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Propagation of Analyticity of the Solutions to the
Cauchy Problem for Nonlinear Symmetrizable Systems

KUNIHIKO KAJITANI - KAORU YAMAGUTI

Abstract. This paper is devoted to the study of propagation of analyticity of the
solutions to the nonlinear Cauchy problem. Under the assumption that the system
is nonsmoothly and uniformly symmetrizable and the initial data are analytic in
space variables, one can prove that the solutions belonging to some Gevrey classes
become analytic in space variables.

Mathematics Subject Classification (1991): 35145 (primary), 35L60 (secondary)

Introduction

We shall investigate the propagation of analyticity of solutions to the Cauchy
problem for nonlinear hyperbolic systems with non-smooth symmetrizer. Con-
sider the following equation in (0,7T) x R",

€)) ——ZA (t, x, u)———Ao(t x,wu = f(¢,x),(t,x)e©,T)xR",
j=1 i
(2) u(0,x) = up(x),x € R",

where u, f are vector valued functions of N-components and A;(¢,x, u) are
N x N matrices defined in [0, T] x R” x G (G is a bounded open set in RV).
Denote A(t, x,&,u) = 27=1 Aj(t, x,u)€;. We say that A(¢, x, &, u) is uniformly
symmetrizable, if there are a symmetric matrix R(¢, x, &, u) € L0, T) x R" x
R" x G) and ¢y > 0 such that

(3) R(t,X,E,u)ZCOI,

for a.e.(t,x,&,u) € [0,T] x R® x R* x G and (RA)(t,x,§,u) is symmetric
for a.e. (¢t,x,&,u) € [0,T] x R" x R" x G. We remark that A(¢, x,&, u) is

Pervenuto alla Redazione il 30 settembre 1998 e in forma definitiva il 9 marzo 1999.
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uniformly symmetrizable if and only if A(¢, x, &, u) is a uniformly diagonalizable
hyperbolic matrix. This equivalence is proved in [6].

We introduce some function spaces and their norms and semi-norms. For
d >1 and B C R" we denote by y@(B) the set of functions u(x) € C*®(B)
satisfying for all p >0

|Dgu(x)|p

UlB,p,d = su
lulB.p p i

x€B,aeN"

Denote by A (B) the set of real analytic functions u(x) defined in B satisfying
that there is p > 0 such that |u|g ,1 < co. For B C R*,G C RY denote by
y“@(B; A(G)) the set of function f(x,u) defined in B x G satisfying that for
any p > 0 and for some py > 0,

IDIDE f (x, w)|p! o)

Lf1, @ s = sup
v @N(B;AG)),p,po _ 4
xeB,ueG,aeN" geNN lee[!9]B]!

For p >0,d > 1 and m € R define
1/d .
my = {u e L2R™; €y i) e LARM

where i (£) stands for a Fourier transform of u, (£), = v/h% + |&|2 and for p < 0
define H}'; as the dual space of H}",. Denote L3(R") = ﬂp>0H/?,d(R"). For
a topological space X we denote by C*([0, T]; X) the set of functions which
are k times differentiable, if k& is a nonnegative integer (k-Holder continuous,
if 0 <k < 1)in X with respect to ¢t in [0, T]. We start to state the result
of the linear equations. When the coefficients A; are independent of unkown
functions u, we know the following result.

THEOREM 1. Assume A(t,x,&) = 27=1 Aj(t, x)&; is uniformly symmetriz-
able and the coefficients A;j(t,x) € CH([0,T]; y@R") for j = 1,...,n and
Ao(t,x) € CO[0, T, y9(R™). If0 < w < land 1 < d < 1+ p, then for
any ug € L3(R") and f € CO([0, T1; L3(R"™)) there exists a solution u(t,x) €
CY([0, T1; L2(R"™)) of the Cauchy problem (1)-(2).

Moreover if Lu = 0in I'(f,%) and u = 0 on T'(,%) N {t = 0}, thenu = 0
in T'(f, ®), where we denote by T'(f, %) the set {(t,x) € [0,f] x R"; |x — %| <
Amax(E —1), 0 < t < F}(Amax stands for the maximum of A;(t, x, §)|§|~" with respect
to (j,t,x,&)and Xj(t, x, &) are the eigen values of A(t, x, §)).

The proof of this theorem can be seen in [7].
Next we consider the nonlinear Cauchy problem (1)-(2). Then we get the
following local existence theorem.
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THEOREM 2. Assume that A(t, x, &, u) is uniformly symmetrizableand A (¢, x, u)
(j = 1,...,n) belong to C*([0, T1; y P(R"; A(G)), Ao(t, x, u) is in C°([0, T];
yDR", AG)). If0 < u < land1 < d < 1+ u, for any uy € L%(R") and
feC’o,Ty; L%(R”)), then there is Ty € (0, T) such that there exists a solution
u € C([0, Tp); L3(R™)) of the Cauchy problem (1)-(2) with T = Ty.

Moreover if we take f = 0 and the initial data uy = e, where ¢ > 0 and
@ € L3(R™), the time of existence of solution Ty = To(e) tends to the infinity for
e — 0.

We remark that when the coefficients are smooth in the time variable, The-
orem 2 proved in [5] in the case of general hyperbolic systems (not necessarily
symmetrizable).

Moreover we can investigate the propagation of analyticity of solutions to
the Cauchy problem (1)-(2), when the initial data are analytic.

THEOREM 3. Let 0 < f < T. Assume that A(t, x, &, u) is uniformly symmetriz-
able and Aj(t,x,u)(j =1, ... ,n) belong to C*([0,T]; A(R" x B)), Ao(t, x, u)
is in C°([0, T1; A(R" x B)) and besides assume that the coefficients Aj(t,x,u)
(j =0,1,...,n) arereal analytic with respect to (x,u) € (I'(f, ) N{t =t}) x G.
Let u in C'([0,T]; Lﬁ(R")) be a solution of the Cauchy problem (1)-(2). If
0 <pu<landl <d < 1+ pand uo(x) is analytic in T'(£,%) N {t = 0}
and f(t, x) is analytic with respect to x in I'(f,X)N{t =t} fort € [0, f], then the
solution u(t, x) is analytic with respect to x inT'(t, ) N {t = t} for any t € [0, {].

When L is strictly hyperbolic, Theorem 3 has proved by Mizohata in [10]
in the linear case and by Alnihac and Métivier in [1] in the nonlinear case
respectively. When L is a second order degenerate hyperbolic and a higher
order hyperbolic operator with constant multiplicity, Spagnolo in [11] and Ci-
cognani and Zangihrati in [3] proved Theorem 3 in Gevrey classes respectively.
Cicognani in [2] treated this problem when L is strictly hyperbolic and the co-
efficients are Holder continuous in the time variable. This result asserts that if
the symmetrizer is smooth, the above Theorem 3 holds for d < (1 — w~L. Re-
cently D’Ancona and Spagnolo in [4] investigate the propagation of analyticity
for non-uniformly symmetrizable systems.

1. — A priori estimate

We shall derive a priori estimate in Gevrey class H,',(R") for uniformly
symmetrizable linear systems. For m,p,6 € R(0 < § < p < 1) denote by
S5 the usual symbol class of oder m of p,d type. For simplicity we write
S" = S{'fo and introduce the seminorms as follows,

lal§) (x, £)]

(1.1) laly" = _
la+pl<t.v.eerR" (E), e
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where (&), = (h* + |§|2)%(h > 0 is a large parameter).
Next we define the symbols of Gevrey class in R". For d > 1 denote by
y?S™ the set of symbols a € §™ satisfying for any p > 0,

+8
. la{ o) (x, £)|plo+Y!

lalp,d.( =

su <
x,£€RM |a+B|<L,8,yeN" (E)Zn—laH'Iﬁ +y|!4
Define for p € R

1/d . 1/d
eP(D)h u(x) = (zn)—n/elxé-!-ﬂ(f)h ﬁ(s)dg_-’

(17
for u € H™. Then ¢”'”’r  maps from H"
o p P1

for a € y?$™ we can see that a(x, D) maps from H)', to Hy
and consequently

4 to Hp_, ; continuously. Moreover

™1 continuously

1/d 1/d
(1.2) a(p,x,D)=e"Ph a(x, D)e"Pn

maps H™ to H™ ™ continuously, where H” = {u € S'(R"); (§)yu(§) €
L?(R™)} is the usual Sobolev space. Moreover we can prove the following
proposition.

ProPOSITION 1.1. Letd > 1, p € R, a € y¢S™. Then the symbol of a(p, x, D)
given by (1.2) belongs to S™ and satisfies

(1.3) a(p,x,§) =a(x,§) + pr(a)(p,x,§),
where the remainder term r(a)(p, x, ) belongs to Sm=141/d and moreover there
are C independent of h, p and ho(p) > 0 such that for h > ho(p)

(1.4) r@I" " < Claly
lpl =247 pi/d gy = (61 — 1/d)™" 1+ 2 + [n/2] + 2.

The proof of this proposition is given in Lemma 1.2 of [7].
We shall derive a priori estimate for the linear operator L,
ou

(1.5) Llu]l = o

" ou
= DA X) 7= = Aot ).

— Xj

Jj=1
We assume that A(¢, x,&) = Z;'l=1 Aj(t, x)&; is uniformly symmetrizable. Let
xo(t), x(¢) be functions in C§°(R) such that x(¢), xo(t) > O, ff°oox(t)dt =1

and fOT xo(t)dt = 1 and supp x(¢) C (—1,1), supp xo(¢) C (0,T). For the
symmetrizer R(¢, x, &) of A(t, x, &) we define an approximate smooth symbol
of R following the idea of Kumanogo-Nagase in [8],

5 T
R(t,x,s)=/0 //m((r—s)(s)f?)x(le—n|<s>;”)

x x(x = YI(EYDR(s, y, m)ds dy dn (€)™ ™",

Then we can prove easily the following lemma.

(1.6)
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LEmMA 1.2. Assume that A(t, x, &) is unifomly symmetrizable and belongs
to C*([0,T1; SY), where 0 < p < 1. Let 0 < 89,8, p < 1 be chosen such that

€0 = min{d,1 — p, 8o} > 0. Then E(t,x,&) given in (1.6) belongs to 82’8,

%ﬁ (t,x,&)isin Sﬁ% and moreover there is h > 1 such that R (¢, x, &) satisfies,
(i) Re(R(t, x, D)u, u);2 > collul2,
foru € L? and

(i) o ((R(t,x, D)A(t, x, D) — (A*(t, x, D)R*(t,x, D))(x,£) € S, 5,

uniformly int € [0, T'].
We shall now prove the following result.

THEOREM 1.3. Assume that A(t, x, &) is uniformly symmetrizable and the
coefficients Aj(t,x)(j = 1,...,n) are in C*([0,T], y@(R™) and Ao(t, x) in
CO0, T y D (R™). If0 < uw<land1 <d <1+ pandty € [0, T], then there
is a positive function p(t) € C'([ty, T]) such that for any u(t, x) € Cl([to, T1; Lg)
we have,

1/d 1/d

D D

(DY’ P ue, -)IILz(R;)SCe{II(D>f,ep('°)< " uto, Il 2 ggm
1.7
(-7 L e e D)

+ /0 DY PN Lu(s, 2 s

fort elt, T].

1/d
PROOF. Put v(t, x) = PP y(t, x). Then it follows from (1.3) and (1.4)
of Proposition 1.1 that we have

(1.8) " OO Liu(r, 1)1 = (L —p' (DY — p()K (¢, x, DY(t, ) =: L[v],

where

(1.9) K(t,x,6) =i r(A)(, x, )& +r(A)(t, x,§),

j=1

belongs to C°([0,T1; SY/%). Hence to derive (1.7) it suffices to prove the
following estimate

t ~
(1.10) lv@, Hlle < Ce (Hv(lo)lle + / IILv(S)IIz) ,
. IO
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for t € [tp, T], where we denote by | - ||, the norm of Sobolev space H*. For
simplicity we prove (1.10) with £ = 0. Define for v(t) € Cl(ty, TY; LH N
COto, TT; HY),

e(r) = %Re(ﬁ(t, x, D)v(?), v(t)).

Then it follows from (i) in Lemma 1.2 that there are A > 0,¢p > 0 and ¢; > 0
such that we have for ¢t € [0, T']

(1.11) collv@®llz < e@) < cillv@®ll 2.

Differentiating ¢{¢) with respect to ¢, we get
1 ~ ~
e = ERe(R’(t)v(t), (1)) + Re(R()V'(1), v(1))

1 -~ N
= 5Re(R’(z, x, D)u(), v(®)) + o' ()R E(D) v(), v(t))

+Re(R(t, x, D)(A(t, x, D) + Ao(t, x, D) + p()K (¢, x, D)v(t), v(2))
+Re(R(t, x, D)Lv(1), v(t)).

Taking account of Lemma 1.2 we can see easily

¢ = ({0} + DY + (D) + p@DY/) Jo(e), v(0))
+ILvO )] -

We can take 8, &g, p such that

(1.12)

So<1/d,1—e€<1/d

if d <1+ p where ¢y is given in Lemma 1.2. Then we can choose p(f) as
follows,

p't)+Cp(t)+C <0,t €1, T],
p) >0,t€t, T].

Therefore from (i) of Lemma 1.2, (1.11) and (1.12) we obtain (1.10) for £=0. O

Let R > 0 and x € R". Denote B(R) = {x € R"; |x—x| < R}. We define a
Gevrey space over B(R). Denote by Lf,(B(R)) the set {u € y9(B(R)); Jii €
L?j(R”) s.t.u = u inB(R)} and for u € Lﬁ(B(R)) we introduce a norm as
follows,

lull gy = inf Nl gm (gny -
H? [(B(R) et (Rl gy HT ((R")

Let (f,%) € [0, T] x R" and p(¢) a real valud continuous functiPn defined
in [0, T]. For I'(f, X) defined in Theorem 1 we denote By(f, %) = I'(f, £)N{t =
s} for s € [0,7]. Then we note that if u is in CO([O,T];Lﬁ(R")) for any
(f,%) € (0,T] x R™, u belongs to HF’,"(r)‘d(B,(tA,)E)).
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THEOREM 1.4. Assume that the same conditions as in Theorem 1.3 are valid
and letu € C'([0, T]; L> 2(R™), to € [0, T) and p(t) is given in Theorem 1.3. Then
there is a positive constant C such that we have

Ilu(t)"H;n(;),d(B’(’:’A‘)) = C{ "u(tO)|I”,'>n(0),d(3'0(;"2))

(1.13)
/ ILu(s)|| 4 ()d(Bs(f,i))ds} ,

fort € [t, f).

Proor. Put f(t,x) = Lu(t,x). Let f € C°([0,T]; L3(R")) such that
f f in I'((,X) N {t > to} and d@ip(x) in L3 42(R"™) such that ug(x) = u(to, x)
in By, (f,%). Then it follows from Theorem 1 in the introduction that there

is a solution u# of the Cauchy problem Li = f , for t € (tp,1),x € R" and
u(ty) = uy satisfying u(t, x) =u(t, x) in I'(f, &) and the estimate (1.10). Noting
that IIu(t)l[Hm )d(BI(’ 2 < Nlu@)llgm g R we get the estimate (1.13) taking

the infimun of f in (1.10). O

2. — Local existence theorem

In this section we shall prove Theorem 2 in the introduction by use of the
standard contruction mapping method. We may assume the initial data ug =0
and f(0,x)=0 w1thout loss of generality, if necessary, changing the unknown
function u = w + ug + 2 (O)t We define for Ty € (0,T], M > O,

Xm(To, M) = {u € C!([0, T]; LA(R™)); u satisfying
2.1)

ou
|ulamry 2= sup | Nu(®llym  &ny+ “—(I) <M;,
OStSTO p@), at Hm( )ld(Rn)

where p(t) is given in Theoren 1.3. For v € X,,(Ty, M) we define an operator ®
from X,,(Tp, M) to C'([0, Tol; L? 2(R™) by ®(v) = u which is a solution of
the following Cauchy problem,

2.2) L(t,x,v)u(t,x)= f(t,x),(t,x) € (0,Tp) x R",
(2.3) u(0,x) =0,x € R".
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Then we can prove that & is a mapping from X, (To, M) into itself, if we
choose Ty, m, M suitably. First we take m € N sufficiently large such that for
u,v € H"’d'(R”) we have from Lemma 1.2 in [5],

— < — —
(2'4) "uv”H:)n,dl(Rn) —_ Cm ”u”H;;fdI(Rn)”U”H;)n‘dl(R") .

Next we prove that ®(v) belongs to X,,(To, M). Since v is in X, (Ty, M),
Ajt,x) = Ajt,x, v, x))(j = 1,...,n) are in C*([0, Tol; y“(R")) and
Ay, x) = Aot, x, u(t, 1) s in CN(0, Tyl; ¥ (R™)). Therefore it foliows from
Theorem 1 and (1.7) of Theorem 1.3 (w1th uy = O) that by use of (2.4) we
can see that the solution u = ®(v) in C([0, Tol; L2 7(R™)) satisfies

0<t<Ty

Ty
| D (V) |d,m,1y <C (M) </0 ||f(S)||1-1/')" (rmyds+ sup ||f(t)||H'" )d(R")> <M,

if we choose Typ = To(M) > 0 small enough, because of || f(0) ||Hm(0)d(Rn) =0.
p(0),

Finally we shall prove that if we let Tp > 0 more small (if necessary), we have
for vy, vy € X,,(Ty, M)

1
2.5) sup [[®@(v1) — P(w)ll mel gm = 5 SUP lvi = vall ym—1 (gny -
0<t<Ty Hy a®D =2 0<t<Tp Hp(t),d(R")

Put w = ®(v;) — ®(v2). Then w satisfies
L(t,x,v)w = (L(t, x,v2) — L(¢t, x, v1))v, w(0,x) =0

Hence using again (1.7) and (2.4) we get

t
0@ =t gy < COD) /0 1L @) = LD =t s

t
SC<M>/ 1ot = vallomet ods
0 Hp5.a R

which implies (2.5), if Tp > 0 is sufficiently small. Thus we can obtain a
solution in X, (To, M) of the Cauchy problem (1)-(2). Moreover when f =0
and ug = €¢, we can take f = €¢ in the equation (2.2). Hence we can see
easily that we take Tp = C(M )~le~!. Thus we have proved Theorem 2.



PROPAGATION OF ANALYTICITY 479
3. — Propagation of analyticity

To investigate the analyticity of solutions to the Cauchy problem (1)-(2),
we introduce a convinient norm in C°([0, T]; L3 Z2(R™)) followmg the idea of
Lax [9] Mizohata [10] and Alnihac and Met1v1er [1]. Let (£,%) € (0,T] x R"
and (7, #) defined in Theorem 1. Denote B,(f, %) = '(f,X) N {t = s} Let a
positive integer N > 2,4, € [0,T) and 0 <r < 1. For u € C%lt, T]; L3 2(R™),
we denote

B o a B2
”Dxu"Hl’)”(s),d(Bs(t,x))r

3.1) lul; 9 = sup ,
N tp<s<t,2<|B|<N (180

where 'p(k) = Aok!k™2 for k > 1 and I'(0) = Ao. Then we can choose Ag > 0
such that

o
(3.2) 3 ( > Ta(le/| + p)Ta(la — &) < Ta(lal + p) .
o <a o
for p=0,1,2,... and @ € N". In brief we write |ul, y = |u|,N, if there is

no confusion.

Lemma 3.1. For vi € C%lty, T]; L3(R™),i = 1,...,n, denote v’ =
ﬂ‘vfz ... P Then there is Co > O such thatfor 2 < |B| < N, t € [to, ],

181-1
. -1
@ Ly <cy (sup 1O gmst gz + 7710 ) Iy

tg<s<t

andfor |B| > N,t € [t,, ]

bt <l 1BI-N
WALy ts<ug ||v(s)|| (Bs@.5)
0=s=t
" N-1
2 t
x | sup |v(s 1 +riv Yl -
<t0<sp<t o Hm+ s D | ' ) e

(iii) Letd > 1, B(R) = {x € R"; |x — x| < R} and a(x) € A(B(R)) satisfying
lala(r), o1 < 00. Then there is a(x) € y(R") satisfying that a(x) = a(x)
in B(R) and for any p > 0 there are C > 0 such that

lalrn p.a < Clalpr),p.1 -

(iv) Let a(x) € A(Byy(f, %)) satisfying |alp, .2),p,1 < 00 Then there are C > 0
such that

lavl, y < C|a|3,0(r 2).00. ol -
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(v) Let G an open set in RN and A(t, x, v) is analytic in (x,v) € B, (f, %) x G
and saisfies
IDEDEA(t, x, v)| o P!

sup ' < 00.
tp<s<t,a,BeN",x€By,,veG lx|!] B!

t —
|A By (£,8)xG,pg,1 —

Then if No@Ol ym+1 g oy < po/n, the composite function A o v(t,x) =
p(t),d( to(tax))
A(t, x, v(t, x)) satisfies that there is C > 0 such that for t € [ty, {]

l[Aowlly < ClAlg

RN
lovml'\cgmu

N-1 J
X (1 + Z < Sup ”v(s)"H”H'l (B (t x)) +r |v|r N) |v|£,N) .
j=0

1g<s<t

The proof of this lemma will be given in the appendix. We remark that
it follows from (v) of Lemma 3.1 that if A(f,x,v) is analytic in (x,v) €
B, (f, %) x G, we have for 2 < |a| < N,t € [t, 1)

D3 (A o v)(®) | ym o a By SCrT 421, ()

3.3 - g
(3.3) '
x 1+Z sup ||U(S)||Hm+1 5, (rx))_*_r lolw | Wy ¢ s
iZo \loss=t

where C is independent of N.

THE PROOF OF THEOREM 3. Let u be satisfied with (1)-(2). Since u €
c°(0,T); L? 2(R™)), for any € > 0 there is 7 > 0 such that

34 u(t,-) —u(,-) 1 <€,
" ”H:Jn(f),d(Rn)

for t € [it,(i + Dt],i = 0,1,...,[T/t] =1 and ¢ € [[T/t]r, T], where
[-] stands for the Gauss notation. We shall prove that u(¢,x) is analytic in
x € B,(f,%) for t € [it, (i + 1)t] by induction of i. First we can prove our
assertion for i = 0 applying the Cauchy-Kowalevski’s theorem , letting 7 > 0
small if necessary. Assume that u(it, x) is analytic in x € Bi.(f,%). Then we
may assume that

(3.5) IDSuGT. M, gie.in < Cro el
Put v(z, x) = u(t,x) — u(it, x). Since u is a solution of (1), v satisfies

"L . v -
— D Aj(t, x,v) 5= — Ag(t, x, V)
=1 3Xj

3.6) - o
= f(t,x,v),(t, x) € (t,(i+1)1) x R",

v(it,x)=0,x € R",
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where A~j(t, x,v) = Aj(t,x,v+u(t, x)) and

ft, x,v) = £, x)—ZA @, x,v(t, x)+ulr, x))au(” . X)

j=1 J
— Ao(t, x,v+u(it,x)u(it, x).

3.7

Then it follows from (3.5) that A~j and f satisfy the condition of (v) in
Lemma 3.1. Therefore /i and f satisfy (3.3) with # = it. From now on

we take fo = it and denote |v|, y = lvlﬁ’Nt Differentiating (3.6) with respect

to x we get

3.8) L[D%v] = f,, D*v(it) =
where
n !~ ' /]~ /
(3.9) =D*f + Z ( ) ZD"‘““ AjD* Djv+ D" AgD%v | .
o <a j=1

Therefore by use of (1.13) of Theorem 1.4 we obtain

t ~
G100 ID"ONyn o <€ [ 1Ol o cinds-
On the other hand from (3.2), (3.3) and (3.4) we have if in brief | - | =

|| : [IH;n(t),d(Bf(;"?))’

Ifa@l < ID*Fll+ 7 (Z‘,)leD““"’Aj||||D“’D,~vn

le/[=0, |ee|] -1 j=1

n
o a7 ’
+ > (a/)Z"D" Ajll|D* Djv]|

1<le’|<le|-2 Jj=1
o o~ ’
+ ) (a) 1D~ Aoll| D¥ v
la’|=0,1,|a|—1

o ) ~ ’
(3.11) + ) (a> D%~ Aol D v

2< /| < |a|-2

— 2
< |fILpr 20 ()

N-1
+C (1 +D (e +r2|v|£‘N)j|v|£,N) r 20 (e

Jj=0
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+c 3 (3)’—('“_“/"2’Fz(la—a’|)

1<|o/|<|a|-2

N-1
x {1 + ) e+l y) |v|£,N} ol yr T + 1)

j=0

N-1
< {Ifli,N +C <1 +) (e +r2|v|£,N)f|v|£,N) }r_'“'+2rz(lotl)

j=0

j=0

N-—-1
+C {1 + > (e + 7l ) |v|£,N}r"“'+3|v|£,Nr2<|a| +1).

Here we choose r = r(t) = roe ?¢~?), where 0 <rp <1 and y > 0. Denote

y(@) = sup r()vln-

iT<s<t

Noting that r(¢) < 1 we have from (3.11)

N-1
I full < {ifli,N +C (1 + > (e +y®) |v|£,~) } 120, ()

j=0

N-1
+C {1 +) e+ y(t))jrlvlﬁ'N} YOr Ty (ja) 4+ 1) .

Jj=0
Hence for |a| > 2 we have from (3.10) and (3.11)

‘ N-1 .
||D°‘v(t)||H")"(’) S BiER) 5/ {(Ifli,,v +C <1+Z(e +y(s))’ |vlf,N>) r(s)" 20y ()
’ 144 j=0

N-1
+C (1 + ) (e +y() |v|5(.),N) Y(©)r ()T (o] + 1>}ds

j=0

N
< c{ |1 T2 al) + 3 (e + yO) Il

j=0

x /t r(s) 24Ty (Jor| + 1)} ,

iT

and noting that 1 < r(s)r(¢t)"!e?” for s < ¢, we get for || =2

t
1D Ollam  myiiy < C / |£12 ydsTa(le])
p).d it

N
+3 (e + () |v|f,Nr(s>}dsrzqanr(t)—‘e” :

j=0
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Since |f|’y < C,r(t) <ro and [ r(s)™*2ds < r(t)"¥*2(ja| —2)~'y~! for
|a| > 2, we get from the above estimates,

=1

N ¢ N _
(3.12) y) <C {ro +y7IY (e+y@) y@) et / D e+ y(s))fy(s)ds} :
Jj=0 T

for ¢t € [it, (i +1)t]. We shall prove that y(¢) < € for ¢t € [it, (i + 1)1], if we
choose rp > 0 small enough and y > 0 sufficiently large. Assume that there
is t; € [it, (i + 1)7] such that y(#;) = € and y(t) < € for t € (it,#;). Since
y(@it) =0, we have ¢; > it. It follows from (3.12) that

t t
(3.13) y@) <C (ro + y‘lﬁ + eyr/ &ds> ,
1—2¢ ir 1 —2¢
2cy~!

for t € [it,t;). Here we take y > 0 satisfying
from (3.13) and r(¢) <ry,

y(t) <2C (ro+e“ /t &ds> .

i3 = 1/2. Hence we get

1 —2¢

2Cyt
Solving this inequality, we have y(¢) < 2Cro(1 + (1 — 26)“’reﬁ) for ¢t €
[iz,t;). This contradicts y(#;) = €, if we choose ro > 0 such that

1 2Cyt
2Cro(1+ (1 —2€) '1eT-2 ) = ¢/2.

Thus we can get y(t) < € for ¢t € [it, (i + 1)r] and consequently we have
proved Theorem 3.

Appendix

Here we shall prove Lemma 3.1. First we note that it follows from (2.4)
Al < Ps 2a
(A1) lu@vOllgm @) < Cnlltlan, @amlvlan, @

for u, v € CO([0, T]; L3(R™)). For simplicity we denote ||u/,, = ||u||sz(t) LB

and |u| = |ul) y.
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PrOOF OF (i). We prove this by induction of |]. Let |B| = 2. We write
v = vyv,. Then by use of (A.1) and (3.2) we have

o —-d/ al
ID Pl <Cn Y (a,>nD“ 01l D w2l

la/|=0,1,la|—1,|e|

o ) o
+Cn Y (a,)nD“ “Villm 1D V2l

2<lo’|<|a|-2

<Cn {Cn|v|F2(Ia|)r_'“'+zIlvllm+1

+ 2 (z/)r_'“l+4rz(|a—a'I)Fz(la'|)IvI2}

2<|o’|<le] -2
< CulVl(Crllvllmet + 2 0D)r 2T (D)
which proves (i) for |B] = 2, if we take Co > Cn(Cp+1). Assume (i) is valid

for |B] — 1 > 2. We write vP = vP~¢y, where |e| = 1 and denote v = v¢ for
simplicity. Then

(o4 —a —e o/
ID*V |l < Cm > (w) 1D VP || D% vl

la'|=0,1, ]| =1, |er|

o _o  B— ’
+Cn Y (a,>nD“ VI D% vllm

2<|e’| < || -2

|B1-2
scm{CAﬂ"zcn<sup ||v(s)||m+1+r2|v|> [0l

O<s<t

+ (Cp ||v||m+l)|ﬂl—1 } lvlrz(lal)r_laHz

(04 -
+ > (a,>r—'“'+4rz(|a—a’l)rz(\a’|)|v|2c('f" ’

2<|o | <le| -2

1B1—2
X (sup () llmt1 +r2|v|>

0<s<t

O<s<t

1B1—2
< CuCY 2 (sup nv(s>um+1+r2w|> (Callvllmer + 720D
x r®T2r (jal),

which implies (i) for B, if we take Co > Cn(Cp+Cp+1).
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PRrOOF OF (ii). For M = |B| > N we write v# = wiw, ... wy. Then

D%vP = D*(wiwy ... wy)

~1 ~M—2
a\fa—a a—a 1 2 M
= E <a1>( o2 )( M1 )D“ wiD¥ wy...DY wy,

aM =q

where &% = Zleaj. Since M > N > || = L, we can arange

D%P = Z o o — @'t o —‘&’AL—2
N ail al2 aiL-1
a~=a

i i i
o1 a2 oL
x D* wi D*“w;, ...D Wiy Wiy g - WM,

where the summation of (iy,ip,...,ir) runs over (1,2,...,M). Let |oz,~j| >2
for j =1,2,...,¢ and |a,~j.| =1for j =¢+1,...,L. Taking account of

ID*Wlims1 < lvlr =25 (ja]) for || > 2 and |D*wllym < [[Vllmt1 for || <1,
we can estimate,

—ah —&fL-2
«. B M-1 o o—a o—a
ID*vP)|,, < Cp LZ (an)< i )( it
a~=a

i iy iL
x [D*" wiy [l 1D “ Wiyl « - - 1D* ™ wip N lwiy oyl - - Nwag llm,

— &t — &iL-2
<M1 Z o a—a'l o ‘oe
- m il ai2 oiL—-1
al=a

x To(je )T (ja2]) ... Ta(jee vl %2y L8 o XL
Noting that I'(Ja|) = A9 <1 for |¢| <1 and using (3.2),

—&h — @iL-2 , . :
) (a"fl) (" o ) (“ e )rzua'w)rzaa'zb...r2(|a'f|)

al=a
M-2

_ ol —&
<3 (;"1> (“ " )(“ v >r2(|a‘|)r2(|a2|)...quaM—‘mé—M

aM=q
< A"t a(al) .
Thus we obtain from the above inequality,

— —_ —N — —
IDVP | < CHCH 1o PN (o lmas + P20V Holr 720 ()

which proves (ii).
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ProoOF OF (iii). Since a(x) is analytic in x € B(R) and B(R) is a closed
set, there is € > 0 and a(x) such that a(x) is analytic in B(R + €) and equal
to a(x) in B(R). Let x(t) € y(R) satisfying that x(t) = 1 for |t| < R and
x(@®) =0 for |t] > R + €/2. Define a(x) = a(x)x(x). It is easily seen that
a(x) satisfies (iii).

ProoF oOF (iv). For a € A(B(R)) we take a defined in (iii). Then we can
estimate applying Proposition 1.1,

||au||H;'fd(Rn) < ClalR",p.,dllullﬁgd(R") )

for u € L:‘;(R"). Hence we get (iv) from the definition (3.1) and (iii).

PRrOOF OF (v). We have by Taylor’s expansion,

B
AW ov(x) =) (;—v) A(t, x, 00P817"

B
Hence we get from (iv)
9 \?
(A.2) |A(t) o vliw, < Z (ﬁ) A(t,x,0) |vﬁ|;)‘N.
B,O,po,l
Taking account that
3 \f -
'(5) A0 = IAl 00 PIBIL
BtOvPO,l

we obtain (v) from (A.2), (i) and (ii).
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