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Arithmetic Properties of the Cohomology of Artin Groups

CORRADO DE CONCINI - CLAUDIO PROCESI -
MARIO SALVETTI - FABIO STUMBO

Abstract. In this paper we compute the cohomology of all Artin groups associated
to finite Coxeter groups, with coefficients in the following module R;: let R :=

QIg, g~ be the ring of rational Laurent polynomials and let Ry be given by
the action defined by mapping each standard generator to the multiplication by
—q. Case A, was already considered in a previous paper where the “cohomology
table” has nice elementary arithmetic properties. Here also there are similar (more
complicated) arithmetic properties for the infinite series, where the methods of
proof are similar. For exceptional cases we used a suitable computer program.

Mathematics Subject Classification (1991): 20F36.

Introduction

Let R := Q[q,q '] be the ring of rational Laurent polynomials in one
variable g. Let Br(n) be the Artin braid group with n strings and let R, be
the Br(n)-module given by the action over R defined by mapping each standard
generator of Br(n) to the multiplication by —g. (REMARK: this action coincides
also with the determinant of the Burau representation of Br(n)). In [DPS] the
cohomology of Br(n) with coefficients in R, was computed. All cohomology
modules are cyclotomic fields (or zero) and the table (H'(Br(j); Ry))i,; has a
very interesting arithmetic behaviour.

Here we consider all other Artin" groups, associated to finite irreducible
Coxeter groups. We compute the cohomology of these groups with coefficients
in the same module R,, where the action is still given by multiplication by —q.
The results have a similar flavour to those obtained for the case A,. (Instead
of the cohomology of an Artin group, we prefer to speak of that of its Coxeter
graph).

The methods of proof are similar to the ones developed in [DPS] (case A,):
we consider a filtration of subcomplexes of the algebraic complex, coming
from [S] (see also [DS]), which computes the cohomology of Artin groups.

Partially supported by M.U.R.S.T. 40%
Pervenuto alla Redazione 1’11 maggio 1999 e in forma definitiva il 28 luglio 1999.
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The cohomologies of these subcomplexes are related in short exact sequences
with the cohomology of Artin groups of type A and different ranks. We look
at boundary operators in the associated long exact sequences and determine the
conditions in order that such boundaries vanish. Then, starting from below, we
use induction and results in [DPS] to recover the cohomology of the Artin group.

The exceptional cases are obtained by using a suitable computer program:
we present here a table containing all their cohomology groups. This case is
included here for completeness: a similar table was already given in [S] (we
correct some misprints appearing there).

Let &,4(q) denote the cyclotomic polynomial of primitive d-roots of 1 and let

{d} := Qlg. 471/ Pa(@) = Qlql/ Pa(q)
be the associated cyclotomic field, thought as R-module.
THEOREM (case B,).

H"(B,, Ry) = EP(2r)

rln

H">*'(B,,R) = €P {2}

ri%. rin

H" B, R)= €P (2r)
rf%_s—l, rin
In case D, the algebraic complex which computes the cohomology splits as a
direct sum of two subcomplexes, which are the invariant and anti-invariant parts
with respect to a suitable involution. The invariant subcomplex is isomorphic
to the complex for type A,_;. We obtain the following description.
ForneN,let S,:={keN : kln or k]2(m—1) but kt{n—1}.
THEOREM (case D,,). With the convention that
R/(®y) if his an integer
0 otherwise,

and fors > 0

{h} =
we have that

H"(D,) = €P (2h)
2heSy
and, for s > 0,

H">(D) = P {2h}ea{”;1}

n—2
]<h§——2s

2heSy

@2
P {2he {g} if T is an even integer larger than 2
2

n—
l<h§T

2heSp

o {2h}ea{

n—2

1<h<=2

2h€Sn

H”AZY‘FI (Dn) —

v | S

} otherwise.
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The following tables collect our results for type B, and D,, n < 10:

B3 By Bs Bg By Bg By Bio
Hl {2} {2) {2) (2} (2} (2} {2} (2}
H2| (@) {2} {2} (2} {2} {2} {2 {2}
H 2)e6) (104 {2} {2} (2} {2} {2} {2}
H* 2le (4@ {8} (2} 2}@ (4} (2} (2 {2} (2}
H 2@ {10}| {2}® (4)® {6} {2} (2} (4} 2} {2}
HO 2)o (4}@ (6} {12} (2} 2}® {4} {2} 2}@ {4}
H7 2} {14})| (2)o {4} (8} (2} {6} 2} {4}
H8 2i® (4)@ (8} (16})| {2} (6} 2}® (4}
H® Rie i 18}  (2le (4@ (10}
H10 {2} (4}@ {10} (20}
D3| D3 Dy Ds D¢ Dy Dg Dg Dio
@2 @ 2) {2} 2) T2 2) {2)
H? |2} 3) (3} 0 0 0 0 0 0
L I Y I S B 1) (3) 3) 0 0 0
H* {2)® (4@ (6} | {5) {5) 0 0 {3) 3)
H3 8} (6%) {41 (6} {42) {4} 0
H® 2@ (6}@ (10}| {4} (7} @e 0 0
H7 @Wenz| @Wels?) {8) {5)
H8 2o 4o Bl {14} | (9) {60 (9)
H® {16} {6} (10
H10 2}@ {6} {10} {18}

The integer cohomology of Artin groups for the series B and D was dis-
cussed in [G]; that of exceptional cases in [S].

Our results in case of infinite series agree with stability results which were
found in [DS1].

The “top” cohomology of Artin groups was obtained in a more general
form in [DSS].
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1. — Notations and recollections

We recall here the main results of [DPS], generalizing the notations used
there.

Let (W, S) be an irreducible finite Coxeter system of rank m, with as-
sociated Coxeter graph I' := I'y. The vertices of I correspond to S, which
we identify to {1, ..., m} using the standard correspondence of [Bo]. Let Gw
be the Artin group of type W (see [Br]); in case A,, W is the symmetric
group S,+1 and Gw is the braid group Br(m + 1). In general, if the standard
presentation for W is

W = <S eSs | (SiSj)’n(Si“Yj) = 1)
then standard presentation for Gw is
Gw = (8 S €S| 858;88sj--- = 85;8585;8s; - )

where each member is a word of length M(.si,s_,) (see [Br], [D)).

Let R be a commutative ring with 1 and let ¢ € R be a unit. Let R, be the
Gw-module where the action is given by mapping each g, to the multiplication
by —¢g. In [S] an algebraic complex computing the cohomology of Gw with
coefficients in R, was produced (see also [DS] for generalizations). Here we
consider the case R, = R,, where R, is the module given in the introduction.

We think to the cohomology of Gw as that of its Coxeter diagram ['w.

Let C(I'w) be the above complex in case I'w. In dimension k, ck = r(O)
is the free R-module with basis given by all subsets of S of cardinality k.

We indicate such subsets through their characteristic functions, as strings
of 0, 1 of lenght m (which can be multiplied by justaposition). The degree |s|
of a string s is the number of its 1's.

Given a subset J of S, let W, C W be the parabolic subgroup generated
by the elements in J. For the corresponding string s(J), let us define

s(H! = Y 4™

llJEWJ

where /(w) is the length of a reduced expression of w. Notice that s(J)! =
H;”:, s;!, where s1,...,s, are the strings corresponding to the connected com-
ponents of the subgraph of I'w generated by J.

The coboundary d : C*¥ — C**! is defined by:

l)g(j“]) (s(JU{jh)!

(1.1) dis() = Y (= S

jes\J

s(JU{j}

The sign o(j, J) is defined as [{i € J : i < j}|.
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We remark the following computational rules deduced from the above for-
mula:

(1.2) d((A0)(0B)) = d(A0)0B + (—1)'“1A0d (0B)
All11B!
(1.3) d(A101B):=d(A1)01 B+ (1)!4" A10d (1B)+ (-1)!A1H! mAlllB

In order to make computations, we use the explicit expressions of s(J)! in
the different cases. Let us introduce the usual notations
q" -
[n] =
q

1 n
— =TT, = T - 21
i=l

O§i<%
as the g-analogue of the numbers n, n!, nl!l
Type A
s(H! = [m+1]!
when the subgraph generated by J is of type A,, (see also [DPS]).
Type B
s(NH! = 2m]!
when the subgraph generated by J is of type B,,.
Type D
s())! = [2(m — D] [m]

when the subgraph generated by J is of type D,,.
To end this section, let us recall the main results in [DPS] for case A,,.
Hereafter, we denote the complex of case A, simply by C,. Let A > 2 and

set:
wy = 01"720, dwy, = [hzn, zp:= 1"710+ (=Dr01" ",

by :=01""2, db, = [hlcp, ¢ :=1""".

By the rules above one has

i—1
d(w)) = [A1Y (=DM wjzpwy ™" = [hlz()
j=0

i-2
d(wj'by) = [h] (Z(—l)”fw,izhw;‘f‘zbh + (-1)”“—”w;’;’ch) = [Alua (@) ,

=0

where z,,(i), v,(i) are cocycles (see [DPS, Lemma 1.5]).
The main result in [DPS] is the following



700 CORRADO DE CONCINI - CLAUDIO PROCESI - MARIO SALVETTI - FABIO STUMBO

THEOREM (case A,,).

Oifh = ﬂ is not an integer.
(14)  H"?C, = ! m
{h} generated by [z, (i)] if h := — is an integer.
i

m—+1

‘ 0ifh = —
(1.5) H"*De, = ! _—
{h} generated by [v,(i)] if h :=

is not an integer.

is an integer.

2. - Case B,,

In this section we compute the cohomology of the complex J,, := C(B,,),
using formulas given in previuos section. To point out the different behaviour
of the last node of B,, we box the last node of strings of type B.

In order to do induction we shall consider the following subcomplexes and
maps.

Take the map

T =7 Jy = Chp_1, n(A@) = A; n(AII') =0

7 is clearly a homomorphism of complexes with kernel the subcomplex L)
having as basis all strings A ending with 1.

We continue in this way getting maps

Tnlk] =70 LY, > Cpgi K], w(AO1F'[1]) = A; m(AI1) =0

which induce isomorphisms of complexes:

LY /LM = Cpgi K], k=0,...,m =2

up to L™~ which has as basis bui1 = 01" 1] 1" [1] = cpi1 = vms1 (1)
with differential dby 11 = rathcren1 = [2mlep1.

The starting point of the computation is of course the computation of the
cohomology of L™~! which is clearly 0 except for

2.1 H™(Ln™") = Qlg, g Mvms1 (D] = R/(12m]) = Bnjam{h}

We need to do induction and thus it is again necessary to describe also
the cohomology of the complexes LK.
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3. — Preparation for the Main Theorem

We use an argument similar to that used for type A, in [DPS]. Consider
the exact sequence of complexes

0— LY - [X — Cpyo1lk] = 0

and look at a typical piece of the corresponding long exact sequence:

(B.1) > H ™ Cpyi k] > H'LM S HILE 5 HCpy i [k] »> HP'LE
We know the terms
H ' Cppilkl = H ™ 1Cpo1,  H'Coio1lk] = H' ¥ Cpryoi

which are either 0 or irreducibles of type {A}, generated by the appropriate co-
homology classes. Therefore we can analyze the change in the module structure
from H'L:H w H'LE.

The main point is the computation of the connecting homomorphisms, that
we separate in two cases:

Case A) H" 2Cp_i_y[k] = Hm=2+1LkH

Case B) H™26-D-1C, k] > Hm-26-DLkH,

3.2 CAsE A). We may assume that H m=25C,_r—1[k] # O then, by induction,
H" 2 Cpgrlk] = H" 2 7*Cp gy = HHD72HC, 4y = (h)
if and only if
sh=m—(k+1), h is an integer
The module {4} is irreducible and generated by the class of zj(s).

Lemma 3.3. Ifh = w is an integer then, {h} = H™ *Cp_i_1[k]
generated by the class of z;,(s) and:

a) If h|2(k + 1) (or h|2m) the map § is equal to 0.
b)Ifh f2(k + 1), (or h {2m), the map § is different from 0.

Proor. In order to compute the transform of z;(s) under the connecting ho-

momorphism we lift z(s) to z4(s)01*~'[ 1] € L% and compute d(z,(s)01*~'[ 1))
€ L&+,

We perform the computation as follows: first, compare

[h)zn ()01~ 1] = d(w})01*~1[1]

with d(w;‘,Olk‘l). By formula (1.1) we have

di01"'[1)) = d)or*[1]+ (=" 12k + DIw 14 1]
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a) If h|2(k + 1) then

d(zy()01*"1[1) = (=1 [z(k[h—”;md(w;lk)

is a coboundary in Lkt1.
b) Assume now that 4 J2(k + 1). We have

dwi11])
s—2

= {[h] (Z(—l)”fw{;zhw;‘f“lk + (—1)"(S—'>w,§—‘1”-101k)
Jj=0

o RO
D G w0 1}

< 2(h + k)]
- {[hk”(s)lkar v ([h o BT [’”) wi_lmh“‘"m}-

Rk+o1"

Since h does not divide 2(k + 1) we have that &, divides TR =

[2k+h)]...[2(k+2)]

1T , hence we can define the cocycle

Zhis1(s) i= @y ' d (w1 1)) e LEH

and

[A]
Dy

We claim that [2(k41)][z4.+1(s)] is a non zero element in H™~25+1(Lk+1),

Az [1]) = (=DM 20k + D]znsis1(s)

The cohomology class of zj 4+1(s) is non zero since it projects to %}% times

the cohomology class of v,(s) in H™ >+1Cp_+1)-1[k], which is non O and
generates a module isomorphic to {£}.

Therefore the claim follows since & /2(k + 1) and the elements [2(k +
1)], [h]/®), are not zero in {h}. O

3.4 Case B). We assume that H"26=D=1¢C, _,_,[k] # O then:
Hm_2(s_l)_lcm~k;][k] — H(In*k—l)—2(s—l)cm_k_l — {h}

if and only if sh=m —k=(@m —k—1)+1, h is an integer.
The module {4} is irreducible and generated by the class of vj(s).
Lemma 3.5. If h := ™ is an integer so that H" ~26~D=1C,,_,_[k] = {h}:
a) If h is even or it is odd and does not divide k, the map § is equal to 0.
b) If h is odd and divides k (or divides m) the map § is different from 0.
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PRrOOF. As we have done in Lemma 3.3, in order to compute the image of
the cohomology class of v,(s) under the connecting homomorphism:

Z(s—1)— 8 9 (s—
gm-2=1) lcm—k—l[k] 2y gm-2s I)Lfn'H

we lift vy(s) to va(s)01"[1] € LX and compute d(vy(s)01%-1[1)) € L+,
We have

d(wf,l"“) = {[h]vh(s)OI"“+ (_1)hfwwz—101h+k—2}

[h — 1][2k]N

a) If h does not divide 2k then @ divides G and so Fluj(s) lifts

in LY to the cocycle ®;'d(wj1¥~'[1]) and thus 6 =0 (%’i is different from
0 in the irreducible {h}).
b) If h divides 2k thus we can write v;,(s)Ol"‘1 as

2(h + k — 1)
[h]—l {d(wz lk—l) _ (_l)hs[[}(l — 1]'[2k])'], wi—101h+k—2} .

When we apply the differential to this lift we get up to a sign

2(h+k — DN
[h]—ll:(——i_——l—d(wz_lolh+k_2

(A — 1112k
[2(h +k — DN ) RG] . )
= m {zh(s — 1)014+* 2:}: Twh 11 h+k 1}

We set

2(h +k
Vnk+1(8) 1= zp(s — 1)01h+"‘2:|: %wz—llh+k—l

Observe that this element lies in L"**~! and its image in Cp—(hit—1)-1 =
Cim—(h+k) 1s exactly z,(s —1). The element z;(s — 1) gives a non 0 cohomology
class in the module H¢~D®*=2+1C, ., | | generating a submodule isomor-
phic to {h}. Hence the cohomology class of v 1(s) in H™ 2~ A+k=1 jg
non zero and the module it generates has a factor isomorphic to {h}.

In order to show that z,(s — 1) gives a non 0 cohomology class in
H™ 26D k+1 we prove that the contribution of the factor {h} to H™ 2¢~D
L!*=1 does not disappear when passing to H™~2(¢=D k+1,

For this let us remark that whenever we pass from a level r 4+ 1 of the
filtration to r we have the exact sequence:

_ 5 pim—2(s— ~2(s- ~2(s—
H" 251G lr) S HP2OTLE > gL B g0 C, )
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so an irreducible factor in H™~2L'+! of type {h} can disappear in H™" L’
only if H"»~'C,_,_i[r] = {h} and 8 # 0. In particular only when h :=

—_ . . N . . — _ b g
m=L  which is not our case. Thus in the inclusion H™~26-Dph+k=1 _Z,

H™=26=Dk+I5the factor {h} is not cancelled.

In fact we have shown that, in H™26=D k1" the element [z4(s — 1)]
generates a submodule with a factor of type {h}.

To finish we verify that if 4 is odd then BAHZDIL £ g iy (p).

In fact [A—1]"[2k]"!
R(+k— DI [2(k+h—DI2K+h -2)]...[2(k + D]
[h — 1'[2k]! ‘ [h—1]!

and since h divides 2k it must divide k£ and its next multiple is k + 4 and so
the claim follows. Assume now h = 2r and r divides k, the factor 2(k + r)
gives 0 in {h} finishing the proof of the Lemma. O

Summarizing:
Case A) H" 2Cp_i_[k] —> Hm2+[k+1,
If h:= m—_@ is an integer, then {h} = H" C,,_i_[k] and
a) If h|2m the map & is equal to O.
b) If  f2m, the map § is different from 0.
Case B) H™26-D71C,  ([k] 2> Hm-26-Dk+l,
If h:= ”’T_k is an integer, then H"~2¢~V=1C, _,_|[k] = {h} and

a) If h is even or it is odd and does not divide m, the map & is equal to 0.
b) If 4 is odd and divides m the map § is different from O.

Consider

Hm_zscm—k—l[k] _8> Hmv2S+1L£(n+l —

—_ 2 (s—1)— 8 —(s—
Hm 2S+1L£(n _”> Hm 2(s—1) ICmAk—l[k]—) Hm 2(s ])prj_l

.and A(s, k) be the class of H™"2*!LX in the Grothendieck group; then:

If h:= %"“) is an integer and does not divide 2m then passing from A(s, k+
1) to A(s, k) we have that {h} is deleted.

If h:= ﬂs_—k is an integer and A is even or it is odd and does not divide m,
passing from A(s,k + 1) to A(s, k) we have that {h} is added.

Conclusion:

i) h odd and & does not divide m: if m —hs > k then {h} has been added
but if m —hs > k+ 1 then {h} has been also deleted so there remain only the
odd & which do not divide m and with m — hs =k or h .= "’T_k if the latter
is an odd integer and & fm.
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ii) & even: then m — sh > k implies that {h} is added but if & does not
divide 2m then if m — gh > k + 1 it has also been deleted.

So add all even g < ’"T_" and g|2m and all even g with g f2m and
w <g< ’”T_k thus g = ”’T‘k if even and does not divide 2m. It follows:

m —

@  {2r} unless h:=

r= 75 rim

@ (2D} if hi=

r<=g-. rim

is an integer and h fm

m—2s+171k
H Lk =
m —

is an integer and h fm

Consider now

_2(s—1)— ) —(s—
Hm 2(s—1)—1 C ‘ l[k] Hm 2(s—1) [ k+1
—2(s— kg —(s— 8 —2(s—1
H™ 2(s l)lk H™ 2(s l)C k 1[k] H™ 2(s )+llk+1

Let B(s, k) be the class of H™26~DLk in the Grothendieck group; then:

If h:= ”‘—S_ﬁ is an integer, h is odd and divides m, we have that {h} is deleted
passing from B(s,k + 1) to B(s, k).

If g:= %"TI) is an integer if g|2m, from B(s,k+ 1) to B(s, k) we have that
{g} is added.

Conclusion:

hlm odd: if m—h(s—1) > k+1 then {h} has been added, but if m—hs > k
then {h} has been also deleted; so it remains only the odd k|m with m —hs =k
or h:= ”’—S_’i if this is an odd integer.

The odd divisors of m which appear in B(s, k) are subject to

m—k<h<m—(k+1)‘

s s—1
The even divisors of 2m which appear in B(s, k) are subject to
m—(s—1g=>k+1.

Therefore:

H" 20k = P (o) . 2r+1)

rsmz_(x(li_‘;)l), rim m—;k<2r+lgm%ﬁrﬁ, 2r+1im

For s = 1 nothing is ever added but only the odd divisors h of m with m—hs > k
have been deleted.



706 CORRADO DE CONCINI - CLAUDIO PROCESI — MARIO SALVETTI - FABIO STUMBO

4. — The Theorem

From previuos discussion we get the main theorem in case B,,.

THEOREM.

is an integer and h fm

@ {2r}unless h:= n
—k S

r< Js , rim

(A) Hm~2S+lLfn -

—k
D 2riPihifh:= ~ — is an integer and h fm
rfmzzk rim
®) H"* VL, = P () @ 2r+1)
rf—mz_(s(li_g)l), rim '—"S;k<2r+lim—_s(f_l‘—]), 2r+1|m

For k = 0, we have:

H" > (B,)= @ (2r)

rg%, rim
H"™ VB, =  {2r}
rfzﬁ—il”, rim
H™(B,) = @(2r)
rim

5. - Case D,,

We now consider the complex C(D,,) of Section 1. We define an involution
of this complex as follows:

o (A00) = A0O o(All) = —All
o (AO0l) = A10 o (A10) = A01

It is easy to see that this involution is compatible with the differential, so that
C(Dm) = Km ® Pm

where K, is the sub-complex of the o-invariant elements while P, is that of
the o-antiinvariant elements.

A basis for K, is clearly given by all elements of the form {1/2(A10 +
AO0l), AO00} where A is any string supported in {1,...,m —2}. We have
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PROPOSITION. The unique linear map p : K,, — C,,— such hat
1
p(A00) = A0, and p (5(A10 + A01)) = Al.

is an isomorphism of complexes. In particular, for all s > 0,

-1
{m } if sdivides m — 1

Hm—Zme ~ Hm—2scm"l — { s

0 otherwise
and m . . .
Hm—2s+1Km ~ I{m—2s+lcm_l _ { ? lfs divides m
0 otherwise.

Proor. The proposition follows immediately from the definitions and from
Theorem 1.1. O

Since we have that H*C(D,,) = H*K,, & H*P,, it remains to compute
the cohomology of P,. A basis for P, is given by the elements {1/2(A10 —
AO01), Al1l} where A is any string supported in {1,...,m — 2}

We now filter P, by setting Gl =Py, and, ifi=2,... —1, G, equal
to the span of the elements Al, w1th A any string supported inl,...m—i.
Let us now recall that in [DPS] we have denoted by F! w1 the kernel of the
map 7w : Cp_r - Cy—» defined by m(A0) = A and w(Al) = O for each A
supported in {1,...,m —2}.

We now consider the map y : G} — F! | by y(A11) =0, y(1/2(A10 —
AO01) = Al. It is easy to see that y is a map of complexes whose kernel is
an so that we get an exact sequence

0->G: -G, -5 F >0

If k>2, we have a map y = y; : G’,‘n — Cp—i—1lk] given by y(A01K) = A
y(A1¥1) = 0, whose kernel is GXt! so that we get an exact sequence

0— G',‘nJrl — Gin RS Chi—1lk] = O
Finally, G"~! is the complex

§:R— R

translated by m — 1, where § is the multiplication by [Z(Lm”ﬂ%l
This last fact gives the starting point of our computations i.e.

R
gt = | (20 Dl

0 otherwise.

ift=m
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6. — Preparation for the main theorem

Our aim in this section is to compute the cohomology of P, = G\ . To do
this we shall compute the cohomology of each of the complexes G¥ proceeding
by reverse induction on k. We already know the cohomology of G™~!, so that
we have the starting point of our induction.

We start by considering the case k > 1. We have an exact sequence

0— G Gk 5 ¢t ikl > 0

From this sequence we get a long exact sequence, of which we need to
compute the connecting homomorphism, to be able to deduce the cohomology
of Gk.

We split this in two cases:

Case A) 6 : Hm_zs(Glr(r:+l/an) N Hm—2s+l(G/’<n+l)
Case B) & : H™26=D=1(Gk+1/GK )y — Hm=26=D(Gk+Y)

Given a positive integer n, we let S, be the set of integers which are either
divisors of n or of 2(n — 1) but not of n — 1. In other terms S, is the set of

integers A such that the cyclotomic polynomial &, divides [z(ﬁwﬂ

In order to compute the cohomology of the complexes G, we need to
compute some coboundaries. Recall that for 1 < k <m — 1, we have an exact
sequence

0= G = G, > Cpy1lk] > 0

Also we have that H" 2C,,_x_1[k] is non zero if and only if s is a proper
divisor of m — k — 1. If this is the case, setting h = ’"_S"_', we have

H" 2 Cpg1[k] = {h}.

LEMMA 6.1. Let k > 1. Consider

d: Hm—zxcm_k_][k] — Hm_2S+lGl;n+1 .

Then d # 0 if and only if the following conditions hold
1) s is a proper divisor of m —k — 1 so that H" > C,, _y_[k] = {h} withh = ’""f_' .
2) h does not lie in S,,.

PrOOF. We have already recalled that H"2C,_i_1[k] # 0 if and only if
condition 1) is satisfied. If this is the case H” 2C,_i_1[k] is isomorphic to
{h} and generated by the class of z;(s).

So, assuming condition 1), lift z,(s) to zn(s)01% € G’,‘n. We have [h]z,(s)
01% = d(wj)01*. Now

[2k][k + 1]

d(w},01%) = d(w})01* 4+ (=)
(w;,01%) = d(w}) (=1) K]

s 1k+1
w1
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from which

[2k][k + 1]
[k]

If h € S, then since h divides m —k — 1, h € S¢4+ 1e. CD;,IQ‘—][%——“—] so that

the element Q;l[h]d(zh(s)OI") is a coboundary in G',‘,jrl and d = 0.
Assume now h ¢ S,,. Again h ¢ Si+1. The equality

Jhs+1 [2k][k + 1]
(k]

implies that it is enough to show that the class of the element [h]'d (wyj, 151y is
non zero in H™~2*+!1Gk+! Working modulo GX2, we see that it suffices to see
that the class of the image of [h]~!d(w1¥™!) in GEF /G52 = Cpy—ky1y—1[k+1]
is non zero. A simple direct computation shows that this class equals the class
of v,(s) which we know to be non zero, proving our claim. O

[h1d (za(s)01%) = (—=1)"**! d(wi1*+y.

[h1d (zn(s)01F) = (—1 d(wi 1%+

We now pass to case B) and analyze the coboundary
d: Hm—Z(S—l)vlCm_k_l[k] — Hm_z(s_l)an—’—l .
Set Q, equal to the set of divisors of m which are either odd or equal to 2.
We have
LEMMA 6.2. Let k > 1. Consider
d: Hm—2(s—])—1cm_k_1[k] — Hm—2(s—1)Gk+1 .
Then d # 0 if and only if the following conditions hold

1) s is a proper divisor of m —k so that H"26=D=1C, (k] = {h} withh = ”’T_k
2Q)h e Opn.

PrROOF. One has that H”~2¢—D-1c, , ,[k] is non zero if and only if our
condition 1) is satisfied. Furthermore if this is the case, H"™2¢~V=1C,,_;_[k]
= {h} and it is generated by the class of v,(s). So from now on assume that
condition 1) is satisfied.

Lift v (s) to v(s)01¥ € GX then wi1* = w} 'b,01% and

dwi1%) = d(w'b,01%) = d(wi 'by)01* + (=D yw) o1+ Hh=!
= [h]ua ()01 4 (= 1) ywi~to1k+h-!

where
_ [k+h—1}[2(k+h—2)]!!
A R k+h—2

It is easy to see that ®,|y if and only if h ¢ Q,,. If this is the case, then

®; ' [h1d (s (5)01%) = (=) o, yd(w) ' 01FH" =Ty
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so that, as in Lemma 6.1, d = 0.
So assume h € Q,,, so that &, does not divide y.

[1d (04 (5)01%) = (=1 "'y d(w}~ 014+

=(_1)h‘\‘+ly {[h]zh(s_1)01k+h—l+(_l)h(j‘—l) [2(k +h - ])][k + h] wz_llk+h}.

[k —h—1]
Remark now that one has that ®, divides y/ = yﬁ("—ﬁ'ﬁ%}l{]ﬁi’], so that
o-'1h k ns+1,, 1] k+h—1 n Y sl ik+h
p []d(vp(s)01%) = (=1) Vazh(s — 101 + (=D o W .
h h
This element lies GX~! and its class in H¢DO=2+C, o, | = {(h}

equals, up to sign, d>,1_l[h]y times the class of the generator z,(s — 1). ince
by @, does not divide y, we deduce that the cohomology class of <D,7'[h]d
(vp(s) 01%) does not vanish in H™ 26~DGK+h=1 4nd generates a module iso-
morphic to {h}. Let us see that this submodule does not disappear passing from
Hm=26=-DGkth=1 1o [m=26=DG*+1 Consider the sequence

Hm—2x+lcm‘r_l[r]__) Hm—Z(sfl)G’rn+l — Hm—2(.s‘—l)G:n

withk+h—-1>r>k+1.
Since we know that
H’71_2-Y+1C,n7r7|[r]

m

is either O or, if s divides m —r, equals to {*="}, we deduce that our submodule

in H™~26=DGkh=1"jsomorphic to {h} cannot be canceled when passing to
H"=2=DGK+1 " This implies that d # 0, proving our claim. O

Before we proceed let us recall that by our definitions

R .
o <[2(m—l)][ ]> ift=m
6.3) H'G, ' = 7["1 ] m
0 otherwise.
Notice also that
R B hgsam{h} if m is odd
<[2(m - 1)][m]> ] @ @2} if mis even.
[m _ l] heSy

We can use now the two lemmas above to compute the groups H*G"~* for
1 <k <m-—2. We have
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PROPOSITION 6.4. Let 1 <5 < "5 + 1and 1 <k <m — 2. Then

&b {2h}®{]§} ifsdivideskandlfgéQm
—1 S

k
1<h57

Hm—2(s——l)—1G$—k — heSm
@ (2} otherwise.

ProoOF. By 6.3 we have our result for k = 1. Set
Coa = H" 20D Gn=,/tm (d: H" 2 Cylm— (k+1)] —> H"7207D1Gn+) |
Ky = Ker (d CHM UG m — (k+ 1] — H’"—Z“—”Gz—") :
We have an exact sequence
0— Cop — H™2-D=lgm=GtD g 50
Our inductive hypothesis and Lemma 6.2 easily imply that
Cor= P (2n}.

1<h§7’<E
hGSm

hand Lemma 6.3 implies that
Kix=0

unless s is a proper divisor of k+ 1 and k%' does not lie in Q,,. Assume this

is the case. The module {lf} is irreducible and does not appear among the
irreducible factors of C;y. It follows that the sequence

0— Cyp — H™27D=lgm=+h) L K, >0

splits in all cases and this together with the above considerations learly implies
our claim.

For H"=2G™* we have

PROPOSITION 6.5. Assume 2 < k <m — 2, then

H"G ™ = (D {20} €D ih)

k h>k
I<h=3 heSm
2heSm

Letl <s < % Then

H™2Gr* = @ ey P

I<h K pk

k
S2(s+l) s+1
2hem heSm

PrOOF. One obtains the proof of this proposition using the computation of
the groups H'G"~! and Lemmas 6.2 and 6.3, in a fashion similar to that of
Proposition 6.4. We leave the details to the reader. ]
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It remains to compute H'G),, by using the exact sequence

(6.6) 0->G: -Gl - F ,—o.

Let us recall that we have H"F!_, =0 and, for s > 0

H™ 2 Fl = {(n} if h= m is an integer, h > 2

H™ 2s+1F1 = {h} if h = ﬂ is an integer,h >2
s

(the other cohomology groups vanish).
In the first case, {h} is generated by the cohomology class of

d(zp()0) = (=D [2)z4(s)1 — ((h + 1] — [2Dw; 01",

while in the second one it is generated by vy(s).
On the other hand the cohomology of G2, is given by

@D {2h} @ {m} if m is odd
2heSm

@ {24} otherwise;
2heSm

) _
(@ {2h}ea{’" }if’"
1<hst=2 $ §
Hm—2.s+l Gan — 2heSm

@D {2h) otherwise

m—2

H"G, =

is an integer larger than 2

I<h<
2heSm

m
) {2h}€9{ e } if is an odd integer
l<h§m_2 s + 1 s+ 1
Hm-‘ZSG2 :< 2heSm
m
@ {2k} otherwise .
L l<h5m2—;2
2heSm

The first statement is clear. As for the second, in order to deduce it

from Proposition 6.4 we have to see that there is no integer 2 > 1 with

”’; <h< ’”;2 and 2h € S,,. Indeed, if 2h = m it is clear that ¢ > s, so that

we have ’"2—5 <h< 2(s+1) This implies m — 3(s +1) <0, hence h < 3/2, a
contradiction. The case in which 24 is a divisor of 2(m — 1) (but not of m — 1)
is completely analogous and in the same way one deduces our third statement

from Proposition 6.5. We leave the details to the reader.

LEMMA 6.7. The coboundary
d : Hmﬁstnl’l_l N Hm-25+len

is always injective.
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m—=2 :
5 1S an

Proor. It is clear from the above that we can assume that & =
integer and that & > 2, so that H™ > F)!_| = {h} is generated by the class of

(= D" H 2]z ()1 = ([h + 1] — [2D)w;, ' 01"

We lift this class in G}, to

%((—1)"”‘[2]@,@)(10 —01) — ([ + 1] = [2Dwi'01"71 (10 — 01))

- %((_1)’”“[2]@, (s — Dwy, (10 — 01) + (="' [21w; 1"~ 1010 — 01)

— RIw 01110 — 01) — ((h + 11— [2DHw}~'01"71(10 — 01))

= %((-1)””1[2]“@ — Dwy (10 = 01) + (="' [2Jw 11" 10(10 — 01)

— [k + 1w}~ '01*71 (10 — 01))

Since the boundary of this chain lies in Gm, in order to compute it it suffices
to determine the components which end by 11. One obtains for the boundary

the expression:

— 2Pz (s — Dwy 11 + (=DP=DH 212~ 11011

+ (- 1)’"“[[ ]]' [h + 1w; 01" 7111

= —[21vp(s)011 + (— 1)’”“[[ ]]‘ h+ 1w o171

The class of this element maps under H"~2*1G2 — H™%%1C, _3[2] on

the class of —[2]%v,(s) which is a generator of H™ >*1C, _3[2] = {h}. So
d #0. Since the R module H™ > F)!_| = {h} is irreducible we deduce that d
O

is injective.
Let us consider now the boundary

. m—2s+1 1 m—2s+2 ~2
d:H Fl! > H G?

LEMMA 6.8. The coboundary

. m—2s+1 1 m—2s+2 ~2
d:H F! > H G2

does not vanish iff h = 2 is an odd integer.
s 8!
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PrOOF. We can clearly assume that 4 = % is an integer with 2 > 2 so that

Hm=t1Fl = {h} is generated by the class of v,(s). This class lifts in G,
to

1
5 @nls = 1017310 — 01) + (=" Dw='1"-2(10 — 01))

if s > 1, while, if s = 1, it lifts to 1™~2(10 — 01). Computing the boundary
one obtains:

[2(h = 2)]!! _qy\hs . h—1 _ a1 2(h = D] h}
(6.9) 7[}1_2]! {( D™ zp(s — DO + (=1 —[h—l] w, 1
if s > 1 and
1y [2(m — 1)]!!1m

[m—1]!

if s =1.

It is easy to see that &, divides Gt

(h=2]!

Assume this is the case, 6.9 is divisible by @, so its class in H" >t2G2,
is zero.

Assume now that k is odd. Then 6.9 gives a non zero class in H™~»+2G!~!
since its image in H"%%2C, _.[r — 1] is a non zero multiple of the class
zn(s — 1). We show that when passing from H™ >%2G’ to H™ »T2G'~!,
2 <r < h—1, this class remains different from 0.

iff A is even.

Indeed, consider the exact sequence
0 — Hm—2s+2G;‘n N Hm—2s+2Grm—l — Hm‘2s+2Cm_r[r _ 1] -0

We know that

m—r

Hm—2s+2cm_r[r —1]= { {S —1
0

} if s —1 divides m —r

otherwise .

Since in the given interval h # %=, the factor {h} appearing in Hm=s+2Gr-l

by Proposition 6.5 must lie in the image of H"~*%2G" , so we have done. O

Using this lemma and our previous computation of H*G?2, it is immediate
to see
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PROPOSITION 6.10. The cohomology groups of the complex G are

H"G, = €P {2k}
2heSy
and, for s>0,

H">G, = @ (2hn)

b {2he {%} 'f% is an even integer larger than 2

Hm—2s+lG'1n _ 2heSm .
@D {2n} otherwise .

7. — The Theorem

Adding the cohomology of A,_;, we get the main theorem:

THEOREM 7.1. With the convention that

R/(®y) if his an integer
{h} = .
0 otherwise,

we have that

H™(Dy) = €P {2k}
2heSm
and, for s>0,

H" (D))= @ (2he {"’ - 1}

1<h<m__-2
= 2s
2heSm

m1® m .
P (2he {—} if — is an even integer larger than 2
s

m—2 M
l<hST

Hm-—2s+l(Dm) — 2heSm

P {2he {?} otherwise .
2

m—
l<h§T

2hESm

REMARK. Notice that H(D,,), i < m, can have multiple components, in
contrast with cases A,, and B,
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8. — The exceptional cases
Here we give the table of cohomology for all exceptional cases. As said

in he introduction, this was obtained by using a suitable computer program: we
correct here some misprints in the analog table considered in [S].

Lym)| Hy | Hy 1A Eg |E;| Eg
H[ o | 0] o 0 0 0 0
H| 2 | @@ {2} 2 |2 {2}
HX| m} | 0| 0 ) o o] o
H3 muy| 0 |(2@Ble6)| 0 0 0
H4 muy, my, 0 0 0
H {6} {8}| {6} {2}
H mgg | (6} 0
H' mg; | (88 (12)
HS mEg

where

my, = {2} & {6} ® {10}

my, ={2}® {(3}1® {4)® {5} ® {6} ® {10} & {12} & {15} & {20} & {30}

mp, = {2} ® 3} ® {4} & {6} ® {8} @ {12}

mgg = {3} & {6} ® {9} & {12}

mg, = {2} & {6} & {14} & {18}

meg ={2}® {3}® {4} {5}® {6} {8} {10} {12}® {15} {20} {24} @ {30}.
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