © vu)(x0)).

ProoF. By Lemma 3.14, for #"V~!-almost every x¢ € J, the function g is
given by

g(xo, ut(x0), u” (x0), v) = limsup L_ inf{ / fEw(x))dx
£—0 eN-1 [0)

v(xQ,€)

wEWI‘l(Q,RN)’ w= ﬂxo,v(‘ — xo) on 3Q,(xo, 8)}

ut(xg) ify-v>0,

where v := v,(x0), and Uy, (y) = { . Hence, for any

u (xg) ify-v<O0.
k € N there exists a function wy ., depending also on ¢, such that wy, =
Uy, (- — x0) on 3Q,(xp, &), and setting Wi () = Wi (x0 + £€Y),

1 1
g(xo, u+(,xO), u_(xO), l)) + - > lim sup N / f(kaye(x))dx
k >0 € 0y (x0,8)

5.7) —limsup | &f (1ewk,s(y)) dy

e—0 (o) £
> limsup [ €SQf (1ewk,s<y)) dy,

e—0 Qv &

and

1
[ esor (;swk,g(w) dy
1
- [eSQf (;ewk,e@)) —(SQf)°°<ewk,e<y»] dy+ [ (SON™ET )y

=5+ b.
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Using hypothesis (3.2), the growth condition of (SQf)*, and Hélder’s inequal-
ity, it follows that

n < /
OvN{|Ewi ¢I1<Le}

+

1
eSQf (gfwk,a(y)) - (SQf)w(SWk,e(y))‘ dy

1
eSQf (gc‘?‘lﬁk,a(y)> - (SQf)”(gwk,e(y))‘ dy

Qvﬂ{lgﬁk,sbLa}

1
[aC (1 + glgwk,a(y)l) + Clgwk,s()’)l] dy

<

/Qvﬂ{lfwk,gisLe}

+ / AP IET . ()| Pdy
Qv

1-8
< Ce+CLe + AeP ( / |5wk,s(y)|dy) )

v

By the coercivity of SQf (cf. Remark 3.3) and (5.7) it follows that

1 1
o0 > supe / Sof (—swk,e@)) dy > sup— / IEB ()|,
E,k v & S,k C Qu

and thus
1 _
(5.8) / eSQf (—5wk,e(y)) dy = o(1) +/ (SQF)Z(EWi,e (y))dy.
v 8 QU

Set
u (x0) + ut(xo)

2

e (Y) 1= Wi (y) — [([u] ® vu)(x0)y +

Then zx € Wy (Qv, RY), 5o using the symmetric quasiconvexity of (SQf)>
(cf. Remark 3.3) we obtain

(SO (4] © v) (x0)) < /Q (SO (1] © v)(xo0) + E2x.s (1)dy

5.9 v

_ / (SQF)®(EDes (»))dy.
Qv

From (5.7), (5.8) and (5.9) we conclude that

1
g (x0, u™ (x0), u™ (x0), vu(x0)) + % > lim sup (0(1) +/Q (SQf)w(gwk,s(y))dY)

e—0

> (SQ)*(([u] © vu)(x0))-

It suffices to let k — o0.
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To show the reverse inequality, for x € Qg (xo), set

ut(xo) + u~ (xp)
2 9

we (x) := ([u] ® v)(xo) (" ;x") n

where the parallelipiped Qy . was defined in Remark 5.2. Then w, has the same
trace as Uy, (- — xo) when (x —xp) -v = :I:% but not on the remaining lateral
faces of the boundary of Qy .(xp). In order to obtain an admissible sequence for
m(uy, (- — x0), Qk.e(x0)), we consider a smooth function ¢y . € C*°(Qy ¢ (x0)),
depending only on x-v;, i =1,... ,N—1,such that 0 < ¢, < 1, ¢ (x) =1
if x € Qro1,:(x0), Pre(®) =0 if [(x —x0) - vil = § and D@yl = OF).
Thus @ cwe + (1 — @ )ty v(- — X0) has the same trace as Uy, ,(- — xo) on

900k ¢(x0), and, in view of Remark 5.2,

g(xo0, u™* (x0), u™ (x0), v)
— lim Lim m iy, (- — x0), Qk,e(x0))
(510) T k—>00e—0 (kS)N_l
. . f(¢k,swe +01- (Pk,e)ﬁxo,v(‘ — X0)s Qk,e(-xO))
< lim sup lim sup N .
k—o00 £—0 (ké‘) B

By definition of symmetric quasiconvex envelope, fix § > 0 and let ¢ €
C32.(Qx.1(0), RY) be such that

1
/ f (E([M] O vy)(xo0) + 8¢(x)> dx
(5.11) Ok, 1(0)

<kN1(sQf) (é([u] 0 vu)(xo)) + kN8,

Extend ¢ to RV by periodicity and define ¢,(x) := %q)(nx).
By Theorem 2.6, let u, € CW(Qk,s(xo),RN)ﬂ Wl'l(Qk,g(xo), RY) be such
that u, > Uxyv(- — X0), tru, = triy, (- —x0) on dQ(xo), and define

Uken(x) 1= (Pr,eWe + (1 — @i )un)(x) + €n (x ;xo) :

Then uyen —> @k eWe + (1 — @r,e)lhixgy,v(- — Xo) strongly in L'(Qy ¢ (x0), RY)
as n — 00, and uye, € W (Qpe(x0), RV). Hence {uycn} is admissible for
F(@r,ewe + (1 — @p e)thxy,v (- — X0), Qk,e(x0)) and therefore, as

?uk,s,n (x) =¢k,a(x)(€ws_g”n)(x)+gun (x)+((wa_un)®D¢k,a) (xX)+EPy (x .;xo),
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it follows from (5.10) that

g(xo, 1™ (x0), 4™ (x0), )

1
< lim sup lim sup — lim inf S (Eup en(x))dx
ksoo o0 (ke)N=1 n—>oo O e (x0)

‘ . 1 T
< hmsuphmsup(k—g)N—_lhmsup ot (Xo)f (Ewe(x)+€¢n( - )) dx

k— o0 £—0 n— 00

+ lim sup lim sup —————
k—>oop £—>0p(k8)N_l

1 X — X0\
xlimsup C (1+|5’w8|(x)+|8un|(x)+—|wg—un|(X)+15¢n| ( O)) dx
n—>00 JLj ¢ € ¢

=L+ I,

where Ly := Qg ¢(x0) \ Qk—1,6(x0). Now,

1
I <limsup limsu ———lim/-
k—>oop saOp(ke)N_ln_)oo Ok dx0

1
lim f (—([u] O v (xo0) + 8¢n(y)) dy
k.10 €

f (l(m O ) (x0)+En (" — "0)) dx
) & &

= lim sup lim sup

koo em0 KkNTln—oo

1
< lim sup (E(SQf) (;([u] ©) Vu)(x())) + 88) = (SN (([u] © vu)(x0)),

where we used the periodicity of ¢ and (5.11).
On the other hand, as £V (L; ) = O(eVkN72),

_ L[ cli+ Laewan)a —0(8)'+o !
(ke)N-1 /Lk,e ( +8| ul Oy, (x0)|> x = Z (E)

Also

. 1 . X =X
e g S, oo () o

eN y €
=1i —— i & =)dy =1 — & 0)) =0.
0 Gt 91 (3) 4= s 81001

From the convergence of u, to uy,,(- — xo) in the intermediate topology,
together with the fact that

(1] © v) x0)H" ! [ gy, (0Le) = O,
we deduce that

(| (¥)dx = / (4] © v) (o)l dH Y~ (3);

lim
—>0
n Lk~50‘]7x0,v

Lie
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also

with

and
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Jim [ el dx = [ fwe = g - )0,
oo L Lie

li li - u NNy N Uz

im Sup lim sup (kE)N_II([u]Qv Yx) K™ (Lie N Jzy )

= lim sup lim sup o@EN kN2 =0,

k— 00 -0 (kE)N—l

. . 1 1 _
lim sup lim sup Wj /L glwe — Uxy (- — x0)|(x)dx =0,
k,e

k— 00 -0

since |(x — xp) - v| < § in Ly, which implies that |w, — %y, (- — x0)| < C,
and where we used once again the fact that £V (L) = O(eVkV~2). Thus we
conclude that I, = 0. O
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