ANNALI DELLA
SCUOLA NORMALE SUPERIORE DI PIsA
Classe di Scienze

BERNARD COUPET
Precise regularity up to the boundary of proper holomorphic mappings

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4¢ série, tome 20,
n° 3 (1993), p. 461-482

<http://www.numdam.org/item?id=ASNSP_1993_4 20_3_461_0>

© Scuola Normale Superiore, Pisa, 1993, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique I’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

‘NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1993_4_20_3_461_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Precise Regularity up to the Boundary of
Proper Holomorphic Mappings

BERNARD COUPET

This paper is devoted to the precise regularity up to the boundary of
proper holomorphic mappings between equidimentionnal strictly pseudoconvex
domains. For two bounded strictly pseudoconvex domains in C" of class C™
with m > 2, we shall prove the following:

MAIN THEOREM. Any proper holomorphic mapping f from D into D' admits
an extension in the class Ap,_y/, to the boundary bD of D, or equivalently, if k
is the greatest integer smaller than or equal to m, then the derivative of order
k+1 of f satisfies:

|D**! f(2)| = O(dist(z, bD)™*-1/2),

Moreover, for any C™ defining function r' of D' the function r'o f is C™ on the
closure of D.

It follows immediately from this result that the if m is an integer then
the derivative of order m — 1 is a 1/2-Lipschitz map on D.

Biholomorphic mappings between strictly pseudoconvex domains have long
been a central topic in several complex variables theory. One of the major
results obtained for C*° domains is Fefferman’s theorem [Fe], whose original
proof involves a deep analysis of the boundary behavior of the Bergman kernel
and metric. This result was reproved using different methods: see S. Bell and E.
Ligocka [Be-Li]. Later, S. Bell in [Be] discovered a new method for the study
of proper holomorphic mappings, but this uses also the Bergman projection.
These methods rely on the 8-Neuman theory and are not elementary.

For real analytic strictly pseudoconvex domains the behavior at the
boundary of biholomorphic mappings can be obtained by a reflection [Lw],
[Pi1] and [We]. Webster’s approach is based on the edge of the wedge theorem
by associating a maximal totally real manifold to every strictly pseudoconvex
domain. However, a more direct approach was discovered by L. Nirenberg, S.
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Webster and P. Yang in [Ni-We-Ya]. An important step in their proof is the
verification of Condition A, which is rather elementary but tricky and long. In
their arguments the infinite differentiability assumption can be weakened, but
the relation between the differentiability of the biholomorphic maps and that of
the domain is not easy to gain.

E. Ligocka in [Li] proved the C™ 7/2_extension by constructing an almost
orthogonal projection on the Bergman space. Later on, L. Lempert in [Le]
improved this result using the Kobayashi extremal discs and emphasized the
importance of the complex structure on the boundary.

Recently in several papers H. Hasanov, Hurumov and S. Pinchuk have
obtained a proof of the first part of our main theorem provided the regularity
is not an integer, and Hurumov has proved the sharpness of this result.

In this paper, we shall give a complete proof of the main theorem. Our
method and that of S. Pinchuk and his students are close but have different
aspects. At the beginning, our idea was to apply the results obtained in [Co2]
about the behavior of holomorphic mappings near a totally real manifold. These
results rely on Webster’s method. This method needs continuity on a wedge, and
attempting to use Rosay’s theorem about the boundary values along a totally real
manifold we had to take up the dilatations introduced by S. Pinchuk in [Pi2].
In fact, it is only necessary to get Condition A for biholomorphic mappings
and the simplest way to do this is to use the scaling method, which is available
for C* domains. This condition is metric and can be useful for other problems
concerning proper mappings. Next, we obtain the best regularity by using the
results of [Co2], which connect the regularity of a holomorphic function on a
closed wedge to that on the edge in the same way as in a polydisc (see [Rul])
or more generally in an analytic polyedron (see [Er]). Our method also allows
us to deal with arbitray values of the regularity of the domains and thus to
obtain the last part of the theorem.

In this paper, we have tried to give a complete account of the regularity
problem by developing all the ideas of the proofs.

The first version of this paper was written when the author was enjoying
the hospitality of the Washington University in Seattle during Spring quarter in
1989. It was revised and completed after the conferences of S. Pinchuk at the
AMS Summer Institute on Several Complex Variables and Complex Geometry
at Santa-Cruz.

1. - Notations and preliminary results
l.a. Lifting of a strictly pseudoconvex domain

Let D be a bounded strictly pseudoconvex domain in C"* with C™-boundary,
with m > 2, defined by a function r of class C™, strictly pluri-subharmonic
in a neighborhood of the boundary of D and, such that its gradient does
not vanish on the boundary. Thus, in a neighborhood of the boundary,
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0 . .
the vector a—(z) does not vanish and extends to a C™ ' map which
z

never assumes the value zero in a neighborhood of D. The complex orthogonal
complement ¢, of ?(z) will be called the complex tangent space at z. This
z

definition is only intrinsic on the boundary but it is convenient for our purpose.
If z is a boundary point, then ¢, is just the usual complex tangent space defined
as the complex hyperplane contained in the real tangent space.

The domain D is lifted to the domain D xP,_; in C" x P,_,. Its boundary
bD is lifted to the manifold N where N = {(z,p) € C* x P"! : 2z € bD and
p =t,}. This definition as well as the following lemma are due to S. Webster
[Wel].

1LEMMA 1.1. N is a maximal totally real submanifold of C" xP,_; of class
cml

Here, maximal means the maximal dimension allowed for a totally real
manifold in C* x P,_;, which is 2n — 1. To parametrize N, we shall assume
that 0 € bD and that the real tangent space at 0 in R>"~!. We can write
r(2) = —y,+F(z,x,) where 'z is (21,...,2,_1), z=(z, z,) and F is a C™-function
satisfying F('z, z,) = O(|z|?). The equation of the complex tangent space at 0 is
zn =0.

A parametrization of bD is given by the mapping ® with

DTy, T, Yl Yno1) = (2, 20)

where 'z; = z;+y;(1 < j <n-—1)and z, = z, +1F(z, z,). Since the~pr0blem we
are studying herein is local, we shall consider the embedding of N into C>"~!.
The mapping T from R**~! to C**~! defined by T(X) = (®(X), P(X)) with
P(X) = (pi(X),...,pn—1(X)) and p; = g, where r; = %, is a parametrization

. _ n j
of N. Since N is totally real, T can be extended to a map, denoted again by T,

from C?*~! into C?*~! such that for any integer p the derivatives of order p of
the (0, 1)-components of dT; are O(|Y|™~!~P). We shall say that the derivatives
vanish up to order m — 1 on R*"~L.

1.b. Wedge constructed on N

The image under T of the real ray '2 =0, z, =0 and 0 < y,, is a curve
which is transverse to bD xP,_; and extends to the open set D xP,_;. Therefore,

there exists an open cone A in R**! such that W := T((R*~! +4A)N B(0, R)

is contained in D x P,_;, where B(0, R) is the ball centered at 0 with radius
R. By composition with a real linear map of C?*~!, we may assume that

Ag:i={teR™ ! |t;] <ty 1,1 <j<2n -2}
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is contained in A. The wedge is then W and the edge is N. We obtain the
following important estimates:

PROPOSITION 1.2. In a neighborhood of 0 in C**~\, for (z,p) in W we
have:

(1.1) dist((z, p), N) = dist(z, bD),
(1.2) dist((z, p), (z,t,)) = O(dist(z, bD)).

PROOF. First, note that T is a C™ ' diffeomorphism of a neighborhood
of 0 in C*"~! onto a neighborhood of T'(0) that maps R to N. Thus, if X
and Y are near 0, the dlstance from T(X +:Y) to N is equivalent to |Y|. Since

——(r o ®)(0) = 0 and —(r o ®)(0) = —§;,-1, this distance is equivalent to
ay;

an] 1 if Y is near 0 in Ag. This proves the first assertion.

Now, write (z,p) = T(X +1Y) = (O(X +1Y), P(X +1Y)). Since the maps
P(X +1Y) to t, are C* and agree at Y = 0, their difference is O(|Y|). This
proves the rest of the proposition. "

l.c. Lifting of a proper mapping

Let f be a proper mapping between two strictly pseudoconvex domains
D and D’. We recall the following fundamental properties of f (see [Pi2]):

1 — f preserves the distances; that is dist(f(z),bD") = dist(z,bD) for z in D;
2 — f extends to a 1/2-Lipschitz mapping from D to D'
3 — f is locally biholomorphic.

Property 1 is a direct consequence of Hopf lemma and property 2 follows
from estimates about Carathéodory or Kobayashi distance. S. Pinchuk has proved
property 3 using the scaling method. We will give later new proofs of properties
2 and 3.

The lifting of f is the mapping f defined on D x P,_; by f(z,p) =
(f(2), f'(2)(p)) where f'(z)(p) is the image under f'(z) of the hyperplane p.
By property 3 above this definition makes sense. By property 2 it is possible
to extend f to N by setting f(z,t,) = (f(2),t5). Then, f is a holomorphic
mapping from the lifting of D to that of D' which is 1/2-Lipschitz from N to
N

1.d. The Kobayashi distance and its consequences

Let A be the unit disc in C and D a bounded domain in C". The
infinitesimal Kobayashi distance measures the length of a complex vector v
at a point z of D. It is defined by:

Fp(z,v) =inf{a:3g: A — D s.t. g is holomorphic, g(0) = z,¢'(0) = v/a}.
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An important property of this metric is the following.

PROPOSITION 1.3. Let D be a strictly pseudoconvex domain in C". Fp
satisfies the estimate:

Fp(z,v) ~ dist(z, bD)™/?|v,| + dist(z, bD) " |v,|

The proof can be found in [Ni-We-Ya] or [Si] and, with a more precise state-
ment, in [Gr].

Next we introduce a special orthonormal basis S(z) = (e|(2),- -, en(2)) of
C" for z € D: e,(2) is a unit vector orthogonal to ¢, and (e;(2),---,e,_1(2)) is
an orthonormal basis of ¢,. We may assume that the mapping z — S(2) is a
C™ ! map. We have:

PROPOSITION 1.4. Let f be a proper mapping between two strictly
pseudoconvex domains D and D'. The matrix A(z) of the automorphism f'(z)
with respect to the bases S(z) and S(f(2)) has the following form:

[ Op_1(1) dist(z,bD)“/z]
dist(z, bD)!/? o)

where O,_1(1) is an (n — 1) x (n — 1) matrix. In particular, f extends to a
1/2-Lipschitzian mapping between the domains.

PROOF. Using the decreasing property of the Kobayashi metric, we have
for (z,v) in D x C" that Fp/(f(2), f'(2)(v)) < F(z,v). By Proposition 1.3, there
exists a constant C depending only on D, D' and f such that

dist(f(2), bD")"'2| f(2)(w), + dist(£ (), bD") " | f(2)(v)a]|
<c (dist(z, bD) /2|y + dist(z, bp)—1|vn|)

Since f preserves the distance, we see that if v is a complex tangential vector
then
|f'(2)(w)| < Clv| and |f'(2)(w),| < C dist(z,bD)/u].

The estimate for a complex normal vector can be obtained using similar
arguments. The first part of the proposition now follows. In particular, we
have |f'(z)(v)| = O(dist(z,bD)"'/?) so that by Hardy and Littlewood’s lemma
[Ra] we see that that f is 1/2-Lipschitz. .

l.e. The scaling method

We shall give a quick description of the scaling method introduced by S.
Pinchuk in [Pi2] for strictly pseudoconvex domains. This method is very useful
for other problems too (see [Pi3]).

We consider two strictly pseudoconvex domains D and D' in C" and a
holomorphic map f from D to D'. Let (*) be a sequence in D which converges
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to a point p of bD. For any boundary point t € bD we consider the change of
variables o' defined by:

N or ar .
Z]='a?;(t)(2']—t])“5;_](t)(zn“tn) for IS]STL—I,

7= oz O ~ ).

o' maps ¢t to 0 and D to a domain D'. The real normal at 0 to bD is mapped
by of to the line {'z = 0,y, = 0}. For every k, we denote by t* projection
of z¥ onto bD and by o the change of variables of with t = t*. Since f
extends continuously to D, the sequence (w* = f(z¥)) converges to the point
g = f(p). Let u* be the projection of w* onto bD' and let B* be the corresponding
mapping. The map f* := B¥o f o (a¥)7! satisfies f*(0,—6;) = (0, —ex), where
6 = dist(z*, bD) and e, = dist(w*, bD"). We define the inhomogeneous dilatations
ek and ¥ by o = (5;/22, Orzn) and 1y, = (8110/2& ekzn). Set f¥ = ()~ o fEopy.
The interest of the method is summarized in the following:

THEOREM 1.5. The sequence (f*) is a normal family on every compact
subset of the set L defined by {(2,2,) €C": A('2,2,) = 2Re (2,) +|'2|* < 0} and
every cluster point f has the following form:

flz,2,) = U(2),2)

where U is a unitary transformation of C*\.

PROOF. In the change of variables o the domain D is transformed to a
domain D* defined by a function r*¥. We may suppose that p = ¢ =0 and that
in a neighborhood of 0 we have r(z) = 2Re(z,) +|2|* + R(2), with R(z) = o(|z[*).
By Taylor’s formula, we get the estimate 7%(2) = 2 Re(z,)+ H*(2) + B*(2) + R¥(2)
where H* is Hermitian, B is bilinear and the remainder R is o(|z|%) uniformly
in a neighborhood of 0. As k goes to infinity, the limit of the matrix of H is
the identity and the limit of B* is 0. Consequently, there exists a neighborhood
U of 0 such that for every k and z € U we have r¥(z) > 2Re(z,) + 1/2|2|%. In
the change of variables (p;)~! the domain D* becomes D* and is defined by
the function 7*(2) = (6%)~'r*(pr(2)).

Now, let L be a compact subset of X. As ¢ goes to 0 uniformly on L,
©r(L) is contained in U for large k’s. Therefore #* converges to A uniformly
on L; in particular, it is non-positive and then L c D*¥, which implies that the
expression of f* makes sense. Since f is continuous up to the boundary, the
sequence f* o, converges to 0 uniformly on L and we can use the estimate
for r'* to get:

0> #4(f4(2)) 2 2Re(w}) + 1/2jw*  with w* =gy o0 f5(2)
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and consequently: ~ 5
0> 2Re(f¥) + 1/2/' f*P.

The real part of the function f* is negative and hence the sequence (f*), is
normal on L. Since this sequence converges at the point ('0,—1), it is bounded
on the compact set L and by the above inequality the sequence (f¥); is also
bounded and forms a normal family on every compact set contained in X. Since
7% converges to A uniformly on compact sets, any cluster point f has values
in Z. Since X is strictly pseudoconvex and f('0,—1) = ('0,—1) it follows that f
is X-valued.

If f is biholomorphic, using the same construction with g = f~!, it is
easy to prove that a cluster point is a biholomorphic map from X onto X. If
f is only proper, S. Pinchuk has also proved that the cluster point is a proper
mapping onto X, so that by Alexander’s theorem [A1], it is biholomorphic (here,
we must use the proof of W. Rudin in order to avoid the use of Fefferman’s

V2'z 1+2z,

1—-2,"1-2,

theorem). The mapping ©('z, z,) — < is biholomorphic from X

onto the ball of C* and T = o fo ! is an automorphism of the ball fixing
the origin. By Cartan’s theorem [Ru2], T is a unitary transformation of C”. If
T(0,1) = (a,a) with |'a|> +|a|?> = 1, we have for any positive real ¢:

F o1 _ 1-t)a l-a)+(1+a)t
(0, =)= <\/§(1—a)t+l+a’ (1+a)+(1—a)t)'

In order to get ‘o =0 and o = 1 it is sufficient to prove that A[f(0, —t)] goes to
infinity as ¢ tends to infinity. Since f preserves the distance, there is a constant
C > 0 such that |r'(f(2))| > Cdist(z,bD). Consequently, we have

[F'((f o & 0 p)('0,—1))| > C dist((e* " )('0, —&kt), bD).

Since o*'('0,~6;t) is projected onto bD at tk, we get |r'((f ook opy)
(0, —t))| > Cét.

Thus |F*[f*('0, —t)]| > Ce; '8t where #* = e '(r' o 85 o 4). Since #*
converges to A uniformly on compact sets of X, by letting £k — +oco we get
the inequality |[A(f('0, —t))| > Ct. This is true because €;'6; is bounded from
below by a positive constant and f preserves the distance. Now it is easy to
conclude. n

2. - Continuity of the lifting of a biholomorphic mapping

An important step in this method is the continuity of the lifting up to the
boundary on the wedge W. The proof requires the knowledge of the behavior of
the normal component near the boundary. The underlying idea in this proof is
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to use J.R. Rosay’s theorem about boundary values along totally real manifolds
[Ro] which is equivalent to the study of the behavior of f on the manifolds
= {(z,t,) : r(z) = €} which approach N in the C! topology, or also to the
Study of f'(2)(t,) as z tends normally to a point z, of bD. Now, it is clear
that we must examine the tangential and normal components of f'(z)(t,) with
respect to ty. If the first component is easily controlled by the Kobayashi
metric, the second one is more difficult to handle, and this is the reason for
which we have to appeal to Condition A of Nirenberg-Webster-Yang: if v is the
unit complex normal vector field, v(r' o f) is not vanishing near the boundary
of the domain; that is, we must have the inequality, for z near the boundary:

CONDITION A. There exists a constant A > 0 such that

"\ or a
a—Ek(z)a—Zk(r o f)z)| = A.

In this paragraph we will give a short proof of the fact that Condition A implies
the continuity of the lifting of a biholomorphic mapping. Moreover, the good
estimates that we have in the wedge allow us to avoid using Rosay’s theorem.

THEOREM 2.1. Let f be a biholomorphic mapping between D and D'. If
g = 7! satisfies Condition A then the lifting of f is continuous on W.

PROOF. Let a be a point on the boundary of D, & be its lifting on N and
((z*, [p*D)x be a sequence in W which converges to @ We can assume that p*
is a unit vector in C". We shall prove that the sequence of hyperplanes defined
by ¢, where ¢* =tg'(w*)p* and w* = f(2*), converges in P, | to the complex
tangent space at b= f(a) (we shall denote by *z the transpose of a vector z). To
do so, it is enough to show that the first n — 1 components of g* with respect
to the dual basis of S(b) tend to O and the last one is greater than a constant,
as k goes to infinity. Since the mapping S is C' we can replace S(b) by S(wF).

If we introduce the unit normal complex vector at z*, by Proposition 1.2,
we can write p* = t* + O(6;), where 6 is the distance of z* from the boundary.
Since |g'(w")| = 0(6,;1/2), we have ¢F = tg'(w*)tk +O(§,i/2). Then, it is enough
to prove the result for t*. But, by Proposition 1.4, the components of *g'(w* )t
with respect to the dual basis of S(w*) are the elements of the last column of
the matrix A(wF) of !g'(w*) with respect to the special bases, the first n — 1
components are 0(6;/ %) and tend to 0 as k tends to infinity. By checking the
last component, we find exactly the quantity of Condition A which has been

supposed to be greater than a constant. This proves the theorem. .

REMARK. In the proof of Theorem 2.1 we might replace condition A by
the following weaker condition.
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CONDITION A.. There exists a constant A > 0 such that

n

or a .
ETA (2) 5z—kr o f(2)| > Adé(2) (e < 1/2).

We have been unable to prove this weaker estimate by other methods.

3. - Verification of condition A

As we have proved in the previous section, Condition A implies the con-
tinuity of the lifting. Now, making use of the rescaling method, we will prove
that this condition is satisfied by every biholomorphic mapping. Another proof,
which is elementary but lengthy and tricky, has been given by Nirenberg,
Webster and Yang. J.E. Fornaess and E. Low have obtained a more natural
approach but only on a open set in the boundary, see [Fo-Lo].

THEOREM 3.1. Every proper mapping between equidimensional strictly
pseudoconvex domains in C" verifies Condition A.

PROOF. The proof is by contradiction. If the conclusion of the theorem
does not hold then there must exist a sequence (z*) in D having a limit point
on the boundary such that lim v(z*)(+' o f) = 0. Using the rescaling method for

this sequence, we get a mapping f on X of the form f('z, 2z,) = (U('2), 2,). Thus,
the condition lim v(2*)(r' o f) =0 gives

8fn

92, (D=0

Indeed, using the notations of Theorem 1.5, we have f* ="' o f* o ¢} and
hence, as ¢y and vy are linear, Df* =4, ' o Df* o ¢} and

O

ofk
o (0,-1)= ;1519 "(0 —6).

By the equality f* = ﬂk f oa* ' and the definitions of of and g* it is
s Bt o £)+ 06,

&; '8, is bounded, it follows from the hypothesis about the sequence (z*), that

easy to check the equality ). Since the ratio

fu (fk)n

Bz,

(0,~1)=lim (0,-1)=0

since the sequence (f¥) and its derivatives converge uniformly on compact
subsets of X. This is a contradiction and the theorem is proved. u
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4. - Continuity of the lifting of a proper mapping

The proof of this continuity is similar to the proof for biholomorphic
mappings. The outline is the same. The method requires a control on the Jaco-
bian inverse matrix of the proper mapping. First, we have to find an estimate
for the Jacobian determinant.

THEOREM 4.1. The modulus of the Jacobian determinant Jac of a proper
mapping between two strictly pseudoconvex domains is bounded away from 0
by a positive constant.

PROOF. The proof is by contradiction again. If the assertion of the theorem
does not hold then there exists a sequence (2¥) in D having a limit boundar’y point

a such the limit of Jac f(z*) is 0. We can assume that ;—T(a)yéo 6T (b)#0
Z, V4

with b = f(a). Using the scaling method, we obtain an automorphlsm of %,
f such that Det( f)(O —1) = 0. Indeed, we have (with the same notations as
above):

Jac f%('0, —1) = Jac ¢ ! Jac B* Jac f(z")Jac(a*") Jac o

—1+n
=|8r’(wk)|2|8r(zk)|"[ r ’C)] [

k)] (e '™ Jac f(25).

Since 0#Jac f('0 — 1) = lim Jac f;('0, —1) we get the contradiction. .
Now, it is easy to control the inverse matrix:

PROPOSITION 4.2. Let f be a proper mapping between two strictly
pseudoconvex domains D and D'. The inverse matrix of the automorphism
f'(z) with respect to the bases S(f(z)) and S(z), has the following form:

[ Op-1(1) dist(z,bD)—l/Z]
dist(z, bD)!/? o) ~

PROOF. By Proposition 1.4 the matrix of f'(z) has the above form and
hence its Jacobian determinant is bounded. Using the previous theorem we get
|Jac(f'(2))| ~ 1 which implies the conclusion. n

Now we can prove the continuity of the lifting.

THEOREM 4.3. Let f be a proper holomorphic mapping between D and
D'. Then its lifting is continuous on W.

PROOF. We pattern this proof after that of Theorem 2.1. Let a be a point
on the boundary of D, @ be its lifting to N and ((z*,[p*]))r be a sequence
in W which converges to @ We can assume that the vectors p* are unit. We
must prove that the sequence of hyperplanes defined by ¢* =t f'(w¥)~!p* with

k = f(z*), converges in P,_; to the complex tangent space at b = f(a). To
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do so, it suffices to show that the first n — 1 components of ¢¥ with respect
to the dual basis of S(b) go to 0 and the last one is greater than a constant,
as k goes to infinity. Since the mapping is C' we can replace S(b) by S(wF).
Now, if we introduce the unit normal complex vector at 2k, Proposition 1.2
implies that p* = t* + O(6*), where 6* is the distance of z* from the boundary.
Since |f'(z%)| = O((8x)~'/?) we have ¢F =tf'(zF)~ 1tk +O(6,:/2). Then, it suffices
to prove the result for t*. The components of !f'(z*)~!t* with respect to the
dual basis of S(w*) form the last column of the matrix of f'(z¥)~! with respect
to the special bases, so that by Proposition 1.4 the first n — 1 components tend
to 0 as k tends to infinity.

To find an estimate for the last component, we shall apply the scaling
method to the sequence (z*);. Using the notations of Theorem 1.5, we have
ff=v¢; oBFofoa*" op; and so if D denotes the derivative we have

¢* =tDf(Z* )tk = 'DBFw*)] o ('] o LD f*(0, —1)]!

o [tpi] o [FDak(zF)]71t*,

i and 1 being linear. By definition, if e,...,e, is the canonical basis of
k Ok

*C", we have ['Da*(zF)171(tF) = e, + O(6;). Let [R’“ . | be the matrix of
a

[Df*('0,—1)]"! in the canonical basis; the matrix of [*p;]~' o LD f*(0,~1)]"'o
(el is

. I’ Ur &'/ *siRE

&;! 6}:/2tck e 6k

(U* is a (n — 1) X (n — 1)-matrix, C* is a (n — 1)-column, R* is a (n — 1)-row
and a* is a complex number). Consequently, the vector

Fape] ™' o EDF*C0, = 1)1 7' o [fprl o [P Da* (%))t

is skék‘la"en+0(6,i/2) and so we have ¢* = skék"ak[tDﬂ"(wk)]en+O(6,i/2). Since
by Theorem 1.5 the limit of a* is 1, the conclusion follows. "

5. - Regularity of proper mappings

In this section we shall prove our main theorem. We first, describe the
method: the main idea is to apply the results of [Col] concerning the regularity
of holomorphic mappings on totally real manifolds to the lifting; we get that
the map is A,,_;. We shall gain the best regularity by studying the mapping
r' o f, the essential remark being that some of the derivatives of this function
can be considered as the boundary values along a totally real manifold of a
holomorphic function on a wedge. From this we obtain that ' o f is C™. The
strict pseudoconvexity enables us to conclude.
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We recall some basic facts about the A, spaces. Let D be a domain in
R™, m be a positive real number and f be a bounded function on D. If m < 1,
we say that f is in A,,(D) if it is m-Lipschitz. If m =1, we say that f is in
A(D) if
h —h)y—-2
sup |f(z+h)+ fx—h) - 2f(z)|

z,z+h,s—hED |h|

is finite. If m > 1, we write m = k+« where k is an integer and 0 < o < 1, and
we say that f belongs to A, (D) if its partial derivatives of orden k belong to
An(D). When m is not an integer A,,(D) coincides with C™. Some informations
about these spaces can be found in [Kr] or [Str]. We shall use the following
criterion which is a consequence of the mean value theorem and Cauchy’s
formula.

LEMMA 5.1. Let f be a C* function on a C* bounded domain D in C".
(ay If
If'(2)] = Oist(z,bDY"™ "), m <1,

then f is an element of A, (D).

() If f is holomorphic on D, then f belongs to A, (D) if and only if, for
any integer £ >m, Df(z) = O(5(z)™ ).

5.a. Regularity for non-holomorphic functions

Here, we would like to give some slight improvements to the results of
[Col], where non-holomorphic functions with a 8 controlled on a model wedge
are studied.

Let W, be the wedge R™ +¢R} with edge R*. The regularity of a function
on W, is related to its regularity on R” and to the estimates of its & on W.
We have several more precise results; the first one connects the regularity of
the function on R” to that of its real part.

THEOREM 5.2. Let u be a continuous function on W with a compact
support and C* on Wy such that:

(1) the restriction of the real part of u to R" is Ay, (0 < m);
@) [V*Ou(z +iy)| = O(y|™* )k < m.

Then u is A,, on R

The second result connects the regularity of the function on W to that of
its restriction to R™.

THEOREM 5.3. Let u be a continuous function on W with a compact
support and C* on Wy such that:
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(1) the restriction of u to R* is A, (0 < m);
(2) there exists € > 0 such that |V*9u(z +iy)| = O(|y|™*1*¢), k < m.
Then w is A,, on W,,.
These theorems are proved in [Col] if m is not an integer. By the same

methods, it is possible to improve these results for other values; we shall give
the proof only for integer m.

PROOF OF THEOREM 5.2. We shall treat only the case m = 1. We begin
with the case n = 1.

By the generalized Cauchy formula, we have for every real z

v(t)dt B l / du dm(w)
T

1
e = [ 525 FER
R P

where v = Re(u) and P is the upper halfplane in C. Since v is in A;(R), the first
integral F) defines a function in A;(R) (see [St]). and satisfies the inequality:

|F1(.’[ +h)+ Fi(z — h) — 2F1(I)| < CH’U”A](R)|h|

where ¢ is a universal constant. If we call the second integral F, we get that
for z and h in R:

h2
h)+ F5(z — h) — 2F; <A d .
|Fo(z + h) + F>(z — h) (z)| < / w = hlJw T h]w] m(w)
P
Changing variables, we have:
1
|Fo(z + h) + Fa(z — h) — 2F5(2)| < A|h[/ — dm(w)
|lw = 1] |w + 1] jw|
P

so that Im(u) € A(R) and its norm in A;(R) is less than or equal to ¢(||v||s, & )+A4)
where ¢ is a universal constant, since the above integral is finite.

Now we treat the case n > 1. Let = and h be vectors in R™. If all the
components of h are positive, we consider the function w, defined on P by

h . . . .
upw)=u (T+w- m) It is easy to verify that u; satisfies the same hypothesis
as u with the same constants, so that the right inequality holds with a constant
independent on h since up(|h|) ="u(z+h). This is also true if all the components

of h are negative. Otherwise we can write h = h' —h" where all the components
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of »' and A" are positive, and then:

[u(z + ) +u(z — h) — 2u(@)| < |u(z + k' — ") +u(z + b +h") — 2u(z + )|
+|u(x — B +RB") +u(z — K — ") — 2u(z — K')|
+u(@+h' +h") +ulz — b — h") - 2u()|
+2|u(z + A +u(z — b') — 2u(z)|.

Now we apply the previous cases to these expressions and conclude. n

PROOF OF THEOREM 5.3. We shall treat only the case m = 1. Let z = z+1y
be an element of W, and Q be a rational function of degree —1 on C whithout
poles in the closed upper plane and taking the value 1 at 7. By Stokes theorem
we get the integral formula:

Q) 2 / 9 Q(w) dm(w).

1
u(z)—;/u(m+ty)t2+ldt—; %u(m+wy)w2+1

R P

The first integral F) satisfies for z+h, 2 — h and 2z in Wy:

1 1+t
|F1(z +h)+ Fi(z—h) — Fl(z)| < Ihl ; / —1—+—|-t2| |Q(t)‘dt|lu|lAl(R).

R

The second one is a differentiable function on W and its gradient is O(1 +|y|°)
and so u belongs to A;(Wy). This. proves the theorem. n

5.b. Regularity for holomorphic functions on a wedge
As a consequence of the above results we have the following:

THEOREM 5.4. Let W be a wedge constructed on a maximal totally real
manifold M of class C™ (1 < m,m € R) and f be a continuous function on
W, holomorphic on W. Then, for any smaller wedge W' C W, we have:

(@) if the real part of f is Ay, on M, f is A, on w.
(b) if the restriction of f to M is C™, f is C" on W.

In the same way, one can get a general theorem about the regularity of
continuous functions on a closed wedge (constructed on a maximal totally real

manifold), holomorphic on the open wedge and transforming the edge in another
maximal totally real manifold.

THEOREM 5.5. Let m be an integer greater than 2, M and M' be two
maximal totally real submanifolds in C* and CP of class C™ and f be a
continuous mapping on a closed wedge constructed over M, holomorphic on
the open wedge and transforming the edge M into M'. Then f is of class Ap,
on any smaller closed wedge.
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The reader is addnessed to [Al-Ba-Ro], [Co2] and [Ha-Pi] for a complete
proof of this result, but we would like to make some remarks. Now, the strategy
is clear: we shall try to apply this theorem to the lifting of a proper mapping.
Unfortunately, if the regularity of the strictly pseudoconvex domain is less
than 3, we cannot apply it since we lose one degree of differentiability when
lifting. Therefore, we must work a bit more. If we go back to the proof of the
above theorem, the most difficult part in the proof is the following estimate for
distances: dist(f(z), M') = O(dist(z, M)). The rest is easy to get.

In fact, for the lifting of a proper mapping it is possible to get a better
estimate and, perhaps, in a simpler way: distf(z,p), N') = dist((z,p), N). The
reason is that the known regularity of the lifting is 1/2- Lipschitz on A.

5.c. Distance estimates

In this section we shall give the following estimates for the lifting of a
proper mapping between two strictly pseudoconvex domains:

PROPOSITION 5.6. Let f be a proper mapping between two strictly pseu-
doconvex domains of class C™ with m greater than 2. We have:

dist(f(z, p), N) = dist((z, p), N).

PROOF. We begin with the simplest estimate. We have:

dist(f(z, p), N') > dist(f(2), bD") > C dist(z,bD) (since f is proper)
> Cdist((z,p), N) (Proposition 1.2).

To prove the other inequality, we are going to use the previous theorems several
times. First, by Theorem 5.4, f is 1/2-Lipschitzian on any closed wedge W
contained in W. Now, assuming the same result for § instead of 1/2, 1~t follows

from the Cauchy inequalities that the components of the maps v = f o T and
v =S5 owu satisfy:

6.1 |Bu; (X +iY)| = O([Y [™73),

(5-2) [0;(X +3Y)| = O(Y [0,
(5.3 [VOu;(X +5Y)| = O(Y |™**~*(4)),
(54) [VOv;(X +:Y)| = O(Y|*m=D=2),

We shall distinguish two cases. If 6 is less than 1/m — 1, since the imaginary
part of v is zero on R?>*~! by Theorem 5.4 and inequality (5.2), u and v are
0(m — 1)-Lipschitz on R**~!, because S is a C'-diffeomorphism. Since 0(m — 1)
is less than @ +m — 2, by (1) u is §(m — 1)-Lipschitzian on Wy. Therefore, f is
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6(m — 1)-Lipschitz, which is better than §-Lipschitz. If 6 is greater than 1/m —1
(it is necessarily the case if m > 3), by Theorem 5.4 and the above estimates
about v, this mapping is C' on R**~! and f is C' on N. Since O(m — 1) > 6,
it follows that f is always C', and the estimates about distances are proved.

| ]

Now, it is possible to apply Theorem 5.3 to get the following property of

THEOREM 5.7. The lifting of a proper mapping between two strictly
pseudoconvex domains is of class Apy,—1.

PROOF. The proof is not difficult but needs some computations. The
estimates will be given by the following.

LEMMA 5.8. Let o and B be two C™ mappings such that o o 3 exists.
Then, we have the estimate:

q
Vi@ A0 < Y [ [TIVZBCOP | [V9a(BX)]

J=1

where the summation is taken over the set S of all the integers q < s and
all the maps p = (p1,...,pg) from {1,2,...,q} into {1.2,...,s} such that
p|+p3+...+pq=S.

PrROOF. This is a consequence Taylor’s formula.
Using this lemma and Proposition 5.6, it is easy to prove the estimates:

VoIS, o T(X +iV)]| < Y],
|V2O(f, o T(X +4Y)| < |V |™ 275,
|VS8(Sj 0 fo T(X +iY)| < [Y|™ 7,

for all the integers s < m—1 and j < 2n—1. By Theorem 5.4, the last inequality
gives the result.

5.d. The best regularity

In this section, we shall prove the main theorem. In his lectures at
Santa-Cruz, S. Pinchuk gave this result if the regularity of the domains is
not an integer and referred it to Hurumov. Here, we shall give a general proof
which works for all the values of the regularity and moreover, it derives from
the previous theorems.

Hurumov’s method is based on the study of the regularity of the real
function 7' o f which is obtained using the classical theory of elliptic partial
derivatives equations (in fact potential theory). The essential remark is the
following: to check the Laplacian of ' o f only first order derivatives of f are
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needed, because f is holomorphic. It is easy to conclude that r'o f has the same
regularity as the domains. But it is well-known that this theory is satisfactory
only when the regularity of the domain is not an integer [Gi-Tr] and this was
one of the reasons why the spaces A,, have bee introduced [St].

Our method also consists in studying some derivatives of r' o f. The
essential fact is that these derivatives can be considered as the boundary value
along N of a holomorhic function on the wedge W and, then, the previous
theorems can be applied to get sharp estimates on the derivatives of f. First of
all, we would like to emphasize the importance of r’'o f by giving the following
elementary result on strictly pseudoconvex domains:

PROPOSITION 5.9. Let D a strictly pseudoconvex domain in ©C" defined by
a function r of class C** with 0 < a < 1 and let g be holomorphic map from
D into C" such that:

(5.5) l{g(2),0r(2))| = O6(2) PO < B < 1,
(5.6) lg(2)| = 06(z) "0 < p< 1.
Then, we have |g(z)| = O(8(z)3**F).

PROOF. By (5.5) the complex normal component of g(z) is O(6(z) '*7).
Since D is strictly pseudoconvex, there exists a constant R, such that for any z
lying in D, for any complex tangent vector w at z such that |u| < R, and for
any complex number ) in the unit disc of C the point z+A&(z)'/*u belongs 1o
D and 1/26(z) < 6(z + A8(2)'?u) < 26(2). By (5.5), for |A| < I we have:

l(g(z + A6(2)'?u), 3r(z + A6(2)' *w))| = O6(z) 7).

Since r is C***, by the mean value theorem, we have also:

n

ri(z + A8(2) 2u) = 7, (2) + A8()1* ) i

k=1
n

+28(2)"2 Y " g + O(8(2) ),
k=1

Calling ¢ the function X — g(z+ A6(2)"/?u) on the unit disc, by (5.6) we have:
(N, 8r(2)) +26(2)' (), A()(@))
+26(2) (N, B)w)| = 0(6(2)")
where v =inf(—1+8, —-3/2+p+0a/2), A(z) is the matrix r57(2) and B(z) is the

matrix (r7(2)). Using A = — on the boundary of the unit disc and the maximum
principle for the function

A= M6, 0r(2)) + A26(2)' 2 (p(N), A(2)(@)) + 6(2)' > (p(\), B(2)(w))
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we get the estimate |(g(z), B(z)(w))| < 6(2)1/27.

Since the matrix is positive definite on the complex tangent space at z
(uniformly in z), we get that the complex tangential component of g(z) is
O(6(2)~'/2*7). Thus, |g(z)| < 6(2)"1/**.

We can use the same argument again to get the next estimates |g(z)| =
O(8(z)*) where the sequence satisfies the relation py.1 =inf(—3/2+8, pn+a/2).
Since this sequence is constant when n is large we can conclude. =

We introduce now holomorphic vectors fields Ly, Ly, ..., Ly defined in a
neighborhood of D by:

0 0 'r]'

Lf:a_zj_“fa_zj where “]:E 1<j<n-1),
_9
"7 Oz,
. T, or'
and the functions a, = 171, b, = LS I
Tn 0z,
These vector fields are linearily independent near O and Ly,...,L,_1, L, —

a,L, are tangent to the boundary. We are ready to prove the main theorem:

THEOREM 5.10. Every proper mapping between equidimensionnal strictly
pseudoconvex domains of class C™ extends to a Ay,_1/,-map up to the boundary.
Moreover ' o f is also C™ in the interior.

PROOF. We write m = k+a with k integer and 0 < « < 1. The crucial point
consists in establishing the following estimates for any integer j(1 < j < n) and
for any holomorphic derivation (8%) of length k:

n a !
Y o FENIFL(fE| =06,
s=1 s

Assume for a moment these estimates are proved; let us introduce the holo-
morphic vectors fields Ly, L,, ..., L, defined in a neighborhood of W by

~ 0
Li=— —p,— (1<j<n-1
j 2 pjaz]' (1<j<n ),
- 0
Ln—a—zn.

If g is a holomorphic function on D (and so also on W) lying into A,,_ (D)
these complex vectors fields are connected to Ly, L,,...,L, by the following
relations, where 9% denotes a holomorphic derivation of length k:

|0%L;(9)(2) — 3 L;(g)(z, [0r(2))| =0(6(2)""**) (1 < j < n);
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. = 0 .
this is true because for 1 < j<n-1, Lj — L; = (p; — af)é'_ and in W we
Z

have |p; — a;| = O(6) and 9%+g = O(5~*~1**).
Now we prove the above estimates, starting with j =n. By direct inspec-
tion we get

n or'
La(t' o f)= Y 5 (F)Lafs(2);
s=1 s

on N we have g—:( f(2)) = fris(2, [07(2)]by, and so (b,)~'L,(r' o f) coincides

on N with the holz)morphic function

n—1
9= Fars(z, D) Ln(£)(2) + La(fa)(2).
s=1

Since L, — a,L, is tangent to the boundary, we have ¢ = a,b,g on the edge
N. By decreasing, if necessary, the wedge, the function log(g) is well defined
since, by condition A, L,(r' o f) does not vanishing on bD and its imaginary
parts is A,,_; as a, and b,. By Theorem 5.4, log(g) is An,,—1 and therefore g is
also A,,_;. Since g is a holomorphic function in A,, (W), the derivatives of
order k verify: |D¥g(z,p)| = O(dist(z, p)~**) so that

=0(6(2)"*)

D* <E fmsLn(fs)) (2, [97(2)])

s=1

(with the convention f>, = 1) and since f is A,,_; we can deduce

D" Fass(z, [8r(2)DI* La(f)(2)| = O(8(2)™"*)

s=1

and

n 8 !
3 2T (F@)F* Lu(f)(2)| = O(6(2) )

0z,

s=1

or'

since the functions f,,, and b, are C! on W and coincide on the edge. The

S

proof of the estimate for arbitrary j is similar. Indeed, (b,)! £y (r' o f) is the
Zj

value on N of the holomorphic function h = E Fnss ai fs. Since L; is tangent
2
s=1 7
. 0
to the boundary we have the equality Fy (r'o f)=aj 8i ("o f) on bD and
5 25 5 Zn
thus h =a;b,'g on N. Therefore h is is A,_; on N. As in the previous proof
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the conclusion follows. To obtain the regularity of f we apply Proposition 5.9.
Indeed r =+'o f is a defining function for D of class C* (at least) and since
fis Ap_ up to the boundary we have:

)(2)| = O(6(z)~")

- 02,

10" (f)(2)] = O8(2) )

where 9¥*! is a holomorphic derivation of length k+ 1. According to the above
proposition we get

|05 (f5)(2)| = O(8(2)73/*)

that is to say that f belongs to Ay,_),.
The regularity of 7' o f is also easily obtained. According to Lemma 5.8,
in the expression of its derivative of order k we only have to consider the

terms of the form R = E

o7 (fs)(z) since in all the other terms there

are only derivatives of f of order less than k — 1 so that these terms are C®.
Now, by the above estimates, the derivative of R is O(5~'*®) and so, if m is
not an integer, R and D*(r' o f) are C* If m is an integer, we consider the
delivative of order m — 1. Bur by splitting the terms, we have to weight up

or' or'
E “1(f,)(2). The functions — o f (1< j < n) are C™"!
s=1

0z 0z
D so that, by Theorem 5.4, f is C™ ' on W. By the above proof, g and h;

(1 <j<mn-—1) belong to A,,_ (W) and thus anﬂam‘lfs belongs to Aj(W).
s=1

In particular it is continuous on W AS furs(z, [07(2)]) = as(z) + O6(2)) and

o™ [, = O(8(2)"'/?) we see that ) a.(2)0™ ' f.(z) extends continuously to D;
s=1

that is, 7' o f is C™ on D. -

To be comprehensive about the question, we must give examples to show
that this result is sharp. The idea is due to Hurumov. Let ¢ be a holomorphic
function on the unit disc lying in A,,; more precisely we are going to assume that
| D o(2)] = o((1—|2])~**) with m = k+a, k integer and 0 < o < 1. We consider
the shear f defined by: f(z,2) = (21,22 + ©(z1)). It is a biholomorphic map
from the unit ball in C? onto a strictly pseudoconvex domain D of class C™'/2.
Indeed a defining function r of D is given by r(z,2) = |21|* + |22 — o(z)]* - 1.
Checking the derivarives, it is easy to prove that r is C™'/? because on D we
have: |z, — p(2))| < (1 — |21[*)/2. Therefore the regularity of the shear is exactly
A, which proves that our result cannot be improved.
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