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Hardy’s Inequalities Revisited

HAIM BREZIS - MOSHE MARCUS

Dedicated with emotion to the memory of Ennio De Giorgi

0. - Introduction

A well-known inequality due to Hardy asserts that

1 1 1
©.1) /0 WPz /0 (u()l/ 1) dt,

for all u € H'(0,1) with u(0) = 0. This is equivalent to the statement,

1 1 1
0.2) /0 lu'(0)|*dt > Z/0 (lu(@®)|/8(t))*dt VYu € Hy(0, 1),

where §(¢) = min(z, 1 —t). Inequality (0.1) is sharp; to verify this fact it suffices
to consider the functions u(¢) = t%, @ > 1/2. The constant 1/4 remains the
best constant in (0.1) even if the inequality is restricted to the space HO1 o, 1
(see e.g. Lemma 1.1). It is also known that the constant 1/4 in (0.1) is not
achieved. In the Appendix (Lemma A.1) we shall present a more precise form
of this statement, namely,

1 2 1 2
/ 2 u(t) ’ 2 u(t)
0.3) /0 (lu o - a2 ) dt > /0 (lu ®°+ a2 ) tdt,

for all u € H'(0, 1) with u(0) = 0. We shall also show that (see Lemma A.2),

1 1u2 1 1u2
0.4 2 _ dt>—/ —X%@t)dt,
@4 /o(u 4t2> 4 )y 12 ©

for every u € H'(0, 1) such that u(0) = 0, where X (¢) := (1 — log?)~!. The
inequality is in some sense optimal: the weight function cannot be replaced by
a lower power of X and the constant on the right hand side is sharp.
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If Q is a bounded domain in R"” with Lipschitz boundary, it is known that
the following extension of Hardy’s inequality is valid,

0.5) Jvurzu [ wer vueBj@,

where w is a positive constant and §(x) = dq(x) = dist(x, d2). The best

constant in (0.5), i.e.
[ 1vur®
(0.6) w(Q) = inf L8

ueH} () /(u/8)2,
Q

depends on Q. If 92 possesses a tangent plane at least at one point, then
w(2) < 1/4, (see [2], [5]). For convex domains w(S2) = 1/4, but there are
smooth bounded domains such that w(2) < 1/4 (see [6], [5]). Furthermore, it
was proved in [5] that, for smooth bounded domains, the infimum in (0.6) is
achieved if and only if u(2) < 1/4.

In the present paper we study the quantity,

/quIZ—A/ u?
0.7) J¥ = inf <2 2 VA eR,

ueHl (@) /(u/3)2 ’
Q

where 2 is a smooth (e.g. C?) bounded domain. Note that JOQ = u(2). (The
superscript in J5* will be dropped if no ambiguity results.) Clearly, the function
A J) is concave and non-increasing on R, J, - —oo when A — +o0o0 and
Jy; =0 where A; is the first eigenvalue of —A on HO1 (2). The quantity

Hw(2) ;= lim J,
A——00

coincides with the inverse of the weak Hardy constant as defined by Davies[2]
who showed that w,,(2) = 1/4. (This is a consequence of his Theorems 2.3
and 2.5.)

Our main result is the following,

THEOREM 1. For every bounded domain S of class C?, there exists a constant
A* = A¥(Q) such that,

(0.8) Jo=1/4, VA<A*,
(0.9) Jy<1/4, VA>A%

The infimum in (0.7) is achieved if and only if A > A*.
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In particular we find that for every smooth domain €2 there exists a constant
A € R such that

1
(0.10) / |Vul|? > —/(u/8)2+k/ u?, Vue H}(Q).
Q 4 Ja Q
The largest such constant is precisely A*(S2), i.e.

) JoIVul? = § [o(u/8)?
A¥(Q) = 1nlf T ,
ueHL (@) Q

and in view of Theorem I, this infimum is not achieved.

Davies [2] constructs some planar domains with angular points such that
their weak Hardy constant is larger than 4. In our notation this means that for
such domains,

1
»(9) < —.
u()<4

He also states the interesting conjecture that,
1
Q
Ji0 < 7 VA eR,

for every domain Q C R”, without any smoothness conditions. Our results
shed no light on this conjecture.

As mentioned before, there are domains for which Jé2 = u(R) < 1/4 and
then A*(§2) < 0. On the other hand, if 2 is convex, then w(2) = 1/4 so that
A*(2) = 0. In fact we shall prove,

THEOREM 11. If Q is convex, then

1
Q) 2 ———.
4 diam“(R2)

We do not know whether in (0.11) the diameter of € can be replaced by

the volume of €2, i.e. whether
A (Q) = a(vol(@) ™",
for some universal constant o > 0.

Theorem I presents some similarities with the study of Sobolev inequalities
in [1]. Its proof is divided into three steps:
(i) supg J, = 1/4 and J, = 1/4 for some A.

The main ingredient in the proof of the second assertion is the following
inequality,

21 2 1
0.12) /Q,g |Vu|* > 4/Qﬂ(u/8) , Yue Hy(Q),

(where Qg = {x € Q : §(x) < B}) which is valid for all sufficiently small
B > 0. Surprisingly the proof of (0.12) relies on inequality (0.3) rather than
on the standard inequality (0.1).

(i) The infimum in (0.7) is achieved for every A > A*.
(iii)) The infimum in (0.7) is not achieved for any A < A*.
The last assertion relies on the following non-existence result.

(0.11)
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THEOREM I11. Let Q2 be a bounded domain with boundary of class C?. Suppose
that u is a non-negative function in HO1 (R2) N C(K2) which satisfies the inequality,
(0.13) Aum s Ty ing

. —Au— —u>——u, inf,
482" — §2
where 1) is a continuous, non-negative function in Q such that

. 2 _
0.14) 8(ngon(x)(log8(x)) =0.

Thenu = 0.

The proof of Theorem I is given in Sections 1-3. Section 3 contains also a
proof of Theorem III. In Section 4 we consider extensions of the above results
to variational problems of the type (0.7) involving weighted integrals. Theorem
II is proved in Section 5. Finally, in the appendix we establish inequalities (0.3)
and (0.4) and other related one-dimensional inequalities.

1. - On sup J,

Throughout this section we shall assume that €2 is a bounded domain with
boundary of class C2. First we discuss some auxilliary results that will be
needed later on. For 8 > 0 let,

(1.1) QU=(xeQ:5(x) <B), Zp={xeQ:sx) =4

where §(x) = dist (x, 0€2). Assuming that g is sufficiently small, say 8 < By,
for every x € g there exists a unique point o(x) € X := 9Q such that
0(x) = |x —o(x)|. Let IT: Qg — (0,B) x ¥ be the mapping defined by
I1(x) = (8(x), o (x)). This mapping is a C? diffeomorphism and its inverse is
given by,

(1.2) N(t,0) =0 +tn(e), Y(t,0)e©p) xX,

where n(o) is the inward unit normal to ¥ at 0. For 0 < ¢t < B, let H; denote
the mapping I1!(¢, -) of = onto X,. This mapping is also a C? diffeomorphism
and its Jacobian satisfies,

(1.3) [Jac Hi(o) — 1| <ct, V(t,0) € (0,Bp) x X,

where ¢ is a constant depending only on ¥, By and the choice of local coor-
dinates. Since n(o’) is orthogonal to X, = I1~!(z, X) at o + tn(o), it follows
that, for every integrable non-negative function f in Qg,

/Qﬂf =/Oﬂdt /E, fdo =/Oﬂdt/zf(t,H,(o))(Jac H))do,
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where do, do, denote surface elements on X, X, respectively. Consequently,
by (1.3),

/Eda/oﬁf(t, H,(a))(l—ct)dtﬁ/ﬂﬂf

(1.4)
B
S/Ea’cr/o f(t, Hi(o))(1 +ct)dt.

The result of Davies [2] mentioned in the introduction, implies that
(1.5) Jy<1/4, VieR.

For the convenience of the reader, we provide below a simple proof in the case
that © is a smooth domain.

LeEMMA.  Given positive numbers €, 8, there exists a positive function
he Hol (0, B) such that,

B B
(1.6) /0 W' ()| dr < G+e) /0 (h(t)/1)? dt.

Proor. The inequality is invariant with respect to scaling. Therefore we
may assume that 8 = 2. Choose,

e, if t €(0,1)

h@) = { 2—1, ifre(l,2),

with @ > 1/2. Then,
2

2 2
’ 2 _ « 2 —
/0 | ()" dt = P— + 1 and /0 (h@)/t) dt =

A9
2a—1+

where A = f12(2 —1)2/1? is independent of . Choosing « sufficiently close to
1/2 we obtain the desired conclusion. O

Proor oF (1.5). Let B, € be positive numbers such that 8 < By and let A
be as in the previous lemma. Put,

[ RGO, if x € Qp,
“(")_{0, if x € 2\ Q.

Then |Vu(x)| = |h’'(6(x))| and consequently, by (1.4),

B
/ IVul> < +C,3)|2|/ | (1)|* dt,
Qﬁ 0
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while,

B
/8 = (1 —Cﬁ)IEI/ (h(1)/1)* dt.
Qﬁ 0

Clearly,
[ w<p [ ww
Qp p

Hence, using (1.6), we obtain

h < (:—‘+e) i+c§+| AlB2.

This implies (1.5). O

Next we wish to prove that

a7 there exists A € R such that J;, = 1/4.

Using (1.4) and the 1-d Hardy inequality (O 1), it is easy to see that if
0 < B < By then,

/ |Vu|? > (1 +o(1))/ /8)?, Yue H}(Q),
Qp 4 o

where o(1) is a quantity which tends to zero as 8 — 0. However for the proof
of (1.7) we need the following more precise estimate.
LemMma 1.2. If B > 0 is sufficiently small (depending on Q) then,
(1.8) / |Vu|?> > —/ /8)*, Yu e Hy(RQ).
Qﬂ 4

ProoF. By (1.4),

B
/ IVulzz/da/ |9u/0t)*(1 — ct) dt,
Qﬁ ) 0

B
/Qﬁ(u/8)25/2da/0 /1)1 + ct) dt.

By rescaling inequality (0.3) we obtain, for v € H'(0, 8) with v(0) =0,

B 2 2
(1.10) /0 (| ") - (t))dt_ﬂ/ ( ‘O + (’) >tdt.

Therefore, if }g > ¢, (1.9) implies (1.8). 0

1.9
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ProoF oOF (1.7). With B as in Lemma 1.2, pick ¢ € C*(2) such that
0<¢=<1 ¢=1in Q and ¢ =0 in Q\ Qg If u € H}(V),

2 /02 2702 2
(1.11) /Qu /8 5/9(4;14) /8 +c‘1/Qu,
with ¢; = 16/82. By (1.8),
2 /02 2 2 2
/Q(qsu) /8 54/QIV(¢u)I 54/Q|Vu| +8/Qu<Vu)¢(V¢>+c2/Qu.
Since
2 /Q W(Vi)p(V) = /Q (Vi2)p (V) = — /Q W2 div (V) < /ﬂ W2
we conclude that,

/g2 (Gu)?/8? <4 /Q Vul + c5 /Q 2,

where c3 is a constant depending only on S8 and ¢. This inequality and (1.11)
imply that,

1
(1.12) /|Vu|2 > -/(u/s)2+x/ u?, Vue H\(Q),
Q 4 Ja Q
with A = —%(cl +¢3). Thus J, > 1 and, in view of (1.5), we conclude that
J, = % |
Put
(1.13) A*=2*(Q) =sup{r e R : J, = 1/4}.

Then (0.8) and (0.9) are valid.

2. — J, is achieved when A > A*

In this section we establish,

LEMMA 2.1. Let Q be a bounded domain with boundary of class C?. Then the
infimum in (0.7) is attained for every .. > \*. In fact, every minimizing sequence
converges to a limit in Ho1 ().
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PrOOF. We use the same strategy as in [1]. Let {u,} be a minimizing
sequence for (0.7) normalized so that

@1 / W2/8 = 1.
Q

Thus {u,} is bounded in H}(S2) and we may assume that it converges weakly:
Un —> u in H} (). Put v, = u, — u so that

22 v, — 0in LY(R), v, —> 0 in H}(RQ) and v,/8 —> 0 in L} ().

The last assertion is a consequence of the fact that {v,/8} is bounded in L2(2)
and converges to zero in L? (). Using (2.1) and (2.2) we obtain,

@3 hto) = [Vl [ @ = [1vut+ [ 1vul=a [ i+,
Q Q Q Q Q

and
— 2 __ 2 2
2.4) 1= /Q (n/8)? = /Q w/8)* + /Q (0 /8)? + o(1).

Let u < A* so that J, = 1/4. Then,

1
/ IVoul? = / . / (Un/8)?,
Q Q 4 Ja

and hence, by (2.2) and (2.4),

2.5) /Q Vol > % (1 - /Q (u/a)z) +o(1).

From this inequality and (2.3),

2 1 _ 2) _ 2
(2.6) /Q|Vu| +3 (1 /Q(u/a) A/Qu < J,.

But [, |Vu? =1 [qu? > J; [o(u/8)? so that,

(JA - }‘) (/Q(u/a)2 - 1) <o.

Since J;, < 1/4 and fg(u/S)2 < 1 we conclude that fQ(u/8)2 =1 and therefore,
by (2.3), u is a minimizer for (0.7) and fQ|Vv,,|2 — 0. Thus u, — u in
H} (). ]
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3. — J, is not achieved when A < A*

In this section we establish,

LemMa 3.1. Let Q be a bounded domain with boundary of class C*. If» < A*,
the infimum in (0.7) is not attained.

It is easy to verify the statement in the case A < A*. Indeed suppose that
for some A < A* the infimum is attained at an element & of Hj (). We assume
that ¥ is normalized so that

3.1 /(ﬁ/6)2= 1 and /|va|2—x/ it = 1.
Q Q Q 4

Then, for A < A < A* we have,

! J</|V‘|2 A/’2<1

- = ul” — u -,

4= "= Jo Q 4
which is impossible.

The fact that the infimum in (0.7) is not achieved when A = A* requires
a more delicate argument. Observe that if (for some A) the infimum in (0.7)
is achieved by a function v then it is also achieved by |v|. Hence there exists
u € H}(Q), u > 0 such that,

—Au— Nu = 11*5”5.

By the maximum principle, # > 0 in Q. Therefore, since Jy* = %, the con-
clusion of the lemma is a consequence of Theorem III whose proof is given
below. The statement of the theorem is stronger than needed here, but will be
used in Section 4.

Proor oF THEOREM III. Without loss of generality we may assume that
n > 0 in Q. (Otherwise, replace n by n+ (1 + |logés|)~3.)

Assume by contradiction that there exists a non-negative function u as
stated in the theorem and that u # 0. By the maximum principle, ¥ > 0 in Q.
Let

Li=—A—— 41
o 452 52
so that
(3.2) Lu>0, in Q.
Put,

(1-log)y !, if 0<t<1

(3.3) Ys(¢) = t2X(¢)° where X(¢) = { ) £ 1<s
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and let v; = ¥; 0 8. Assume that s > 1/2, so that v; € H}(Q).
Suppose that 8 € (0, 1) is sufficiently small so that § € C 2(52,3), and the
statement of Lemma 1.2 holds in €. Since |V§| = 1, we have

Av, = Y!(8)AS + Y (8) in Qp.

Hence, in Qg,

(3.4) Ay, = 8732° (—% +s(s + 1)X2) +6712xs G + sx> A8,
and consequently,

(3.5)  Luy = —s(s + 1)6732x+2 _ 57 1/2xs (% + sx) AS + 832Xy,

Since ASé is bounded, assumption (0.14) implies that, for small §, the dominant
term on the right hand side is —s(s + 1)6 =/ 2x5+2, Therefore, for sufficiently
small B, independent of s for s > 1/2,

3.6) Lvs; <0 in Q.
Now, pick € > 0 such that, for all s € (1/2,1),
€vy <u, on Lg={x €Q:45x)=p}

and put w; := ev; — u. Then w;} € H}(S2p) and by (3.2) and (3.5) Lw, <0
in Q4. Hence,

1 n
2 2 +2
3.7) /Qﬂ (Isz P - o+ ) ) <0.

By Lemma 1.2,

Therefore, (3.7) implies that ev; < u in Qg, for every s € (1/2,1). Hence
€(6X()? < u in Qp and consequently u/§ ¢ Lz(Qﬂ). This contradicts the
assumption that u € H} () and the theorem is proved. O
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This completes the proof of Lemma 3.1 and with it the proof of Theorem L.

REMARK 3.2. Since A — J, is non-increasing and concave, (0.8) and (0.9)
imply that this mapping is strictly decreasing for A > A*. Recall also that
Jr = —o0 as A — oo. Therefore, if u < 1/4, there exists a unique A = A, > A*
such that J, = u and

/ Vul — / (u/8)?
3.8) inf Z£ £ =A

1 2 L
ueHo(Q) / u
Q

Now Lemma 2.1 implies that, for every u < 1/4, (3.8) possesses a minimizer.
Thus A, is the first eigenvalue of the operator —A — Eﬂf on HJ() and this

eigenvalue tends to A* when u % %. However Theorem I implies that the
operator —A — ;‘%5 has no positive eigenfunction in Hg ().

We also observe that, for u < 1/4, A, is a simple eigenvalue. To verify
this fact, note that if v is an eigenfunction corresponding to A,, then |v| is also
an eigenfunction, since it is a minimizer of (3.8). Therefore, by the maximum
principle, v # 0 in Q. If vy, v, are two eigenfunctions corresponding to A,
choose ¢ > 0 such that v = v; — cv, vanishes at some point of . Then v
cannot be an eigenfunction, so that v = 0.

4. — Inequalities with weighted integrals

In this section we study the quantity,

/ Vulp A / (/)
Y Q2 VAeR,

’

4.1 Ih=Ahp,.q,n) = inlf
@ [ s
Q

where  is a bounded domain of class C? and D, q,n satisfy the following
conditions,

p,q€CY(Q), and p,g >0 in Q,
neC%), and n>01in Q, n=0 on 9.
Under these assumptions, we have the following (partial) extension of Theorem I:

4.2)

THEOREM 4.1. Assume that the weight functions in (4.1) are normalized so that,

. P _
4.3) r%n—q— =1.

Then, there exists a constant \* = A*(p, q, n; ) such that,

JLy=1/4, VA<,

Jy <1/4, VA>A%

The infimum in (4.1) is achieved if . > A* and it is not achieved if A < \L*.

(4.4)
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OPEN PROBLEM. Assuming that p, ¢, n are smooth functions (say C?) in €,
does it follow that the infimum in (4.1) is not achieved when A = A*?

Proor. The proof is similar to that of Theorem I. Let oy € 92 be a point
such that p(op) = q(0y).

StEP 1. First we show that,

VA eR.

1
(4.5) =g

We shall use the notations introduced in Section 1. Let By be a sufficiently
small positive number so that the statements concerning the diffeomorphism IT
described in Section 1, hold in Qg,.

Given € > 0 choose p (depending on €) such that,

(4.6) p<(1+e€)p(oo) and g > (1 —€)q(op) in {x € Q : |x — 0| < p}.
Then choose a function ¢ € C?(3S2) such that,

@7 ¢ =1, 0=<¢<1and ¢(oc) =0 for |0 —ay| > p/2, 0 € 9.

(Of course ¢ depends on p and hence on €.) Further, let g be a function in -

C%(Q) such that,
gx) =¢(o(x), VxeQp.

Given positive numbers €, 8 let h be as in Lemma 1.1. In what follows we
shall assume that 8 < min(8p, p/2). Put

_ h(é(x)), if x € Qp,
”(x)‘{o, if x € Q\ 2,

and u := vg. With this notation,

/ Vul = / IVuPg? - / vdiv (gVg) + / 22| Vg2
Q2 2 Q8 Qg

s/ IVv|2g2+cl/ 2,
Q28 28

where c¢; is a constant depending on € (through ¢), but is independent of B.
Note that,

(4.8)

suppu C {x € Qp : |o(x) — ool < p/2},

and consequently,

[x —op] < |x —o(x)|+ |lo(x) —opl =86(x) + |o(x) —0op| < p, Vx €suppu.
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In view of (4.6) we have,

5 < JalVuPp+ 7] fy@/on _ (1 + PO o, IVul + 14 Jo, 4/
t Jau/8Yq - (1= €)q(00) Jo, /3P

Hence, by (4.8),

4.9

1+e€ fszﬂ IVul?g® + ) fQﬁ v
L= ( ) + ca2supn,

1—€ fgﬁ (vg/8)? 2

where ¢; = |A|/((1 — €)q(0p)) is independent of B. Further, using (1.3) and
Lemmal.l we obtain,

Jog IVVI%8? 3 (1+c,3> J5 8¥@)do [ 1N @S _1+cB 1

fQ(vg/8)2 1 —Cﬂ fE Z(O—)do_ f() |h(3)/8|2 — 1 _Cﬁ(4 +6)

Similarly,

Jog v? <(1+c,3) 11 [ |h(5)1> ds 1+ 1|

2
Jo, (w8187 = \1—=cB) [;¢2(0)do [{ |h(8)/8P> ~ 1 —cB Jot@yds’

These inequalities and (4.9) imply that,

(A +e)d+cp) all
L= d—o0—ch) ( +6+f2§2(0)d(7ﬂ ) +C2s5121£n,

where c, c1, ¢, are constants independent of ‘8. (Recall that ¢ is the constant

in (1.3) which depends on By but not on B.) Therefore, letting first 8 tend to
zero and then letting € tend to zero we obtain (4.5).

STEP 2. Next we claim that
1
4.10) there exists A € R such that J, = 1

This is obtained as a consequence of the following inequality extending Lemma
1.2 to the case of weighted integrals:

1
4.11) / |Vul’p > —/ (u/8)*q, Vue H) (),
Qﬂ 4 Qﬂ

for all sufficiently small 8 > O (depending on 2, p,q). Since p,q € C(Q)
there exists a constant C such that,

(4.12) |p(x) — p(c(x))| = C8(x) and |g(x) —g(o(x))| = Co(x), Vx € Qp,.
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Let @ > 0 be a constant such that,
p(o)>a, q(c)>a, VoeZ.
Then,
p(x) = p(o(x))(1 = C'8(x)) and g(x) < q(a(x))(1 +C'8(x)), Vx € Qp,.

where C' = g Therefore, as in the proof of Lemma 1.2, we obtain,

B
/ |Vu|2pz/ p(a)dd/ |0u/dt)2(1 — C't)(1 — ct) dt,
Qﬂ z 0
4.13) 5
/ (/8)%q < / q(@)do / @/12(1 + C'H)(1 + cb) dt.
Qg > 0

Since p > g on X, these inequalities and (0.3) imply (4.11)
Now, using (4.11), we proceed as in the proof of (1.7). With the notation
introduced there, for every u € HO1 (),

2 2 2 82
/Q<u/6> q< /Q¢ (/8) q+/%/4(u/ g

2 2
< /Q (u/8)%q +c1 /Q | Wil

(4.14)

where Qf = Q\ Q2 and c; is the maximum of g/n over Q. Further, using
(4.11),

/ ($u/5)q < 4 / IV (w)2p
Q Q

<4 \vj 2 2
(4.15) = /QI ulp+C2/%/4u.

<4 [1vulprer [ wmin
Q Q4
where ¢, is a constant depending only on ¢, p and ¢3 = ¢ max%/4 82/n.
Inequalities (4.14) and (4.15) imply (4.10) with A = —(c; + ¢3)/4.
Let A* be defined as in (1.13). Then, (4.5) and (4.10) imply (4.4).
Step 3. If A > A* the infimum in (4.1) is achieved. Furthermore, every
minimizing sequence converges to a limit in H{ ().

This statement can be proved by the same argument as in the proof of
Lemma 2.1. We start with a minimizing sequence {u,} for (4.1), normalized
so that

(4.16) /9 (un/8)%q = 1.



HARDY’S INEQUALITIES REVISITED 231

Thus {u,} is bounded in H{(S2) and we may assume that it converges weakly:
Up —> u in H(Q). Put v, = u, — u so that

(4.17) v, > 0in LX(Q), v, — 0 in H}(Q) and v,/8 >0 in LY(R).
Since n vanishes on the boundary, (4.17) implies,
(4.18) / (va/8)*n — 0.
Q
Using (4.16)-(4.18) we obtain,

L +o(l) = / IVul*p + / IV, [*p — A / /8)*n
Q Q Q

4.19)
> /Q w/8)q + /Q VouPp,
and
— 2 _ 2 2
4.20) 1= /Q (un/8)2q = /Q (/g + /sz (Un/8)%q + o(1).

Let u < A* so that J, = 1/4. Then, by (4.18) and (4.20)

2 2., 1 2
/QIanI p= u/g(v,,/a) n+ 4/9(1:,./6) q

1
=7 <1 - /Q <u/a)2q) +o(1).

From (4.19) and (4.20) we obtain,

(Jl - ‘—1‘) (/Q(u/S)zq - 1) <0.

Since J, < 1/4 and [,(u/8)’q < 1 we conclude that [,(u/8)’q = 1 and
therefore, by (4.19), u is a minimizer for (4.1) and fQIVv,,|2 — 0. Thus
U, = u in HOI(Q).

Step 4. If A < A*, the infimum in (4.1) is not achieved.

4.21)

This fact is proved in the same way as in the case of non-weighted integrals. O

REMARK 4.2. As mentioned before, the question whether the infimum is
achieved when A = A*, remains open. However we have a partial result. Define,

a(0) :=+/1—-(q(0)/p(0)), Yo e,
(recall that, by (4.3), maxyg(g/p) = 1) and assume that,
d
(4.22) / 40 _
z a(o)
Then, under further restrictive smoothness conditions, the infimum in (4.1) is
not achieved for A = A*.

We also note that, in the special case p = ¢, this conclusion follows from
Theorem IIl, under assumption (0.14).
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5. — An inequality in convex domains

In this section we prove Theorem II in a slightly stronger form, namely,

THEOREM 5.1. Let Q be a bounded convex domain. Then,

(.1) /|Vu|2_ 4/ u? (1+x@/DY),  Vue H)@),

with X as in (3.3) and D = diam (£2).
The proof is based on an argument of [5]. First we introduce,

DeFINITION 5.2. Let 2 be a domain in R". A sequence of domains {£2;} is
a normal approximating sequence for Q if it satisfies the following conditions:

5.2) 8o, (x) = da(x), VxeQ,
and for every compact subset K of Q there exists an integer j such that,
o0
K C n Q.
k=j

Note that every increasing sequence of (open) subdomains whose limit is
is a normal approximating sequence in the sense of this definition.

Let x’" = (x1, -+, x,_1) denote a generic point in R"! so that x = (x/, x,)
is a point in R”. ’

LEMMA 5.3. Let Q be adomain of the form{(x', x,) : x' € D,0 < x, < A(x")}
where D is a domain in R"™' and A is a bounded continuous function in D. If
u € CY(Q) and u vanishes on x, = 0, then

(53) / Vul? > / (14 o)

where a = sup,.p A(x').

ProoF. Rescaling in (0.4) we have,

(5.4) /OL W@ty de > Z/(,L Zt()( +X2(t/L))

for every u € H'(0, L) with u(0) = 0. Hence

A(x")
/IVuIZZ// |0u /0%, dxndx’
Q D JO

AX)
> 1 / / /30 21 + X2 (xa/ A('))) dndx’
4 JpJo

> é—lt /Q /%P (1 + X2(x0/a)). 0
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Let S be a bounded polytope and let 'y, ..., I, denote the (open) faces
of S. Let ; be the hyperplane containing I'; and denote by G; the half space
containing S such that 0G; = xr;. Then § =N?_,G;.

For x € R” put
(5.5) dj(x) = dist (x, mj), 0j(x) = point nearest x in m;,
' 8(x) = 8s(x) = dist (x, 95).
Further denote,
(5.6) Sii={xeS:dkx) <di(x), Yk # j},

LEMMA 5.4. If S is a bounded convex polytope, inequality (5.1) holds for
Q==_.

Proor. First we claim that, for every x € S,

(5.7 8(x) = min(d; (x), .. . , d; (x)),
and
(5.8) 8(x) =di(x) = o;(x) € I;.

It is clear that, for x € S, d*(x) := min(d;(x), ... ,d,(x)) < &(x). If B is the
open ball of radius d*(x) centered at x, then B C G; for all j and so B C §.
Therefore if, say, d*(x) = d;(x) then BN =o0i(x) € S, so that o;(x) € [;.
This implies that §(x) < d;(x) = d*(x).

Next we observe that S; is convex. This follows from the fact that for
every x,y € G; and every a € (0, 1),

di(ax + (1 —a)y) = ad;(x) + (1 — a)d;(y).
By (5.7) and (5.8),
5.9 x €8 = 8(x) =d;j(x) and 0j(x) € T;.

These facts imply that S; lies “above” I'; (in the sense that 2 lies “above” D
in Lemma 5.3), and that §(x) = dist(x, ;) in §;. Hence, by Lemma 5.3, if
u e CP(S),

2.1 u(x)? 2
(5.10) /Sj Vul* 2 /Sj e (1+x26/Ds)) dx,

where Dg = diam (S5).

Finally, if §* := U;?ZIS i, then §\ §* is a set of measure zero. Indeed,

S\ 8" =Ui<jak<qAjx Where Aj ={x € § : d;(x) = di(x)},

and |A; | = 0. Therefore, (5.10) implies the assertion of the lemma. O
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ProoF oF THEOREM 5.1. The convexity of €2 implies that there exists a
normal approximating sequence of domains {€2;} consisting of bounded convex
polytopes. We may assume that there exists a ball B4 such that Q; C B4 for
every k. By Lemma 5.4, inequality (5.1) holds in . Since {£2} is a normal
approximating sequence, for every u € C{°(R2), the integrals over € in this
inequality tend to the corresponding integrals over €2. O

Theorem II follows easily from Theorem 5.1 since X(¢) > ¢t for every
t € (0,1).

Appendix: One dimensional inequalities

We present here various refinements of the one dimensional Hardy inequal-
ity, including inequalities (0.3) and (0.4) mentioned in the Introduction.

LemMa A.1. Ifu € H'(0, 1) and u(0) = O then,

1 2 1 2
' 2 _ u(t) / 2 u(t)
an [ (Iu or -4 ) ar= [ (Iu OF + - )tdt,

Proor. It suffices to prove (A.1) for functions u € C'[0, 1] which vanish
in a neighborhood of the origin, because this family of functions is dense in
the space under consideration. Assuming that # is such a function put,

1 ' 1
—_ ’ 2 _ 2 _ ’ 2 2
A _/0 (lu O — |u(r)/2t] ) dt, B _/0 (|u O + |u(t)/2] )tdt.
Let v(z) = t~'2u(t) so that,

1
W@ ="' @) + 5r‘/zv(t).

Then,
W OF = w2 = 0P + %(vza))',
(A.2) 1
t(W @O + [u(@®)/2t1) = (tv'(1))* + 5(wz(t))’.
Hence,

1 1
A =/ t' (0)? dt + 1u2(1) and B =/ (V' (1) dt + lv2(1).
0 2 0 2

Thus A > B. ]
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LEMMA A.2. Ifu € H'(0, 1) and u(0) = O then,

1 1u2 1 1u2
A3 7_ = dt>—/ —X%@)dt,
(43) /()(u 4t2> 4 )y 1? ®

with X(t) := (1 —logt)~. The weight function X 2 is optimal, in the sense that the
power 2 cannot be improved, and the coefficient 1/4 on the right hand side is sharp.

PROOE. As in the previous proof, let v(z) = t~/2u(t). In view of (A.2),
inequality (A.3) is equivalent to,

(A.4) /lz’2+1 (1)2>1/IU2X2
. v -V - _— .
0 2 4 )y t

Since X’ = X?/t,

1 v2 1
/ —Xx?2 = v2(1)—2/ w'X
o t 0

1.2 1 172
v 22
5v2(1)+2</ —Xz/tv>
o ¢ 0

1 1v2 1
5v2(1)+—/ ——X2+2/ 2.
2Jo t 0

This implies (A.4) which in turn implies (A.3).

In order to verify that the exponent of the weight function in (A.3) is
optimal , it is sufficient to show that inequality (A.4) fails if X? is replaced by
X?7¢, € > 0. In fact we shall show that in this case, there exists a sequence
{wn} such that t'2w,(t) € H'(0, 1), w,(0) =0 and

-1

1 1
(A.5) p(wy) = </0 (w,2,/t)X2_€) <—;—w,,(1)2+/0 tw;f) — 00.

Choose 0 < € < § and put f(s) = s%—l and v(t) = f(X(¢)). Further approxi-
mate v by v, = f,(X), where

Jn(s) = {
and ¢, =nf(1/n) = nsi'é. Then u,(t) = t'?v,(t) € HOI(O, 1) and

142 1 1 1
/ _ﬁ_Xz—é dt = / fn(s)Zs—G ds = n—5+€ + ___(1 _ n—8+€),
0ot 0 3¢ 8—c¢

f@), ifl/n<s<l,
cps, if0<s<1/n,

while

1 1 2
/ tv,?dt=/ f,:z(s)szds=1n"3+ Cin RS
0 0 3 45
Now, let &, \y € and choose n; sufficiently large so that n;8k+€ < 1/2. Then
the sequence {wy}, where wy = v, with § = &, satisfies (A.5). In addition if
€ =0, we obtain
p(va) —> 4/(1+ 8%,

so that inequality (A.3) is sharp. 0O
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Next we prove,

LEMMA A.3. Let n be a monotone nondecreasing function in C[0, 11N C'(0, 1]
such that n(1) < 1. Then,

1 1 1 1
) 2 1) 2
(A.6) /0 W® — Z(u/1)")dt 2/0 W* — 2@/ ndt,

for every u € H'(0, 1) such that u(0) = 0.

Proor. Put A(t) = 1 — n(t), R(t) = th(t). Without loss of generality we
assume that u € C'[0, 1] and that u vanishes in a neighborhood of zero. Then,

1 1
/ (u/t)’R'dt = =2 / (u/t)(u'/t —u/t*)R dt,
0 0

and hence,

1 1 1 1 1/2
) 2(h—R' = ! 2p 2p ) )
(A7) /0 (u/0)*(h—R'/2)dt /O(u/t)uhdts </0 (u/1) dt/o u'h dt

By assumption, 2 > R’ = h +th’ so that h — R'/2 > h/2. Therefore, by (A.7),

1 1 1 172
%/0 /t)*hdt < (/0 (u/t)2hdt/0 u’2hdt> ,

which implies (A.6). O
COROLLARY A.4. Let X(t) = (1 —logt)~!. Then,

! 1 1! 1
n 2 ” 2 2
(A.8) /0 (u — Jw/n) ) dr > 5/0 (u + 4@/ ) X2 dt,

for every u € H'(0, 1) such that u(0) = 0.

Proor. Note that 7 := X? satisfies the assumptions of Lemma A.3. There-
fore (A.8) is obtained by combining inequalities (A.3) and (A.6) with n = X2.
O
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