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Evolution of Subsets of C2 and Parabolic
Problem for the Levi Equation

ZBIGNIEW SLODKOWSKI* - GIUSEPPE TOMASSINI**

0. - Introduction

The most natural way to evolve a compact subset K of cC2 is to include it

into some family E C (C2 XR+ such that K = x {OJ)). The subset
Kt = prc2(E n ((C2 x {t})) is then, by definition, the evolution of K at the time
t. Obviously, the way to generate the family E depends upon the geometric or
functional properties of K we want to be reflected by an evolution.

If K is the closure SZ of a bounded domain Q, we may also think to
evolve it by evolving its boundary r 0 = bO and, in the case when ro is

smooth at least, we may expect that the evolution is described by a smooth
function u = u (z, t), i.e. rt = {z E cC2 : u(z, t) = 01. In this situation, we say
that is the evolution of ro by Levi curvature if the following holds true:
for every positive s, the trajectory z = z(t), of a point p E rs is the solution

of the problem

where v = v(z, t) is the inner unit normal vector field to rt and

is the Levi curvature of the hypersurface u = 0 [ST 1] (ua = u. = a =

1,2, 
Since z (t) E rt for every t &#x3E; s, we deduce that, where 8u # 0, u is a

solution of the parabolic equation

This enables us to consider the following general definition.

* Partially supported by an NSF grant.
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Let K be a compact subset of c~2, the zero set of a continuous function
g : (:2 ~ R which is constant for z ~ » 0.

Let ~ be a weak solution (Section 1 ) of the parabolic
problem corresponding to g:

The family of the subsets Kt = {z E C2 : u (z, t) = ol (which
actually depends only on K) is called the evolution of K by Levi curvature.

By definition, there exists a minimum time t* = t*(K) with the property:
Kt = 0 for every t &#x3E; t*. It is called the extinction time of K.

Moreover, by virtue of the comparison principle (Theorem 1.1), if K’ is a
compact subset of K then Kt c Kt for every time t.

This approach is largely inspired by the paper of Evans and Spruck [ES]
on evolution by mean curvature. The parabolic problem which governs the
evolution by Levi curvature is generally similar to that of the evolution by
mean curvature; with one crucial difference: even if K is locally the graph of
a smooth function, the operator ,C is elliptic degenerate.

The aim of this paper is to study the geometric properties of the evolution,
by Levi curvature, in terms of K = Ke.

It is organized in four sections. In the first one we give the notion of weak
solution (in the sense of viscosity) of ut = £(u) and, using the Perron method,
we prove the existence and unicity for the parabolic problem (P)(Theorem 1.4).

In the second one we study the effect of pseudoconvexity on evolution.
The main result is that when Q is a bounded v,;eakly pseudoconvex domain of
C2 then the evolution of S2 is contained in S2 (Theorem 2.1). ,

As a consequence: the evolution of a compact subset K of a complex curve
is contained in K ; the one of a compact subset K of a Levi flat hypersurface
X is contained in X (Corollary 2.3). The extinction time of a compact subset
K of a totally real submanifold M C C2 is 0 i.e. Ki = 0 for every positive
time t (Theorem 3.4). 

_ _

We conjecture that if a bounded domain Q is not pseudoconvex then Qt 0 Q
for some t. This gives rise to the following question: given a compact subset
of C2 what kind of hull it is possible to produce by similar sort of evolution.

For an arbitrary pseudoconvex domain Q it is not clear at all if the domains
Qt are pseudoconvex as well.

This is the case when bQ is strongly pseudoconvex. Indeed the evolution
is then stationary i.e. the solution u = u(z, t) of the corresponding parabolic
problem is of the form u(z, t) = v(z) + t where = 1 in Q and v = 0
on br2 (Theorem 3.3). Thus, thanks to Corollary 3.2 of [STI], the domains
{ v  const} are pseudoconvex.

Stationary evolutions are studied in Section 3.
Finally in Section 4 evolution of starshaped, in particular convex, sets is

analyzed.
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We prove that, if Q is a starshaped bounded domain, for any time t the
evolution of r° = bQ at the time t has no interior (Corollary 4.4). Moreover,
if Q is convex, the sets rt n Q are pairwise disjoint for 0  t ; t* (Corollary
4.6) and this fact would imply that the evolution is of stationary type,
provided it were known c Q.

1. - Properties of weak solutions. Existence

1. Let U c cC2 x R+ be an open subset and u : U ~ R be an upper
semicontinuous function; u is said to be a weak subsolution of u = ,C (u ) if, for
every and 0 smooth near such that u - 0 has a local maximum
at (z°, t°), one has

at (ZO, t°) if t°&#x3E; # 0 and

for some 11 E C2 with 1111  1, if t ° ) = 0; a lower semicontinuous
function u : U - R is said to be a weak supersolution if, for every (,z°, to) and
~ smooth near (z ° , t ° ) such that u - 0 has a local minimum at (z° , t ° ), one
1,.,!

at (z°, t°) if 0 and

for some 17 E cC2 with 1171 :S 1, if t°) = 0.
A weak solution is a continuous function which is both a weak subsolution

and a weak supersolution.
It is immediate to prove that uniform limits on compact subsets of sequences

of weak subsolutions (weak supersolutions) are weak subsolutions (weak super-
solutions) as well. Furthermore if 4) : R - R is nondecreasing and continuous
and u is a weak subsolution (weak supersolution) then 4$ (u) is a weak subsolu-
tion (weak supersolution) as well. If O is continuous and u is a weak solution

is also a weak solution ([ES]).

2. Let us consider the cylinder Q = Q x (0, h) in C2 x II~+, where Q is a
bounded domain of cC2 and let

We have the following comparison principle
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THEOREM 1. 1. Let u, v E C°_( Q) be respectively a weak subsolution and a weak
supersolution in Q. If u  v on E then u  v.

Let us recall briefly the main properties of the regularization by "sup and
inf" convolution ([ES], [Sl]).

Let u : cC2 be continuous and lu I be bounded. Set, for E &#x3E; 0
and Z E C~2, t E A+

and

The above definitions immediately imply that u  u E and , 1 u’ I
are bounded by sup I u 1; ; ue, u E are Lipschitz and u E ~, u, ue / u uniformly on
compact subsets as E - 0. Moreover, the functions

and

are respectively convex and concave; in particular they are twice differen-
tiable a.e.

If u is a weak subsolution, uE is a weak subsolution in C2 x (cr (E), +(0),
1

where a (e) = CE 2 and C is a constant depending only on u. Moreover

at each point of twice differentiability of uE, where 0. Similarly, if u is
a weak supersolution u, is also a supersolution and

at each point of twice differentiability of ue, where 0.

Now let us assume that u E is a weak subsolution (respectively
a weak supersolution) in a domain D of C2 x R+ and let

Then uE (respectively UE) is a weak subsolution (respectively a weak superso-
lution) in DE . This can be seen as follows. Let uE - ~ have a local maximum
at (z°, t°) E smooth, and (~O, SO) E (~2 x R+ be such that
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Set

Then (~’, SO) E D and for all (z, t) near (z’, to) and all we

have

in particular, for and I near we

have

i.e. u - 1/1 has a strict local maximum at (~°, Since

we obtain

at ( and

with 1

PROOF OF THEOREM 1.1. We may assume that u  v on E and, for a

contradiction, that max (u - v ) = a &#x3E; 0.
’I

Extend u, v by continuous and bounded functions in such a way to have
u  v in ((C2 B S2) x [0, h] and u, v constant for I z » 0.

Since max (u - v) = a &#x3E; 0 we have

for a small enough and consequently

for all E 
Now define for z, z + § E CC2, t, t -~ s E [0, h ]
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4$e,s is negative outside of a compact subset K C (C2 x [0, h) and 4$e,s &#x3E; 
4$~,si a provided E, 8’  8. Moreover, because of (*),

Let (z’, ~’, t’, s’) be a maximum point for I&#x3E;~,8; by definition 
C8 ~ ~4 (where C depends only on u and v). We claim that for e, 8 near

0, (z’, t’) and (z’, ~’’, t’, s’) belong to Q.
To prove this we consider a limit point (z°, {O, t°, SO) of the bounded set

Then, a/4, 3-1(1~114 + S,4) must be bounded as

E, 8 -~ 0 and this forces ~’ and s’ to be 0. It follows that

for some positive constant B; since u  v in C2 B Q this proves our claim. At
this point, thanks to the fact that (h - is not increasing, we can follow
step by step the proof of Theorem 3.2 in [ES].

COROLLARY 1.2. Let D C (C2 x be a bounded domain and u, v E C ° ( D )
be respectively a weak subsolution and a weak supersolution in D. Then, if u  v

on bD, we have u  v.

COROLLARY 1.3. Let u, v E CO(C2 X be respectively a weak subsolution
and a weak supersolution in C2 x R+, and suppose that u and v are constant for
-~ t » 0. Then, if u  v for t = 0, we have u  v. Moreover if u and v are

weak solutions we have

3. The above results permit us to use the Perron method to prove the

following existence theorem

THEOREM 1.4. Let g : C2 ~ R be continuous and constant for Izl ( » 0. Then
the parabolic problem corresponding to g has a unique weak solution.

PROOF. Unicity immediately follows from the comparison principle.
In order to prove the existence of a solution u we fix Ro such that g (z) =

C E 1R for z [ a Ro and we choose M &#x3E; 0 and R &#x3E; 0 such that: g (z) &#x3E; C - M
for Ro - Ro  - M. Consequently, -R2 + Izl2 + C g (z ) for
all R. Then

is a continuous subsolution in C2 xR+ with u 1 (z, 0)  g (z) and ul(z,t) = C
for R2.
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This can be seen as follows. Consider a function X, E with the

properties: = 0 for s &#x3E; -E / 3 and = s for s s -e and define

w is a weak subsolution in D = ~- t  R 2 }, which is constant (= C) in a
neighbourhood of bD in D. Then extend it by C on the rest of t~2 x R+ and
let E - 0 to obtain the conclusion.

Now let us set W = B(0, R + 1) x (0, R + 1), where B(0, R + 1) is the
ball I I z I  R + 1 } and let J’ be the class of the functions u satisfying
(i) u : W ~ [-oo, +oo) is upper semicontinuous and is a weak subsolu-

tion 
- -

Observe that, in view of the comparison principle,

sup max (C, sup g).

Let us denote by Uo : W --~ R the function

and by its upper semicontinuous envelope. Then, since e J’ and u 1 - C

for , we have Uo = = C whenever 1

ASSERTION is a weak subsolution.

The proof is the same as in [STI], Lemma 4.1.

ASSERTION 2. For all ZO E B(0, R + 1)

To prove this we fix 6 &#x3E; 0 and we choose two functions ljJ, 1/1 in C 2 ( B (o, 
in such a way to have

for all z E B(0, R + 1). Let h be a constant such that

for all z ~ and § e c2. Then

are respectively a weak supersolution and a weak subsolution in W; moreover
they are continuous on W, u- E fl and for all u E F. In view
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of the comparison principle for u, u+ and the definition of ’ , we deduce that
u- s u+ in W and consequently, since u-, u+ are continuous, that

Assertion 2 follows, E being arbitrary.
Thanks to the fact that t ) = C whenever R 2  Izl2 + t  ( R + 1 ) 2

Assertions 1 and 2 imply that U* E .~’, therefore uo = uo is continuous at every
point of b W and uo(z, 0) = g(z) if lzl  R +1. Thus all the hypotheses of the
Walsh Lemma ([W]) are satisfied and consequently uo is continuous in W.

Finally Mo is a weak solution in W. For if not there exist E W

and 0 E C °° ( W ) with the properties: is a strict local minimum point
for uo - Oo, to) and

at ( ) and

for all 77 E (C2 with 1 if t°) = 0. Hence, for E &#x3E; 0 small enough,
u = max (uo, 0 + E) is a subsolution belonging to fl: contradiction. Therefore

Mo is a solution and u, - C on a neighbourhood of b W B R + 1) x [01;
consequently, the function

is the solution of the parabolic problem.

2. - Evolution of a compact subset: geometric properties

1. Let K c C 2 be a compact subset, the zero set {g = 0} of a continuous
function g : (:2 ~ R which is constant for Izl I » 0, u a weak solution of the
parabolic problem corresponding to g and the evolution of K. We also
use the notation Kt =.EC(K). Then the semigroup property

holds true and there exists a time t * = t*(K), the extinction time of K, such
that = 0 for t &#x3E; t*. If K and K’ are compact and K c K’, then, using
the comparison principle, we derive that

for all t &#x3E; 0. Moreover, by the same argument as in [ES], it can be shown
that the evolution does not depend upon the choice of the particular
function g with the above properties.
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THEOREM 2. l. Let S2 C (C2 be a bounded pseudoconvex domain with bQ smooth
of class C 3. Then

The above regularity assumption is probably excessive; in fact the theorem
follows from the more general Lemma and the Remark given next.

LEMMA 2.2. Let S2 C (C2 be a bounded domain. Suppose that there is a
continuous function p : W ~ R, where W is an open neighbourhood of Q C W, a
positive constant M such that

and the inequality

holds in the weak sense in W B Q. Then

for all t &#x3E; 0.

REMARK 2.1. Let Q c (C2 be a bounded pseudoconvex domain, W an open
neighbourhood of S2 and p : W - R a C3-regular defining function for bS2
such that

and 0 for z E bQ. Then p satisfies the above Lemma condition
in W * B Q, with some positive constant M, where W* c W is a compact
neighbourhood of bQ.

PROOF. (Sketch) Following [S], let r(z) denote the minimum distance of
z to bQ and pz the point in M such that Iz - p~! I - r(z). Take a tubular

neighbourhood W* of bQ in W such that, for every z E W*, the segment [z, pz] ]
is contained in W*. We can assume W* compact, W* c W and that 0
on W*. Then is a Lipschitz function on W*, with some Lipschitz
constant C. Since Q is weakly pseudoconvex, £(p)(z) a 0 for z E bQ. Thus,
for z E W * B Q,

Since p is positive and C 1 in W* B Q, p = 0 and 0 on bQ, there is a
constant C I such that C 1 p (z ) for z E W * B Q. Consequently

for z E W* B S2, which yields the condition with M = eel.
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PROOF OF LEMMA 2.2. We need the following technical fact. Let W C ~2
be open and p : W - R be a weak continuous solution of the inequality

where h : W -~ R+ is a continuous positive function. Suppose that X is a
continuous increasing function R - R with x’ and 0  1. Then

in the weak sense.
Now let p be as in the statement. We may suppose, without loss of

generality (by replacing, if necessary, p by max (p, 0)), that

Let now, for 3 &#x3E; 0, Ws = {z E W : p(z)  8}. There is a 80 &#x3E; 0 such that for

8  80, W s C W. Denote by g8, 0  8  80, the function

Clearly g8 is continuous on (C2. Set

for (z, t) e C x R~.

ASSERTION: U le 3 = t) is a weak subsolution of the parabolic equation

provided e.

Let now u 8 : cC2 x the weak solution of the parabolic problem
corresponding to g8.

By the comparison principle (note that t) = - oo) we have
t), hence, with K a compact in S2, t &#x3E; 0,

Fix now an arbitrary 8 &#x3E; 0, and let E = M8. Consider t E (0, 1 /2M), and z
with Then z E Ws. Indeed, et  E/2M  8/2 and g (z) = 8 outside
of Ws. Hence g’(z) = p(z)  8/2, i.e. £t(K) c for all t E (o, 1 /2M) .
Seeing that 8 &#x3E; 0 was arbitrary and M independent on the choice of d, we
obtain that C S2 for 0  t  1 /2M; in particular C S2 for
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0  1 /2M. By the semigroup property of £f we conclude that C S2
for all t &#x3E; 0.

In order to prove the Assertion we show first that

in (C2 (in the weak sense).
Applying the technical fact with X (s) = min (s, 8’) for 0  8’  8, we

obtain that 
,

in Ws, in the weak sense. On the other hand, for 8’  8, Ws, C Ws and ps’ is
constant on C~ B W~/, hence

on (C2 for all S’  8. Since p3’ ~ p3, uniformly, we obtain the conclusion.
To verify the Assertion fix !, E &#x3E; 0 with M8 s E and t°) E C~ x R+.
Take a smooth test function q5 

to).- Evidently to) = - E. Set now to) + Eto. Then

By what is preceding, we have, in case 

or, in case a* (z’) = 0, for some vector

The technical fact is proved as follows. Since x can be approximated uniformly
on compact subsets of R by smooth functions with the required properties, we
assume, with loss of generality, that x : R -+ R, x E 0  1;
hence a.e.. Let 1/1 be a smooth test function for ,C(x o.~~ -h,
i.e. , 

’ ’

= is a test function too, i.e.

In case # 0 we have a VI * (z’) =,A 0 and,&#x3E;’/b$ virtue of the hypothesis,
~(’~’*)(z°) ? -h(zO), hence 1

If = 0, then a 1/r * (z° ) = 0 and there is a vector E 1,
with
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Note that, because we have

The proof of the Lemma is now complete.

COROLLARY 2.3. Let K be a compact subset of c2, K S its Stein hull, the
intersection of all Stein neighbourhoods of K. Then

(i) c KS for every t &#x3E; 0 (in particular, if K is a Stein compact, C

Kforallt ~ 0;
(ii) if K belongs to a complex curve, St’c (K) c K for all t &#x3E; 0;

(iii) if K belongs to a Levi flat hypersurface X, C X for all t ~ 0.

PROOF. To prove (ii) we apply the theorem of Siu: X has a Stein base of
neighbourhoods [Si], [D]. To prove (iii) we consider two pseudoconvex bounded
domains S22 with the property: K c a = 1, 2 and ni nQ2 C X
([GS]).

REMARK 2.2 Let U be a bounded pseudoconvex domain of (C2 and g a
continuous function ee2 ~ R such that g = M = sup g in ee2 B U. Let u be the

C2
weak solution of the parabolic problem corresponding to g. Then u is constant

(= M) in (~2 B U ) X R

PROOF. In view of the comparison principle we have M. Let M(z°, ==

c  M and set Kt, = [Z E C~ : u(z, t°) = u (z°, t°) }. Kt. is the evolution
of K° - {z E cC2 : u(z, 0) = g(z) = c} at the time t° which is contained
in U by virtue of the hypothesis. Since U is pseudoconvex, Kt° C U and

E v 

2. Let us assume now that K is the boundary r° of a bounded domain
Q C (~2 and let be its evolution. We say that the evolution is strictly
contracting (resp_ectively weakly contracting) if, for every t &#x3E; 0, rt C S2 (re-
spectively ft c Q). is said to be stationary if, for every t ~ 0,

where v is a weak solution of the stationary problem associated with the evo-
lution : ,(v) = 1 in S2 and v = 0 on bS2.

For every weak solution of the stationary problem we have

Moreover
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PROPOSITION 2.4. Let v E Co (-Q) be a weak solution of the stationary problem
and extend it by 0 on the rest of ~2. Then

is a weak solution of ut = £(u) (and u = v for t = 0).

PROOF. Let

Consider a function XE E Coo (JR) with the properties: xE (s) = 0 for s &#x3E; -E/3
and xe (s) = s for s  -E and define w(z, t) = Then w is a weak
solution in Q x R+ which is vanishing on a neighbourhood of bD in D. Then
extend it by 0 on the rest of cC2 x R+ and let E - 0 to obtain the conclusion.

COROLLARY 2.5. Let v E Co (0) be a weak solution of the stationary problem.
Set Nt = {,z E S2 : v(z) = -t}, t &#x3E; 0. Then

PROOF. Part (a) of the statement follows from the above proposition. In
order to prove part (b) we take a continuous function g : ([:2 ~ R satisfying:
g = 0 in Q, g &#x3E; 0 outside and g constant for z ~ » 0. Let u be the solution
of the parabolic problem corresponding to g. Since the evolution of a level
set does not depend on the choice of the function, part (a) implies that for all
t, E &#x3E; 0

[Z E C~ : u (Z, t) = -E } = -E }) = Nt+E.

Now fix t &#x3E; 0 and let z° be an arbitrary point of Nt. Then, by what is
preceding, we have u(z°, t - e) = 0 for all 0  E  t ; hence = 0 and
therefore Z’ E 

A partial converse of Proposition 2.2 is provided by the following
PROPOSITION 2.6. Let u be the weak solution of the parabolic problem corre-

sponding to g and let N be the zero set of u. If rt f1 it, t =,k t’, then N is

the compact graph of a continuous function v : X - (-oo, 0], X C ~2, such that
S2 C X and v  0 in Q, v = 0 on bS2. Moreover vo = vp is a weak solution of the
stationary problem and S2 is Stein.

PROOF. Let = b Q, where g (z) is constant for Izl » 0, and

for some t &#x3E; 0).

Clearly N and X are compact and bO c X,
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By definition

Consider an arbitrary z° E X. By these formulae there exists t° E such
that (ZO, to) E N if and only if ZO E fto. Since distinct fto’s are distjoint to
is unique. Denote v(z’) = -t°. This defines the function v : X - [-t*, 0].
Since the graph of v is the compact set N, v is a continuous function with the
properties: v-I (0) = bS2 = r°, v-1 (-t) - It. To relate the domain X of v
to Q, assume (without loss of generality) that g  0 on S2, g &#x3E; 0 on (~2 B S2
and g = 1 for Izl » 0. Fix z° E S2. Then the function t - u (z°, t) is negative
at t = 0 and u = 1 for t » 0, hence there exists t° such that u (z°, to) = 0,
i.e. v(z’) = -t° and z° E X. Thus S2 c X. (The question of equality will be
addressed soon.)

It remains to show that v satifies the stationary equation ,C(v) = 1 in SZ. Let
g* (z) = v(z) for z E Q, and g* (z) = g (z) for z E (C2 B S2; in particular g (z) &#x3E; 0
on (C2 B ~2. Let u * (z, t ) be the solution of the parabolic problem corresponding
to g* : ,C(u*) = u* (z, 0) = g*(z), u* (z, t) constant for Izl » 0.

Let

consider (z, t ) E H and let -c = u*(z, t). Then c &#x3E; 0 and

Consequently Z E rc+t, i.e. v (z) = -c - t and u Thus
the parabolic equation

holds in H and (by a simple exercise on the weak solutions) ,C(v) = 1 in S2

(if ,z E S2 then, for some t, (z, t) E H).
Observe finally that { v  01 = Q and that v is a subsolution to the

homogeneous equation ,C(v) - 0 in Q. Hence, by [STI], Corollary 3.2, Q is
pseudoconvex.

REMARK 2.3 In view of Theorem 2.1, if bQ is of class C3 then X = Q.

We conjecture that for an arbitrary bounded domain Q which is not pseu-
doconvexe for some t.
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3. - Stationary evolution

1. Let Q be a bounded domain defined by {p  OJ, where p is smooth
and strictly p,s,h, in a neighbourhood of S2 and 0 on bQ.

THEOREM 3.1. Let g E C 0 (b Q). The Dirichlet problem £(u) = 1 in Q and
u = g on b Q has a unique weak solution u E C° (SZ). If g belongs to C2," (bQ) then

PROOF. The Perron method applies in the present case as well. We define
the class J’ of the upper semicontinuous subsolutions u of = 1 in 0 such
that u  g on is not empty (if gl is a smooth function on S2 and

g, g is a member of fl provided X » 0). Let Mo Q - R be the
function

and its upper semicontinuous envelope. Then, taking into account the com-
parison principle (which can be established using the same device as in the

parabolic case), it is possible to show that u,, is the desired solution.
We observe that, to make the Perron method applicable, P-regularity of

the boundary bO suffices is said to be P-regular if for Zo E bS2 and
r &#x3E; 0 there is a continuous function 1/1 in B(z°, r) n S2 such that ~ (.z°) = 0,
~(z)  0 for z = z° and * is p.s.h in B(.z°, r) 

In order to establish the existence of Lipschitz solutions we approximate
,C by the uniformly elliptic operators

and we consider the approximated problem ,CE (u) = 1 in S2 and g = 1 on bQ,
E &#x3E; 0, for which we derive the following a priori estimates:

where r is the radius of the smallest ball B containing S2 and C is a constant
depending only on g (for E - 0).

Indeed let v (.z) = -lz-a 12 where a is the center of B, cr be a positive
number and u E C2 (S2) n be the solution of ,CE (u) - 1 with boundary
value g. One has ,CE (v)  by virtue of the comparison principle u(z) -

max (u - v) and consequently 
. 1 1, , ",.

bQ 
, , .... , ,, , .,,’" - I I . I , " I,,, I

The same argument applied to u and v(z) = I z - a ~2 yelds
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To obtain the estimate for the gradient we proceed as in [STI ] (Lemma 2.2).
We derive for w = laU12 the elliptic equation

where ba ~ = (1 
Since the matrix (ba~ ) is positive definite , again by virtue of the maximum

principle, we have

Thus, to conclude, it is enough to bound the outward normal derivative
8u /8v along bQ. As in [STI], without any assumption on the Levi curvature
of we obtain the estimate

where v = g - ap, v’ = g + a p (here g denotes a smooth extension of the
boundary value and a a sufficiently large constant).

Now the classical PDE theory gives, for every 0  c  1, the existence of
a unique solution M~ E c2,a (Q) of the approximated problem [LSU]; moreover,
in view of the a priori estimates, is a bounded subset of Cl(-Q). Let 
be a sequence such that 6p - 0 and - u in L i p (Q) as v ~ -1-00 : u is
a weak solution of our problem. For if U - 1/1 has a strict local maximum at

z° E Q and 1/1 E Coo then there exists a sequence z° such that M~~ 2013 ~
has a local maximum at z’v. Hence, if 0, one has

and, letting . If set

to obtain

for some q belonging to the closure of 
Thus u is a weak subsolution. The proof that u is a weak supersolution

is similar.

2. We also have estimates of solutions. In order to state this let us denote
h2(z) the eigenvalues of the matrix ( pa, ~ ) at z E S2 and set

in Q.
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THEOREM 3.2. Let u E C’(0) be a weak solution of £(u) = 1 in Q. Then the
following estimate holds true:

In particular the stationary problem has a unique weak solution
u E Lip (Q) such that 

I_ 1 _

PROOF. Set v = + m where m = min u and prove that v is a weak
’ 

bQ 
"

subsolution of ,C(u) - 1. This is actually trivial where a v =1= 0 since there
/~(t;) = A.~/~(~) ~ 1 (i.e. v is a classical subsolution). Now let z° be a critical
point for v and {z" } c Q be a sequence of points such that 0 and

z" ~ z° as v -~ +oo. Set

Then (upon passing to a subsequence) we have 17’ ~ ~, with = 1 and

If cp is a smooth function and v - cp has a local maximum at z° then, since
the matrix is definite negative at z°, we derive

This shows that v is a subsolution and, owing to the comparison principle, that
in Q.

The proof of the right-hand side inequality is similar.
If u is the weak solution of the stationary problem, the preceding estimate

implies 
-

on bQ and the conclusion follows in view of the maximum principle for 

3. Boundaries of strictly pseudoconvex domains evolve in stationary way.
_ _o

More generally, let Q be a bounded domain in (~2 such that Q = S2 and W be
an open neighbourhood of Q. Assume that there exists a continuous function
h : W B S2 -~ R+ such that: h is weak subsolution of £(h) = 1, h (z) ~ 0 as
z z ° and

for every z ° E bQ.
Under these hypotheses we have
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THEOREM 3.3. Let v E C° (S2) be a weak solution of the stationary problem and
.for every t &#x3E; 0, let

and

Then {rt }t&#x3E;o and fqtlt,o are respectively the evolution of 10 = bQ and S2o = Q.
In particular .

PROOF. We may assume that h is continuous in W B S2 and constant, h =
Co, on bQ. Clearly v(z) + t is a weak solution £(u) in S2 x R+
and, consequently, + ti ( is a weak solution too. Let us choose cl , C2,

o  C2  CI 1  Co and set

The domains Wl , W2 are pseudoconvex and S2 c W2, W 2 C W. Let

and cp : [0, c] - R be a continuous function such that: ~(~) = ~ for 0 :S ~ ~
c2, ~o(~) = M for c 1  ~  co and ~(~) is linear for ~ E [c2, ci]. In particular,
~p (~ ) &#x3E; ~ for all ~ E [0, c]. Finally we define

Clearly, g is continuous, bounded and constant for Izl » 0. Moreover, g (z) _
Iv(z)1 [ for z E S2, g (z) &#x3E; h (z) for z E W B S2 and

for ~ 
Let us consider the weak solution of the parabolic problem corresponding

to g. We have u(z, t) = M for all z E c~2 and t &#x3E; to and, thanks to Remark
2.1, u (z, t) = M on (C~ B Wl ) x R~. Moreover, if V = W x (0, to ), we have
u = M on bV B (cC2 x {0}).

Now we are going to define a weak subsolution Uo of u t - to be

compared with u:

Clearly Uo is continuous in V and
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for (z, t) E V. In order to prove that u,, is a weak subsolution in V, let us
consider w E COO(V) and (ZO, to) with the following properties: u ° (z ° , t ° ) =

to) and uo(z, t)  t) near (z’, t’). Then ZO fj. bS2 for otherwise

which is a contradiction.
Thus z ° E V B bO and it is then clear, by definition of Mo, that £(cp)

at (z’, t’). This proves that Mo is a weak subsolution.
Let a &#x3E; + By what is preceding we deduce that u~  a u on

b V and consequently, in view of the comparison principle, on V

(since a u is a weak solution too).
Now, if z E rt, one has v(z) = -t, u° (z, t) = 0 and therefore

rt C {z E S2 : v (z) = -t } for all t &#x3E; 0. Since we already proved the opposite
(Corollary 2.5) we obtain the first part of the statement. _

Finally, the inclusion Qt C S2 follows from Theorem 2.1 since S2 has a
Stein base of neighbourhoods (thanks to the existence of h). On the other hand
we have

namely S2t = 
This ends the proof.

REMARK 3.1 A bounded strictly pseudoconvex domain with a C2-boundary
satisfies the hypotheses of the above theorem.

PROOF. There exists a C2 function ~, strictly p.s.h on a domain V, with
the properties: 0 C V, S2 = f ~  0}, a*(z) 0 0 for all z E bQ. We may also
assume that 

-. 

- D I

in V. This implies that /;(~) ~ 1 in V.
Let us define

and

,z E W C S2. Then we have

if z E W B S2 and h(z) - 0, D+h - 0, as z -~ z°, if z° E bQ.
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4. For V open in ~2 denote by P(V) = C(V) n PSH(V), the class of all
functions continuous and p.s.h on V. Let K c V be compact. We say that K
is P(V) - convex, if for every Zo E V B K, there is a function 0 E P(V) such

0 for ,z E K and 0 (z,,) &#x3E; 0.

Following [S], a compact subset K of ~2 is said to be B - regular if for
every positive M there exists a smooth p.s.h function k such that: 0  h  1

and, near K, 
- -

Then as for "instantaneous disappearance" we have

THEOREM 3.4. Let K be a compact subset Suppose that K is B-regular
and P(V)-convexfor some open neighbourhood V. Then the extinction time of K
is 0, i.e. E,,C- (K) = 0 for t &#x3E; 0.

PROOF. (a) We first prove that there is a function 1/1 E such that

~/r (z) &#x3E; 0 for Z E V and 1/1-1 (0) = K (and this holds for every P(V)-convex
compact subset of 

For every ~ E V B K, choose a function 1fr E P(V) such &#x3E; 0,
1frIK  0 and put 1/1~ = max (1/r~, 0). Then

and neighbourhood B~ of ~ in V B K.
The family is an open covering of V B K which admits a

countable subcovering [B~-1. For simplicity denote B~m = Bm and = 1/Im.
Let am be positive factors such that

It is easy to see that the series

converges uniformly on compact subsets of V and that it defines a positive
continuous p.s.h function 1/1 : V 2013~ R such = K.

(b) Now fix V,,, a neighbourhood of K in ee2, in such a way that K is

P( Vo)-convex and fix 0  E  1. We will define a weak subsolution vE of the

parabolic equation.
To this scope we consider a neighbourhood V of K, contained in V,,, such

that there is a smooth, p.s.h function ), : V ~ (0,,e) with
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Note that K is P(V)-convex because V c V.. Let 1/1 : V - R+ be a
function belonging to like in (a). Multiplying it, if needed, by a positive
constant, we can assume that the set W = 1 } is compact. Let

g : ee2 ~ R is continuous and constant on (C2 B W . Let u E be the weak solution
of the parabolic problem corresponding to g and T be the minimum time such
that is constant (=1) for t &#x3E; T, all z (we note in passing that all the
object U,,k, W, g, T depend on e, but we will suppress this in our notation).
Let now

for (z, t) E W x [0, T]. Clearly vE is a (local) weak subsolution of the parabolic
problem in H = W x (0, T) which is continuous on H.

Note that

for z E W and that

Therefore

for (z, t) E bH. Since (I + T)u’ is a weak solution, in view of the comparison
principle we obtain that

for (z, t) in H.
Thus, for 0  t  T,

Since Vf (z) &#x3E; 0, this implies that t  E i.e. that £/2 (K) = 0 for all t &#x3E; c.
But since E &#x3E; 0 is arbitrary, this proves the theorem.

REMARK 3.2 This is the case if K is a compact subset of a totally real
submanifold M C C~2.
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4. - Evolution of starshaped and convex sets

1. To study the effect of homotety in space variables on the solutions
of our parabolic equation we consider the following standard transformation of
functions:

If K is a compact subset of  C2 and a a real number, we denote

PROPOSITION 4.1. If u is a local solution of the parabolic equation ut = £(u)
then so are Hku, k &#x3E; 0. Moreover, if

then,for,

PROOF. (Sketch).The first part of the statement is evident if u is a C2
solution. If u is a weak subsolution, h &#x3E; 0 fixed, and 1/1 a smooth test

function, i.e. Hku(z, t) with equality at (z’, t’), then is a

test function for u, i.e. Hk - I * (z, t) &#x3E; u(z, t) with equality at (k-IzO, k-Ito).
Hence satsfies the required inequality at (k- 1 z’, k-l to), which implies
that 1/1 satisfies the definition at (z ° , t ° ) .

Let now g - I (o) = K, g constant for z ( » 0. Let u be the solution of the
parabolic problem corresponding to g. Then rt = {z E C~ : u(z, t) - 01. Let

g*(z) = g(s-1 z). Then

and so

2. A bounded domain S2 of e2 is said to be strictly starshaped with respect
to z° E S2 if, for every half-straight line l(z°) starting from z°, the intersection
l(z°) n bS2 consists of exactly one point.

If Q is strictly starshaped with respect to 0 E C’, we let p(z) = s if s &#x3E; 0

and z E sbo, and p(O) = 0. We call p the gauge function of Q with respect
to 0.

THEOREM 4.2. Let S2 C C2 be strictly starshaped with respect to 0 and let
the evolution of ro = bS2. Let t* be its extinction time. Then

(c) there is a unique continuous function it such that
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PROOF. For a finite positive C consider

and let u ~ denote the unique solution of the parabolic problem corresponding
to g ~ .

Now the fi action u C can be easily decribed via its level sets. If s  C,
then {p(z) =sl=sr,,, and so, for t &#x3E; 0,

i.e.

otherwise 
Consider now 0  a  ~B  t* and choose t &#x3E; 0 small enough so that

Then
I’ll I’ll I’ll I’ll

and by (1),

on

whenever a-1~2t 1 ~2  C, t &#x3E; 0 and

on

whenever p-112tll2  C, t &#x3E; 0.
Since s 1 ~ s2 it follows that the sets and are

disjoint, being different sublevel sets of the continuous function uc(-, t). By (3)

and, whenever on the set luc  C).
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Since the  C}, for C &#x3E; 0, form an increasing family of open
sets, it follows that the defines a continuous function u on

which is a local solution of the parabolic equation there.
Moreover H =_~2 x R+. Indeed, for every R &#x3E; 0, there is a positive C

such that the ball B (0, R) is contained in

hence

But

and

We conclude that u is a well-defined continuous (local) weak solution of
the parabolic equation on (C2 x R+. (Note that it is unbounded and its properties
as t -~ 0 are still to be determined.)

Let now JL(z) = u (z, 1 ), z E cC2. Then it : C2 -+ R is a continuous function
uniquely determined by the condition

It follows a posteriori that

Using (1), (2), (3) and (4) we can recover uc in terms of /~:

On the other hand we know that

and that uc is continuous on c~2 x 
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Consider now an arbitrary sequence ) and let

Then tm - 0 and (zm) c bQ = 1,. Consider an arbitrary subsequence 
that has a limit Zo and fix C &#x3E; 1. Then, as (zmk, tmk) - (z’, to) and since
p(z°) = 1, we have

It follows that only a finite number of terms

can exceed C, and

We conclude that 
" ( B.. l1

REMARK 4.1 We do not say that the subsets ra themselves are disjoint.
This is probably false if bQ is not pseudonvex.

Thanks to the above proposition we may define the function ((:2 ~ R+
setting, for .z e (C2, ~(z) = a 1 ~2 if z E ·

Let us observe that, for a starshaped domain, this function is actually
depending upon the point z°. Moreover

LEMMA 4.3. Under the hypotheses of the above theorem, con-

structed there is continuous and is a weak solution of

Moreover, ~,c (.z) &#x3E; I 1,,,IF, for all z E (C2 and

where p (z) is the gauge function ofrl with respect to 0 (i. e. p (z) = s, s &#x3E; 0, if and
only if s-l z E bQ and p(O) = 0).

We omit the proof of this lemma.
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0

COROLLARY 4.4. For all a &#x3E; 0, Ta = 0.

PROOF. Suppose that ra contains a ball B(z°, R), R &#x3E; 0. Then it = /t(z’)
on B(z’, R).

Consider the test function

JL in B(z°, R) and ~(z°) _ 
On the other hand, with 17 E ~2, 1171  1,

bears no relation to 
, 4

This is a contradiction.

3. We assume from now on that Q is a bounded convex domain; we
retain the notation introduced in the starshaped case. In particular 0 E SZ and

= 0. Of course p is now convex.
Since S2 is starshaped with respect to every point Z’ E S2 and since

part (a ) of Theorem 4.2 implies immediately that

for every ZO e Q and 0  a 
More precisely

This fact gives
PROPOSITION 4.5. Suppose that Q is convex and that 0 E Q. Then

More precisely, for all z E (C2, ZO E Q and s &#x3E; 0, it holds

PROOF. It is evident that (a ) follows from (b) by taking

and passing to the limit.
In order to prove part (b) let us fix z and s &#x3E; 0.
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Denote f3-1/2 = /-t (z) and consider arbitrary positive a such that cx -1 /2 &#x3E;
f3-1/2 ~- s. Then ,z E f3-1/2ïf3 and z - p-112 Z’ E f3-1/2 ~r,~ - zo). Since

a- 1/2 &#x3E; f3-1/2, ~,e get by (5)

i.e.

Considering now arbitrary z° E S2 (and z still fixed), we get

and since S2 is starshaped with respect to 0,

Hence,

for every a such that a-1/2 ~ p - 1/2 + S, i.e., for all such a, a-1/2 tt 
Hence 

-

i.e., for each

REMARK 4.2 In particular, performing a translation of S2 in such a way as
to have 0 E we derive from (a):

using as point z° every point of Q we also obtain

(c) can be rewritten in the following way: if 0 E then

where so = = t-1/2 - t*-1/2.

COROLLARY 4.6. For 0  t  t* the sets rt n S2 are pairwise disjoint.
PROOF. Suppose 0, a  ~8  t* and z E rex n By Proposition 4.5,

part (b),

This is a contradiction.
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REMARK 4.3. We note that if we could prove that C Q for every
t &#x3E; 0 the last corollary would imply that the of ro = bQ is
of stationary type. 

-
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