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Polynomials Homologically Supported on Degeneracy Loci

PIOTR PRAGACZ (*) - JAN RATAJSKI (**)

Introduction

The aim of this paper is to extend the main theorem of [P] concerning
“polynomials supported on degeneracy loci” to some other homology theories.
Let H() be a homology theory with properties specified in Section 1. Fix
integers m > 0, n > 0 and r > 0. Assume that (c.,¢.) = (¢1,...,¢n,€},...,Chy) 1S
a sequence of m +n variables with dege; = degc} =1.

We say, following [P], that P € Z[ec.,c.'] is universally supported on the
r-th degeneracy locus if for every scheme X, every morphism ¢: 7 — € of
vector bundles on X, rank £ =n, rank 7 =m and every a € H(X)

P(ci(€),...,cn(€),c1(F),...,cm(F)) N a € Imi,.

Here, for
D,(p):= {z € X |rankp(z) < r},

the map : D,(p) — X is the inclusion, and 2.: H(D,(p)) — H(X) is the induced
morphism on the homology.

Define P, to be the set of all polynomials universally supported on the r-th
degeneracy locus. It follows from the projection formula for ¢ that P, C Z[ec.,c.']
is an ideal.

In [P] the first named author gave a description of P, in the case of the
Chow homology. In this work we show that the same result holds true for other
homology theories.

The homology we consider here are endowed with a “cl-map”: Ax() —
Hy( ), where A denotes the Chow homology, and overlap the Borel-Moore
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homology (both the original ones and also those in characteristic p defined by
Laumon). Independently we consider also the singular homology. Unfortunately
the Chow homology proof of the main theorem of [P] does not go through for
these homology. A serious obstruction is provided by the fact that even for such
a nice homology theory as the Borel-Moore homology, the schemes used in the
proof in [P] have nontrivial odd homology groups (see Remark 2.3). Notice that
similar arguments show that the complex affine determinantal varieties D, can
have nontrivial odd Borel-Moore homology. Hence the problem of computation
of HBM(D,) is more difficult than computation of A,(D,) calculated in [P], and
IH*(D,) (the intersection homology of D,) calculated by Zelevinsky in [Z].
Therefore to prove that the main theorem of [P] holds true also for
other homology theories one needs a method different from that used in [P].
The key point is to use a suitable compactification of the main construction
(13) in [P]. While the loci used in [P] were some closed subsets in the total
space of a certain Hom-bundle, the loci used in the present paper are closed
subsets in a Grassmannian bundle whose standard coordinate chart is given
by the above Hom-bundle (via identifying a morphism with its graph). (We
have learned the idea of this compactification from [K-L].) More precisely our
strategy here is as follows (the notation used is explained in Section 2). We
use the above mentioned compactification D, of the construction [P, (13)] and
its natural desingularization n: Z — D, embedded via a closed immersion j into
the total space of a certain Grassmannian bundle 7:G — X. Then by using
the rank-stratification {D;\D;_;} of D,, the induced stratification Z¥\Z*~' of
Z(ZF = n~'Dy), and proving that clp, and clyx are isomorphisms, we show
that the induced pushforward map 7.: H(Z) — H(D,) is surjective. Also, by
analyzing the geometry of Z, we show that j* is surjective. This implies, by
the projection formula, that Im j, is a principal ideal in H(G) generated by the
fundamental class [Z]. It follows then, from the commutative diagram

HZ) - HG)
s l T l
H(D,) - HX),

that Im 1, = 7,([Z]H(G)). This identity together with some algebra of symmetric
polynomials (which allows to express explicity [Z]H(G)) yields the desired
assertion about Ims,. In this way we obtain a proof which is valid both for
Chow homology and other homology theories simultaneously.

We treat also the case of morphisms with symmetries. This case is
somehow more difficult to tackle. In order to overcome additional difficulties
we prove a certain result about surjectivity of morphisms of Chow groups of
stratified schemes (see Proposition 3.5).

The setup of the present paper is borrowed from [R-X]. In addition to the
homology theory treated there we prove the theorem in the singular homology
case.
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Notice that the Borel-Moore homology variant of the theorem, being
the main “raison d’étre” of this paper, has been recently used in [P-P] as a
crucial tool in the computation of the Chern-Schwartz-MacPherson classes of
degeneracy loci associated with a general vector bundle morphism.

We thank A. Bialynicki-Birula and W. Fulton for encouraging us to think
about this problem. Thanks are due to L. Kaup and Z. Marciniak for useful
informations about the Poincaré duality in different homology theories and to A.
Parusifiski for useful comments. The first named author thanks S.A. Strgmme
for his hospitality in Bergen where this research started.

NOTATION

1. Homology groups

Let X be a scheme.

Ar(X) denotes the Chow group of k-dimensional cycles modulo rational
equivalence; A(X):=® Ax(X) (also for singular X).

If the ground ﬁéld is C, Hy(X,Z) denotes the k-th singular homology
group (in the notation of [B] this corresponds to H{(X,Z)); and H¥(X,Z)
denotes the k-th singular cohomology group (in the notation of [B] - H é‘ld(X,Z)).

Moreover, HZM(X) denotes the k-th Borel-Moore homology (with closed
supports) or “homology with locally finite supports” (in the notation of [B],
H(X,Z) or Hy(X,Z)).

2. Partitions

By a partition we mean a sequence of integers I = (¢y,...,7,) where
11 >10>...214 >0

Instead of (¢,...,7) (k times) we will write ().

For partitions I = (¢1,...,%%), J = (i,--.,Jk), [+J will denote the sequence
(1 +7J1,...,5 +Jx), and I C J will mean that ¢, < j, for every h.

1. - Homology theories used in this article

Let k be an algebraically closed field. By a “scheme” we shall understand
an algebraic k-scheme of finite type which can be embedded as a closed
subscheme of a smooth k-scheme of finite type. The restriction on k comes
from the fact that in our arguments we use a homology theory satisfying
properties (a)-(e) below. In the characteristic 0 case it is the homology with
locally finite supports, or the Borel-Moore homology ([B-M], [B, Ch. 5], [F, Ch.
19], [I, Ch. 9]), and if k has positive characteristic p, then the homology theory
is defined as some suitable ¢-adic cohomology, ¢ a prime number different from
p ([L, Sect. 6]).

Recall, for instance, that the Borel-Moore homology of a complex variety
X, denoted HPM(X), is defined as the singular homology of X if X is proper,
and as the relative singular homology of X modulo X\ X if X is not proper and
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X is a compactification of X. In [B-M], [B, Ch. 5] a sheaf-theoretic construction
of HPM(X) is given (in the notation of [B] this is H¥(X, #) where ¥ =Z and
e =cld).

By H; we will denote a ‘“cl-homology” theory, that is, a functor from
schemes to abelian groups that is covariant for proper maps and contravariant
for open embeddings. Moreover, we assume that the following conditions are
satisfied:

(@) Let X be a scheme, Y a closed subscheme and U = X\Y. Then there
exists a long exact sequence

-+ = Hiy(U) - Hi(Y) - Hi(X) - H(U) — ---.
(b) For any finite disjoint union of schemes UX; and for all ¢,
Hi(L]J X;) = ® Hi(Xj).
j
(c) For all schemes and all integers  there exists a map
clx: Ai(X) — Hy(X)

that commutes with pushforward by a proper morphism and with restriction
to open sets. A;(X) is here, and in the sequel, the Chow group of
i-dimensional cycles modulo rational equivalence (see [F] for a precise
definition and properties).

In characteristic 0 we shall say that “cly is an isomorphism” if clx is an
isomorphism and Hj;(X) =0 for all 3.

In characteristic p > 0 we shall say that “cly is an isomorphism” if for

prime £#p,
clx ® 1z,: Ai(X) ® Zy — Hyu(X)

is an isomorphism for all 7, and H>;1(X) =0 for all 2.

(d) If X is a scheme such that clx is an isomorphism then for every vector
bundle £ on X the map clpg) is an isomorphism, where P(£) is the
Projective bundle associated with €.

(e) (Chern classes). Given a vector bundle £ on a scheme X there exist

uniquely defined Chern classes ¢;(£)N —, which are operators on H(X).
They satisfy the conditions specified e.g. in Theorem 3.2 in [F]. Note
that [F, Theorem 3.2 (d) — the pullback property] requires a map
f*H(X) —» H(X') associated with a flat morphism f. In the case of
the Borel-Moore homology, such a f* exists by [V, Sect. 3.2].
In the case of cl-homology in char p, f* exists for a flat f by [L, Sect. 5].
For a definition of Chern classes operators in this case see [L, Sect. 7].
Note also that for every polynomial P in the Chern classes of a vector
bundle £ and every cycle a on X,

clx(P(ec.(E)) Na) = Pc.(€)) Nclx(w).
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Pushforward formulas for Grassmannian bundles, like [P, Proposition 2.2],

are valid for these homology theories and singular homology H(—,Z), when
appropriately formulated.

Finally, recall that for the Grassmannian bundle «: G.() — X, parametri-
zing rank r (sub)bundles of €, the map

Ta: Ai(Gr(€)) = Ai(X)
is surjective for every . This follows, for instance, from [P, Proposition 2.2];

or can be obtained by Noetherian induction on X (cf. the second step in the
proof of [P, Lemma 3.7]).

2. - Generic morphisms

Assume that a sequence (c.,c.’) = (c1,...,¢n,€},..., ) Of m+mn variables
is given. Define s; inductively as follows:

S; = §§-1€C1 — Si—2C2 + ...+ (—l)i—lci.
Then define s;(c./c.) by the formula

sie./el) =) (1) Fsici .
k

Finally, for a given partition I = (¢,...,7) wWe put
si(c./c) = Det[s;, _pig(c./c. N i<pg<k-

Let [0, denote the partition (m — r)™". Let us denote by I, the ideal in
Zlc.,c.'] generated by sj(c./c.') where I D [J,. It is known [P, Proposition 6.1]
that I, is generated by a finite set

{sg,+1(c.[cN| I C (r)* "} 1

The ideal P, of all polynomials universally supported on the r-th degene-
racy locus (see the Introduction) admits the following description.

THEOREM 2.1. For any homology theory specified in Section 1, we have
P.=1I.

Itis an open problem whether this set gives a minimal set of generators of the ideal for
m>n. We thank S.A. Strgmme for helping us to check with “MACAULAY” that this holds true
for a large number of cases.
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The proof of the inclusion I, C P, is verbatim after [P, Ch. 3]. The
essential problem is to prove the opposite inclusion. Let us first introduce some
notation.

Let W, V be vector spaces over k of dimension w =dim W, v =dim V.
Let G™ = G™W) be the Grassmannian parametrizing m-quotients of W
and let G, = G,(V) be the Grassmannian parametrizing n-subspaces of V.
Denote by Q the tautological rank m quotient bundle on G™ and by R the
tautological rank n (sub)bundle on G,. Moreover let FI™" = FI™"(W) be the
flag variety parametrizing the flags of quotients of W of dimension m and r,
and Fl,, = Fl, (V) be the flag variety parametrizing the flags of subspaces of
V of dimension r,n. Let R c R™ be the tautological flag on Fl, .

A forthcoming Remark 2.3 will show that the proof of A, C I, from [P]
does not work for the Borel-Moore homology. We begin with the following
useful fact.

LEMMA 2.2. Let X be a complex space and ¥ C X be a closed subset.
Assume that X\Y is a 2 dim X-homology manifold. Then there is an exact
sequence

# - HPM(Y) - HPM(X) - H*9™X~(X\Y,Z) —» HPY(Y) - ---,

where H'(—,Z) denotes the singular cohomology.

PROOF. The assertion follows from the long exact sequence (a) for the
Borel-Moore homology and the isomorphism

H,LBM(X) ~ HZdivai(X’ Z),

valid for the 2 dim X-homology manifold X. The latter isomorphism follows
from [B-M, Theorem 7.9 with ¢ =cld and I =Z] (see also [B, Ch. 9]). For a
particularly transparent treatment of such a Poincaré-type duality see [K]. The
isomorphism in question follows from [K, Theorem 2.1 with A=0, #=Z and
¢ =cld] and [K, Theorem 4.2 with ¥ =Z and ¢ =cld] in the notation from
[K]. O

REMARK 2.3. We prove that for D; from construction (13) in [P] we
have HEM(D,)#0. This construction will be recalled in Step 1 of the proof of
Theorem 2.1, where a morphism ¢’ is defined. Here, we take k=C, m, n > 2
and write D; for D;(¢'). Note that obviously D;\D;_; is a 2 dim D;-homology
manifold, so we can apply Lemma 2.2.

We have a locally trivial fibration

D\Dy — FI™!' x Fl;, = FF
with the fibre GI(1). We use the spectral sequence of fibration

EY = H?(FF, HY(GI(1),Z)) => H?*(D;\D,,Z).
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Invoking H°(GI(1),Z) = HY(GI(1),Z) =Z and H*GI(1),Z) =0 for 7 > 2, we

get EP? =0 for ¢ > 2 and all p. Moreover, denoting d = dim D; we get in E’
B2

=H*"%FF,H'(Gl(1),Z))=

=H2dimFF—2(FF Z)=Z4 “

F2-30_ E24-20_

2 = 2 B
=H2dimFF—1(FF,Z)=0 =H2dimFF(FF,Z)=Z

2d — 4) (2d - 3) (2d - 2)

Hence rk H?*¢=3(D;\Dy,Z) > 3. The following segment of the exact sequence

#)
HEM(D)) —» H*3(Di\Dy,Z) — HP™(Dy),

where HPM(Dy) = Hy(G™ x Gn,Z) = Z2, shows HEM(D,)#0.
In particular, if we take a standard desingularization

1
n: Z = Hom(Wgm i, ., kg;xﬂm) — D,

we see that n,: HBM(Z) — HBEM(D)) is not surjective because the even
Borel-Moore homology groups of Z are zero. This obstructs to extend the first
proof of P. C I, from [P, Ch. 3] to the Borel-Moore homology case. The second
proof (see [P, Ch. 7]), not using a desingularization, does not go through as well
because the remark shows that the restriction map H2M(D,) — HEM(D,\D,_,)
is not surjective.

REMARK 2.4. Similar arguments show that for the affine determinantal
variety D, (over k = C) we have H?M(D;)#0 (here, we use the notation of [P,
Ch. 4], and assume m, n > 2). Indeed, a locally trivial fibration

D]\D() -G ! x G 1
with fibre GI(1), gives rise to the spectral sequence
E? = HP(G' x Gy, H(GI(1),Z)) = HP*Y(D,\Dy,Z).

We have E5? =0 for ¢ > 2 and all p. Moreover, E%d_""] =72, E%”H 0=0
and E%d_z’o = Z. Arguing similarly as in the preceding remark we obtain
rk H?4=3(D1\Do,Z) > 1. Finally the exact sequence (¥#)

HPM(Dy) — H*(Di\Dg;Z) — Hy™(Do)

where HPM(Dy) = Hy(pt,Z) = 0, implies HZM(D,)#0.
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This remark shows that the problem of the computation of HZM(D,) (and
probably also a similar question about singular homology) is more subtle than
the computation of A(D,) (see [P]) and TH*(D,) (see [Z]).

We give now a proof of the inclusion P, C I, which is valid for homology
theories from Section 1.

NOTATION. Given two vector bundles £ and 7, the polynomial sy(c.,c.”)
specialized with ¢; = ¢;(£) and c} = ¢;j(¥) will be denoted s;(€ — 7).

STEP 1 (A construction from [P]). Define
X'Z= Hom(QGG, ch) - GGE:=G™ x Gn, .7":= Qx, and €':= Rxl.

On X' there exists a tautological morphism ¢': 7 — £'. Note two properties of
this construction:

1) The Chern classes of £, #' are algebraically independent (over Z) if w,
v — 0O0.

2) The matrix of ¢' is given locally by a m x n matrix of indeterminates.

STEP 2 (A compactification of X'). The following construction is inspired
by [K-L, p. 161]. Let

X:=Gm(Qce ® Rge) — GG.

X is a relative Grassmannian over GG and is endowed with the tautological
rankm (sub)bundle S C (Q & R)x. We define a morphism (of fibrations over
GQG) from X' to X. Fix a point (M, N) € GG. We assign to f € Hom(M, N)
(in X{y ) the point given by

(The graph of f)«» M®N (in X))

This assignment defines an open immersion X' — X. We have Sx = 7'
and the value of the restriction of § — (Q @ R)x to X', in the point
(M,N,f:M — N)e X', is given by

M — M & N such that m — (m, f(m)), m € M.
Therefore, if we define 7:= S, £:= Rx and ¢ as the composite:
F=S—(Q@R)x X £ =Ry,

we have p|x = ¢'. Finally, we put Di:= Di(p).

LEMMA 2.5. (1) The map D, C X — GG is a locally trivial fibration; its
fibre over a point (M, N) € GG is the r-th determinantal Schubert variety in
G =Gn(M & N) given by the inequality

1k(Sg = (M & N)g =% Ng) <.
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(2) If w, v — oo, the Chern classes of £ and 7 become algebraically
independent (over Z) in A(X).

PROOF. (1) The required trivialization is given by {U® xU,} where {U,} is
the standard covering of @, trivializing the bundle R and {U*} is the standard
covering of G™ trivializing the bundle Q.

(2) The assertion is a consequence of property 1) from Step 1 because
lx =& Flx =7 O

STEP 3. (A desingularization of D,). Consider the diagram of schemes

Z=Zeros (Fg 5 66 - Q) & G=Gu(€)
In lm

i

D, — X
where Q is the tautological quotient bundle on G.

LEMMA 2.6. The inclusion j:Z — G can be identified with the following
inclusion of Grassmannian bundles on GF = G™ x Fl, .

J:Gm(Qcr®RE) —  Gm(Qar ® REY)

N v
GF.

PROOF. A point of G is represented by (M, N, K, L) where W—M and
dimM=m; NCV and dim N =n; K C M ® N and dim K =m; and finally
LCc N and dim L =r.

A point of Gm(QGF@Rg'}) is represented by (M, L C N, K) where W —M
and dim M =m; NCV and dim N =n, dim L =r; finally K c M & N and
dim K =m.

This allows us to identify G and G(Qcr ® RS)). A point (M, N, K, L)
belongs to Z iff the composite map

K—>MoNZS NN/L

is zero. This means that K € M & L and therefore Z is identified with
Gm(Qcr ® RER). O

COROLLARY 2.7. j*: A(G) — A(Z) is surjective.

PROOF. Let § be the tautological rank m (sub)bundle on G,,(Q¢r @ Rg‘}.).
Then the tautological rankm (sub)bundle on G (Qcr ® RGy) is S|z. The
assertion now follows from a well-known description of A(Gn(Q¢r & B(G"}.))
and A(G(Qcr & Rg})) as free A(GF)-modules with bases given respectively
by Schur polynomials s;(S), I C (n)™ and sy(S|z), I C (r)™ (see e.g. [F, Chap.
14]), and from the equality j*(sz($)) = s1(S|z)- O
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Define Z¥ =n~'(Dy), k=0,1,...,r.

LEMMA 2.8. Under the above identification ZF is given in Z = Gy( Qcr®
RE):) by the inequality

k(S - Q@ R™ = RM), < k.

In other words Z* is the k-th determinantal Schubert subvariety in Gp,(Qgr ®
RE — GF 2.

PROOF. Let £ € D;. Then z can be represented by (M, N, K) where
W—Manddim M =m, N -V anddim N=n, K C M®N and dim K =m.
Moreover, k(K < M @ N — N) < k. The point n~!(z) is then represented by
(M,N,K,L) where dim L=r, LC N and K C M @ L. Since then

tk(K—>M®L—->L)=tk(K—>M®&N — N) <k,

the assertion follows. O

STEP 4 (clp, and cl,x are isomorphisms). We say, following [F, Ex. 1.9.1],
that a scheme X has a cellular decomposition if there exists a filtration

X=X,D2X,.1D...0XoDX_1=0

such that the X, are closed, and each X;\X;_; is a disjoint union of locally
closed subschemes C;; isomorphic to the affine spaces A™/. The C;; will
be referred to as cells of cellular decomposition. It is well known (see e.g.
[R-X, Corollary]) that if X admits a cellular decomposition then A;(X) is a
finitely generated free abelian group for which the classes of closures of the
i-dimensional cells form a basis.

We record the following result due to Rossell6 and Xambé6 (see [R-X,
Theorem 2]).

THEOREM 2.9. Let X be a scheme which admits a cellular decomposition
and let f: X’ — X be a morphism such that for all cells C;; of the decomposition,
fXCij) = C;; x F where F is a fixed scheme. Then

(i) For all ¢ there exists an epimorphism

(##) © A(X) ® Ay(F) — Ai(X').

T+8=1
(ii) If clp is an isomorphism and A;(F) is free for all z, then (##) is an
isomorphism for all 7 and clxs is an isomorphism.
We apply this result to Dy, Z*.

Let, for a sequence I:'1 <7 < ... < i < w, KOZ(I) denote the following
Schubert cell in G™(W) (taken with respect to a fixed flag in W) with the generic

2 A similar analysis was done earlier in [KI-La].
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“ 2

point given by a matrix: (“+” means a place occupied by a free parameter, empty
places are occupied by zeros).

* * 1
* = 0 x *
* * 0 % * 0 x * 1
(1) (12) (23)
The Pliicker coordinate p(I) given by the minor taken on columns 7y, ..., %,

is not zero. Thus Q) C G™W)\Zeros(p(I)) which is a set over which
the tautological bundles are trivial. If we repeat the same consideration with

Schubert cells £°2(J) in G,(V) (here J:1<j1 <...< Jn <), then we see that

the fibrations D, — GG and Z*¥ — GF — GG are trivial over Q(I ) X Q(J)
Moreover, the fibre of D, — GG is a Schubert variety and the fibre of Z¥ — GG
is a product of a Schubert variety and a Grassmannian. Thus these fibres have
cellular decompositions and we infer from Theorem 2.9 the following result.

COROLLARY 2.10. For any “cl-homology” theory from Section 1, Cle and
clyx are isomorphisms. In particular, we have Hoqq(Dy) = odd(Z )=0

STEP 5 (Final calculations). From Step 4, we get for every ¢ a commutative
diagram with exact rows
HyZ"") — HuyZH — Hg(ZNZ") - 0
(#iH#) ! ! l
Hy(Dg-1) — Hy(Dy) — Hy(Dg\Dg_).

Since clp,, clyx are isomorphisms we have for U = Dy\Dj_; or U = Zk\Z"‘l,
H,;(U) = A;(U) if chark =0 and Hx(U) = A;(U) ® Z, if chark = p. Therefore,
since Z’“\Z"’1 — Dg\Dyg_; is a Grassmannian bundle, the induced map

Hy,(ZW\Z") — Hyy(Dy\Dy_1)

is surjective (see Section 1). Thus by induction on k£ and a diagram chase in
(###) we get:

PROPOSITION 2.11. n.: Hy(Z) — Hy;(D,) is surjeetive for every i.

The Proposition implies Im:, = 7.(Im j.). To compute the latter group we
can use the Chow groups because of Corollary 2.10. Now, we will mimic the
arguments from [P, p. 431] and prove

(FHHH) Imz, = (Su,+l(€ -7 | Ic@™™).



110 PIOTR PRAGACZ - JAN RATAIJSKI

At first, Imj, is a principal ideal in A(G) generated by [Z] = ciop(73 ® Q) =
Smmy—+(Q — Fg). Indeed, by Corollary 2.7 for z € A(Z) there exists g € A(G)
such that z = j*(g). Then, by the projection formula,

(2 =509 =[Z] - g.

Secondly, we know that every element g € A(G) has a presentation g =
> arsp(Q) where oy € A(X) and I C (r)* " (see e.g. [F] Ch. 14). Thus

m((Z]-g)=m, [s(m)"_'(Q %)), aISI(Q)]
I

=T, [E orS(my-r+1(Q — 7G)] = E arsg+(€E — F)
T T

by using successively the factorization formula [P, Lemma 1.1] and the push
forward formula [P, Proposition 2.2].

This proves Theorem 2.1 for “cl-homology” theory, because if w, v — oo
the Chern classes of £ and # are algebraically independent, so (##HHf) is
sufficient to get the assertion.

The same proof works for singular homology because D,, G and Z
are proper and thus their singular homology coincide with the Borel-Moore
homology. O

REMARK 2.12. The “Borel-Moore homology” version of Theorem 2.1 plays
a crucial role in the proof of Proposition 2.5 in [P-P] and consequently allows
one to compute explicitly the Chern-Schwartz-MacPherson classes of degeneracy
loci associated with a general vector bundle morphism.

3. - Morpisms with symmetries

In this Section we will deal with symmetric and antisymmetric vector
bundle morphisms. We assume here chark#2. We will treat first the symmetric
case; necessary modifications needed for the antisymmetric case will be specified
in Remark 3.10.

Assume that a sequence (c.) = (cy,...,c,) of variables is given (degec; = 7).
We say, following [P], that P € Z[c.] is universally supported on the r-th
symmetric degeneracy locus if for every scheme X, any symmetric morphism
p: &V — & of vector bundles on X, rank £ =n, and every a € H(X)

P(ci(€),...,cn(E)) N € Ima,

where 1,: H(D,(p)) — H(X) is the induced homology-morphism associated
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with the inclusion ¢: D,(p) — X. Define P, to be the ideal of all polynomials
universally supported on the r-th symmetric degeneracy locus.

In this Section the following polynomials Q;(c.) indexed by strict partitions
I 3 will play a crucial role. First define s; inductively as follows

S; = 8§;_1€] — S§i—202+ ...+ (-—1)1_101'.
Then define

Qi(c.):= E skci_k, and
k
Qij(e):= Qile)Qj(e) +2 Y (—1PQirpj—p(c.)-
p

Finally, for a given strict partition I = (z1,...,%,) wWe put
Qr(c.) = Pfaffian[Q; ;, (c.)]1<pe<k

(we can assume k even by putting 7, = 0 if necessary).

Let A, denote the partition (n —r,n —r —1,...,2,1). Let us denote by I,
the ideal in Z[c.] generated by Q(c.) where I D A,. It is known [P, Proposition
7.17] that I, is generated by a finite set

{Qa+le) [T C(M" T}

THEOREM 3.1. For any homology theory specified in Section 1, we have
P=1I.

The proof of the inclusion I, C P, is verbatim after [P, Ch. 7]. In the proof
of the opposite inclusion we will follow the notation from Section 2. Moreover,
given a vector bundle £, the polynomial Q;(c.) specialized with ¢; = ¢;(£) will
be denoted by Q(&).

STEP 1 (A construction from [P]). Define
X':=S*R - G, and &' = Ry

On X' there exists a tautological morphism ¢': £’V — &'. Note two features of
this construction:

1) The Chern classes of £’ are algebraically independent if v — oo.

2) The matrix of ¢' is given locally by a n X n symmetric matrix of
indeterminates.

STEP 2 (A compactification of X'). Let ® be a symplectic form on RV @ R

3 Recall that I=(iy,....ix) is Strict if i;>..>is.
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. 0 I .
given by the matrix [ I 0] where here, and in the sequel, I denotes the

n X n identity matrix.
Denote by
X:=G®RV® R) — G,

the relative Grassmannian parametrizing rankn subbundles of RY @ R that are
isotropic with respect to ®. X is endowed with the tautological rankn (sub)
bundle S C (RY @ R)x. We define a morphism (of fibrations over G,) from X'
to X. Fix a point N € G,,. We assign to a symmetric f € Hom(NV, N) (in X})

the point given by
!

(The graph of f)— NY@® N (in Xn).
We need:

LEMMA 3.2. If f is symmetric then the graph of f is an isotropic subspace
of NV @ N (with respect to @).

PROOF. If A is a matrix of f then the graph of f is spanned by the

I .
columns of a matrix 4l Then the assertion follows from the equality

W[ 0 I
-1 olla

where A is symmetric. O

The above assignment defines an open immersion X' — X. Put £:= §VY,
and define the following symmetric morphism on X,

©:8 — (RV® R)x —(R®R)x—S".

here ¥ is given by [+ |
where P is given .
g y I 0

LEMMA 3.3. We have ¢|x =2¢'.

PROOF. The assertion follows from the equality

[0 171!
1 olla

where A is symmetric. O

LEMMA 3.4. (1) The map D,(p) C X — G, is a locally trivial fibration;
its fibre over a point N € G, is “the r-th determinantal Schubert variety” in
G® =G2(NY @ N) given by the inequality

rank(S — (NV @® N)ge —L(NGNV)G@—HSV) <r.
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(2) If v — oo, the Chern classes of £ become algebraically independent.

PROOF. The proof of (2) is analogous to the proof of Lemma 2.5 (2). As
for (1), we invoke here the following fact from [L-S, page 36¢]. It follows from
[L-S] that there exists an irreducible Schubert subvariety in G® such that its
restriction to the open subset S%N is the r-th determinantal variety in S2N. The
above inequality defines also an irreducible subvariety in G® as a calculation
in local coordinates shows. Moreover, by Lemma 3.3, the restriction of this
subvariety to S?N is the r-th determinantal variety. Our assertion follows. [

STEP 3 (A desingularization of D,(¢)). Consider the diagram of schemes
(e is symmetric)

Z=Zetos  (£4 2% £ — Q) dy G =G,E)
= Zeros (Og — Ker(£ @ Q — A2Q))
In Ix
Di(p) SX

where Q is the tautological bundle on G.
Now, in order to mimic the proof from Section 2 we will use the following
fact 4

PROPOSITION 3.5. Let D =D, D D,y D ... D Dy D D_; =0 be a
sequence of closed schemes. Put Sy = Di\Dj_;. Let m: G — D be a morphism
and j: Z — G aregular embedding. Then j*: A(G) — A(Z) is surjective provided
g A(Gs,) — A(Zs,) is surjective for k=0,...,r. The latter property holds true,
e.g., if Zs,, Gg, are Zariski locally trivial fibrations with the fibers F® and
G® respectively, and the following conditions 1. and 2. hold. Let {U®} be
an open covering of S trivializing both the fibrations simultaneously and let,
under this trivialization, the map j|: Zyw — Gye is equal to

U® x p® Zhp® W
The conditions are:
1. A AGP) — A(F®) is surjective for k=0,1,...47.

2. Either 2°) {U®} can be choosen to consist of schemes isomorphic to open
subsets in A?, or 2”) F® admits a cellular decomposition (k =0, 1,...,7).

Then j*: A(G) — A(Z) is surjective.

PROOF. We show that it suffices to show the surjectivity of j; associated

4 Note that Proposition 3.5 and Lemma 3.6 give an alternative proof of Corollary 2.7 and
2.10.
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to js,: Zs, — Gg,. We have a commutative diagram

AGp,,) — AGp) — AGs) — 0

! ! Lt
A(Zp,,) — AZp) — AZs)

with exact rows. To be more precise, the vertical maps are “refined Gysin
homomorphisms” constructed as in [F, Ch. 6.2] from fibre squares

Zp,, — Gbp,, Zp, — Gp, Zs, — Gg,
i} ! l ! and i) !
Z — G Z - @G zZ - G.

We denote the Gysin morphism associated to the latter fibre square by j} to
emphasis its dependence on k. The commutativity of the left hand side diagram
follows from the fibre square

Zp,, — Gp,,

l !
ZDk — GD,‘
| |
Z — G

and [F, Theorem 6.2(a)]. The commutativity of the right hand side diagram
follows from [F, Theorem 6.2(b)]. Assuming by induction the surjectivity of the
left vertical map (for k = 1, it becomes j;) and of jji, we get the final assertion
by a diagram chase.

In turn, the surjectivity of ji can be proved by Noetherian induction. Take
an open subset U C Sj trivializing simultaneously Zg, and Ggs,. We have a
diagram with exact rows

AGsp\v) — AGs) — AGy) — 0
l L l
AlZs\v) — AlZs) — AZp).
Again, the diagram is commutative by [F, Theorem 6.2(a) and (b)]. Since
dim(S;\U) < dim Sx, we get the surjectivity of the left vertical map by
Noetherian induction. Assuming 1. and 2’), use a commutative diagram
AU x G®) B AU x F®)
TP 1o
AG®) B AE®)
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where the p3’s are isomorphisms, to get the surjectivity of (1 x h)*. Assuming
1. and 2”), use a commutative diagram

AU x G®y B A x pRy
1 Xa T XF

AT)® AGP) BB AW) @ A(F®)

where “x” denote the exterior product ([F, 1.10]). Since F® admits a cellular
decomposition, xp is surjective ([F, 1.10.2]), and the desired surjectivity of
(1 x h)* follows. O

We record also the following fact which combines Theorems 1 and 2 from
[R-X].

LEMMA 36. Let D=D, D D,1 D...2 Dy D> D_, =0 be a sequence
of closed schemes. Put Sy = D¢\D;_; and assume that S; has a cellular
decomposition. Let 7:Z — D be a morphism such that the restriction of
n: Zg, — Sk is a locally trivial fibration. Assume that its fibre F® satisfies:
clgw is an isomorphism and A(F®) is free (k=1,...,7).

Then, for every k, clz, is an isomorphism.

PROOF. It follows from Theorem 2.9 and our assumptions that clz, are
isomorphisms. To end we proceed by induction on k. In the char 0 case, it
follows from the commutative diagram

Ai(Zp,,) — AilZp) — AZs) — O

! i !
0 — Hy(Zp,,) — Hxu(Zp,) — Hy(Zs,)

that A;(Zp,) = Hx(Zp,). In the char p case we tensorize all Chow groups by
Z, and repeat the arguments. Moreover,

0 = Hy41(Zp,_,) = H21(Zp,) — H21(Zs,) =0

implies H41(Zp,) = 0. O
In the notation before Proposition 3.5 we put Dy:= Dy(p) and Z*:=
n~'(Dx) (= Zp,).
COROLLARY 3.7. In the notation before Proposition 3.5, the map j*: A(G) —
A(Z) is surjective.
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PROOF. We use Proposition 3.5 and its notation. In our situation, it is
sufficient to find an open covering of X, trivializing the bundle S. Take
first an open covering {U} trivializing R. Then denoting by p the projection
X =G2RY® R) = G, we have p~!(U) =U x G®(NV @ N) where dim N =n;
so if we take an open covering {U'} of G2(NV @ N) trivializing the tautological
vector bundle on it, we obtain an open covering {U x U'} trivializing §.

Since Dy = Di(p) we have G® = G,(4), dim A = n; F® = G,_i(B),
B C A, dim B =n — k; and the embedding h: F® — G® is given as follows.
Let A= B@C, then L € G,_¢(B) is sent via h into L & C € G,(A). Clearly
under this embedding the tautological quotient bundle on G restricts to the
tautological quotient bundle on F®. This implies the surjectivity of j* because
of the well known description of the Chow ring of a Grassmannian in terms
of Schur polynomials of the tautological quotient bundle (see e.g. [F, Ch. 14]).

O

COROLLARY 3.8. For any “cl-homology” theory from Section 1, clp, and
cly are isomorphisms. In particular, we have Hoaq(Di) = Hoaa(Z*) = 0.

PROOF. Since the fibre of Dy — G is a Schubert variety (in an isotropic
Grassmannian), the assertion for Dy, follows from Theorem 2.9. Since Di\Dj_;
as a difference of two Schubert varieties has a cellular decomposition, the
assertion for Z* is a consequence of Lemma 3.6. O

STEP 4 (Final calculations). From Step 3, we get as in Section 2:

PROPOSITION 3.9. n,: Hy(Z) — H(D,) is surjective for every .

The proposition implies Im¢, = 7.(Im j.). To compute the latter group we
can use the Chow groups in virtue of Corollary 3.8. We will now mimic the
arguments from [P, Ch. 7] and prove

(HH#HHE) Imi, = (Qa+1(E) | I C (1))

At first, Im j, is a principal ideal in A(G) generated by [Z] = ciop(Ker(ég @ Q —
A2Q)) = ctopR® Q + SzQ) = ctop(R ® Q)Q4,(Q), where R is the tautological
subbundle on G. Indeed, by Corollary 3.7, for z € A(Z) there exists g € A(G)
such that z = j*(g). Then j.(2) = j.(j*g) = [Z] - g. Secondly, we know that every
element g € A(G) has a presentation g = ) ars;(Q) where o € A(X) and
Ic(r)*" (see e.g. [F] Ch. 14). Thus

n((Z]-g) =, [cmpm ®QQs QY am(Q)l
I

=, [E arciop(R® Q)Q4,+1(Q)| = XI: arQa,+1(€)
T

by using successively the factorization formula [P, Lemma 1.13] and the push
forward formula [P, Proposition 2.8].
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This proves Theorem 3.1 for “cl-homology” theory, because if v — oo the
Chern classes of £ are algebraically independent, so (#####) is sufficient to get
the assertion.

The same proof works for singular homology because D,, G and Z
are proper and thus their singular homology coincide with the Borel-Moore
homology. O

REMARK 3.10. One can prove similarly an analogous assertion for
antisymmetric morphisms. In the proof of Theorem 3.1 one makes the following
modifications: take r-even and in all stratifications use even k; replace @ by ¥
and vice versa in all definitions and calculations; replace polynomials Q(c.) and
Q1(€) by P-polynomials 2~ 'DQ(~) (see [P] for details); and finally, change A,
to the partition Al:=(n—r—1,n—7r—2,...,2,1). The “antisymmetric version”
of Theorem 3.1 is:

“P, = (Pu+r(c) | I C ()" ).
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