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A Measure Theoretic Approach to Higher
Codimension Mean Curvature Flows

LUIGI AMBROSIO - HALIL METE SONER*

Abstract. We develop a generalization of the theory of varifolds and use it in the
asymptotic study of a sequence of Ginzburg-Landau systems. These equations
are reaction-diffusion type, nonlinear partial differential equations, and the main
object of our study is the renormalized energy related to these systems. Under
suitable density assumptions, we show convergence to a Brakke flow by mean
curvature. The proof is based on a suitable generalization of the theory of varifolds
and on the analysis of the gradient Young measures associated to the solutions of
the system.

1. - Introduction

In this paper we study the limit behaviour of solutions #®* of a Ginzburg-
Landau parabolic system

1.1) x € R?, u(t, x) € R?

&€
u(0, x) = ugo(x)

with d > 2. The variational problem with d = 2 has been studied in [7] and
later in [26], [22], [33]. This system is the gradient flow of

1 2
{u,—Au=—2u(1—|u|)

(12 IFw:= /Rd (%qulz + VV;‘)) dx u e [H" 2R

with W (u) := (1—|u|?)?/4. By asymptotic formal expansion, it has been proved
in [29] that, under suitable assumptions on u,,, the renormalized energies

1 1 W (u?)
1.3 ¢(B) := —|Vub)P+ ——2 ) d B C R? Borel set
(1.3) i (B) ln(l/s)/B(Zl u®|* + o ) x C orel se
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DAAH)4-95-1-0226. On leave from Carnegie Mellon University.
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converge as € | 0 to aH?2LT,, where {I';} is a smooth codimension 2 flow
by mean curvature. These formal results have been confirmed in [23], where
convergence has been proved for all times before the appearence of singularities.
The d = 2 case is quite different and it was rigorously studied in [25], [24]. Also
the analysis in a bounded domain is quite harder, and it has been systematically
studied by Lin; see [25] and the references therein.

In this paper our goal is to describe the behaviour of u? even after the
appearence of singularities. For the mean curvature flow in codimension 1, it is
now well known (see [3], [10], [13], [15], [17], [20], [32]) that the limit of the
Allen-Cahn equation (corresponding to the gradient flow of the functionals 7°
in (1.2), with u real valued) can be used to define weak solutions of mean
curvature flow, comparable with other ones. In particular, in [20] Ilmanen
proved convergence to a Brakke flow (cf. Section 4), a sort of measure theoretic
subsolution of the evolution problem.

We will extend Ilmanen’s result to codimension 2 under an a priori technical
assumption on the density of the limit measures u,:

wi(Bo(x)

- = for p,-ae. x, Ll-ae. t >0
o

(1.4) lim sup
el0

for some n > 0. Our methods are mostly measure theoretic, and they are based
on a fine analysis of the second moments of the Young measures associated
to Vu® and on a suitable extension of the theory of varifolds which seems
to be very promising in connection with these geometric evolution problems.
Indeed, the Young measure analysis (see, in this connection, [28]) is not only a
technical tool, but provides a good description of the oscillations of both Vu?
and u; near the support of the limit measures u;.

Although we confine our discussion to codimension two problems, many
intermediate results also hold in any dimension and codimension (in this case
instead of (1.1), a slightly different equation should be considered [23]). For
this reason the first three sections of the paper are written in full generality.

Our analysis of (1.1) assumes a density estimate (1.4), and up to now, this
density estimate has been proved in [23], under suitable assumptions on u,, ,
only for smooth flows. Its extension “past singularities” seems to be a very
challenging mathematical problem.

We would like to conclude by saying that our choice to contribute with a
paper on this topic to this issue of “Annali” dedicated to Professor De Giorgi
is not casual. Starting from his pioneering papers on sets with finite perimeter
[11], [12] up to his very recent paper [14], both measure theory and geometric
evolution problems have been of central interest for him. In working on these
problems, we were guided by his paper [14], in which, showing one more his
great ingenuity, Professor De Giorgi has put forwarded many fundamental ideas,
such as the theory of barriers and the use of the squared distance function (these
suggestions were later developed in [2], [4]-[6]). We were enriched greatly by
his ideas and his personality, and we will miss him.
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2. — Notations and preliminary results

In this paper £ and H™ respectively denote the Lebesgue measure in RY
and the Hausdorff m-dimensional measure. Given a real or vector Radon mea-
sure w in an open set Q2 C R? and a Borel set E C Q, ul_E stands for xgu,
i, uL E(B) = u(E N B) for any Borel set B C €.

If u >0 is a Radon measure in Q and « is positive, the lower and upper
«-dimensional spherical densities of p at x are given by

O (i, x) := limsup LBQQQC—)).

O, (1, x) := liminf
0l0 2l0 o

w(By(x))
o

If f:Q — Q is a proper continuous map, by fx(t) we will denote the image
of u through f, ie., fe(u)(B) = w(f~1(B)) for any Borel set B CcC .
Finally, the density of a (possibly vector) Radon measure v with respect to u
will be denoted by dv/du.

2.1. - Functionals defined on measures

Let 2 C R? be an open set and f : @ x R? — [0,00] be a lower
semicontinuous function such that f(x,0) = 0 and z + f(x,z) is convex
i R? for any x € Q. For any nonnegative Radon measure o in 2 and any
Radon measure v in 2 with ¢ components we define

dv®

d a
RV TG0 :=/Qf(x,7d—‘—;—(x)) da(x)+/9foo (x, dlvsl(x)) d|v*|(x)

where foo(x, z) := lim;, 1o f(x, t2)/t is the recession function of f and v =
V4 +1* is the Radon—Nikodym decomposition of v in absolutely continuous and
singular part with respect to o. Then, the following theorem holds (see [9]):

THEOREM 2.1. Under the above assumptions on f the functional ® (o, v)
in (2.1) is lower semicontinuous with respect to weak* convergence of measures.

REMARK 2.2. In the particular case f(x,z) = |z|” with » > 1 one obtains a
simple and useful criterion to estabilish absolute continuity in the limit (cf. [19]),
namely

{ Oy —> 0, Vpy—>V

Ve << 0k, Plog, ) <C <0

imply v << o and

d r
2y /Q ’i()‘) doy(x).

do(x) < liminf/
k=00 Jo

D o)
— X
doy
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In fact, since fo(x,z) = +00 for z # 0, ®(o,v) < oo only if v* =0, and in
this case
d(o,v) = /
Q

If f(x,-) is positively 1-homogeneous for any x € 2, ®(o, v) does not
depend on o: it reduces to
dv
Foyi= [ 7 (x 7200) diico)
Q dv|
whose semicontinuity and continuity properties have been studied by Reshetnyak
in [30].

r

%(x) do (x).

2.2. - Disintegration of measures

Let 2 C R? and K C R? compact. Any nonnegative Radon measure x in
Q x K can be represented as follows: denoting by v = mg(u) the projection
of u on , there exists a regular family {v,},cq of probability measures in K
such that

wB) = [(niz: (2 € BY dvio)
for any Borel set B C 2 x K. Equivalently

23) /Q e Ddutx ) = /9 ( /K w(x,z)dux(z)) dv(x)

for any bounded Borel function ¢ with compact support in x. Here “regular”
means that the mapping x — u, ({z: (x,2) € B}) has the Borel property for
any Borel set B C Q2 x K. As a consequence, the integral in the right side
of (2.3) makes sense. We will call {u,}req a disintegration of u, often using
the compact notation p = f,v.

2.3. — Rectifiable sets

A set E C R? is said to be countably H™-rectifiable if H™-almost all of E
can be covered by a sequence of C! surfaces of dimension m. Given a density
function 6 : E — (0, 00), locally integrable with respect to H™ L E, we will
say that 4 = 6H™L E has approximate tangent space at x if there exists a
m-plane P C R such that

. —m y—X _ m 1/ pd
lgli{)lQ /Q¢ <—Q ) du(y) —9(x)/P¢(Y)dH (») V¢ e Cp(RY).

If E is H™-rectifiable the approximate tangent space exists for pu-a.e. x € Q
and will be denoted by T"u. Generically 7" depends on E but not on the
density function 6: it can be proved that

I'u=TTI  for H"-ae x€ ENT

for any C! surface I' C R? of dimension m, where T,T is the classical tangent
space. For a proof of these facts, see for instance [31].



MEASURE THEORETIC MEAN CURVATURE FLOWS 31
3. — Varifolds and generalized varifolds

In this section we will recall the basic ingedients of the theory of varifolds,
and at the same time we will introduce our generalized ones. A general reference
for this theory is [31].

Let 1 <m < d be an integer. We will identify, as usual, the Grassmann
manifold G4, of unoriented m-planes in R? with a compact subset of the
space of symmetric d x d matrices: precisely, the symmetric matrices P such
that P2 = P and trace(P) = m (representing the orthogonal projection on the
corresponding m-plane). We will use the notations A’ for the transpose of a
matrix A and A :: B = trace(A'B) for the inner product of A and B.

A m-varifold in Q is a Radon measure in 2 x Gy ,,; the class of m-varifolds
will be denoted by V,(2). The mass uy of V € V, () is simply mu(V),
where 7 : Q x Gg,, — Q is the projection; V is said to be real rectifiable
if, representing V = V,uy by disintegration, uy = OH™L E for a suitable
countably H™-rectifiable set E C €2 and a density function 6 : E — (0, oo) and
Ve = 6T;n uy for uy-a.e. x € Q. In other words

/ p(x, P)dV(x, P)\‘—‘- / 8 (x)p(x, Tepuy) dH™ (x)
QxGy m E

for any bounded Borel function ¢ with compact support in x. This class of
varifolds will be denoted by RV, ().

DerFiniTION 3.1 (first variation). The first variation, denoted by §V, of
V € V,,(Q) is a vector Radon measure in Q satisfying (with the summation
convention)

3.1 /9 . P:VY(x)dV(x, P)=—/QY,~d8,~V YY € [CH(Q)1°.
xXGd m

In general §V is only a distribution and not a measure, hence only some
varifolds have first variation, according to Definition 3.1. If V = 8pyH" L M is
the rectifiable m-varifold induced by a embedded C? manifold M C Q without
boundary in €2, the divergence theorem shows that (3.1) holds with

V=HH"LM,
H being the mean curvature vector of M. In fact, the right side of (3.1) is the

integral of the tangential divergence of Y.

REMARK 3.2. Any V € V,(2) can be represented by V,(P)uy(x) for
suitable probability measures V, in Gy, according to the results recalled in
Section 2.

A fundamental rectifiability criterion for varifolds is the following:
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THEOREM 3.3 (Allard). Let V € V,,(2) with first variation, and assume that
OF (v, x) > 0for uy-a.e. x € Q. Then V € RV, (Q).

To define our class of generalized varifolds we will simply replace Gy,
by a larger set of symmetric matrices, namely the collection A, ,, of matrices
A satisfying

—-dl <A<, trace (A) = m

where [ is the identity matrix. The lower bound on A will only be used to
have compactness of A, ,, and could be easily weakened; on the other hand,
the other two conditions on elements of A, ,, will be essential in the sequel.

DEFINITION 3.4 (generalized varifolds). A generalized m-varifold in Q C R?
is a nonnegative Radon measure V in Q x Ay ,. This class of varifolds will
be denoted by V7, ().

The mass puy of V € V() is again my(V), where m : Q x Agm — Q is
the projection, the variation 8V (if exists) is the unique vector Radon measure
in © such that

(3.2) /9 R A VY(x)dV(x,A):—/QYid&'V VY € [CH)T .
XAd.m

DerFINITION 3.5 (varifold convergence). We say that a sequence (Vi) C
V> (2) weakly* converges to V € V; (R2) if (V) weakly* converges in 2xAg 1,
in the sense of measures, to V.

REMARK 3.6. We notice that
(3.3) Ve >V = Ky, = Ky
because A, , is compact. Moreover, if (V}) converges to V in Q and if

3.4 sup |§V,|(A) < o0 VA CC 2
heN

then, passing to the limit as # — oo in (3.2) and using the weak* compactness of
measures we obtain that V has first variation in €2 and (6V},) weakly* converges
to 6V in Q.

For classical varifolds an analogous weak* convergence can be defined. For
real rectifiable varifolds we have also the following closure theorem, proved by
Allard in [1].

THEOREM 3.7. Let (V) C RV,,(S2), assume that (3.4) holds, that (V,,) weakly*
converges to V in Q and that

0, (Ly,, x) =1 for py,-a.e. x € Q

for some constant n > 0 independent of h. Then V € RV, ().
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The following theorem establishes an useful connection between varifolds
and generalized varifolds, showing that under a suitable density assumption any
generalized varifold V induces a classical one V with the same mass, whose

disintegration {V,} is made by a Dirac mass concentrated at the barycenter of
the disintegration {V,} of V.

THEOREM 3.8. Let V € V7, (R), assume that V has first variation in Q2 and that
3.5) Ok (uy,x) >0 for py-a.e. x € Q

forsomea >0. Let{V,},cq be adisintegration of V and let A®x) = f Agm AdV.(A)
be the barycenter of Vy in Ay ,,. Then: '
@) ifa <m+2then /i_z 0 py-a.e. in Q; _
() f e <m+1then A € Ggm py-a.e. inQ, hence V.= 55, uv € Vu(2)
satisfies Ly = Wy and 8V = 8V;
(©) ifa = m then V € RV, (), hence Wy = Wy is supported on a countably
‘H™-rectifiable set.

ProOOF. Let u = uy; for any xj € R? we denote by Tan(u, xo) all weak*
limits as @ | O of the measures

w(xo + 0C)
wn.o(C) = ————————— C B
Moo () = B o)) <

in the unit ball B of R?. Notice that any measure Vv in this set satisfies v(B) < 1.

Assume now that |8V [(B,(x0))/1t(By(x0)) is bounded as ¢ | 0 and that xg
is a Lebesgue point for A (relative to 1). Then, a simple rescaling argument
in (3.2) gives

(3.6) A(xo) /R Vo) dv(x) =0 Vpe CJ(B), v € Tan(u, xo).

We will prove that the properties in statements (a), (b) are satified for any x,
satisfying the additional assumption © (u, xo) > 0.

(a) We will first show that the density assumption on w implies the existence
of nontrivial measures v in the tangent space to u. Hence, we set s =m + 1
and choose B € (@, s + 1). Then, for any ¢ € (0, 1) we claim the existence of
a measure v € Tan(u, xo) such that v(B,) > t#. To prove the claim, it suffices
to show that

3.7 - limsup M > P
010 (By(x0))

Indeed, if (3.7) holds we need only to choose a sequence g, on which the lim sup
is attained and then extract a subsequence from fiy, o,. The proof of (3.7) can
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be achieved by contradiction: were it false, we would have M(E,Q(xo)) <
tP (B, (x0)) for o < go, hence

u(Bry, (x0)) < P u(Bgy(x0))  Vk = 1.

In particular, ©% (i, xo) would be finite, in contrast with the assumptions g > o
and O (u, xo) > 0.

Choosing ¢t < 1/+/d such that t#~1-5 > @, we may apply Lemma 3.9
below to obtain that at least (d — s) eigenvalues of A(xg) are 0. Denoting by
Al,...,As the remaining ones, the relations

s
da=s—1, ri<1
i=1

easily imply that A; > O for any i, i.e., A(xp) > 0.

(b) The proof is analogous, setting this time s = m. By Lemma 3.9 we infer
that at least (d — s) eigenvalues of A(xp) are 0. Denoting by Aj,...,A; the
remaining ones, the relations

s
Z)\.,‘ =¥, A<l
i=1

imply that A; = 1 for any i, i.e., A(xo) is an orthogonal projection on a m-plane.
(c) Follows by statement (b) and Allard’s rectifiability theorem. O
LEMMA 3.9. Let s be an integer, B € (0, s + 1). Let v be a measure in the unit

ball B of R? satisfying
L‘ -

— 1 '
B , B—s—1 —d
t" <v(B;) <v(B) <1 with t<—, t > d .
._(t_()_ \/—'

Then, for any symmetric d x d matrix A, the condition
(3.8) A / Vo) dv(x) =0 V¢ € C}(B)
R

implies that at least (d — s) eigenvalues of A are 0.

Proor. Up to a rotation, we can assume that A is diagonal and that the
kernel of A is spanned by the p vectors ez_p41,...,€4. We must prove that
p > (d — s). Condition (3.8) yields

d
(3.9) /Rda—Z(x)dv(x)=O V¢ € Cy(B), Yi=1,...,d—p.
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Let x = (y,z) with y € R and z € R?. We will first prove that any
measure v satisfying (3.9) has the form (£?~? x §)L_B for a suitable Radon
measure 6 in the unit ball B’ of R?. Indeed, the functions f; = v p, have zero
partial derivative with respect to y in Bj_,, so that f.(x) = g.(z) for suitable
functions g, defined in the ball Bj_,. Since g, are equibounded in LIIOC(B’ ), we
can assume that (a subsequence) weakly* converges to some Radon measure 6
in B’. Passing to the limit as ¢ — 0 in

/ fe (v, 29y, 2)dydz = / 8:(D)¢(y, 2)dydz
B B

(with ¢ € Cé (B), dist(supp¢, IB) > ¢) we find that L£47P x 0 coincides in B
with v.

Now, let Q = LxM be the open cube with side 2/+/d contained in B; since
v(Q) <1 we infer (M) < («/_/2)‘1 P, On the other hand, since v(B;) > t#
and B, is contained in [—¢, ]9~ x M, we have (M) > 2P~4tF=4+P_ Hence,
th- d+1’_<_«/(7dp. If p<d—s—1 we would get tA—5~ lsfdpsfd
contradicting our choice of ¢t. Hence, p > (d — s). O

REMARK 3.10. The assumption on the existence of §V in Theorem 3.8
can be weakened, but assuming that (3.5) holds for some o < m + 1. Namely,
let us assume the existence of a vector Radon measure 8V and a function
T:Q x Agm — [0, 1] such that

/ (20, A)8; + (1 — 7(x, ADAy] 2L (x)dV (x, A) = —/ Y; d5;V
QxAg 0x; Q

for any Y € [C(% (R%))? (notice that the formula reduces to (3.2) if T = 0).
Then, the blow-up argument of Theorem 3.8 shows that 7 = 0, hence statement
(b) is still valid (and also (c), if « =m). In fact, setting

Ax) := / [t(x, A) + (1 —1t(x, A)A] dV,(A) < I
Adm

we have, by the same argument used in the proof of Theorem 3.8, that uy-a.e.
x at least (d —m) eigenvalues of A(x) are 0. Denoting by Ay, ... , A, the other
ones, we have

trace (A(x)) = Y A =do +m(1—0) <m
i=1

with o = fA r(x A)dV,(A). Hence 0 = 0 and since A; do not exceed 1
we conclude that Ai=lforanyi=1,...,m.
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4. — Brakke flows
The starting point of Brakke’s definition is the identity

d
4 panm = — / SIH,|? — (V, H,) dH"
dt [‘t I‘t

which holds for any smooth flow {I';} of m-surfaces by mean curvature and any
¢ € CL(R?). Brakke’s definition relaxes the equality to an inequality, requiring
(of course) ¢ to be nonnegative. We will introduce Brakke’s definition later.
At this moment we will introduce our generalized one, in which surfaces are
replaced by generalized varifolds and one more integration in time is involved.
This formulation makes passages to the limit easier.

DEFINITION 4.1 (generalized Brakke flows). Let {V;};50 C V}, (R?%). We say
that {V,} is a generalized Brakke flow if 8V, = H,uy, for £'-ae. t >0,

T
/ (/1+|H,|2duvt) dt < 0o
0 A

L.
for any bounded set A C R?, T > 0 and

@n @ -un@ <= [ ([ oBP - 90,8 du ) ar

whenever ¢ € C3(R?,[0,00)) and 0 <t < s < 00.

REMARK 4.2. Let ¢ € Cg(Rd, [0, oo)). Using the estimate (see for in-

stance [21])

v 2

MOOIE 5 max V24 (o)l

Pp0)>0 D (x) xeRd

(here || - || is the sup norm of matrices) it is not hard to see that ¢ > wy,(¢) is
semidecreasing, i.e., v, (¢) — Ct is decreasing in [0, T] for a suitable constant
C > 0, possibly depending on 7', ¢. In this case

C = C(¢) =2max |[V*p(x)| sup v, (supp¢).
xeR4 te[0,T]

This is the reason why C? and not C! functions in Definition 4.1 are involved.
We also notice that (4.1) and the semidecreasing property easily imply

Duy, @) < — ( [ o= e, Hz>dﬂv,> c

where “D” denotes distributional derivative in time.
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Let u be a Radon measure in R? and ¢ € C3(R?, [0, 00)); we set

“2) Bus.¢)i=— [ GHP — (171 Vo, W) dp

if 4w =pwy in {¢p > 0} for some V € RV,,({¢ > 0}), with
8V=Huy in{¢ >0 and He L ({¢ >0}, uy).

If at least one of these conditions is not satisfied, we define B(u, ¢) = —oo.
Now we can define Brakke flows according to Ilmanen [21], who adopted a
slight (and somewhat stronger) variant of Brakke’s original definition.

DEFINITION 4.3 (Brakke flows). Let {u,};>0 be Radon measures in R4, We
say that {u,} is a Brakke flow if

4.3) lim sup Bs'P) = He @) (¢z : f' (2

s—>t

S B(Mtv ¢)

for any ¢ > 0 and any ¢ € CZ(R?,[0, 00)).

As in Theorem 3.8 we can now see that any generalized Brakke flow
induces, under suitable density and perpendicularity assumptions, a Brakke flow.

THEOREM 4.4. Let {Vi}i>0 C V7, (R?) be a generalized Brakke flow, and assume
that there exists n > 0 such that
@ wpy, = Ky, for some V, € RV, (R?Y) with 8y, =6y, = H,du,,
(b) ®;kn(l'LVt’ x) >1n MV;‘a-e-,'
(c) Hy(x) € [T™wy,]* for uy,-a.e. x € R?
hold for L'-a.e. t > 0. Then, {mv, }s0 is a Brakke flow.

ProOF. Let ¢+ > 0 and let us check Brakke’s condition (4.3) only for the
upper right derivative D, the proof for upper left derivative (if ¢+ > 0) being
similar. Let

L :=limsup —

1 s
i s —t/ </Rd ¢‘H’|2 - (V‘P’Hr)dllv,) dt

and notice that L > D+/,LV, ($), by (4.1). If L = —oo then Brakke’s inequal-
ity (4.3) trivially holds. Otherwise, assuming with no loss of generality that
Dipy, (¢) > —o0, let s; | ¢t be a sequence on which the limsup is attained and
let 7; € (¢, s;) such that (a), (b), (c) hold with ¢t = 7; and

/Rd(lerilz —_ (PJ‘V¢, Hri)d/,l,gri < —-L+w;

with @; — 0. By assumption (b) and Allard’s compactness theorem, we can
assume that V;, weakly* converges to some V in {¢ > 0} X G4, Arguing as
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in [21, page 41], we find that the semidecreasing property (cf Remark 4.2)
and Dipy,(¢) > —oo imply that uy coincides with py, in {¢ > O0}. Then,
Remark 2.2 and Theorem 2.1 imply that §V << Ky, in {¢ > 0} and

[, oI = (P-Y6, By diy < ~L < o0
R
where we have set 8V = Hyy. Therefore

Dwv@ <L == [ OIHP—(PYVo. Hdpy =Buy.¢).  ©

We conclude this section by analyzing the relations between Brakke flows
and smooth flows. Essentially, any Brakke flow {u,} initially contained in a
compact smooth m-manifold I’y without boundary remanins inside the smooth
flow {I';} starting from [y as long as the latter is defined. Under additional
perpendicularity assumptions we can also say that u, is a constant multiple of
H™ LTy, with the multiplicity constant nonincreasing in time.

ProposITION 4.5 (Brakke flows and smooth flows). Let {u+};>0 be a

Brakke flow and let {T';}:c[0,T) be a smooth mean curvature flow. Then

(@) no =aH™ LTy implies suppu, C Iy foranyt € [0, T),

(b) if, in addition, §V; = H,y, withH,;(x) € [Tx’” /,LV,]J' for uy,-a.e. x and L'-ae.
t € (0, T), then there exists a nonincreasing function 0 : [0, T) — [0, «] such
that

my, =0@)H" LT,
for any continuity point t € [0, T) of 6.

ProOF. (a) In [21] and [2] it has been proved that the Brakke flow remains
inside the level set flow for any time. It has also been proved that the level
set flow coincides with a smooth flow as long as the latter is defined.

(b) Let v, := H™LT,. By statement (a) and Lemma 4.6 we infer the existence
of a £'-negligible set N such that

“4.4) ue = 0(@t)w for te,T)Y\N.

We know claim that D8 < 0, where D stands for distributional derivative in
time. Indeed, choosing any ¢ € C3(R?, [0, 00)), we have

Dui(@) < ~6) [ | IHLP6 = (V9. Hy) v,
because {u,} is a Brakke flow (cf. Remark 4.2) and

Dy (¢) = vi(¢) D6 +0(t) Dy (¢) = Vt(¢)D9_9(t)/Rd H,°¢ — (V¢, H;) dv, L'
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because {v;} is a smooth flow. Comparing the two expressions and using the fact
that we can choose ¢ in such a way that v,(¢) > O for ¢ € [0, T') (because I'y
is compact) the inequality DO < O follows.

Using the semidecreasing property of u,(¢) and of u,(1 — @), with ¢ €
C%(R4,10, 11), it is easy to see that the implication

: dy __ d i —
Jm py RY) = pRY) - = lim gy, = py

holds for any sequence (¢;) converging to #. Now we fix a continuity point
to for 8 and choose sequences (t,ft) C (0, T)\ N converging to ty from below
and from above. We have

06 YH"(T,-) = - (RY) < gy RY) < pr,+ (RY) = 05 YH" (T ).

Letting h — +o00 we obtain u,O(R‘i) = 6(t)H™(I'y)); using the implication
above with #, = t;7 we can extend, by approximation, the validity of u, =
O@YH™ LT, to t = 1. a

LEMMA 4.6. Let T" be a smooth, connected m-manifold without boundary in R?
andlet V € RV, (RY), V £ 0, with 8V = Huy and H(x) € [Tx'”p,v]lfor Wy-a.e.

x € R4, Then, supp uy C T implies wy = OH™ LT for some constant 8 > 0. In
particular H coincides with the classical mean curvature vector of T.

ProOF. We know that uy = 6H™L.I" for some Borel function 6 > 0 and
we have to show that 8 is (equivalent to a) constant. Let¢p: V CR" > U C T’
be a local chart for I', y =6 o¢. Since I' is connected, we have to prove that
y is constant on V. Let X € [C(}(V)]’” and X' = d¢(X) = ¢X. Notice that
T uy coincides with the classical tangent space to I'. Since X’ is a tangencial
vectorfield on U, the perpendicularity of the mean curvature and the invariance
of tangencial divergence imply

/ydivX:/OoqbdivX:/ 6 div pX
vV 14 (V)

N /Rd div®V X' dpy = — /Rd (H, X")duy = 0.

Since X is arbitrary the statement follows. a

5. - Limits of Ginzburg-Landau systems

In this section we begin the analysis of the limit behaviour of solutions u®
of (1.1), with ¢ € (0,1). It is not hard to prove, for instance by implicit
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time discretization, existence of a unique weak solution if 7°(u.,) < oo and
lugo| < 1. Moreover, |u®| <1 and if Au,, € L>(RY) the energy identity holds:

1
In(1/¢)

with uf defined as in (1.3). Parabolic regularity theory also implies that u° is
smooth in (0, c0) x R?. This easily leads to a local version of (5.1), i.e.

(5.1) pf(RY) — i (RY) =

)
2
/ ”uf(t7 ’)"LZ(Rd) dr 0 S t S s
t

52 ui@) - ui@) = PP + (V. ul - Vu®) dt dx

In(1/&) Jit,5)xre
where ¢ € C}((0,00) x RY) and 0 <t <s. We will assume that u§(R?) is
uniformly bounded in & and that there exists a constant D such that

(5.3) [Vu|(t, x) < b V(t, x) € (0,00) x RY, & € (0, 1).

£
As shown in [23], if Iy is a compact orientable (d — 2)-manifold without
boundary we can find u,, such that the above conditions are satisfied and, in
addition, uf weakly* converges in RY to nH?=2L. T as ¢ | 0. By (5.1) and
our assumption on puj we get

1 o0
5.4 su / / ut(t, x)|>dxdt < oo.
o in(1/e) Jo a1

Given any linear map p : R — R? with norm (in the Hilbert-Schmidt
sense) equal to 1, the d x d matrix I — 2p’p belongs to A, 4>, hence

. Vu®
Ve(t, x, A) := 81—2p‘p(A)Mf(x)dt with p = V]

are well defined measures in (0, 00) x R? x Ag,4->. By compactness, and using
the semidecreasing property of ¢ — u?, which can be proved arguing as in [20],
we can find an infinitesimal sequence (g¢) C (0, 1) such that

(a) V& weakly* converges to V in (0, oo) x R? x Aga-2;

(b) u* weakly* converges to u, in R? for any ¢ > 0.

Since uf"dt = (7, )#(V ) weakly* converges to w,dt we obtain (m; )x(V) =
wu.dt, hence we can represent V by Vi, u.dt for suitable probability measures
Vix in Aga_p. We set V; = Vit € Vi_,(R?), so that uy, = u,. One of the
main results of this paper is the following.

THEOREM S5.1. Let us assume that
(5.5) H*(supp ;) < oo for Ll-ae.t >0
for some & < d — 1. Then, {V,} is a generalized Brakke flow satisfying
(0.¢)
(5.6) / (/ |H,|2du,> dt < liminf ugt(R?) < oo.
0 R4 k— 00

If (5.5) is replaced by the stronger condition (1.4), then {11;} is a Brakke flow.
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Proor. Extracting if necessary another subsequence from (g;), we can also
assume that
(c) the measures G%* := §;_,, pW(uek)/[e,f In(1/e¢)}dx dt weakly* converge
in (0, 00) x R? x A4 4-2 to some measure G;
(d) —u* - Vusk/1In(1/e;)dxdt weakly* converges in (0, 0o) x R? to some mea-
sure o.
Clearly G < V, hence we can represent G as tV for some Borel function
7(t, x, A) such that 0 < r < 1. By applying Remark 2.2 with o} = u;*dr and

Vu
ln(l/e)

we obtain that o0 = H,u,dt for suitable functions H,(x) satisfying (by (5.1))

o0
/ </ |H,|2du,> t<11m1nf/ /
0 R4 R4

(5.7 L / / & |2
< hkrggfln(l/sk) e |, | (¢, x)dx dt

< 2liminf gt (R?) < oo.
k—00

d\)k
dak

We notice that this argument does not allow to conclude (5.6), because of the
extra factor 2.

In order to prove that 8V, = H,u, for L£!-ae. t >0 we fix Y € [C&(Rd)]d
and y € Co((0, 00)) and, making an integration by parts in space, we calculate

/yA : VYdV€+/y(I—A) = VYdG*

= ydivY duidt — / y(Vu® @ Vu®) :: VY dxdt
(0,00) xR (0,00)xRY
u; - Vu®
= (Y dth.
0cord T In(1/e)!

Setting &€ = &, and passing to the limit as k — oo gives

/y[A+t(I—A)] 5 VYdV=—/ y(Y,H,;)du.dt.
(0,00) xR

Since this holds for any y, a simple density argument proves that

/ [A+T( - A)]:=VYdV, = —/ (Y,H)du, VY € [CiRD)?
RdXAdd 2 Rd
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for £'-ae. t > 0. By Remark 3.10 and (5.5) we conclude that z(z,-) = 0
V;-a.e. for L'-ae. t >0, and this proves that

1
5.8 lim ——— | Wwu®)dxdt=0 VB 0, RY.
(5.8) Jim e,%ln(l/ak)/g wf*)dx CC (0,00) x

and 8V, = H,u, for L£!-a.e. t > 0. Moreover, Theorem 3.8 gives that

(5.9) Ay = / AdV,(A) € Ggq_,  for u;-ae. x € R?
Ad.d-2

for £'-ae. t > 0. Using (5.8) in conjunction with (5.3) and (5.4) it can be
easily proved that

1
5.10 li
( ) k—1->ngo In(1/¢eg)

/ [lus*|/ex + VU 2] (1 — |u®*|*) dxdt = 0
B

for any Borel set B CC (0, 00) x R¢. We will use both (5.9) and (5.10) later
on. Now, if we try to get Brakke’s inequality (4.1) passing to the limit as
k — oo in (5.2) we only get the weaker inequality

§ 1
us(¢>—ut(¢)s—/ Ad5¢|H,|2-<V¢,H,>du,dt O<t<s
t

for the same reason why the extra factor 2 appears in (5.7). This extra factor
will be removed in the next section with a careful analysis, in which (5.9)
plays an essential role, of the probability measures V;;. The heuristic idea is
to prove, by the analysis of the Young measures associated to gradients, that
the measures V;, are sufficiently far from a concentrated mass. In this way
an improved Jensen’s inequality can be established, see Proposition 6.7. As
a byproduct, we will also obtain the perpendicularity of H, to A;,, which is
necessary in order to get, under condition (1.4), a Brakke flow.

6. — Young measures and perpendicularity of H

In this section we introduce the following new notations:

(i) M stands for unit d x 2 matrices (2 rows, d columns) and ¢ : M — Ay 4>
is given by ¢(p) =1 —2p'p.

(ii)) W? := dvue/vue)u;dt and we assume without loss of generality that Wek
weakly* converges as k — 0o to some W = W, (p)u.dt in (0, 00) xR? xM.
The relation V¢ = @4W?® implies V = @4W and V;, = @4W;,. In particular,
by (5.9), the first moments of V;, and the second moments of W;, are
related by
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6.1) / (I —2p'p)dWy(p) = A € Gga for u,dt-ae. (t,x).
M

(iii) For any p € M we denote by E(p) the (at most) two dimensional vector
space of R? spanned by the rows of p.

To study the mean curvature H, we will look at the measures

ﬂs _ (Svus/wue‘ute - Vuldx dt
- In(1/¢)

and we will assume that B% weakly* converges to 8 as k — oo in (0, 00) x
R? x M. By Remark 2.2 we infer that || << W. Moreover, the relation
u; - Vutdxdt

(ntx)#ﬁa = 11‘1(1/8)

implies
(6.2) (mex)eB = —H, p,dt.

Since |B| is absolutely continuous with respect to W, we can find functions
¥z (p) such that B = y,, W, u,dt. Moreover, (6.2) implies

63) “H,(x) = /M Ve () dWis(p)  for wdt-ac. (1, x).

We will first prove the following

LEMMA 6.1. For w,dt-a.e. (t,x) € (0,00) x R? the measure Wy, is sup-
ported on

{peM: E(p) C[Ax]'}.

PROOF. Assume, to fix the ideas, that A,, is the orthogonal projection on
the vector space spanned by e3,...,e; and that (6.1) holds. Since W, is a
probability measure, for i = 3,...,d we have

1= Ane)-e;=1-2 /M P p(er) - e dWin(p)

hence fM |p(ei)|?dW,,(p) = 0. This means that for W;,-a.e. p, p(e;) = 0 for
i =3,...,d. As a consequence, for W;,-a.e. p, E(p) is contained in the
space spanned by {ej, ez} which is exactly the normal space to Ay. O

Now we can prove the perpendicularity of H; to A,,. Using (6.3) and
Lemma 6.1 we have only to show that generically y;,(p) € E(p).

PROPOSITION 6.2. For .dt-a.e. (t,x), Vix(p) € E(p) for Wy;-a.e. p e M. In
particular H, (x) is perpendicular to A,, for p.dt-a.e. (t, x).
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PROOF. Setting f(p, w) := dist(w, E(p)), it is easy to check that f is
continuous in (p, w), convex and positively 1-homogeneous in w. Since

1 (pgs) a1 =0

(because uf - Vu® belongs to E(Vu®/|Vu®]), setting ¢ = & and letting k — oo

by Theorem 2.1 we infer
dg )
d
[ 1 (pgs) as1=

In particular, f(p, B/ W) =0 for W-a.e. (¢, x, p) and the proof is achieved. O

Now we will prove that the measures W, are supported on rank one
matrices for u,dt-a.e. (¢,x). This property is reasonable to expect, because
the target manifold has dimension 1. The following lemma will be useful to
estimate the determinant of 2 x 2 minors of Vu.

LemMMA 6.3. For any 8 > O there exists a constant Cs satisfying
lul?|detg| < Cs[(u-q")* + (- ¢°)*] + 8lul|qI®

for any 2 x 2 matrix q and any vector u € R?, where q' are the columns of q.

The proof of Lemma 6.3 can be achieved by a simple contradiction argu-
ment, and therefore will be omitted. We have already proved (see (5.8)) that
the W term gives no contribution to u, in the limit. Now we will prove that
the same is true for the radial part of derivative.

PRPOSITION 6.4. Let g := |u*|*. Then

i Vorl?dxdt =0
ki’i‘oln(l/m/g' Qul" dx

for any set Borel set B CC (0, c0) x R?,

Proor. The function g; satisfies
& |12 2
(@) = Ao — [Vt + ol — eo)-
k

Hence, choosing 1 € C}((0, 00) x RY) and using (1 — gx)n as test function we
get

/ Voul?n dxdt = / (@) (1 — g dxdt + / (Vor, Vi) (1 — gi) dxdt
&1 12 2 2
+ [ (A — o) Vu*|*ndxdt — =2 ok(1 — ox) ndxdt.
k

Using (5.10) and (5.8) it is easy to see that all terms on the right are o(In(1/s;)).00
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THEOREM 6.5. The measures W, are supported on rank one matrices for
u;dt-a.e. (t, x).

Proor. Let us fix i, j € {1,...,d} and ¢(¢t,x) > O continuous, with
compact support in (0, 00) x R?. We need only to show that

lim dxdt =0
k—00 ln(l/Ek) /¢‘ 8(x,,x] ‘

because, by (5.8), these integrals converge to

2 / ¢ /M |det(p’, p/)| dWix (p) dpsidt.

Using Lemma 6.3, for any 6 > 0 we have

\deta(x,-, xj)l = |u6kl2’det3(x,~, ) ‘ + (1 - |u6k|2)}deta(3?’eij)
§C8‘3|u:|2 ‘2+C \3|u5k|24 +6|Vu sk|2+(1 |k )‘deta( )\
i Xiy Xj

The first two terms give a o(In(1/¢;)) contribution by Proposition 6.4. The last
one can be proved to be o(In(1/g;)) using the inequality 2|detq| < |g|> (for
2 x 2 matrices ¢q), and (5.10). Letting first kK — oo and then § | O the proof is
achieved. O

LEMMA 6.6. Let v be a positive measure in [0, ) and assume that
T T 1 m
/ cos?0 dv(9) = / sin? 0 dv(9) = 5 / sin@ cos @ dv(d) =0
0 0 0

Then, for any function 7 € L*(v) we have

T T 2 T 2
/zz(e)dv(0)22[</ z(e)cosedv(e)> +(/ z(G)sinOdv(G)) ]
0 0 0

PROOF. Since ~/2cos6 and +/2sinf are orthogonal and unitary in L2(v),
the statement is a particular case of Parseval’s inequality. O

PROPOSITION 6.7. Let Q C R? be a 2-plane and let W be a probability mea-
sure in M supported in rank one matrices p whose rows belongs to Q, such that
2 P'PdAW(p) = Q. Then, for any function y € L>*(M, Q, v) we have

| vwrawe) = 2|/M
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Proor. We assume with no loss of generality that Q is spanned by the
vectors e, e;. Denoting by p; the rows of p € M, for any matrix p in the
support of W we have

p1 = cos 6 cos pe; + sinf cos pey, p2 = cos 8 sin ¢e; + sin 0 sin ge;

for some unique angles 6 € [0, 7), ¢ € [0,27). Hence, we identify p with a
pair (6, ¢); accordingly, W will be a probability measure in [0, 7)o X [0, 27)4
and, denoting by v its projection on the first factor, we set W (0, ¢) = Wy(p)v(8)
for suitable probability measures Wy in [0, 27r)4.

Since p'p is a matrix with the first 2 x 2 minor equal to

cos2@®  sinfcosh )
( sin 6 cos 6 sin? 0

and all the other entries equal to 0, by our assumption we obtain that v satisfies
the hypothesis of Lemma 6.6. We know that y (6, ¢) belongs to the vectorspace
spanned by p;, p», i.e., the line spanned by cosfe; 4 sinfe;. Hence, we may
write ¥ (6, ) = a(6, ¢)[cosBe; + sinbe,| for a suitable . We also set

2(6) == /0 (6, ) dWy($).

Using the first time Jensen’s inequality and the second time Lemma 6.6 we get

2 — i ™ 2 ™ 2
/M ()2 dW (p) = /O /0 (8, $)I2 dAW(¢) dv(6) > /0 2©) dv(9)

b4 2 y 4 2
> 2[(/ z(0) cosGdu(&)) + (/ z(0) sinf dv(O)) }
0 0

T 2
= 2‘/ [2(8) cosBe; + z(0) sinbez] dv(6)
0

4 2w 2 2
=2/0/0 Y (0, 8) AWy ($)d6 =21/y(p)dW(p> .0

By (6.1), Lemma 6.1, Proposition 6.2 and Theorem 6.5 we know that
W = W, and y = y;, satisfy the assumptions of Proposition 6.7 for u.dt-a.e.
(¢, x) with Q = [A.]1. Recalling (6.3) we get

6.4) /M (PP dWis(p) = 2H, 0P for wdr-ae. (1, %).

Now we can complete the proof of Theorem 5.1, proving (4.1). Starting
from the identity (5.2) and passing to the limit as k — oo, (4.1) will be proved if

. Plu*|?
liminf
k=00 Ji syxrd In(1/€x)

xdt > / ¢ H,|*du.dr.
(t,5)xRd
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To prove this we will use the inequality (here p® := Vu®k /|Vu®k| as usual)

1 Ek 2 1 £,
_ |u 1 dxdt > ———— )|uk . p* |2 dxdt
In(1/e0) Jiayret ® M T Z ey (ts)xnd"’( NP

1

== x dW*

2 (t,s)dexM¢( )I 8k|
with W := [1/2In(1/£¢)18,5 | Vu®* |?dxdt, weakly* converging by (5.8) to
W:xp:dt. Now we apply Theorem 2.1 and (6.4) to get

k12
lim inf Plu; |

———dxdr
k00 Jit.9yxrd In(1/5)

1
> $(x) / s (D)2 dWer () dpte (x)dT
(t,5)xR9 M

2
= /(t,s)xad ¢ () H (x)|" dp. (x)dr.

This proves that {V;} is a generalized Brakke flow. If we assume that condi-
tion (1.4) holds with u, := py,, then Theorem 3.8(c) and the perpendicularity
of H,(x) to A, proved in Proposition 6.2, imply at once that all conditions
(@), (b), (c) are satisfied for L£!-a.e. ¢+ > 0. Hence, Theorem 4.4 implies that
{u:} is a Brakke flow. O
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