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Compactness of Conformal Metrics with
Positive Gaussian Curvature in R’

KUO-SHUNG CHENG - CHANG-SHOU LIN

Abstract. In this paper we consider the compactness of a sequence of solutions u, of
0.1) Au+K(x)e® =0 inR?,

where K (x) is positive in R? and decays like |x|~? at oo for some b > 0. Assuming that the limit
of the total curvature of u, satisfies

1
0.2) 2-b# lim — | K@xe*®dx <2,
n—s+o0 21 R2

we prove that u, must be bounded in W,%)’cp (R?) for any p > 1. We also construct a specific
K(x) = K(|x|) to show that the total curvature of any solution u of equation (0.1) with this
K (|x|) must satisfy

0.3) 2-b) < ~1—/ K(x)eHdx < 2.
2w R2

This appears to be in contrast with the statement of Theorem A! in [A]. In this respect, we show

that for any K which decays like [x|7? for 0 < b < 2, there exists ap(K) > % such that the

total curvature of any solution u of (0.1) must satisfy

1 2—b
— Ke*dx > ap(K) > —— .
27[ R2 2

1. - Introduction

In this paper, we consider the entire solution of the equation
(L.1) Au+ K(x)e* =0 in R?,

where A is the Laplacian operator of R? and K (x) is a given function in R2.
Equation (1.1) arises in the problem of finding a Riemannian metric which is

Pervenuto alla Redazione il 2 ottobre 1996 e in forma definitiva il 18 giugno 1997.
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conformal to the flat metric of R? and realizes the given function K(x) as its
Gaussian curvature. We refer the reader to [CN1] for a brief description of the
background and the history of this problem.

In case K is nonpostive on R?, a fairly complete understanding of the
the solution set of (1.1) was achieved in [CN1], [CN2]. To state the results
in [CN2], we introduce o as

(1.2) a) = sup {oz eR| /2 1K(x)|(1 + |x%)%dx < +oo} .
R

Then the main result in [CN2] is

THEOREM A. Suppose that K < 0 in R? and that
(1.3) [x]™" < [K(x)] < |x|™

for |x| large and some positive constant m. Then we have:

(D) Ifay <0, then (1.1) possesses no entire solution in R>.
D) Ifa; > O, then the following conclusions hold:
(i) Foreacha € (0, ay), (1.1) possesses a unique solution u, such that

(1.4) ug(x) = alog|x|+0(l) atoo.
(ii) The function U (x) given by
U(x) = sup{u(x) | u is an entire solution of (1.1) in R?}

is well-defined everywhere in R? and is a solution of (1.1) in R%. Moreover,
K (x)e?™ e L'(R?).

(iii) Let u be an arbitrary solution of (1.1) in R%. Then eitheru = U oru = u,
for some a € (0, y).

(v) If 0 < @ < B < ay, then uy(x) < ug(x) < U(x) for all x € R2.
Furthermore, for any given ¢ > 0, there exists a constant R = R(g) such
that for |x| > R,

(a1 —&)loglx]| —C <U(x) <ajlog|x|+C.

In this paper, K is always assumed locally bounded and positive in R2.
A solution u means u € Wli’cp (R?) for any p > 1 and satisfies (1.1) in the
distributional sense. For the case K (x) is positive in R?, it is not expected that
results similar to Theorem A should hold. However, for some special K(x)
as stated in Theorem 1.1 below, we have the following result in the spirit of
Theorem A.
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THEOREM 1.1. Let K(x) = 1 for |x| < 1 and K(x) = |x|7? for |x| = 1 for
some constant b > 0. Then the following statements hold:

(i) For every a satisfying —2 < a < min{0, b — 2}, (1.1) possesses a unique C*
radial solution uy(r) satisfying (1.4).

(i) Letu be anarbitrary solution of (1.1) satisfying (1.4) for some «, then « satisfies
—2 < a <min{0, b — 2} and u(x) = uy(x) where uy(x) is the solution in (i)
above.

REMARK 1.2. On the constrast to the case K < 0, the family of solution
Ug(x) in Theorem 1.1 does not have the monotone property in « as the case
in Theorem A. In fact, by the concrete construction of solutions in the proof
of Theorem 1.1, it can be seen that u, (r) and ug(r) exactly intersects once for
o # B. We hope that it will be useful in a future study.

Although Theorem 1.1 are only concerned with some specific K (x), it still
provides an interesting example to the situaton when K (x) is positive in R2.
In [A], Aviles proved the following theorem, (See Theorem Al in [A)).

THEOREM B. Assume K (x) > 0 in R? and limpy— 40 K x)|x|® = 1 for some
positive constant b > 0. Then, for any a satisfying

. b-2
(1.5) —2 < o < min (0, —2—) ,

there exists a solution u of (1.1) satisfying
u(x) =alog|x|+01) atoco.

Let K(x) be the specific funtion given in Theorem 1.1 with 0 < b < 2.
Then Theorem 1.1 contradicts to the result of Theorem B. In fact, Theorem 1.1
is not an isolated case to show that Theorem B does not hold. For a gen-
eral K (x), set

(1.6) oo = sup{c | there is an entire solution u of (1.1) such that u(x) =
alog|x| +0O(1) at oo}
Our main result is
THEOREM 1.2. Suppose that K (x) is positive and locally bounded in R?* and

satisfies

(1.7) Blx|™? < K(x) < Alx|™®

for |x| > 1 and for positive constants A, B and 0 < b < 2. Then ay < —%2,

2
where o is given in (1.6).
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Obviously, Theorem 1.2 implies that Theorem B does not hold in general.
We note that the real number «; in (1.2) is —% if K(x) satisfies (1.7).
Theorem 1.2 provides a major contrast to Theorem A for the case K (x) < 0. We
would like to remark that solutions possessing the asymptotic behavior (1.4) have
a geometric meaning. Following conventional notations, a solution u(x) of (1.1)
is said to have a finite total curvature if K (x)e***™) e L'(R?), and the quantity
% ng K (x)e**®dx is called the total curvature of u. Assume K (x) satisfies (1.7).
A consequence of our previous results in [CLn] is that a solution u has a finite
total curvature if and only if u possesses the asymptotic behavior (1.4), or more

precisely, limjy|— 400 #(x)/log |x| exists, and the identity

u(x)

lx|—+oo log |x|

-1 2u(x) g,
7 /R2 K(x)e dx =

are always true. Please see Lemma 2.1 in Section 2. Thus, it is interesting to
know what is the possible range of o or equivalently, the possible range of the
total curvature of solutions. In [M], McOwen proved that if 0 < K (x) < C|x|™?
at oo, then for every o € (-2, (b —2)7) where (b —2)~ = min(0, b — 2), there
exists a solution of (1.1) satisfying (1.4). Together with Theorem 1.1, we see
that the result of McOwen is the best possible for a general K which decays
like |x|~? at oo.

THEOREM 1.3. Suppose K (x) is a positive continuous function in R* and
satisfies limjy|—, 400 K (x)lxlb = 1 for some 0 < b < 2. Assume u,, is a sequence
of solutions of (1.1) such that

(1.8) 2-b# lim €

n—+o00 271

/ K(x)e*rPdx < 2
R2

Then uy, is bounded in W,i’cp (R?) for any p > 1. Furthemore if u, converges to u in
WZP (R?), then

C

n— +00

(1.9) lim /K(X)ez"”(x)dx=/ K(x)e*™dx .
R2 R2

CoROLLARY 1.4. Suppose K satisfies the assumption of Theorem 1.3 and
u, is a sequence of solutions of (1.1). If |u,(0)] — +4o00 as n — +00 and
% Jg2 K(x)e*n@dx < 2 — g for some &y > 0, then we always have

(1.10) lim / , K (x)e?n®dx =272 — b).
R

n—>+00

COROLLARY 1.5. Suppose K satisfies the assumption of Theorem 1.3 and ao(K)
is defined in (1.6). If ag(K) > —(2 — b), then ay(K) is achieved, i.e. there exists a
solution u of (1.1) with

1
(1.11) —ao(K) = —/ K (x)e?*®dx .
21 JRr2
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REMARK 1.6. When K (x) decays like |x|~® for b > 2, and u, is a sequence
of solutions of (1.4) satisfying

1
0<ep<— [ Kx)eHWdx <2 —g
2 R2

for some gy > 0, then u, is bounded in Lﬁ?c(]Rz). The proof is easy, and will
be omitted.

The paper is organized as follows. In Section 2, we will give a proof of
Theorem 1.1. Both Theorem 1.2 and Theorem 1.3 will be proved in Section 3.

2. — Proof of Theorem 1.1
Let K be positive in R? and satisfy
2.1 [x|™ < K(x) < |x|"

for |x| large, where m is a positive constant. A solution u of (1.1) is said to
have a finite total curvature if Ke? € L!(R?), and the quantity 5- [ Ke*dx
is called the total curvature of u. Theorem 1.1 in [CLn] says that if u is a
solution of (1.1) with a finite total curvature, then lim—, 4o 1—’;% exists and

1
we) —_ Ke*dx .

2.2) im =
Ix|—+o0 log |x| 2 Jr2

Conversely, it is easy to see that if limjy—, 1 %I?C—I exists, then Ke* € L!(R?)
and (2.2) holds. Hence, we have

LEMMA 2.1. Suppose K satisfies (2.1). Then K (x)e?*® e L'(R?) if and only
iflimyy ;s 400 %gﬁ exists. Moreover, (2.2) always holds.

REMARK 2.2. In fact, Theorem 1.1 in [CLn] also shows that for a solution u
of (1.1) having a finite total curvature «, there exists a constant C such that

2.3) alog|x| — C < u(x)

holds. Hence, if Clx|™ < K(x) < Ci|x|™ for large |x], then & < —2=2"
where (2 — b)* = max{2 — b, 0}.

ProoF oF THEOREM 1.1. Let

24) us(r)= %log(4Bl) —log[1+ Bir?l, rel0,1]
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and
1 2 b 24
(2.5) uu(r) = 5 log(4A5B2) + (A2 — 1+ 2 logr —log[1 + Byr<-2],
rell,o0),

where B; > 0 is a constant and ¢ = —A; — 1 + g. Then it is not very difficult
to verify that u, is a C2-solution of (1.1) provided that

b b\1? 2
)1
(2.6) Ay = 2 2

(1+ By)?

Ay(1+ By) + [31 (1+§> B <' B g)] _
Ay(1+ By) — [Bl (1 + g) - (1 B g)}

Since uy,(0) = %log(4B|), we see that B; > 0 exhausts all radial solutions. It
is easy to see that u, satisfies (1.4) with « = —A, — 1 + g Now A, is a
monotonic function of B; satisfying

’

2.7) B, =

b b
lim A,(B) == —1 d lim Ay(B))=—-+1.
B,ino+ 2(By) |2 ' an Blinw 2(By) 2+

Hence o satisfies —2 < o < min{0, b — 2}. This proves (i).
Now suppose that u be an arbitrary solution of (1.1) with finite total

curvature. Since K (x) = K (|x|) is nonincreasing in r and K (r) > e_’ﬂ for any
0 < B < 1, then from Theorem 1.7 in [CLn], we conclude that ¥ must be a
radial function. Hence u = u, for some « in the range —2 < a < min{0, b —2},
where u, is defined in (2.4) and (2.5). This proves (ii). O

3. — Proofs of compactness theorems

In this section, we begin with a proof of Theorem 1.2. First, we need the
following result which was proved in [BM].

THEOREM 3.1 (Theorem 3 in [BM]). Assume u, is a sequence of solutions of

(3.1) Au, + Kpe?n =0 inQ
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satisfying

(3.2) 0<K,<CH inQ,
and

(3.3) l€*“ L1y < C

for two constants C| and C,. Then either u,, is bounded in L%, (2) or there exists a
subsequence of u, (still denoted by u,,) such that either u, —> —oo uniformly on any
compact sets of 2 or the blow-up set S is a set of finite number of points, u, — —o0
uniformly on any compact set of Q\S, and K,e*" converges to > @by, with
o >2mand S = Ui {p;}.

REMARK 3.2. When either K, is uniformly convergent or converges to a
positive constant then Theorem 3.1 can be improved to have «; > 4.

ProOF OF THEOREM 1.2. Suppose oy = —(2—_-2”). Since oy = —2;2” can not
be achived by some sloution of (1.1) by Remark 2:2, there exists a sequence

of solutions of u, such that the total curvature

2—b
2up (x) —
(3.4) . +oo - / K(x)e dx = 7 < 1.

Since K has a lower positive bound in any compact set of R?, by Theorem 3.1,
we have either u, is uniformly bounded in any compact set or u, is uniformly
convergent to —oo in any compact set of R2.

Step 1. We claim that u, —> —oo uniformly in any compact set of R
Suppose u, is uniformly bounded in any compact set of R?. By the elliptic

estimates, we may assume u, — u in WIOc P(R?) for any p > 1. In particular,
u satisfies (1.1) and the total curvature

2—b
K (x)e®*®dx < < hm — / K(x)e®n®dy = =~
27[ 2

which yields a contradiction by Remark 2.2. Hence, by Theorem 3.1, we have
u, —> —oo uniformly in any compact set of R

SteEP 2. We claim there exists a constant C > 0 such that
(3.5) K(x)e?® < C|x|™* for x eR?.

?rove the claim, we assume there exists x, € R? such that u,(x,) +
(2 b log |x,| — +oc. By Step 1, we have |x,| — +00 as n —> 4-00. Set

2—b
Vo (¥) = Un (X + |x0]y) + log |x,] .
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Then v, satisfies

1
(3.6) Avy + K,(3)e*"P =0 in |y| < 5

where K,(y) = |x4|°K,(xy + |xaly). By the assumption on K,0 < C; <
Ka(y) < C; for |y| < 1, and

/ K, (y)ez""(”dy < /2 K(x)e*Wdx < 27 .
|y|<7 R

By Theorem 3.1, we conclude that v,(0) < C for some constant C, which
yields a contradiction to the assumption.

STep 3. There exists a positive constant C such that | v u,(x)| < C|x|~!
and |u,(x) — un,(y)| < C for |x| = |y|.
In [CLn], we have proved that u, has the following representation

lyI

3.7 U (X) = 1 (0) + — / log K (»)e 2un 9 gy |

Thus, we have

Vol = 5 [y RO)E 0y
1
- E ly—xi<lgl
1
27 Jyy- —xz

¥ = yIT K (e Vdy
x — I K (e M dy

By Step 2, the first integral can be estimated by

1 _ - -
2_/ BRI Oy < Ci? [ eyl = Calel ™
T Jly—xlsy ly—x|<5
For the second integral, we have
1 1 2un(y) 1 2un(y)
lx =y K(y)e™Ydy < — K(y)e nYdy .

27 Jiy-xiz ! x|
Combined these two estimates together, we have

| 7 ua(x)] < Calx| L.

2un (x)

Set wy,(x) =e . Then w,(x) satisfies

(3.8) Aw,(x) + 4K + | v uy|Hw, = 0.
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Since K (x)e?®) 4+ | v u,|> < Ca4lx|~2 for some constant C4, by Harnack
inequality, for any a > 1, there exists a positive constant Cs = Cs(a) such that

(3.9 sup  wy(x) <Cs inf w,(x).

a"lrjlxlsar a_lrslxlfar

Hence, Step 3 is proved.

SteP 4. For any ¢ >0 there exists R=R(¢) > 0 such that |u,(x)—u,(y)|<e
for |x| = |y| = R, and large n.

Step 4 will be proved by contradiction. Suppose there exist a positive
number & > 0 and x,, y, with r, = |x,| = |x,| — 400 such that u,(x,) —
u,(x,) > €. Let

Vn(¥) = Un(rny) — un(x,) .

Then v, satisfies
Avy + Kn(y)e?" =0,

where K,(y) = e2“rCn) K (r,y)r2. By Step 2,

(3.10) Kn(y) < Crentny2=b|y1=b < Cyly| 0.
For |y| > 1, we have

(3.11) Knu(y) = C3e?ntmp=biy =0,

By Step 3 and the Harnack inequality (3.9), v,(y) is bounded in L (R?). By

loc
the elliptic estimates, we may assume v,(y) —> vo(y) in Wli’cp (R?) for any
p > 1. Suppose there exists a subsequence of x, (still denoted by x,) such
that lim, _, ;o €10n)r2=b = § > 0, then by (3.10) and (3.11), we may assume
K,.(y) — Ko(y) weakly in L (R?\{0}), where Ko(y) satisfies

CilyI™ < Ko < Calyl™
for some positive constants C; and C;, and vo(y) satisfies
Avo(y) + Ko(3)e?0 =0 in R?\{0}.

For any 0 < ry < r;, we have

[ Kap)edy = iim Kn (e dy
ro<lyl=r

n—>+00 Jro<|y|<r

= / K (x)e?n ¥ dx
rorn<|yl<rirn

< / K (x)e?n ¥ dx
RZ

2—-b
———)(———)2]‘[
2

(312
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Thus, the total curvature

1 2-b
— [ Ko(y)eoWdy < ==
o /Rz o(y)e y=—

Applying Corollary 1.4 in [CLn], vg(y) in fact satisfies
(3.13) Avg(y) + Ko(»)e*0®) = 2788(0) in R?

for some B € R, where §(0) is the Dirac measure at the origin, and the function
v1(y) = vo(y) — Blog|y| satisfies

(3.14) Avi(y) + Ko)ly[*#Pe®1Pdy =0 in R2.

It is easy to see that

1 av
o)+ =7 —(y)do
T Jiyl=r 9V
1
— lim — 9% ydo

n—>»+00 27 Iyl=r ov

-1
= lim — Kn(y)e*"d
n—otoo 27 /|y|§r n(y)e y

4 _l 2up (x)
= nﬂ)ﬂ'—']—oo E /lesrnr K(.x)e dx )

where o(1) denotes o(1) —> 0 as r —> 0. Thus, putting (3.12) and the above
together, we have

1 1
_/ Ko) | y I 210y = —/ Ko(y)e20®dy
27 Jr2 27 Jee

2—b 2—-b+28
< = :
-2 +h 2

Obviously, 2 — b + 28 > 0. Since Ko()|y|*# ~ |y|™*** at oo, by Re-
mark 2.2, there exists no entire solution (3.14) with the total curvature equal to
%. Thus, it yields a contradiction. Hence we have proved lim,_, ; e2un(xn)
r2=b = .
" Since eHntmp2=b 5 (0 as n —s 400, then vy(y) is harmonic in R?\{0}.
By Step 3, :

| 7 0a )] = ral un(ray)| < Clyl ™"

By Liouville’s theorem, we have

vo(y) = aplog |yl + C,
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where both «p and C are constant. Since vy(y) is radially symmetric, it obvi-
ously yields a contradiction to the assumption. Hence, Step 4 is proved.

STEP 5. Set
(3.15) Fu(r) = / K (x)e*n®dx |
By
and
_ 1
(3.16) u,(r) = ———/ u,(x)ds .
2nr |x|=r

Define K,(r) by

K, (r) = (27”‘)_16_2';"(”/ K (x)e?n®ds .

|x|=r

Differentiating (3.15) and (3.16) with respect to r, we have

3.17) Fi(r) = Qrr) K, (r)e*n®
-1 _F

(3.18) ﬁ;(r) = — K(x)eZun(x)dx — n(r) )
2zcr Br 2rr

Thus, we have
/
rl—_b F,(r) — Qrribein()y
K, (r)
— 271,[(2 _ b)rl—be2ﬁn(r) + 2r2—b82ﬁn(r)b—t;(r)]

(3.19) _Q@=bF, FF"
T rbK, nrbK,
_ —F,;(r) Fy(r) o
= [ ) b)] .

Since F,(o0) > m(2 — b), set r, to satisfy F,(r,) = w(2 — b). Obviously,
lim,_, o r, = +00. For any ¢ > 0, by Step 4, there exists R = R(¢) > 0
such that

Ae¥r? < K,r)<e ®Br® for r>R,.

Hence,

eZe

(500

% -2
Ka(r) ( 0ty

Fn(r)>
T

e
A

Fn(r)>
4
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/
Since lim, _, ;oo ;% =0 for any n, we have

r'=tF)(r) e~ [ F,(N] .,
el e / {(2—b)—7] Fy(r)dr

e2£ 00 F,,(r) ,
+ T/rn ((Z—b) - > F,(r)dr

2
=—e 2%p"! [(2 —b)F,(r) — Fy (r)} lr=r
2

e* e ®\n2-b* _, ., F?(00)
+<F— A)——z——+e A7 {2 = b)F,(00)— |

By Step 1, we note that the boundary term at R tends to 0 as n —> +00. By
letting n —> +o00 first and then ¢ —> 0 the above yields

lim F?(c0)
1 1 n(z_b)z 1 . n—+oo "
0O>({—-——-——=)—+—12-b) 1 F,(0) - ———
_<B A) 5 +A{( )" im (c0) =

_ w(2—-b)?

- 2B’
a contradiction, where lim,_,  F,(00) = (2 — b)m is used. Therefore, the
proof of Theroem 1.2 is completely finished. O

Proor oF THEOREM 1.3. Suppose u, is a sequence of solution of (1.1) and
satisfies the assumption of Theorem 1.3. By Remark 3.2, we may assume that
either u, is uniformly bounded in any compact set or u, uniformly converges
to —oo in any compact set of R2. By the the same reasoning of Step 1 and
Step 2 of Theorem 1.2, there exists a constant C > 0 such that inequalities

(3.20) K (x)e*r® < Clx|72,

(3.21) | v un ()| < Clx|™",

(3.22) lun(x) —u,(y)| < C whenever |x|=]y|
hold.

First, we want to prove u, is bounded in L{(R?). Suppose the claim
is not true. As before, we want to prove the asymptotic symmetry of u,,
i.e. for any ¢ > 0, there exists R = R(¢) > 0 such that for |y| = |x|] > R,
lu,(x) — u,(y)| < e. Assume the conclusion is not true. Then there exists
r, —> +o0o such that u,(x,) > u,(x,) + & with |x,| = |x,| = r, for some
positive constant gy > 0. Let

vn(y) = un(rny) - un(xn) .
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Then v, is bounded in L{ (R?\{0}) by Harnack inequality and satisfies
Av, + K,(y)e*" =0 in R?,

where K,(y) = e*n*n) K (r,y)r2. By the assumption on K and (3.20) for any
ro > 0, we have for |y| > r,

K, (y) < 2e2nCn)y2=b)y=b

for large n. If lim,_, 4o e“*®nr2=% = 0, then using (3.21) and the same
argument of Step 4 of Theorem 1.2, v,(y) converges to vo(y) = aplog|y|+ Co
in Li’(fc(Rz\{O}) where ag and Cy are constant. Since vg(y) is radially symmetric,
it yields a contradiction.

If lim,_, 400 2w r2=b = 5 > 0, then K,(y) —> s|y|~® uniformly in any
compact set of RZ\{0}. Then vy(y) satisfies

{Avo(y)+SIyl"’e2”0(”=/36(0) in RZ,

vo(y) = %loglyl +0(1) aa y—0,

where B € R and 8(0) is the Dirac measure. For any rg > 0,

9 3
/ WO 4y = lim de = — lim K, (y)e?™dy < 0.
lyl=rg OV n—+00 Jiyj=ry OV n—=>+00 Jiy|<ry

Thus either vy(y) is regular at 0 or vyp(y) — +o00 as |y| — +o0o. Since
ly|~Pe?00) e L1(R?) and vp(y) = alogly| + O(1) as |y| —> +oo, for some
@ € R, we have 20 — b < =2, ie. |y| 2?00 = o(1)|y|~2 as |y| — +o0.
Hence, we can apply the method of moving planes as in [CL] and [CLn] to
prove vo(y) is radially symmetric with respect to the origin, which obviously
yields a contradiction. Hence the uniformly asymptotic symmetry of u, is
proved.
To finish the proof of Theorem 1.3, we set

F,(r) = K (x)e?n®dx |

By

and,
Kn(r) = Qur)~le~%n ") K (x)e?n®dx

|x|=r

As in (3.19), we have

1-b / v
3.23) (r Fm) _ —Fy0) [F,,(n_ o b)]'

K. (r) T K, L m
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For any ¢ > 0, let R = R(e) be large such that
e ¥rt < K,r) < e¥*rt

holds for »r > R. This immediately follows from the uniformly asymptotic
symmetry of u, and the assumption on K. Let r, satisfy F,(r,) = n(2 — b).
Suppose lim,__, ;oo % Jg2 K(x)e*n®dx < (2 — b) first. Then we can follow
the same proof as Step 5 in Theorem 1.2 to obtain

(2 —b)F(00) — (2m) ' F*(00) < 0,

where F(00) = lim,—, 400 [z K(x)e?n™®dx. Obviously, the above yields
F(00) =27 (2 — b), a contradiction.

Suppose lim,—, + f]RZ K (x)e?n®dx > 2m(2 — b). Then by (3.23), we
have the reverse inequality

r=bF!(r) '< e*[Q2 —b) — Fy(r)/7lF.(r) for R<r<r,,
K, (r) {e““[(z—b)—Fn(r)/n]F,:(r) for r>r,.

Integrating the above and letting n — +oo first and then ¢ — 0, we have

2
F(oo)>0

(2—-b)F(o0) — 2w 20

which implies
F(o0) <2m(2-0).

Obviously, it yields a contradition. Hence the boundedness of u, in L{2(R?)
is proved.

To prove (1.9), we may assume u, —> up in Wé‘f(Rz) for any p > 1.
Obviously, ug satisfies (1.1) and has a finite total curvature. In particular,

1 2 2—-b
ug(x)
2n'/RzK(x)e dx > 7

Hence, there exists Ry > 0, g9 > 0 and n( such that

1 2—-b
— K(x)e?®dx > (— + eo>
2 B, 2

for all » > Ry and n > ny. Integratiang (1.1), we have

2 ) 2*b+>-'
— i, (r) < — [ ——=—+¢
dru = 2 o)
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1
for all r > Ry and n > ng, where it,(r) = Ty u,(x)do. Thus,
r |x|=r

2-b
up(r) < un(Ro) — (—2 +80) logr/Ry .
Applying the Harnack inequality, we have
- 2-b
un(x) < dn(lx) +C1 = G — 5 té logr

for r > Ry and n > ny where C| and C, are constants independent of n and r.
In particular,

K (x)e*Mdx < C; / |x|~*+200dx

Iyl=r lyl=r

could be arbitraily small provided that r is large. Thus, (1.9) follows immedi-

ately. And the proof of Theorem 1.3 is finished. O
REFERENCES
[A] P. AviLes, Conformal complete metrics with prescribed non-negative Gaussian curvature

in R2, Invent. Math. 83 (1986), 519-544.

[BM] H. Brezis — F. MERLE, Estimates on the solutions of Au = v(x) expu(x) on Rz, Comm.
Partial Differential Equations 16 (1991), 1223-1253.

[CL] W.-X. CHeNG — C.-M. L, Classification of solutions of some nonlinear elliptic equations,
Duke Math. J. 63 (1991), 615-622.

[CLn] K.-S.CHENG — C.-S. LIN, On the asymptotic behavior of solutions of the conformal
Gaussian curvature equation in Rz, Math. Ann. 308 (1991), 119-139

[CN1] K.-S. CHENG — W.-M. Ny, On the structure of the conformal Gaussian curvature equation
on R? I., Duke. Math. J. 62 (1991), 721-737.

[CN2] K.-S. CHENG — W.-M. NI, On the structure of the conformal Gaussian curvature equation
on R? II, Math. Ann. 290 (1991), 671-680.

[CY1] S. Y. A. CHANG — P. C. YANG, Prescribing Gaussian curvature on 52, Acta Math. 159
(1987), 215-259.

[CY2] S. Y. A. CHANG — P. C. YANG, Conformal deformation of metric on 5%, J. Differential
Geom. 27 (1988), 259-296.

[H] Z.-C. HAN, Prescribing Gaussian curvature on S2, Duke Math. J. 61 (1990), 679-703.

M] R. McOweN, Conformal metric in R2 with prescribed Gaussian curvature and positive
total curvature, Indiana Univ. Math. J. 34 (1985), 97-104.

Department of Mathematics
National Chung Cheng University
Minghsiung, Chiayi, Taiwan
kscheng@math.ccu.edu.tw
cslin@math.ccu.edu.tw



