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On the Liouville Property for Sublaplacians

ITALO CAPUZZO DOLCETTA - ALESSANDRA CUTRI

1. - Introduction

The Liouville theorem for harmonic functions states that a solution u of
u>0, Au=0 inRY

is a constant. This classical result has been extended to non-negative solu-
tions of semilinear elliptic equations in RV or in half-spaces by B. Gidas and
J. Spruck [19]. For the case of the whole space they proved that the unique
solution of

u>0, Au+Cu®*=0 inRY

isu=0, provided 1 <a < x—*_’% and C is a strictly positive constant.

The Liouville property is more delicate to establish for semilinear elliptic
equations or inequalities of the form

u>0, Au+hx)u* <0 in X,

where ¥ is a cone in RY and & > 0 is a function which may vanish on the
boundary of X. Liouville type theorems in this case have been established
recently by H. Berestycki, L. Nirenberg and the first author. In the paper [2]
they obtained, by a simpler method than in [19], a general result in this direction
under some conditions relating the exponent o, the rate of growth of 4 at infinity,
the opening of the cone ¥ and the space dimension N. In the special case
T ={x=(x,..,xy) € RV: xy > 0} and h(x) = xy, the above mentioned
theorem states that the unique solution of

u>0, Au+xyu®*<0inX

isu=0, provided 1 <o < Z—f—f
In [19] and [2] these non-existence results have been applied to show via a
blow-up analysis the validity, under restrictions on « dictated by the Liouville
theorems, of a priori estimates in the sup norm for all solutions (u,t) > 0 of
the problem
u>0 Au+ax)u*+7t=0 in Q

u=0 ondS,
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where Q is a bounded open subset of RY and v € R. These estimates allow
to prove, via the Leray-Schauder degree theory, the existence of non-trivial
solutions of the Dirichlet problem

u>0, Au+a(x)u®* =0 in Q
u=0 onadf,

even when the weight a may change sign in 2 (see [2] for such indefinite type
problems).

The approach of [2], which works for general second order uniformly
elliptic operators in non divergence form, has been adapted by I. Birindelli and
the present authors to deal with the semilinear operator Agnu + a(§)u”.
Here, Apgn is the second order degenerate elliptic operator

2n 32 32
1.1) Agn = 5 4 i+n i
(A1) Bgr =D (ag,? * tagz,,ﬂ)* ,2}(5‘“ 06,02+ gas,-ﬂaszm)

acting on functions u = u(£) where & = (&1, , &, E2np1) € R7FL
In [5] and [6], the results described above for the case of the Laplace operator
have been indeed extended to the operator in (1.1) under some pseudo-convexity
condition on 92 which allows to manage the extra difficulties posed by the
presence of characteristic points.

The basic idea in [5] and [6] is to look at the Kohn Laplacian Agy» as a
sublaplacian on R***! endowed with the Heisenberg group action

i=1

Eon= (51 + 010 s Eon + M2ns Eangt + Manp1 + 2 Eignli — §im+n)) :

By this we mean that Kohn Laplacian in (1.1) can be expressed as Ayn =

2n
> X7, with
i=1

a a d
(1.2) Xi=——+ g Xitn = Sl
R T R asz,,+1
for i = 1,...,n. This observation allows to exploit conveniently the scaling

properties of the fields X; and of the operator Ayn with respect to the anistropic
dilations

81 (&) = (AEr, ..., Ao, A%E2041) (A >0)

and the action of Agn on functions depending only on the homogeneous norm

2n 2 %
(1.3) p(&) = ((Z s?) +s§n+1)
i=1
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Liouville theorems, a priori estimates and the existence of non trivial solutions
in Holder-Stein spaces for the Dirichlet problem

Apnugk a(§)u®* =0, u=0on9Q

are therefore obtained in the above mentioned papers under a restriction on
the exponent o depending on the homogeneous dimension Q = 2n + 2 of the
Heisenberg group rather than on its linear dimension N =2n 4 1.

The ideas and methods outlined above for the case of Ayn can be gen-

eralized to sublaplacians L of the form L = 3!, X? where the first order
differential operators X; in the preceding generate the whole Lie algebra of
left-invariant vectorfields on a nilpotent, stratified Lie group (G, o), see Section
2 for a quick review of the basic notions and terminology.
In Section 3 of the present paper, which originates from the graduate dissertation
of the second author [10], we propose some abstract results of Liouville type
for operators L as above, both in the linear and the semilinear case. The final
Section 4 is devoted to the study of the semilinear Liouville property for some
second order degenerate elliptic operator which do not fit in the abstract setting
of Section 2, the main example being the Grushin operator which is defined on
RN =R” x RY by

p 32 ” q 32
2 gt 20
where k e N and & = (x1,...,Xp,¥1,...,Y,) is the typical point of RN,

Let us mention finally that different aspects of semilinear subelliptic prob-
lems have been investigated in [17] and, more recently, in [16], [3], [8], 15],
[4], [25], [30]. Liouville type theorems for linear Fuchsian or weighted elliptic
operators have been established in [28], [24], [11].

2. — Sublaplacians on stratified Lie groups

In this section we recall briefly a few notions which are relevant to the
analysis on Lie groups and some fundamental properties of sublaplacians on
stratified, nilpotent Lie groups. For more details, see. e.g. [21], [22].

2.1. - Stratified nilpotent Lie groups

Let G be a real finite dimensional Lie algebra, i. e. a vector space on R
with a Lie bracket [- , -], that is a bilinear map from G x G into G which is
alternating

2.1) [X,Y]=—[Y,X] forall X,Y e G
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and satisfies the Jacobi identity
22) [X,[Y,Z1+1Y,[Z,X]1+(Z,[X,Y]]=0 forall X, Y, Z €G.

G is called m-nilpotent and stratified if it can be decomposed as a direct sum
of subspaces satisfying

23) G=V,® V- @V, with dimV; =
[Vi, V1 C Vjy1 if 1 < j <m; [Vi, Vil = {O}.

Therefore, V; generates, by means of the Lie bracket [, -], G as a Lie algebra.
Let (G, o) be the simply connected Lie group associated to the Lie algebra
G = (G, [-, -] as follows:

m
-G =R" with N =) n;,
j=1

equipped with the group action o defined by the Campbell-Hausdorff formula,
namely

1 1 1
@4)  nof=n+&+nEl+ [0 g1+ p& e+

(for the other terms see e.g. [26]). Note that, in view of the nilpotency of G, in
the right hand side there is only a finite sum of terms involving commutators
of £ and 71 of lenght less than m.

Observe that the group law (2.4) makes G = RY a Lie group whose Lie
algebra of left-invariant vectorfields Lie(G) coincides with G. Recall that the
Lie algebra Lie(G) is the algebra of left-invariant vectorfields ¥ which satisfy

Yf(nod§)=(Xf)nok),

for every smooth function f, equipped with the bracket [[X, Y]] = XY — Y X.

Let ey, ..., e, be the canonical basis of the subspace R"! of G; then as a
basis of the Lie algebra G = Lie(G) we can choose the vectorfields X, ..., X,
defined for smooth f by

fEote) — f(§)
, '

2.5) Xi(f)E) = Lim £eG.

Since V| generates G as a Lie algebra we can define recursively, for j =
l,...,m,and i =1,...,nj, a basis {X; ;} of V; as

X=X (@=1,...,n)
Xa = [Xil, [Xi29 seey [Xij~1’ Xl]]]- "]9
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with o = (iy, ..., i;) multi-index of length j and X; € {X;,..., Xp }.
In terms of the decomposition G = R*"! @R"2@ - - -G R"™ one defines then
a one - parameter group of dilations 8, on G by setting for

E=6+E6+ - +&n (§eRY),

(2.6) 5.6) =) Mg

j=1

Observe that, for any £ € G, the Jacobian of the map &€ —> §,(£) equals A2,
where

@7 0=%jn.
j=1

The integer Q is the homogeneous dimension of G. Observe that the linear
dimension of G is N = 3 /" n;; hence Q > N and equality holds only in the
trivial case m =1 and G = R"!.

Let us recall that a dilation - homogeneous norm on G is, by definition, a
mapping & — p(&) from G to R* such that:

i) & — p(&) is continuous on G and smooth on G \ {0}
i) p&)=0if and only if £ =0

i) p§) = p(-§)

iv)  p(8x(§)) = Ap(&) for each A > 0.

All homogeneous norms on G are equivalent; moreover they satisfy the triangle
inequality

(2.8)

pEon) <Co(p&)+p(n) foral §,neG

for some constant Cy > 1. For a given homogeneous norm and positive real
R, the Koranyi ball centered at 0 is the set

BO,R)={§ €G:p() <R}.

These balls form, for R > 0, a fundamental system of neighborhoods of the
origin in (G, o). Through the group law o one defines then the distance between
&,n € G by the position

dE,n)=pmn o8,

where n~" is the inverse of n with respect to o, i.e. n~
ball of radius R centered at 5 is defined accordingly.

It is important to point out that the Lebesgue measure is invariant for the
group action and that the volumes scale as RC.
More precisely, if |E| denotes the N - dimensional Lebesgue measure (recall
that N =377 n;), we have

|B(n, R)| = |B(0, R)| = |B(0, 1)|R°.

as a consequence of (2.7) and (2.8).

1 1

= —n. The Koranyi
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2.2. - Sublaplacians

Let us come back now to the vectorfields X; (i = 1,...,n;) defined in
(2.5). The first remark is that X; are 1 - homogeneous with respect to the
dilations §,, i.e.

(2.9) Xi f(8x(8)) = A(X; £)(8:8)
Indeed, from the definition (2.5) of X; we have

f(8,& o Ate;) — f(8:8)
t

Xif(6:(€) = lim
Setting t = tA, the righ-hand side of the preceding is

2 lim f (86 ote) — f(6,:8)

T—>0+ T

= AX; f)(8,.(8))

In a similar way one can check that the vectorfields of V; are homogenous of
degree j, that is

(2.10) Xi i fG(E)) =M (Xij ))& , Vi=1,....n;.
Let us make now some simple remarks on the representation of the vectorfields
X; as first order partial differential operators. If one chooses (ey, ..., e, ..., en)
as the canonical basis of G = R, then each X; (( = 1,...,n;) can be
expressed in terms of the partial derivatives 5% as

Al d
(2.11) X; =Y 0ij(x)—

=1 3)Cj

Here, o(x) = (0;j(x)) is a n; x N matrix of the form

(2.12) o = (Igny, Q2(x), ..., Qm(x))
where Ign; denotes the identity on R"! and Q;(x) are n; X n; matrices (j =
2,...,m). As a consequence of (2.3) one has
0 .
(2.13) —o0;j(x)=0 for j=1,...,N.
0x;

J

The sublaplacian L on the group G is defined then on smooth func-
tions u by

ny
(2.14) Lu=Y X
i=l
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Observe that L is 2-homogeneous with respect to the dilations §, since the
X;’s are 1-homogeneous; moreover, L is left-invariant with respect to the group
action o, since the X;’s are such.

In view of the preceding discussion, L is a second order partial differential
operator; as a consequence of (2.13) it can be expressed in divergence form as

2.15) L —ﬁja( 022
. u_” ax,-a”xax,-’
i,j=I
where A(x) = (a;j(x)) = oT(x)o(x) is a positive semidefinite N x N matrix.
When m =1 the sublaplacian L coincides with the Laplace operator

N 82
A= Z Ox:2
i,j=1""7

On the other hand, as soon as m > 2, the matrix o has a non trivial kernel.
The sublaplacian L is therefore no more uniformly elliptic but only degenerate
elliptic and, more precisely, a second order operator with non-negative charac-
teristic form according to [27]. Nevertheless, the stratification condition implies
that the fields X; (i = 1,...,n;) satisfy the Hormander condition

(2.16) Lie(G)=gG.

As a consequence of (2.16), L is subelliptic (see [23]). Let us just mention
here that this implies the validity of Bony’s Maximum Principle (see [7]).
In the sequel we will use the notation Viu = (Xyu, ..., X, u).

Let us conclude this section by two basic examples.

2.3. - Examples

Example 1. Take G = RN with the trivial Lie bracket [X, Y] = 0 for all
X, Y and stratification V; = R", V, = {0}. The dilation and the homogeneous
norm in this case are, of course, isotropic. They are given, respectively, by

N 2
81.(6) = (A&1, ..., AEw); p(é)=(2$,-2) :
i=1

The homogeneous dimension is N, the fields X; are the partial derivatives and
the sublaplacian is the standard Laplacian A.

Example 2. Take ¢ = R***! (n > 1) with the Lie bracket [X,Y] = XY — Y X
and the stratification G = R?" @ R'. The homogeneous dimension in this case
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is then Q = 2n + 2. The dilation and the homogeneous norm on G are,
respectively,

2n 2 4
8.(E) = (1, .., Mezay A2nr1) 5 p(&)=((2&2) +s§,,+1) :
i=1

It is easy to check that the group action o defined in (2.4) is

n
(2.17) no& = (Sl + 01, Ean + Moy St + Mont +2 ) Eillign — $i+nm)) .
i=1
From this it follows that the fields X; are given in this case by (1.2) and the
sublaplacian associated with the Heisenberg group H" = (R***!, o) is therefore
given by (1.1).

3. — The Liouville property for sublaplacians on nilpotent stratified groups

3.1. — The linear case

This section is devoted to the generalization to sublaplacians L of the well-
known Liouville property valid for the Laplace operator. Indeed, we prove that
bounded L-harmonic functions on stratified groups G are necessarily constant.

Let L = Y71, X? be the sublaplacian on the stratified group (G, o). A
function u is L-harmonic on G if

uel*G), Lu=0in G
where I'2(G) is the space of functions u : G — R such that
u, Xju € L*(G)NC(G)

and
|Xiu(n o &) + Xiu(mo &™) — 2X;u(n)|
sup < 00
£ o)
fori=1,...,n;.

The basic tool in our proof of the linear Liouville theorem is the following

mean value property for L-harmonic functions:

C
@3.1) v©) =22 [ viVidue P,

R% Jp &R
where dy (£, 1) := pL( ' on), Cp is a suitable constant and By (£, R) denotes
the Koranyi ball associated to an appropriate C*°(G \ {0}) homogeneous norm
pL(+). Note that

pLE ™ om) ~ T2, n)

where I' is the fundamental solution of L (see [12], [14], [18]).
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THEOREM 3.1. Let L = Z:’;l X? be the sublaplacian on the nilpotent stratified
group G. If u is L-harmonic on G, then u is a constant.

ProOF. As a consequence of (2.3) the vectorfields X;,, commute with X;
for i =1,...,n;. Hence the sublaplacian L satisfies:

ni ni
XimLu=Xim Y Xju=Y X:Ximu.
j=1 j=1

Consequently, if u is L-harmonic the same is true for X; ,u (i = 1,...np).
Therefore, by the mean value formula (3.1) applied to X; ,,u we get

C
(32) Xipu =25 [ Xl V2du Py
B (§,R)

Integrating by parts the right-hand side of (3.2), we obtain:

Co 2
Ximt = =6 [ wXim (Ve dn
Co 2 Ximdy
ze u|Vidy P oEmCL gy,
RC Jag,ery  © ' |Vdyl

Here V denotes the usual gradient; observe also that v = ;ZLI is the normal

vector to dB;.

Since the X; are 1-homogeneous with respect to the intrinsic dilation, see
(2.9), and are left-invariant with respect to the group action o, it follows that X; ,,
is homogeneous of degree m with respect to §, and left-invariant with respect
to o. The previous remark, together with the fact that d; is homogenous of
degree 1 with respect to §,, provide the following estimates:

C (&)
(3.3) Xim@) < —=, | XimVidLl < - .
dy dy

Indeed, for the first estimate in (3.3) observe that ~~ ———

Xim (4 (575

o7 ()

and that |X"v'"(dL(p_1j’@))| is bounded since dy is C*™ on B (0, 1). The second
estimate is achieved by using the same argument and the 1-homogeneity of V.
Moreover, X; ,(|VrdL|?) = 2X; mVidy - Vidy.

Hence,

Xim(dL(n) =

C C _ C
Ximu®)] < wgemllulloRE + 52 llullioe RO < 2 lullzoo

for every £ € G.
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Therefore, letting R — oo, one deduces that
34 Ximu=0 inG foreveryi=1,...,np.

Now, from the stratification of G it follows that X; ,,_ju is also L-harmonic.
Indeed, for k =1, ...n;,

3.5 [Xim—1u, Xxu] = Xqu for some o with |a| =m.

Thus, being X;, a basis of V,,, (3.4) yields Xou = 0 in G. Repeating the
same argument and using the fact that the vectorfields X; ; form a basis of V;
and are j-homogeneous with respect to &, see (2.10), one finally obtains that

XivjuEO forj'__l’"-9m;i=1,-..,nj.

Consequently, from the Hormander condition span (X; ;) = Lie(X;) = G,
we deduce that Vu =0 in G and the claim is proved. O

3.2. — The semilinear case

In this section we prove a Liouville theorem for nonnegative solutions of
semilinear equations associated to sublaplacians L on stratified groups G.
The proof, which is inspired from [2], relies in particular on the behaviour of
the operator L defined in (2.14) on functions which are radial with respect to
the homogeneous norm py (), see Section 3.1. From now we shall write, for
simplicity, p; = p.
One can easily check by a direct computation using (2.5) that the following
holds for smooth f:R — R and p #0

(3.6) Lf(p) = f"(0)IVLol* + f'(p)Lp.

As recalled in the previous section, pZ_Q ~ I', where I" is the fundamental
solution of L. Therefore, using (3.6) with f(p) = p>~ ¢, one finds that

0=Lp>%=02-Q1-Q)p Vol + 2~ Q)p' ?Lp
for p # 0. Hence,
Lp = (Q = Dp~'[Vepl®
yielding to the following radial expression of L:
2r oM ’ Q —1
Lf(p) =IVLol’lf " (0) + f (p)—p—] .

Let us observe that V p is homogeneous of degree zero and therefore is bounded
in G; the same is true for pLp. In the sequel we will use the notation

¥ (p) = [VLpl*.
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THEOREM 3.2. Suppose that u € T2 _(G) satisfies

loc
(3.7 u>0, Lu@ +kEu*<0 inG
where k is a continuous nonnegative function such that
k(&) = Kp¥ (§)

for sufficiently large p(§) and for some K > 0, y > —2. Then u = 0, provided
l<a< gty

g-2°
Proor. For each R > 0 consider a cut-off function ¢z such that
dr(p) == ¢(%) with ¢ € C®[0, +00)
. 1 .
38 J0s¢=lL ¢=1 in [0,5], 6=0 in [1,+00),
cC 3 a2
-5 = O¢r <0, ¢R’ = % for some constant C > 0.
R op 9p2 R
Set then
(3.9) Ini= [ K@ gnds = kEu® $hds
G BL(0,R)

where £ =1 — L. Observe that Ix > 0 and that (3.7) implies

1
z
Ir < — / Lu¢b de

By (O,R)

Therefore, an integration by parts yields:

Ir<— / uL(@L)ds + / UV (@h)  vLdS
B (O.R) 9BL(O.R)
(3.10) —/ GRVLu v dE < —/ uL(¢p)de
3BL(0,R) BL(O,R)

+ / WBdL " $ VL - vidE < — / uL(¢L)de,
9BL(0.R) BL(O,R)

where vp (&) = o(§)v(€), v being the exterior normal to 9By, see (2.12), and
dXY denotes the (N — 1) - dimensional Hausdorff measure.
On the other hand, (3.6) implies

Lol = vl o+ p1p Lo
R= V5,2 %R PpapR
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Thus, by the assumptions made on ¢ and taking (3.10) into account, we find,
for Tg := BL(0, R) \ BL(0, %),

Ir < — / ulBS 1y + B W Lolds
IR
<% s, ugh 'dt

since ¥ and pLp are bounded. Then, by Holder inequality,

1 1
C _ o - 4
Iksﬁ[/ u®p? ¢ "“ds] / p%éds} .
IR IR

Choosing R > 0 sufficiently large so that k > Kp? in X, we obtain

1

3.11) Ir<C [/ u*kgl d’;‘]a RFE2 .

ZgR

Therefore, for large R,
_1 4 _
(3.12) I <c RFHED,

Letting R — oo in the above we conclude that, if 1 <« < Qg—fg, then

I := lim IR=/ku°’d§=O.
R—>o0 G
This implies # = 0 outside a large ball since k is strictly positive there. Choose
now R > 0 in such a way that k > 0 for p > R. Then, as proved above, u = 0
on G\ Br(0,R).
Hence u satisfies:

Lu<0 in B.(0,R + )

u>0 in BL(0, R +8)
{MEO for R<p<R+$

for some § > 0. Therefore, by the Bony’s Maximum Principle, see [7], u has
to be identically zero on G since u is not strictly positive in view of the last
condition in (3.13).

Consider now the case o = QQ%' In this case, from (3.12) we deduce that Iy
is uniformly bounded with respect to R. Moreover, since R — I is increasing
the integral on the right - hand side of (3.11), which coincides with Ig — I L

goes to zero as R tends to infinity. This implies / = 0 and we conclude as
before. O
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REMARK 3.1. The claim of Theorem 3.2 holds under the less restrictive
assumption that, for some K > 0 and y > —2, k(§) > Kyp? (§) for sufficiently
large p(£). The proof is similar but one has to take into account that pLp =
(@ —1)¥ and also that y vanishes, by its very definition, on the characteristics
points of the Koranyi’s ball which are, by the way, a set of N-dimensional
measure equal to zero (see [13]).

REMARK 3.2. The exponent %—tg in Theorem 3.2 is optimal. To see this,
observe first that in view of (3.6) the function u(p) = (1 + p2)‘§ satisfies

Lu+p(Q — p—2y(+p) 5+ <0.

Thus, were o > one could choose p such that

Oty
-2

+1.

-5

0-2>p, o

(Sl
N
(ST

1
Therefore, setting v = Cu with C = (p(Q — p —2))«=T , one obtains easily
that

—Lv = ¢ (p(Q — p— 2)aT (1 + p)5+E > ypro”.

4. — Other Liouville type results

Here we prove some semilinear Liouville type results like those of the
previous section for some degenerate elliptic second order operators of the
form

N
(4.1) L= Xx?
i=1

which are 2-homogeneous with respect to a family of dilations but do not fit
in the setting of Section 3 since they are not left-invariant with respect to any
group action on R¥.

The first example we consider is the Grushin operator L defined on RY =
R? x R? by

p 32 o q 32
4.2) L= 4x —
; ax;? ; dy}

where k € N and (x,y) = (x1,...,Xp, y1,...,Yq) denotes the typical point
of RV.
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This operator may be written in the form (4.1) by choosing

0
Xi=— fori=1,...,p
8x,~

)
X,~+p=|x|ka— fori=1,...,q.

i

It is easy to check that L satisfies the Hormander condition (2.16) since the X;
generate RY by commutators of lenght < k. It is also easy to realize that the
Lie algebra generated by X; for k > 1 has no constant dimension.

However, for the dilation

(4.3) 81E = (Ax, Aktly)

we have

Xiu(8,8) = A(Xiu)(8,8) (=1...p)
d
Xippu(8:8) = |x|"x"+‘5)—’f— = AXipp)B8) G=1,....q).

i

Hence, L is 2-homogeneous with respect to (4.3). Moreover, the norm

4.4) p(&) = x| + |y|FFT

where & = (x, y) and |-| denotes the euclidean norm on R", is 1-homogeneous
with respect to the dilation in (4.3).
It follows that N-dimensional measure of the ball

Qr = B,(0, R) x B,(0, R*1)

associated with (4.4) (here B, denotes the euclidean ball of R”) is proportional
to R2, with

OQ=p+k+1)g=N-+kq.
4.1. Let u be a solution of

9%u

4.5) u>0, Za =+ 1x |2"Za2+u <0 inRV.

Thenu = 0, provided thatk > 1 and 1 < a < %
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PROOF OF THEOREM 4.1. Set Qg := B,(0, R) x B,(0, R**!). Let ¢z and
Or be the cut-off functions satisfying, for some constant C > 0,

Pr(r) == @(%); Or(s) :=0(5zFr) with 9,0 € C[0, +00),
46) { 0<p=<1,0<60<1,¢=60=1in [0,%] (p=9=0in [1, +00),

c 36 32
—G <% <0, —qT = 5 =0, ‘ o |as5’—R<+“’
where r = |x| and s = |y|. Let us set then, for 1 = 1-— é,
4.7 Ig = / u®(Oror)Pdt .
RN

From (4.5) we obtain

(4.8) 0<Ig=— / uL[(Orer)Pldxdy + / uBOror)? "'V (Orer) - vidZ,
Qp QR
where Viu = (Xju, ..., Xyu) and vy, = (v1, ..., Vp, [x[¥vppr, ..o, [x[Fon), v

being the exterior normal to 92z.
On the other hand, simple computations show that

Logr = Apgr) Log = |x|* A0k ,
Vigr = (Vapr,0)  Vibg = (0, |x|*V,6g)

where A,, A, denote the Laplacians on R” and R, respectively.
The integral on the boundary in (4.8) vanishes since Vypg - V. .0gr = Orpr =0
on 02 and B > 1. Therefore, by the properties of gz and Ok and setting

Tk = Qg \ (B0, &) x B, (0, B51)), we obtain
- ” -1 ’ - 4 -1
Ir < —/E up [w;’i‘%g ghie (9R +1 9R) + 9k 0k (wk + 2= wk)] d§
R

c -
< |, uBeRORdt.

By the Holder inequalify then

1 1
@ B
(4.9) Ig < C2 / u® (prOg)Pdxdy / dxdy
R ZR IR

yielding
: 2
17 <cro <,
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At this point the claim follows by the same arguments as in the proof of
Theorem 3.2. O

The next result concerns the k-dimensional (1 < k < N) Laplace operator

on R¥, that is
k92
=> 3
— 3x;

This example shows that subellipticity is not necessary to obtain semilinear
Liouville type results. The main ingredients in the proof are again the 2-
homogeneity of the operator with respect to a suitable family of dilations and
that the balls associated with an appropriately defined distance invade the whole
space as the radius diverges.

The result is as follows:

THEOREM 4.2. Let u € C? be a solution of

(4.10) u>0, Agu+u*<0 inR".
Ifk >2and1 < a < ksz’ then u = 0. The same conclusion holds if k = 2 and
o> 1

PrROOF OF THEOREM 4.2. The proof is similar to that of Theorem 4.1. The
first observation is that, for every € > 0, the operator Ay is 2-homogeneous
with respect to the following dilations:

4.11) (&) =8 (x1, ..., xn) = Ax1, ..oy A, ASXkpn, -0, ASXN)

since A does not act on the variables x; for j =k+1,..., N.
As in the proof of Theorem 4.1 one considers then the sets

Bi(0, R) x By« (0, R)

where B; denotes the j-dimensional euclidean ball. Set § = (x, y) with x =
(x1,...,x¢) and y = (xg41,...xy) and consider the same cut-off functions ¢g,
Or defined in (4.6) with k + 1 replaced by €.

Proceeding as in the proof of Theorem 4.1 one shows then that the integral

1 1
Ig == *9rprPdt —+—=1),
R /RNM RPR"dE <a+ﬂ )

satisfies

1
4.12) 1RB <C REN-kr+k—2-%

Let k > 2. By assumption, o < hence one can choose € > 0 so small

k2’

that o < Thus (4.12) implies that Ig goes to zero as R — oo.

k
k—2+e(N—k)"*
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In the case k = 2, for every o > 1 there exists € > 0 such that ¢ < and
we conclude again from (4.12) that I — 0 as R — oc.

On the other hand, By_(0, R€) x B(0, R) invade RN as R goes to infinity.

2
e(N-2)

Hence
o
Ig — A N u dé
as R — oo and this implies u = 0. O
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