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Existence and Regularity of Minima for Integral Functionals
Noncoercive in the Energy Space

LUCIO BOCCARDO - LUIGI ORSINA

Chi cerca, trova; chi ricerca, ritrova.
Ennio De Giorgi

1. — Introduction and statement of results

In this paper we are interested in the existence and regularity of minima
for functionals whose model is

_ |Vvl? 1Lp
J() = /gz(1+| l)“” /fvdx ve W,y (),

where Q is a bounded, open subset of RN, « >0, p> 1, and f belongs to
L (2) for some r > 1.

This functional, which is clearly well defined thanks to Sobolev embedding
if r > (p*)’, is however non coercive on Wol’p (2): there exists a function f,

and a sequence {u,} whose norm diverges in Wg”’ (€2), such that J(u,) tends
to —oo (see Example 3.3).

Thus, even if J is lower semicontinuous on W(;”’ (§2) as a consequence of
the De Giorgi theorem, the lack of coerciveness implies that J may not attain
its minimum on Wo1 'P(Q) even in the case in which J is bounded from below
(see Example 3.2).

The structure of the functional has however enough properties in order to
prove that if f belongs to L"(2), with r > [p*(1 — @)], then J (suitably
extended) is coercive on W(;"’ (2) for some g < p depending on a (see Theo-
rem 2.1, below). Thus, J attains its minimum on this larger space. Our aim is
to prove some regularity results for these minima, depending on the summability
of f.

More precisely, we will prove that if f is regular enough, then any minimum
is bounded, so that (as a consequence of the structure of the functional) it
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belongs to W&’p (§2) (see Theorem 1.2). If we “decrease” the summability
of f, then the minima are no longer bounded, but they still belong to the
“energy space” Wol‘p (2). Finally, there is a range of summability for f such
that the minima are neither bounded, nor in WO1 "P(Q) (see Theorem 1.4).

We will also prove some results concerning the regularity of the minima
if the datum f belongs to Marcinkiewicz spaces, and a result of existence of
solutions for a nonlinear elliptic equation whose model is the Euler equation of
the functional J.

Let us make our assumptions more precise.
Let Q be a bounded, open subset of RN, N >2.
Let p be a real number such that

(1.1) l<p<N

(see Example 3.4, below, for some comments about these bounds), and let p’

be the Holder conjugate exponent of p (i.e., % + & =1).

Let a : 2 xR — R be a Carathéodory function (that is, a(-, s) is measurable
on 2 for every s in R, and a(x, -) is continuous on R for almost every x in 2)
such that

Bo
1.2) W <a(x,s) < p1,

for almost every x in 2 and for every s in R, where «, By and B; are positive
constants. We furthermore suppose that

1
(1.3) 0<cx<—/
p

(see Example 3.4 and Section 4.2, below, for some comments about these
bounds). Let j : R¥Y — R be a convex function such that j(0) = 0, and

(1.4) B2 1§17 < j (&) < Bs(1 + 617,

for every £ in RY, where B, and B; are positive constants.
Examples of functions a and j are

Bo

G J©=pEr,

a(x,s) =

where b is a measurable function on 2 such that
(1.5) 0 < B4 <b(x) <PBs for almost every x in 2,

with 84 and Bs two positive constants.
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If 1 <p < N, we denote by p* = s £ the Sobolev embedding exponent.
Let f be a function in L"(S2), w1th

(1.6) r=[p*d -7,

let v in W(}’p (2), and define

J(v)=/Qa(x,v)j(Vv)dx—/vadx.

By the assumptions on a, j and f, J turns out to be defined on the whole
]’p (R2). We extend the definition of J to a larger space, namely W(;'q(Q),
w1th q= M—“ < p, in the following way

ve Wi(Q).

1.7 1(v) = { J(v) if J(v) is finite,

+00 otherwise,
If k > 0, define
Ty (s) = max(—k, min(k, s)), Gy(s) =s — Tr(s) = (|s| — k)4 sgn(s) .
If u: Q2 — R is a Lebesgue measurable function, we define
(1.8) Ar=xeQ:lux)| =k}, Br={xeQ:k=<|ulx)| <k+1}.

If E is a Lebesgue measurable subset of RN, we denote by m(E) its
N-dimensional Lebesgue measure.

Throughout this paper, ¢ denotes a nonnegative constant that depends on
the data of the problem, and whose value may vary from line to line.

Our results are the following.

Np(l—a)

THEOREM 1.1. Let g = , and let f be a function in L"(2), with r as

in (1.6). Then there exists a minimum u of I on Wo 1Q).

This result follows from a result of coerciveness and weak lower semicon-
tinuity for I on W(;’q(Q), whose proof will be given in Section 2.

Once we have proved the existence of a minimum u, we can give some
regularity results, depending on the summability of f.

We begin with conditions on f which yield bounded minima.

THEOREM 1.2. Suppose that f belongs to L™ (S2), with r > %.
minimum u of I on Wol’q(Q) belongs to Wol’p(Q) N L*(R2), thus J attains its

minimum on W(;’p(Q).

Then any
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REMARK 1.3. Observe that the condition on r does not depend on «. In
other words, whatever is the value of o (between 0 and #), any minimum is

bounded. The main step of the proof of the previous result is the L*°(R2) part.
Indeed, once we have that a minimum belongs to L*°(S2), then the fact that

it is in Wol’p (R2) is easily seen. Moreover, using again the fact that u belongs
to L*(S2), one can repeat the proof of Theorem 3.1 of [13] in order to obtain
the De Giorgi Holder continuity result (see [11]) for u.

We give now conditions on f which yield unbounded minima.

THEOREM 1.4. Suppose that u is a minimum of I on Wol “9(Q), and that f
belongs to L™ (), with [p*(1 —a)] <r < %. Then the following holds:

a) If(%)' <r< %, then u belongs to Wol’p(Q) and to L* (), with

_Nrip(l-a)-1]
s = N—rp .

Thus, J attains its minimum on W,'? ().
b) If[p*(1 — ) <7 < (&), then u belongs to Wy'* (), with

_ Nrip(l —a)—1]
~ N-r(l+ap)

REMARK 1.5. The result of a) is somewhat surprising: even if the minima

are not bounded, we still have that they belong to W,'”(S2). The WOl P(Q)
regularity result will be proved combining the information that u belongs to
L*(2) with the fact that u# is a minimum.

REMARK 1.6. We observe that p* = s, so that there is continuity with
respect to the regularity of u in the two cases above. Moreover, we have

p=pforr= (—IL ", If r tends to %, then s tends to +oo.

l+ap)

REMARK 1.7. As a consequence of Theorem 14, if r = % we have that

any minimum u belongs to WOl 'P(Q) and to L*(R), for every s < +00. Indeed,

N
any function in L7 (2) can be seen as a function in L' (L), for any r; < %,
so that the result of Theorem 1.4, a), applies.

If @ tends to #, both (ﬂ%)/ and [p*(1 — «)]’ converge to %, so that
1

Theorem 1.4 cannot be applied if o = r

REMARK 1.8. The results of this paper are related with the results of [6],
where the authors and A. Dall’Aglio studied the existence and regularity of
solutions for an elliptic boundary value problem whose model is

Vu
div(——— ) =f inQ
(19) { X <(b(x)+|u|)2«> foim
u=20 on 0%2,
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with b(x) as in (1.5), and a < % The study of such equations also presents
the difficulty that the elliptic operator is not coercive on H( (). However, the
simpler structure of equation (1.9) with respect to the Euler equation for I (see
Section 7), allows to prove the existence of a solution u of (1.9) also for f in
L7(2), with r < [2*(1 — «)]': thus, in particular, for data such that J is not
defined on H{(RQ).

The plan of the paper is the following: in Section 2 we will prove that [
has a minimum on Wol’q (2), while Section 3 will contain some examples and
counterexamples. Section 4 and Section 5 will be devoted to the proof of
Theorem 1.2 and Theorem 1.4, respectively. In Section 6 we will state and
prove regularity results on the minima of I depending on the summability of f
in some Marcinkiewicz space. Finally, Section 7 will be devoted to the proof
of an existence result for an equation which is a generalized form of the Euler
equation for the functional I.

2. - Existence of a minimum

In order to prove that there exists a minimum of I on WO1 4(Q), with

= NN(_I;;‘), we are going to prove that / is both coercive and weakly lower
semicontinuous.
THEOREM 2.1. Let q = Ml\)/—(—%g—)' Suppose that f belon,gs to L7 (R2), with

r > [p*(1 —a)]. Then I is coercive and weakly lower semicontinuous on WO1 Q).

Proor. We begin with the coerciveness of I, that is, we want to prove that
for every M in R the set Eyy = {v € WO"q(Q) : I(v) < M} is bounded. Since
for every u in Wol’q(Q) we have

/fudx<+oo,
Q

due to the assumption (1.6) on r and to the fact that g* = p*(1 — o), we have
that if u belongs to Ejy, then

/ a(x,u) j(Vu)dx < +o00.
Q

For these u, we have by (1.2), (1.4), and Holder inequality,

|Vul|?
Vul|? dx =/ e (1 + [u])*? dx
/Ql | Q (1 + |ul)xe |

q
|VulP P @qp
< (/Q a3 iuner uper dx) (/Q A+ |ul) P dx)
5 aqp -3
<c (/ a(x,u)j(Vu)dx) (1 +/ || P4 dx)
Q Q

1-4
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Since g is such that % = q*, the preceding inequality becomes

/ |Vul?dx <c¢ (/ a(x,u) j(Vu) dx)
Q Q

which implies, by Sobolev embedding,

q

-4
<1+/ Iul‘I*dx) g ,
Q
: 2\
/IVuI"dec(/ a(x,u)j(Vu)dx) 1+</ |Vu|qu)
Q Q Q

If the norm of u in WO1 9(Q) is greater than one, this implies

Sk

4
P

7

5 a-H%G
/ |Vulldx < c (/ a(x,u) j(Vu) dx) (/ |Vul? dx) ,
Q Q Q

so that, by definition of g,

£(1-2470)
/ a(x,u) j(Vu)dx > ¢ (/ [Vul|? dx) = cfju?!-®
Q Q

l.q .
w4 @

Since r > (¢*)’, one has, again by Sobolev embedding,

/Q fude <1 fll ey g Wl @y < € 1l el g,

Hence,

1-a)
1) > cllu” —-c u ,
@) =cl IIW(;,(,(Q) Iz |l ”wg"l(m

for every u in Ej of norm greater than 1. Since o < % implies p(1 —a) > 1,
then I(u) > M if

/a(x,u)j(Vu)dx < +00,
Q

and the norm of u in Wol‘q(Q) is large enough. Thus, there exists R = R(M)

such that E,; is contained in the ball of Wol’q(SZ) of radius R; hence Ej is
bounded.

Now we turn to the weak lower semicontinuity of / on WOl Q).

Since g* = p*(1—a), the assumption (1.6) on r and the Sobolev embedding

imply that the application
U / fudx,
Q

is weakly continuous on WO1 (). On the other hand, the term
/a(x,u)j(Vu)dx,
Q

is weakly lower semicontinuous on WO1 (), since the assumptions on a and j
allow to apply the De Giorgi lower semicontinuity theorem for integral func-
tionals (see [10]). O
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By standard results (see for example [9]), we thus have that there exists
the minimum of / on Wol "9(Q); that is, there exists u in WO1 4(Q) such that

Q.1 I(w) = min{I(v), ve W, 4(Q)}.

Since I(v) = J(v) on WOI”’(Q), then I(u) < I1(0) =0, and so

2.2) /Qa(x, u) j(Vu)dx < /qudx < 400,

by assumption (1.6) on r, and since ¢* = p*(1 —«). We claim that this implies
I(Ty(u)) < +oco for every k > 0. Indeed, the assumption j(0) = 0, and the
fact that [, f Ty(u)dx is finite being f at least in LY(Q), imply

/ a(x, Try(w)) j (VT (u)) dx =/
Q

a(x,u) j(Vu)dx < / a(x,u) j(Vu)dx ,
{lul<k} Q

so that, by (2.2),

2.3) /Qa(x, Ti(w) j(VT(u))dx < /qudx < 400.

Thus, we can compare /(u) with I(7;(u)). This yields, after straightforward
calculations,

24 / a(x,u) j(Vu)dx 5/ f Gr(u)dx Vk >0,
Ak Ak

where Ay is as in (1.8). This estimate will play a fundamental role in the
sequel.

REMARK 2.2. Starting from (2.3), and using (1.2) and (1.4), it is easy to
obtain the following estimate:

/ VT (w)|? dx <c(1+k)*, Vk>0.
Q

Thus, even though the minimum may not belong to the “energy space” Wol’p (),
this is the case for the truncates of u. This property is also enjoyed by the so-
lutions of nonlinear elliptic equations with measure data (see, for example, [2]).
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3. — Examples

In this section we are going to give some examples and counterexamples,
in order to explain which kind of problems can arise when studying these
functionals.

ExampLE 3.1. Uniqueness of minima for the model case.
Let p =2, and let us consider the model functional

1 VP / + 1
H, (2
J(v) = Q(1+|v|)2"‘ fvrdx, ve H(Q),

with 0 < @ < %, and f a nonnegative function in L' (), r > [2*(1 — )]’.

Let I be the extension of J to Wy'?(R), with g = VU0 given by (1.7).
Then, as we have shown in the previous section, there exists

m =min{I (v), v e W, (Q)}.
If we define
={ve W) : I(v) < 400},
it is then clear, by definition of I, that
m =min{/(v), v € F} =min{J(v), v € F}.

Furthermore, observe that since [, f vdx is always finite on W(:'q (2) by the
assumptions on g and on the summability of f, then

Vol?
{uewo"(sz) /(1|+|v||)2“ dx<+oo}.

Let now

14 s — 1
o(s) = (—“L'f%a—sgnm), hs) = {[(1 — )ls| + 1]77 — 1} sgn(s),

so that g(h(s)) =s. If v belongs to F, then

vemP= 1V i)
1 + vy ’
and if w belongs to Hj(2), then
Vh(w)|?
VRGO _ _ \vup e L'(@),

(1 + |h(w))*
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so that the application G : F — H}(Q) defined by v — g(v) is both well
defined and bijective.
Now we change variables and consider the new functional

1
L) = 1) =5 /QIVvIde—/th(er)dx.

1 . .
Since h(s) grows as |s|I-«, and since T—l—a < 2 due to the assumption o < 1,

then L turns out to be weakly lower semicontinuous and coercive on HO1 ().
Hence, there exists the minimum of L on Hol (2). Since G is bijective, we
obviously have

min{L(v) : v € H(Q)} =m.

Any function w that realizes the minimum of L is also a solution of the Euler
equation for L, that is, of the problem

{ —Aw = f(x)hW(wt) in Q,

3.1
G- w=0 on 052,

where

[+3

(st =[1—-a)sT+1]Ta |
Since f is nonnegative, as is h’(s™), then w is a nonnegative function. Since
K (st) is concave, it is well known (see for example [1], Lemma 3.3) that w
is the unique positive solution of (3.1).
Hence, w is the unique minimum of L on HO1 (2). This implies that

u = h(w) is the unique minimum of / on W(; 4(Q). Thus, at least in the model
example, we have proved a uniqueness result for the minimum point of 7. In
the case of elliptic equations like (1.9), the uniqueness of solutions has been
proved in [16].

In [8] it has been proved that if w is a solution of (3.1), and if f belongs to
L (), with r > X, then w belongs to L*°(£2). If we consider now u = h(w),
the minimum of I, we easily obtain by the definition of & that also u belongs
to L*°(£2). Thus, since u is the minimum of I, we have

1 |Vu|? /
— — dx < utdx < cllulroo s
2/Q<1+|u1)2“ L= J T dr =l

since f belongs at least to L'(2). The latter inequality then implies
[ 1vuldx < e 1+ i),
Q

so that u belongs to HOl (£2). Hence, we have proved (by means of a change of
variable, and in the model case) that the minimum u of I belongs to H(} )N
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L*®(2) if f belongs to L"(2), with r > % This explains the result of
Theorem 1.2.

Using other results of [8], and performing again a change of variable, it is
possible to obtain for the minimum u of I the same results of Theorem 1.4.

ExAMPLE 3.2. The infimum may not be achieved.
If f belongs to L"(2), with r > [p*(1 — @)Y, then the functional J is

bounded from below on WO1 'P(2). Indeed, since on WO1 'P(Q2) we have that J
coincides with 7, defined in (1.7), then

inf(J(v) : v € Wy'P ()} > min{I(v) : v € WY ()} > —o0,
by (2.1). If, moreover, f belongs to L"(R2), with r > 7 = (Tf:;—p)/, then the
results of Theorem 1.2, and Theorem 1.4, a), state that J attains its minimum
on Wol’p ().

Let now f belong to L"(S2), with r < r. The result of Theorem 1.4, b),

states that the minimum u of I does not belong to WOI P(Q).
We are going to give an example in which we show that, in this case, the

infimum of J on WOI"’ () is not achieved.
Let p=2,let Q={x R :|x| <1}, let p=]x|, and let

N1 —2a) +2(1 + 2a)
2

c
f (p) = —ﬂ ) ﬂ = ’

o
with ¢ a positive constant to be chosen later. It is easy to see that f belongs

to L"(R2) for every r < 7 = (112% ) but is not in L"(2). A straightforward
calculation implies that it is possible to choose ¢ such that the function

_ 1 1 _ (N-2)(1 -«
w(p)_l——_(x(p—}’_l>’ V—_——“—Z

’

is a solution of
—Aw = f(p)h'(w) in Q,

with & as in Example 3.1. Since w is positive, then, as stated in Example 3.1,
w is the unique solution of the above problem, so that i = h(w) is the unique
minimum point on Wol’q(Q) of the functional I, which is the extension, as
in (1.7), of the functional

1 |Vu|? + 1
J(v) = /Q(l-l-l I)Z“ /fv dx, v e H;Q).

Performing the calculations, we get

_ 1
u(p) = —= — 1.
=2
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Such a function does not belong to Hol (2). Let n in N, and consider the
function
u, =T, (u),

which belongs to HO1 (©2). We then have, by straightforward calculations,
lim J(up) = 1(@) = min{I (v) : v € Wy 9 (Q)}.
Thus,

inf(J(v) : v € H(Q)} = min{I(v) : v € W4 (Q)},

but the infimum is not achieved since the unique minimum point & of I does
not belong to Hy ().

ExampLE 3.3. I may be unbounded from below.

If f belongs to L"(2), with (p*) <r < [p*(1—)], then the functional 1
may be unbounded from below on W,?(Q), with g = E]{%.

As before, let p=2, let Q ={x e RV : |x] < 1}, let p = |x|, and let

c N+2-2N«

’

with ¢ a positive constant to be chosen later. Then f does not belong to L"(£2),
r =[2*(1 — a)]. Moreover, let

N-2

1
u@p)=—-1, )’=m'

py

Let n in N, and let u, = T,(u), which belongs to HO1 (2. If r, in (0,1) is
such that u(r,) = n, we then have

1 |Vu,|? Yoy (11 Y2 on
— ——d = —dp=— 1 nl)»
2 /9(1+|u,,|)2a = / p y )

where wy is the (N — 1)-dimensional measure of the unit sphere in RY. On
the other hand,

1 ™n
/ fundx =coy / fupldp+coyn / foVtdp,
Q n 0
and it is easily seen that we have

/ fundx = —coylIn(r,) + terms bounded with respect to n.
Q
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. 2
Thus, if ¢ > L

5> we have proved that there exists a positive constant c; such that

I(u,) = c1In(r,) + terms bounded with respect to n.

Since r, converges to zero, I is not bounded from below on WOl 4(Q). Observe

that since the norm of u,, tends to infinity in W, ¢ (%), hence in H}(2), then J
is not coercive on H{ ().

ExaMpLE 3.4. On the bounds on p and «.

If p> N >1, and if « is such that (1.3) holds true, then J is coercive
on W, () for every f in L'(R). Indeed, since for any function in Wy'¥(R2)
we have, by Sobolev embedding,

llulloo@) < ¢ llullwg,pm) .

J is well defined on W,'P(2) with f in L'(Q), and it is easy to see that
we have

alx,u) j(Vu)dx > ¢ ul|P4— ,
a0 jwdr = epize.

for every u in WO1 'P(Q) of norm greater than 1. Thus, for these u, we have

J(@) > c|lul|Pi™
( )_ “ "Wl’p(Q)

—c "f"Ll(Q) ”uuwl,p(g) )
0 0

and this implies the coerciveness since p(1 —«) > 1 due to assumption (1.3).

Thus, J has a minimum on Wol”’ (Q).
The case p = N will be dealt with at the end of Section 4.1.

If we take @ = 0, a case which corresponds to “nondegenerate” functionals,
then the results of Theorem 1.2 and 1.4, a) become the well known summability
results for minima of coercive functionals on WO1 'P(Q) (see for example [14]
and [13] for the L>®(Q2) result, and [7] for the L5(2) result). If @ = 0, the
case of Theorem 1.4, b), is empty.

The case o > pi will be studied in Section 4.2.

4. — Bounded minima

4.1. - Proof of Theorem 1.2

We begin with a technical result whose proof, due to R. Mammoliti, can
be found in the Appendix of [6].
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LEMMA 4.1. Let 1 < o0 < N, and let w be a function in Wé’” () such that,
Jor k greater than some ko,

@.1) IVw|® dx < ck® m(Ag)a™ ",
Ag

where A is as in (1.8), ¢ > 0, and 0 < § < 1. Then the norm of w in L*(R2) is
bounded by a constant which depends on c, §, o, N, ¢, ko, and m(S2).

The previous result is analogous to the result of Lemma 5.3 in Chapter 2
of [14]. This latter result, however, holds under slightly more general assump-
tions, but gives an estimate of u in L*°(S2) depending on the norm of u in
L'(2). On the other hand, Lemma 4.1 gives an estimate depending only on
the various parameters, but not on the norm of u in any Lebesgue space.

ProoF oF THEOREM 1.2. Let p < p be a real number. For k > 0 we have,
using the Holder inequality,

V P
/ |VulP dx =/ VU 4 dx
Ay A (14 Jul)*e

4.2) 1-

L
|Vu|? p app.
< (/Ak arune dx) (/Ak 1+ |upP pdx) ,

where Ay is as in (1.8). By the assumptions on a and j, and by (2.4), we have

<

[Vu|?P .
/Ak (—lex ,<_c/Aka(x,u)J(Vu)dx < C/Ak fGr(w)dx.

Suppose that p is such that

1 1
4.3) -+ —<1.
r p*
Then, by Holder and Sobolev inequalities,

1
|Vu|1’ 1_1__1.; (/ * );*-
————dx < ri@) m(A e G )
/Ak Tt 4 =l e miAY [ 16 ax

1
1-1_1 2
<cm(A;) " o* |Vul|® dx
Ak

Thus we have, using (4.2),

|-

1-£
p _1_1)p o P
'V"V’deC( IVuI”dx) m(apl ™7 P*)P</ (1+|u|>%dx)
Ay

Ay Ay
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7
|VulPdx |
Ay

we get

so that, dividing by

and then raising to the power —1— = ;1’—1,

pP=p

" w  \F
“44) |Vul|? dx < cm(Ay) (/ (14 |upr->r dx> .

Ag
Suppose furthermore that there exists 8 in (0, 1] such that
app
p—p
If Kk > 1 we then have, again by Hoélder inequality and Sobolev embedding,

*

=6p*.

4.5)

(l+|ul)0p*dx=/ (A +k + (lu| — k)% dx
Ak

Ag
- / (1 +k + |Gr@))?" dx
Ag
< cm(Ap) + ck®  m(Ay) + ¢ / |G (w)|?°" dx
Q
']
< k%" m(A;) + ¢ (/ (O] dx) m(A;)'~?
Q
0p*
P
< ck?" m(Ap) + ¢ < / |Vul|? dx) m(Ax)' 7.
Ay
Hence,

PP

app. p-l 80* (p=p) p=p
/ 1+ |ul)P-~ dx <ck P71 m(Ap)r!
Ag

Gp*(‘(g—lf)

p(p— -
1-6) =2

+c (/ G dx) m(Ay) 0T
Ak

Since, by (4.5), we have —% = %, we thus have

p=p
app. p-1 ap p=p
(1 + |ul) P~ dx < ckP~I m(Ay) P!
Ak

g

P )
+c ( |VulP dx> m(A) 5T |
Ay
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Substituting in (4.4), we have

opp. _1_1Y e PP
|Vul? dx < ckp-1 m(Ak)(l )

(1-1-L) L 42 _00=p) p=1
+em(Ap)t T oot el el / |Vul? dx
Ak

Ak

I

1P P _pip—p)) L
+em(ap (P1-FrR00=0) 7 ( Ivu|"dx)
Ak

Using the Young inequality with exponents %‘p—] and mﬁ% on the second
term of the right hand side, we have

op
1L P _p(p— 1 p—1
cm(Ak)(P 1-24 £ -6(p—p) 517 Vul® dx
Ag
PP _pip 1
Scm(Ak)(” 1-2+&-0(p p))p(l_m)_1 +1 Vulf dx,

Ak

so that we have

0, 1
/ \Vul? dx < ko2 m(a (P FHR) B
(4.6) Ak
+ em(ap (PFHR000) preeT
As it can be seen by means of straightforward calculations, the assumptions on

r and «, and the definition of 6, imply that {‘

P, P 1 o o | 1
PPN L (PP ) —
(” r+N)p—1<(” F TN ”))p(l—oo—l

Moreover, since u belongs to W(;’q (R), with g = A’% (hence, in particular

to L1(2)), we have that m(A;) tends to zero as k tends to infinity. Thus, there
exists kg such that, if kK > kg, we have

eLpP 1 1
m(Ak)(P“l—F+ﬁ_9(P_p)) DT < m(Ak)(P“l-g“"%);Tl

&N

1
< k7 m(ap (P71 FHR)

and so (4.6) implies that

app. 1Py pY_1_
|Vul? dx < ckp-T m(Ak)(p ' r*N)p—l, Yk > k.
Ak
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Now we apply Lemma 4.1 with

P P 1 P ap
=p, e=(p—-1-S42)— -2 §= .
7=pE (p r+N)p—1 p* p—1

It is easy to see that ¢ > 0 since r > %, and that § belongs to (0, 1) since

O<a< ;‘;. Thus, u belongs to L*®(S2).

It only remains to prove that there exists p < p such that both (4.3)
and (4.5) hold. This is true if there exists p < p such that

Nr

——————— 6<1.
Nr—N+r<p’ 0<f=1

The request 0 < 8 < 1 is equivalent to p < '—"ﬁ%‘;};ﬂ. Since EI%_:) < p for
every l < p <N, if p < EK%“:), then p < p. Thus, we only have to check
that

Nr Np(l — )

4.7 ,
@7 Nr—N+r< N —ap

for every r > %, for every « in (0, #), and for every p in (1, N). This is
easily seen to be true. Thus, there exists p such that both (4.3) and (4.5) hold,
and so the L°°(£2) estimate holds true.

The L*°(2) estimate implies, by (1.2), (1.4) and (2.2),

1 / [Vul|?P
|Vu|”dx§/ I gy
(1 + llullzoo@)®? Ja o (14 |u|)2r

Sc/a(x,u)j(Vu)dx SC/ fudx
Q Q
<clfller@llullLeo@ < c,

and so u belongs to Wol‘p (2). The fact that u is a minimum of J follows from
the fact that

J(u) > inf{J(v) : v e WoP(Q)} = min{I(v) :v e W} =T(w) =J(w),

since I coincides with J on W,? (). O

REMARK 4.2. If p = N, then the proof of the preceding theorem holds
true. Indeed, also in this case there exists a real number p < N which satisfies

conditions (4.3) and (4.5) with 0 < 6 < 1, since (4.7) holds true for p = N

provided that r > % =1 and that @ < #
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Let now f be a function in L"(R2), with r > 1, and let a(x, s) and j(§)
satisfy (1.2), (1.4) with p=N and 0 < < N]7 Define, for v in W(,I’N(SZ),

J(v)=/Qa(x,v)j(Vv)dx—/vadx,

and let g be a real number such that

{ Nr 1 }
max , <qg<N.
Nr—N+4+r 1—«a

Then, reasoning as in the proof of Theorem 2.1, the extension / of J on Wol’q (2)
given by (1.7) turns out to be both coercive and weakly lower semicontinuous.

Thus, there exists the minimum of I; by the proof of Theorem 1.2 and by
the above remarks, any minimum is in L*°(2), hence in W(;’N (2). We thus
have the following theorem.

THEOREM 4.3. Let p = N, and let f in L™ (), withr > 1. Then any minimum
u of I belongs to Wy () N L® ().

Observe that for f in L!(2), J is not defined on WOI’N (2) since there
exist unbounded functions in W(}’N ().

4.2. — Another approach

The method of extending J to a functional I defined on a larger space
is only one of the possible methods of recovering some coerciveness for the
problem we are studying. Another one is the following. Consider, for v in

WJ"’(Q), for n in N and for f in L"(2), r > (p*)’, the functional

J.(v) = /Qa(x, T,(v)) j(Vv)dx —/vadx.

Since, by (1.2), we have

Bo Bo

(4.8) a(x, Ty(s)) = A + T, ()% = (1 +n)r’

then J, turns out to be coercive and weakly lower semicontinuous on WOl P(Q).
Thus, there exists u, in W(;’p () such that

4.9) Joun) < ,(w),  Vve W, Q).

If f belongs to L"(2), with r > %, we have the following result for the

sequence {u,}.
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THEOREM 4.4. Let f in L"(2), r > %, and let {u,} be a sequence of minima

of J. If 0 < < # then {u,} is bounded in WOI"’(Q) N L*°(82) and converges, up
to subsequences, to a minimum u of J.

ProofF. Choosing v = Ty (u,) in (4.9) we get, after straightforward passages,
and using the assumptions on a and j,

[Vua|?
— M _dx< f Gi(u,)dx,
Arn L+ T (un))*P Akn

where

Ak,n = {x €N: Iun(x)l = k} .
Since a(x, T,(s)) satisfies (4.8), and since f belongs to L"(2), with r > %’—,
then u, belongs to L*™°(2) (see, for example, [14]). We thus have, since
T (un) < Th(llunllLoeo) < llunllLoe),

(4.10) /A Vinl? dx < (1 + lunllzoo@)® [ f Gilun)dix .
k,n

Ak‘n

Using again the fact that f belongs to L"(S2), with r > %, and a well known

result of G. Stampacchia (see [17]), from (4.10) it follows that there exists
oo > 0, independent of n, such that

L ap
@.11) lnllzoo@ < 00 Il fregy (1 + lunllzoo@)) 71
Since a < %, we have ;"‘f—l < 1, so that (4.11) implies that {u,} is bounded in
L® ().

Once we have proved that {u,} is bounded in L*°(S2), the Wol 'P(Q) bound
is easily obtained as in the proof of Theorem 1.2. Thus, up to subsequences,

still denoted by {u,}, u, converges weakly in WOI"’ (2) to some function u.

We claim that # is a minimum of J on Wol’p (2). Indeed, if ¢ is such that
lunllLo) < ¢, and if n > ¢, we clearly have T,(u,) = u,, and so, by (4.9)

J(Wn) = Ju(n) < Jn(®), Vv eWyP ().
Since J is weakly lower semicontinuous on Wol’p (2) by De Giorgi theorem
and by the assumptions on f, and since J,(v) converges to J(v) for every v

in Wol’p (2) as n tends to infinity, we have

J() < liminf J(un) = liminf J,(u,) < lim  J,(v) = J(v),

for every v in Wol’p(Q). Thus, # is a minimum of J on WOI"’(Q). |
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ReEMARK 4.5. We would like to point out the differences between The-
orem 1.2 and Theorem 4.4. The former states that any minimum of I on

W, 4(Q) is in Wy (Q)NL®(S), while the latter yields the existence of a min-
imum of J in W(} P(Q)NL®(Q). On the other hand, the proof of Theorem 4.4
is simpler than the one of Theorem 1.2.

REMARK 4.6. If o = pl then (4.11) becomes

1

ltnllzoo@y < 00 Il fllfregy (1 + ltnllzooqe) -
1 .
If oo |l £l fr_(lg) < 1, we obtain again that {u,} is bounded in L*°(€2). Thus, the
result of Theorem 4.4 holds true also for a = % under the condition that the

norm of f is small. This condition is not a technical one: we are going to
give a counterexample in which we prove that if « > ;17, and if the norm of f

in L"(2) is large, then {u,} is not bounded in L*(R2).
Let p =2, let % <& < 1, and define, for v in H(}(Q), and for A > 0,

1 |Vv|? /
J() = - —_——dx — A vidx,
O =3 LT+ o

and

LR
10 =3 |, T mayE

Since J, is coercive and weakly lower semicontinuous on Ho1 (2), then there
exists a minimum u, of J,. Defining, for s > 0,

_ § dt _ —1
80 = [ crrem O =[O

and performing the same change of variable in J, as in Example 3.1, we obtain
that v, = g,(u,) is a minimum on H{ () of

1
L,,(v):E/Q|Vv|2dx—x/9h,,(u+)dx,

and so is a solution of the boundary value problem

{ —Av, =Ah,(v}) in Q,

v, =0 on 92,
where
o 1 l—e _
(1 —a)s + 175 ifs<it™ =1
h/ (s+) — 1 —
n L+n)'——1
(1 + n)® PR Gl il

l—«o
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Observe that since both A and A, (s*) are nonnegative, so is v,: thus, A, (v}) =

h, (v,). Let now A be greater than %l, ‘where 1) is the first eigenvalue of the
laplacian on Q2. Suppose by contradiction that {u,} is bounded in L*°(£2). Then,
due to the definition of g,, we have that v, is bounded in L*°(£2), and so

h,(vs) < c,

for some positive constant c¢. Thus, by standard estimates, {v,} is bounded in
H} (), and so, up to subsequences, it weakly converges to some nonnegative
function v, which is a solution of the boundary value problem

—Av=AHK(v) in L,
“.12) {

v=0 on 39,

where #'(s) = [(1 — a)s™ + I]ig_a. Observe that v # 0 since A'(0) = 1. We
claim that, under our conditions on A, problem (4.12) has no solutions. Indeed,
taking ¢, the first eigenfunction of the laplacian, as test function in (4.12), we
obtain

)q/mpldx=/Vv-Vgo;dx:A/h'(v)goldx.
Q ~Ja Q

Since ¢; is strictly positive on © by the maximum principle, and since the
assumptions on A and « imply that

AW (s)—A;s>0, Vs e RT,

we have
O=/ [AR' (v) — A v]@1dx >0,
Q

a contradiction. Thus v does not exists, and so {u,} is not bounded in L>*(2).

5. — Summability of unbounded minima

This section will be devoted to the proof of Theorem 1.4.

ProoF OF THEOREM 1.4, If r = [p*(1 — «)] then p = q and s = ¢*, and
so the result is true since u belongs to WOI"’(Q). Thus we only have to prove
the result if r > [p*(1 — )] = (¢*)'.

From (2.4), and using the assumptions on a and j we deduce, for every
k>0,

[Vul?
——dx <c Gy(w)dx,
/Ak (1 + [uer A

where Ay is as in (1.8). We will now follow the ideas of [7], Lemma 2.1.
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Let A be a positive real number, and let M be an integer; multiplying the

preceding inequality by (k 4+ 2)*?~!, and summing on k ranging from 0 to M,
we get

i(k+2)“’"‘/ AL S <ci(k+2)“"l/ f Gi(u)dx
P o (L uper ™ =T ol

M
<Y k+277 [ ifiulax.
k=0 Ak

Observing that
+00
= U B;,
j=k
where B; is as in (1.8), and exchanging the summation order, we obtain
+00 V| v () | Ty ()

dx k+2)" ! <c / u|dx k+2)71,
g/B(IHuI)“P > k+2) Z Fllldx 3 Go+2)
Since there exist two constants o) and o5, independent of M, such that

Tm())
o (Tu() + 27 < Y (k+ 277! <or (Tu(j) + 2V,
k=0

the preceding inequality becomes

VP 2 .
(Tu(j) +2)* x<cy Tu()+2 [ |f]luldx.
> f, T ey A

Iul)‘“’
Recalling the definition of Bj, it is easily seen that

(Tu@) + D < (Tu(j) + 2™ < (Tu@®) +2)* on B;,

so that
/sz A+ uper & T 1 TM@D™ dx
e = C/Q [ £l + | Tp ()™ dx

<c2 /Q LFICL+ 1) (L + [Ty @)™ dx
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We would like to let M tend to infinity, but this is possible only if
(5.2) IF1 @+ u)?* e LY(Q).

Since f belongs to L"(S2), if we suppose that u belongs to L7(2) for some
n > 1, then (5.2) holds true if A > 0 is such that

A=A = = (1,—1).
P r

~

Let no = g*. Since u belongs to Wol’q(Q), then u belongs to L"0(2). Define
1 *
Ao = A(mo) = — (Z,-—l) >0,
p \r

since r > (¢*)’. Thus, (5.2) holds for A = Ag. Letting M tend to infinity
in (5.1), we get

63) [V o< 20 [0+ o
Q2 Q

The left hand side can be rewritten as follows, using the Sobolev embedding:
/ IVulP(1 4 u])*0~2P dx
Q

1 p
= — V({1 AO_a+1_1 Pd
(s=ery) [rv@+m IPdx
L2

1y . \E
scel—m 1+ lo—d+1_1pd> .
'—C()\,o—a—f-l) (/QI[ lull | o

Define, for n in R,
ym=Qm —a+1)p*,

so that (5.3) yields, since Agp +1 = %9,

£3

na
* P (9)
( P ) /I[1+Iul]y: — 1" dx ! 502A0p/|f|(1+|u|)%(’zdx
)’(710) Q Q

1

v

<c2"?|| fllr o (/ﬂ 1+ |u|)'70dx)

Moreover,

v(1p) .
/(1+|ul)y"’°)dx SC/ 1+ [u]] ” =1 dx +cm(R).
Q Q
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* .
Let o0 = #, and observe that 0 < o < 1 since r < %. Since

m(Q) = m(®)' " m(@)” < m®'™ (/ (1 + [u)™ dX> :
\ Q

we have

(5.4) [+ 1o ax < com) ( / (1+|u|)"°dx)a,
with

5.5) c(p) = cm(R)!~7 4 2X0P" (Z@)p 1.

Set n; = y(no). Since ny = q* < s (where s is as in the statement), we
have n9p < n; < s, as straightforward calculations imply. Thus, from (5.4) it
follows that u belongs to L71(€2), an improvement with respect to the “basic”
information u € L"(2). Since n; > n, we have A(n;) > 0, and (5.2) holds
true with A; = A(n;). Thus, it is possible to pass to the limit in (5.1) as M
tends to infinity obtaining (5.3) with A = A;. The same passages done before
yield the following inequality

/(1+Iul)y('“)dx50(m) (/ (14 [u])m dx)o,
Q Q

with c(n) as in (5.5). Now we go on: define 71 = y(nx), so that (5.2) holds
true with A, = A(n). By the properties of y(n), we have that ny < ng+1 < s,
and

/ (1 + )™ dx < c(nk) (/ (1 4+ [u)™ dx) .
Q Q

Since {n} is increasing, and converges to s as k tends to infinity, we have that
{c(nx)} is bounded by some constant c. Hence

/(1+|u|>"k+1 dxsc(/ (1+|u|)"kdx) .
Q Q

It is then easy to see that this implies

1 k
Mk+1 noo
I+ DI o) < eT7 I+ D% g -

Letting & tend to infinity, we obtain, since o < 1, and since 7, converges to s,
ha+ |u|)”13(g) =c,

and this implies the Lebesgue regularity result on u.
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As far as the regularity of the gradient is concerned, we start from (5.3),
which now holds for Ap = % — 1. If A is such that A —a > 0, then (5.3)
implies

/ Vul? dx < / VulP(L+ )P dx <c,
Q Q

so that u belongs to WOl 'P(Q). It can be easily checked that A > « if and only
if r > (T%ZE)I’ so that a) is proved. The fact that u is a minimum of J on
Wo1 'P(Q) then follows as in the proof of Theorem 1.2.

For b), we use again (5.3). Now A < a, since r < (1 Mp) We have, for

p < p, and using Hoélder inequality,

Vupdr = [ — V4 ey
a A= J W upee (DT
P

[Vu|? » ~Nop 1-
S(AW"X) (/(1+Iu|) 7 dx)
-2
<C(/(1+|u|) 2 dx) 7

Now we choose p so that

TS

(@ —A)pp -
p—p

which implies that p is as in the statement. Thus, u belongs to WO1 f(Q). O

6. — Marcinkiewicz regularity results

In this section we are going to consider how the regularity of u and Vu
depends on the summability of f in some Marcinkiewicz space. Throughout
this Section we will assume the following on a:

Be

©b W= T e
where ¢ is a positive constant, « satisfies (1.3), and b is a measurable function
on  such that (1.5) holds.

Our estimates in Marcinkiewicz spaces will be obtained using a similar
technique to the one used by G. Stampacchia (see [17]).

We begin with the following technical lemma, which is very similar to the
result of [17], Lemme 4.1.



MINIMA FOR FUNCTIONALS NONCOERCIVE IN THE ENERGY SPACE 119

LEmMMA 6.1. Let ¢ : [0, +00) — [0, +00) be a non increasing furiction, and
suppose that

kA g (k) + (k)€
(6.2) Vo se— s Vh>k>0,

where c is a positive constant, and A, B, C and D are such that

D—-A D
A<D C 1 _—
< < B < T_B —cC

Then there exists k > 0, and a positive constant ¢ such that
_ _D-A -
Y(k) <ck T-B Vk>k.

Proor. Define A = 2=4, and p(h) = h* Y (h). Then (6.2) implies

B (k4 ¢ ()2 + v (K)€)
(h — k)P '

ph) <c

Choosing h = 2k, one has
XM A Y (k)P + K Y (k)©)
kD

. 2A(kA+A—AB ,O(k)B +kA—AC p(k)C)
kD ’

p(2k) <c

Since, by our assumptions, A + A —AB = D, and A — AC = D, the preceding
inequality becomes
p(2k) < c2(p®)® + p(k)©).

If p(k) <1 for every k > 0, then ¥ (k) < k~*, and so the result is proved with
k=1 and ¢ = 1. Thus, suppose that there exists kp > O such that p(kg) > 1.
We claim that, for every n in N we have

Al n
(6.3) p (ko) < 2158 p(ko) " .

To prove this claim, we proceed by induction on n. We have, since C < B < 1,
and since p(ko) > 1,

p(2ko) < ¢2* (p(ko)® + pko)°) =< c2* (p(k0)® + p(ko)”)

Atl
=c 2" p(ko)® < c2T-B p(ko)® .
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Suppose now that (6.3) holds true for n: we have (always because C < B < 1)
P ko) < c2* (p@"ko)® + p(2"k0)° )
1 2\ B Al 2\ €
<2 [(2%“—%,()(1«))3 ) + (ﬂ—tﬁp(ko)‘? ) ]
A+1)B n (+1)B n
<c2* <2L[Tp(ko)3 2 TE p(ko)® +1)

_ C2(A+1)(1+]T35)p(k0)3n+1 _ 02%515 p(k0)3n+1 ,

which is (6.3) for n+ 1. Thus, (6.3) holds for every n in N. Since B < 1, and
p(ko) > 1, from (6.3) it follows that

p(ko) < 2B plhko) = M,

and so, recalling the definition of p,

(6.4) ¥ (2%ko) <

M
2 ko)*

Let now k be fixed, and greater than ky. Then there exist k' € [ko, 2ko) and n
in N such that k = 2"k’, and so 2"ky < k < 2"*1ky. Since ¥ is non increasing,
we thus have, by (6.4),

< 2*M _ZAM
(2”ko))“ - (2nk/)A 2

Yk < ¥ (2%) <

so that the lemma is proved choosing k = ko and ¢ = 2*M. 0

DEerFINITION 6.2. Let r be a positive number. The Marcinkiewicz space
M7 (R2) is the set of all measurable functions f : Q2 — R such that

m(fx € Q: |f(x) > 1)) < ti

for every ¢t > 0, and for some constant ¢ > 0.

If Q has finite measure, then
(6.5) L'(Q) CcM(Q)cCL%Q),

for every r > 1, for every 0 < & <r — 1. We recall that if g € M"(Q2) and
E C Q is measurable, then the following inequality holds:

1
6.6) /E gl dx < llglmr m(E)"F .

We can now state and prove our regularity result.
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THEOREM 6.3. Let f be in M" (), with [p*(1 —a)) <r < %. Then any
minimum u of I belongs to M*°(S2), with s as in the statement of Theorem 1.4.

Moreover:
p* Y N
<r<-—,
( I+ap ) P

a) if
then u belongs to W(} P (Q);
b) if

f1 _ o1 12N
[p*Q a)]<r5(l+ap>,

then |Vu| belongs to M*(2), with p as in the statement of Theorem 1.4.

*

REMARK 6.4. Observe that if r = (ﬂ;—p)/, then p = p, so that |Vu| belongs
to MP(2).

ProoF. Starting from (2.4), and reasoning as at the beginning of the proof

of Theorem 2.1, we get, if ¢ = QIQL(_%’—), so that 742 = g*,

q 1-4
p P
IVuI"dxﬁc(/ ka<u>dx) (/ <ﬁ5+|u|>‘f*dx>
Ay Ag Ag

Using the fact that f belongs to M"(L2), and that r > (g*)’, we get, using (6.6)
and the Holder and Sobolev inequalities,

q

1
N * 7*
/ f G dx < I fllmr @ m(Ap)' T (/ |G ()|? dx)
Ay Q

1=1l_1 q
<cm(Ay) " ¢ [Vu|? dx .
Ag

Thus one obtains

1-4

1
P
|Vu|qu§cm(Ak)(l_%_qL*)%< |Vu|qu> (/ (,B5+|u|)”*dx)
Ay Q

Ay

i
Dividing by ( f Ar |Vul?dx)? and then raising to the power ;{—l, we have

p—q

(1—1—-1—*)L * p—1
/ [Vul?9dx < cm(Ay): 7 "/ pr-1 (/ A+ |u)? dx> ,
Ay Q
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which is (4.4) with p =g = I_VI%(—I—;;Q' This choice of p corresponds to 6 =1
in (4.5). Thus, performing the same calculations as in the proof of Theorem 1.2,
we get

aep _1-244)_L 1-248) L
[Vul?dx < ckp-1 m(Ak)(p I-Hd) 5 +cm(Ak)(q 1=$+8) e
Ay

Moreover, by Sobolev embedding, and if 4 > k,

. \&® 4
[Vul?dx > (/ |G (u)|? dx) > (h — k) m(Ap) 7" .
A Q

Hence,

m(A;) < [m(Ak)(p—]_!’q%)‘l_(z;ﬁkg”E};

c
(h —k)7*

+m(ap 0 ) e

We can now apply Lemma 6.1, with

apq* ( q q) q*
a=="L, p=(p-1-141) 1L
p—1 P77y TN) -
9,49 q*
C=(—1——+_)_ ’ D= *7
YN - -1 9
and ¥ (k) = m(Ag). It is easy to see that A < D if and only if o < #, and
that C < B < 1 if and only if r < %. Moreover, =24 = ;Z2.. Applying
Lemma 6.1 we thus obtain
m(Ay) < ck™*,
with A = ~?—_:§. Substituting the values of A, B and D, we obtain A =
N—'[%)’” = s, and so u belongs to M*(R2).

Now we turn to gradient estimates. If

* ’
( p ><r<l,
1+ap P

then any function f in M"(2) can be seen, thanks to (6.5), as a function in
L™ (R2), with
* !
< p ) <rn< E .
14+ap )4

Thus, Theorem 1.4, a), states that u belongs to W(}”’ (Q).
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Suppose now that r is such that

P Y
* 1 _ !/ < X
[Prd—a)] <r= (1+ap)
Let £k > 0 and choose v = u — T1(Gx(u)) as test function in the definition
of minimum. Setting A; and B; as in (1.8), we obtain, after straightforward
calculations, and observing that v = u where |u| < k, that Vv =0 on B, and
that Vv = Vu on Ag4q,

Be j(Vu) Be j(Vu)
—_——d —_—  d
/Bk @) + e Tt /Ak+1 b + e

= /Ak+1 (—%ﬁ%dx +/Ak fTi(Gr(u) dx .
Thus,
[ i,
67 < OOTMT
< Ps /Ak+1 bG) + )P (b(x) + |u])*? J(Vu)dx + /Ak |fldx .
We have

_ 1G&) + uh* — (b(x) + [v)*”]
(b(x) + [u)*P (b(x) + |v[)*P

Since v = u —sgn(u) on Ai4i, from the previous identity we easily obtain that
there exists a positive constant ¢ such that

1 1
’(b(x) D (b(x) + ul)*®

Thus, (6.7) becomes

1 1
l(b(x) + ) (B(x) + u])e

C
=@ DT 6o + 1)

Jj(Vu) (V)
—_—d d dx.
/Bk B(x) + [ul)*” "SC/AH, @ e 6@ +op 1), 19

Since |v| > k on Ajy;, we have, by the assumptions on b,

Jj(Vuw) c j(Vu)
d - .
/Bk GG + D™ = kF1 /,,k+l o e e /A If1dx

Using (2.4) we thus obtain

Jj(Vu) c / /
G d .
/Bk G T P =iy J, GG +e [ 1f1dx
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Using the fact that f belongs to M"(£2), and that u belongs to M*(2), we
obtain, thanks to (6.6),

J(Vu) 1- ¢
S —m(A s r A ? —_—
/Bk B0+ IuD% dx < k+ 1 m(Akt1)' 7577 4+ cm(Ay) (k+ 07

Summing on k ranging from O to h, and using the fact that there exists a
positive constant ¢, independent of A, such that

h
1 c
> T = 3

k=0 (k+1r"  (h+1)r

we have

/ JVTH W) c
x S s _ 1>
Q (b(x) + ITh(u)l)aP (h + l)r—/_l

which then implies, by (1.4), and by the assumption (1.5) on b, that there exists
ho > 0 such that

/ VT, ()| dx < chPHT Vh > hy.
Q

Starting from this inequality, we work as in [2], obtaining

1
m({|Vul > k., |ul <h)) < —/ Vul? dx
kP Jyvulsk, |ui<h)

ap+l—f7

C
— p
< [ vhwrar< S

As a consequence,
m({|Vu| > k}) = m({|Vu| > k, |u] <h}) +m{|Vu| >k, |u] > h})
hap+l—:—, otp+l—%
< ——— tmn) < ———+ch™.

Since the assumption r < (l—fi—p)' and the definition of s imply

otp+1—-s—,20,
r

minimizing the right hand side with respect to 4 yields
m({|Vu| > k}) <ck™,

where o0 = —15: Easy calculations yield that o = p, and so the result is

proved. O

REMARK 6.5. Observe that the assumption (6.1) on a has only been used
in the proof of the M”(2) regularity of |Vu].
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7. — Euler equations

Let f in L"(R), with r > [p*(1 — «)]’, and let us consider the model

functional 1 Vol?
v

J(v) = d

0 =3 [ gm0

defined on WO1 P(Q), with 0 < a < #, and b a measurable function that

satisfies (1.5). Let I be the extension, given by (1 .7, of J on Wol’q(Q), with
q= Hﬂl—; and let ¥ be a minimum of / on W0 7(2). It is then easy to see
that u is a solution of the following elliptic boundary value problem

|Vu|P=2Vu |Vu|? )
—div -« sgn(u) = f in €,
7.1 (b(x) + lu|)>p (b(x) + |ul)xr+!
u=~0 on 9€2,
in the sense that
|Vu|P~2 / |Vul|? /
- Vu-Vedx-— S D e — dx = dx,
/Q B T D u-Vodx —a B0 T sgn(u) ¢ dx wa x

for every ¢ in C}(RQ).
Problem (7.1) can be seen as a particular case of a more general problem,
namely
—div (A(x, u, Vu)) + B(x, u) |Vu|? t 00 u|P2u=f.

For these problems, various existence results have been given, under different
assumptions on B and oy. For example, if B is bounded, if op > 0, and if f
belongs to L"(S2), with r > %, existence results for solutions in WOI"" «)nN
L*°(2) have been proved in [5] (see also the references quoted therein). On
the other hand, if op = 0, and if B(x, s) has the same sign as s, then existence
results in W(}’p () for f in W‘l*”/(Q) have been proved in [3]. However,
example (7.1) is different from these cases, since oy = 0, and B has the “bad”
sign with respect to s. Moreover, all previously known existence results give
solutions in W(; 'P(2), while, in our case, the solution belongs in general to a
larger space.

Anyway, the existence result for (7.1) depends on the fact that we are
taking into account the Euler equation of I, a functional for which we have
proved the existence of a critical point. If we slightly change the problem, and
consider the equation

- IVulP2 Vu |Vul? _
- ((b(x) T |u|)“”> "7 o) + e W =1

with ¢ # «, then we do no longer have an Euler equation of some functional,
and it is no longer clear whether there exists a solution or not.
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We are going to prove that under some conditions on o and on f, the
previous problem has a solution.

Let us state the (more general) assumptions we make.

Let A : Q@ x R x RV be a Carathéodory function (that is, A(x,-,-) is
continuous on R x RY for almost every x in 2, and A(-, s, £) is measurable
on  for every (s,£) in R x R¥), such that

v l§1”
(7.2) A(x,s,8)-§ = Tt 15D’
(7.3) |Ax, s, 6)| < nilh(x) +IsIP~' + 1517711,
(7.4) [A(x,s,8) — A(x,s,m)]- (§ —n) >0,

for almost every x in €, for every s in R, for every &, n in RV with £ # 7,
where

O<cx<—/,
p

1 and y, are two positive constants, and 4 is a nonnegative function in LP'(Q).

Let B : © x R x R¥ be a Carathéodory function (that is, B(x,-,-) is
continuous on R x R" for almost every x in 2, and B(-,s, &) is measurable
on Q for every (s,£) in R x RV), such that

(7.5) |B(x,s,8)| < y2[1+ €171,

(7.6) B(x,s,§)s >0,

for almost every x in 2, for every (s,£) in R x RY, where y, is a positive
constant.
Furthermore, let us suppose that

_nll
1+ |spher’

for almost every x in 2, for every (s,&) in R x RY, where y3 is a positive
constant.

(7.7 Ax,s,8)-§ — B(x,s5,8)s >

ExaMPLE 7.1. The functions

E12E okl
Q+ppe’  Pood=gigen

with o < 1, satisfy the above assumptions with yy =y =1, k=0, p, =0
and y;3 =1 — 0. Indeed,

Ax,s,8) = sgn(s) ,

g B Is| (1—-0)l§P
A(x,s,6)- & — B(x,s,8)s = 1 + |s|)er (1 U+ |s|)> = (1+|spher

Our result is the following.
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THEOREM 7.2. Let A and B be such that (1.2)-(7.7) hold true. Let f be a
functionin L"(Q2), r > %. Then there exists a solution u in WO1 P(Q) N L®(Q) of

(7.8) { —div(A(x, u, Vu)) — B(x,u,Vu) = f inQ,

u=20 on 012,

in the sense that

]

/A(x,u,Vu)-Vq)dx—/B(x,u,Vu)godx:/f(pdx,
Q Q Q

Jor every ¢ in W(}’p(SZ) N L*®(2).

REMARK 7.3. Thanks to the boundedness result of the previous theorem,
and to the assumptions on A and B, the De Giorgi Holder continuity theorem
(see [11]) still holds for the solutions of (7.8) (see [12]).

Proor. Let us consider a sequence of approximating problems. For n
in N, let

B(x,s, &)
1+ 5 1B(x,s, )|

B, (x,s,8) =
so that B, is a bounded function. Moreover, by (7.6), we have
0 < By(x,s,8)s < B(x,s5,8)s,
so that (7.7) implies

v3 1§17

(7.9) A(x,s,é)-S—Bn(x,s,E)SZW-

Since B, is bounded, the assumptions (7.2), (7.3) and (7.4) imply (see for
example [15]) that there exists a solution u, in Wg”’ () of

—div (A(x, un, Vu,)) — B,(x, u,, Vu,) = f in £,
(7.10) {

u, =0 on 0%2.
Let kK > 0. Choosing G (u,) as test function in (7.10), and setting

Agn ={x € Q: |lup(x)| >k},
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we obtain

/ ACE, ttn, Vitn) - Vit dx — / Bu(x, tn, Vit) Gy(u) dx = / £ Geun) dx.
Ak.n Ak,n Q

Since on A;, we have

Gi(up) _ (lunl — k)1 sgn(un) _ (lun| — k)4
Up - Up B lunl

<1,

then (using again (7.6)),
Gk(un)

n

Bu(x, un, Vup)Gr(up) = By(x, up, Vup)uy < B,(x, un, Vup)u, .

Thus, we get
/ A(x,u,, Vuy,) - Vu,dx —/ B,(x,u,, Vuy)u,dx < / fGr(uy)dx.
Ak,n Ak,n Q
Using (7.9), we obtain

/ Vil —dx< [ fGutund
——F—dx < u X,
" Jagn A+ ppy T

which is exactly (2.4) for u, in the case a(x,s) = (—l—_ﬁ)—aﬁ and j(§) = |§|°.
Thus, using the assumption on f, and reasoning as in the proof of Theorem 1.2,
we obtain

lunllLoo@) < c,

for some positive constant ¢ independent of n.
We then choose u, as test function in (7.10). Using again (7.9), we get

/ |Vun|p d </f dx< ” ”
_—dax Un < CllUn (e 9] N
Y Jo A+ lmner “* = Jq L

since f belongs at least to L!(2). Thus,
[ 19ual? dx < e 1+ lunlm)
Q

and so {u,} is bounded in WJ“” (2); thus, up to a subsequence still denoted
by {u,}, u, converges, weakly in Wol’p (), weaklyx in L*°(£2), and almost
everywhere in 2, to some function u which belongs to Wol PQ)NL®(). We
can then continue as in [4]: choosing as test function

V= (un - u)exp()»(un - u)2) ’
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with A suitably chosen, we obtain the strong convergence of u, to u in W(; P(Q).
This implies that it is possible to pass to the limit in the approximate equa-
tions (7.10), so to obtain a solution of (7.8). O
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