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Existence and Estimates of Green’s Function
for Degenerate Elliptic Equations

S. CHANILLO - R.L. WHEEDEN

1. - Introduction

In this paper, we study the Green function for equations Lu = 0 in a
bounded open set Q1 in R®, n > 2, in case L has divergence form

2] J
L=- ; E(afj(x)ggj)

and the coefficient matrix A = (a;;) satisfies

(1.1) w(z)|€ < < A & €> <v(a)€]?, ¢ €RM

Here, < .,. > denotes the usual dot product in R* and w and v are
nonnegative functions which will be further stipulated.

More specifically, we show that a Green function exists and derive interior
estimates for its size. By “Green function for Q with pole y” we mean a function
G(z,y) = Gy(z), =,y € Q, which solves LG, = &, in the weak sense, i.e.

/<Avay,v¢> dz = p(y), if ¢ € Lipo(Q),
0

where Lipo(2) denotes the class of Lipschitz continuous functions supported
in Q). Moreover, G, vanishes on 3Q in the sense that it is the limit, in an
appropriate norm, of functions supported in . It is also possible to represent
the solution u of

Lu= f in Q, with » =0 on 89Q,

in terms of a potential of f which has G as its kernel. This representation will
be discussed below.

Research partly supported by NSF Grant DMS 86-01119 for the first author and DMS
85-03329 for the second one.
Pervenuto alla Redazione il 17 Febbraio 1987.
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In order to state our main result, we need to introduce some notation. We
shall assume throughout that w € Ao, i.e. that

1 1 1
—_ j — < 1 R®
(IB\/U') (lBl/w < ¢ for all balls B C R?,

B B

although this condition can be somewhat relaxed as indicated at the end of
the paper, and that v satisfies the doubling condition: v(2B) < cv(B), where
v(B) = [v(z)dz and 2B denotes the ball with the same center as B which

B -
is twice as large. We write v € D*® for such v. The assumption that w € Az

ensures that w € D*. We write By (z) for the ball with center z and radius h,
and assume that v and w are related by

s [o(B()]T_  [w(Bi()]? ,
02} @] = [SmE]oseen e

for some ¢ > 2. We shall consistently use the notation o = ¢/2, so that o > _1,
and we set so = 20/(0 + 1). Thus, 1 < s < 2. In the classical strongly elliptic

case (v and w identically equal to positive constants), the value of g is 2n/(n—2)
so that 0 = n/(n - 2) and sg = n/(n — 1).

For 1 < p < o0, we let

1

Ly = f:|flle = ( /lf(z)l"u(z)dz < o0y,
Q

and we write simply L in the case of Lebesgue measure.

Similarly, Llloc stands for the class of functions which are locally integrable
with respect to Lebesgue measure. We use the notation X = X;., for the Banach
space which is the closure of Lipo () with respect to the norm

1flles + 19 £zq.

If 1 < s < oo, define &' by %—l—%:l.

We can now state our main result. Since we consider only interior
estimates, it will be convenient to think of {} as contained in a large ball
and derive the existence and estimates of the Green function for an open ball
B when the pole lies in the middle half of B.
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THEOREM (1.3). Suppose that w € Az, v € D® and (1.2) holds. Let A
be a symmetric matnx which satisfies (1.1) and let B = Bg(20) be a ball. For
almost every y € EB there is a nonnegative function G(z,y), z € B, which
satisfies

() GeXi, for t <o and s < 20/(o + 1), and the sizes of the norms are
uniform in y; thus,

sup [/G(z, y)? v(z)dz+/|V$G(z,y)|’w(a:)dz} < oo
B B

yG%B
for such t and s;
(ii) f < AV,G(z,y), Vop(z) >ds = p(y), » € Lipo(B),

lf (w) w € L for some s' > 20/(0 —1) (i.e., s <20/(0+1));

0‘

R
v Bt Y -1 t2 (_12
(iii) “/e2$<slxsu5'<rG( z,y) < C/ [J_—(_)il(Bt( )} w(Bi(y)) t

r

'Bl'-‘

if0<r< R/2 and 0 < p < o, with ¢ independent of B,y and r;

R 1
. . B 2 £2 de
iv f > _ v tlY =12
(iv) m:r/%s<s|$1£1m<rG(ac,y) > c/exp( 1 [w(Bt(y ] ) o(Be(y)) t

if 0<r < R/4, with ¢ and c; independent of B,y and r;
() G e LY(B) for t < max {n/(n-2), o}.

The size of the norm in part (v) may depend on y.

The assumption that (%) w € L!(B) is made only in part (ii) and is not
needed in the other parts of the theorem. This assumption guarantees that the
integral in (ii) converges since

f| < AVG,Vp > | < ”V(p”Lm/IVG']v (by (1.1))
B B

o
<|IVel= VG|, (/ (—3)—)8 w) .

B

Of course, VG € L¢, by (i). There are alternates for (ii) which do not
require the assumption that (Z)° w € L!(B). In order to state these, we need

to introduce some more notation.
There are two Hilbert spaces H, and H naturally associated with the
differential operator L. The properties of these spaces will be discussed in §2.
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Here, we mention only that H, consists of the elements of H which vanish in
an appropriate sense at 8B, and that the inner product ag(u, ) on Hy satisfies

ao(u, ) = / < AVy4,Vp >
B

if u,¢ € Lipo(B). Furthermore, ag(u,¢) can be defined for u,po € H, and
there are then associated functions #,$ € L2(B) (even L2°(B)) such that
V#,V$ e L2 (B) and

ag(u, p) = / < AV, V@ > .
B

An argument based on the Lax-Milgram theorem shows (see §6) that, if

flve L2 (B) and the assumptions of Theorem (1.3) hold, then it is possible
to solve the problem

1.4 Lu= f in B, with u= 0 on 3B,

in the sense that 3 u € Hy with
(1.5) ao(u,p) = / fé, ¢ € Hy.
0

We shall refer to u as the Lax-Milgram solution of (1.4).

Similarly, if F is a vector with |F|/w € L2 (B), it is possible to solve
(1.6) —Lu= div F in B, with u =0 on 3B,

in the sense that 3 u € Hy with

Q.7 ao(u, @) = f < PV >, @ € H,.
B

We shall refer to u as the Lax-Milgram solution of (1.6).
The following result gives representations of these solutions in terms of

G, without assuming that (Z)° w e L} for some s' > 20/(0 — 1).

THEOREM (1.8). Let v, w and A satisfy the hypothesis of Theorem (1.3). If
f/v € Lt (B) for some t < o and u is the Lax-Milgram solution of (1.4), then

i(y) Z/f(w) G(z,y)dz for ae. yE€ %B.
B
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Furthermore, if |F|/w € L, (B) for some s < 20/(c + 1) and u is the
Lax-Milgram solution of (1.6), then

i(y) = / < F(z), VG(z,y) >dz forae yc %B‘
B

The proofs of the theorems rely partly on adapting the methods in [7]
for the strongly elliptic case. We also need some facts from [2], including a
mean-value inequality and Harnack’s inequality, as well as Sobolev’s inequality

1
1.9 — 1y
(1.9) (U(B)Bf|f| dz

with ¢ independent of f and B. The value of ¢ in (1.9) is the same as in (1.2),
and the fact that (1.9) is valid, if w € A,, v € Dy and (1.2) holds, is proved in
(1]. Some of the required inequalities from [2], together with other background
facts, are given in §2. In §§3-4, estimates for an approximate Green function
are derived. In §5, Theorem (1.3) is proved except for the uniform nature of
the estimates in part (i); this uniformity is proved together with Theorem (1.8)
in §6. In the case of equal weights (by which we mean the case when v is at
most a constant multiple of w), our results are contained in [3] and [4]. The
classical strongly elliptic case is also treated in [9].

We now state a version of the Wiener test, i.e. a criterion which gives a
condition for a point of 81 to be a regular point. A proof can be obtained by
modifying the arguments in [5] or [6], p. 206. In order to state the result, we
need a few more definitions. First, we say that v € A,y 1< p < oo, if for all

balls B
p—1
__1_/” i[,,-l/(ﬂ“l] <¢, when 1< p < oo,
|B| |B] o

B B

1
2

< CIB[% (—w—(lB—)B/IVflzwd:c) , f € Lipo(B),

1
q

1
m/vﬁc essBinf v, when p=1,
B

with ¢ independent of B. We say that v € Ay if v € A, for some p.

Next, for any open bounded set §2, the Hilbert spaces H(Q) and Ho(f)
can be defined as before. As noted in [2], a simple argument based on the
Lax-Milgram theorem shows that if ¢ € H(Q), the Dirichlet problem Lu = 0
in 1, with v = ¢ on 89, can be solved in the sense that 3 u € H(Q) with
ag(u, p) = 0 for all p € Hy(f1) and u— ¢ € Ho().

We can also give a meaning to solving Lu = 0 in 2 with u = ¢ on 3Q) in
case ¢ is a function which is defined and continuous only on 3. This can be
done by choosing a sequence {p;} of polynomials which converge uniformly to
% on 3(Q2 and solving Lug = 0 in Q with ug —px € Ho(Q)- It can be shown from
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the weak maximum principle (§2) that sup [ < sup |px|- From this inequality

and Caccioppoli’s inequality, we can show that {u;} converges to a limit u in
H(Q') for any Q' with closure in (1 and that ag(u, o) = 0 for ¢ € Lipo(Q). We
say that a point z € 8Q1 is a regular point if

li =0
st

whenever u is a solution, in the sense described above, of Lu = 0 in 1 with
u =1 on 3{1, ¢ continuous on 3.

Finally, if B is a fixed open ball containing 1 and E ¢ B, define the
capacity of E by

cap E = inf {/ < AVp, Vo >
B

©>1on E, peLipo(B)}.

The Wiener test can now be stated as follows.

THEOREM (1.10). Let A be symmetric and satisfy (1.1) for a pair of weights
v, w for which v € Ay, w € Az and (1.2) holds. Let Q) be a bounded open set
and z € 3). There is a positive constant cy such that if

/ o(Bi(=)) |2 2 dt
-O/.exp (—cl [‘w(Bt(CL‘))] ) v(By(z)) cap(B;(z)\Q) < - 400

for some € > 0, then z is a regular point.

In passing, we note that if z € Q2 and the complement of {2 contains a
truncated cone with vertex z, then

cap(B;(z)\Q) > M

as is easy to see by Sobolev’s inequality.

. Thus, in this case, z is a regular point
if

sex ey v(Bt(:c w(B(z)) dt o
_([ p ( w(By(z)) ) v(By(z)) t =+

2. - Preliminaries
As in [2], for a bounded open set , let

ao(u, ) = / < AVu,Vp >, u, p € Lip(Q),
Q
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where Lip(Q1) denotes the class of functions which are Lipschitz continuous in
the closure of (1. By the degeneracy condition (1.1),

Q.1 /iVu|2w < ag(u,u) < / |Vu|?v.
Q Q

It follows that aq(u, ¢) is an inner product on Lipg (1), and therefore that
ag(u,u)% is a norm on Lipo(f). In particular, ao(u, ) < aq(y, u)¥ ag(p, )3,
Note also that since A is symmetric, | < Az,y > | < < Az,z>7 < Ay,y >1.

We denote the completion of Lipo(f2) with respect to this norm by
Hy = Hy(Q). An element u of Hy is thus an equivalence class of Cauchy
sequences {ux}, ux € Lipo(Q).

If u,o € Hy with u = {ux} and o = {pk}, uk,x € Lipo(Q), it is easy
to see that ag(ug, px) converges, and we define

ao(u, ) = Hm - ao(ux, px).

It follows that ”ul[o = ao(u,u)% is a norm on Hj.

We now show that it is possible to associate with each ¢ € Hy a unique
pair (3, V) so that if o = {px} then px — @ in L2(€) (even in L29(0))
and Vo, — V@ in L2 (). We shall refer to (@, V@) as the pair of functions
associated with . To see this, note that since i € Lipo(f2), ¢ can be
extended to a function in Lipg(R™) by setting ¢ = 0 outside 1. In particular,
if Bg is any ball containing (1, for this new @ € Lipo(Bg), and by Sobolev’s
inequality (1.9),

1

(—@%R—) [ 1en —p,-l%) <cR (Wgﬂ [ 9t - %‘)le)
Bp Br
=cR (E(‘Il;g/ [V(ex — SOj)|2w)
Q

< ¢w,Br ”ﬂok - ‘PJ'”O (by (2.1)).

Thus, {gx} is a Cauchy sequence in LZ(Q1). Also, by the last inequality,
{Ver} is a Cauchy sequence in L2 (). Let ¢ and V¢ denote the limits,
respectively, and observe that these are independent of the particular sequence
{ew} representing . Of course, if ¢ € Lipo(Q), then ¢ = ¢ and V@ = V.
Since w=! € L!(Q), it is easy to see that V¢ is the distributional gradient
of &; in fact, by Schwarz’s inequality, it follows that o, — @ in L'(f2) and
Vor — V@ in L(Q) (since also v~ € L*(Q)), and therefore if 4 € Lip(Q),

[&ve=im [ vo=—tim [ve, v=-[vé.
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We will also have to consider the Hilbert space H = H(Q) which is the
completion of Lip(f1) under the inner product

2.2) a(u, p) = ag(u, ) + /utpu, u, € Lip(Q).
Q

Facts about H are given in [2]. In particular, Hy C H continuously by
Sobolev’s inequality, and if u € H, u = {ux}, ux € Lip(Q2), then wu
converges in L2 to a function % and Vu, converges in L2 to a vector Vi.
Furthermore, if ¢ € H, ¢ = {px}, the limits a(u,p) = lim a(uk, i) and
ao(u, ») = lim ag(uk, px) exist and satisfy

a(us (P) = aO(“)@) + f 4P,
Q
and a(u, ¢) is an inner product on H.
It will be useful to have a representation for ag(u, @) in terms of Vi and
V&. This is given in the following lemma.

LEMMA (2.3). Let u,o € H and let V& and V@ be the associated
gradients, respectively. If u = {uy} and ¢ = {4}, then

< AVug, Vi >—< AVE, V@ > in LH(Q).

In particular,

ao(u, p) = / < AV#, V@ > and a(u,p) = / < AV#4, Vo > +/ﬁ<ﬁv.
Q Q Q

PROOF. Let hx =< AVug, Vo, >. It is easy to see that {h;} is a Cauchy
sequence in L!(f1) by using the inequality

1 1
| < Az,y> | < < Az,2 >2< Ay,y >2 .

Thus, hx — h in L'(Q) for some h. Consequently, [ hx — [ h. Since also
0 a .
[ hi = ao(uk, k) — aolu, ), we obtain ag(u,p) = [h. The lemma will

(t]herefore be proved if we show that h = < AV#,V@ >na.e. Since hy — h in
L' and both Vui — Vi and Ve, — V@ in L2, this follows easily by selecting
subsequences which converge pointwise a.e.

An element u € H is called a solution of Lu = 0 if ag(u,9) = 0 for all
@ € Hy. Also, if w € H, we say u > 0 in  if u can be represented by a
sequence {ux}, ux € Lip(Q), with u, > 0 in Q. If u > 0 in Q, then clearly
@ >0 ae. in 2. We will need the following two facts from [2] about solutions.
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These facts are valid assuming (1.1) with w € A2, v € D*® and (1.2). First, a
solution u in H(2B) satisfies the mean-value inequality

(B) 135 [ 1 1/,,

- v o= -

24) ess sup 4] < ¢p [——] (u(B) / |u|"v) y 0<p< oo
2B

w(B)
Moreover, if also u > 0, it satisfies Harnack’s inequality

' B)1} :
2.5 o v(B) o
2.5) ess sup < exp (cl [w(B]] essBmf .

The next two lemmas may be viewed as maximum (or minimum)
principles. The first one is an adaptation of a similar result in [11] or [8].

LEMMA (2.6) (Weak Maximum Principle). Ler u be a supersolution in
H(Q), ie, u € H(Q) and ao(u,) 2 0 if ¢ € Lipe(Q), ¢ > 0. Let
u = {ux}, ux € Lip(Q), and assume that ux > 0 in some neighborhood
(depending on k) of Q. Then @ > 0 a.e. in Q.

PROOF. Consider u;y = —min {ux,0}. Note that u; € Lipo(fl) since
ug > 0 near ). Since {u;} is bounded in H it is easy to see that {u;} is
bounded in Hy. We may then select a subsequence u;, Which converges weakly
in 13'{0 to ¥ € Hy. Thus,

lim ao(ukj,u,;) = lim aq(u, u,;) = ap(u,9) >0
since u is a supersolution. Thus,
lim/ < AVu,, Vug > 20,

ie.
lim/ < AVug, Vy > <0.

Therefore, ||Vug |13 — 0. Extending uj, to a large ball containing €1
(uj, has support in Q) and applying Sobolev’s inequality, we see |uy llzz — 0.
But wy, — @ in L2, so uy — (&)~ in L2. Thus (&)~ = 0 ae. in O and the
proof is complete. ’

LEMMA (2.7). Let By, By and Bs be balls with a common center and radii
1,72, 73, respectively, satisfying ry < ro < r3. If ¢ € H(Bs) and ¢ < ¢ a.e.
in Bs\By, then given L > {, there exists oy € Lip(Bz) such that o — ¢ in
H(B3) and ¢ < L in some neighborhood of 8 By. Moreover, if u is a solution
in H(B3), u= {ux}, and if ux < ¢ near 3B, for these i, then i < L a.e.
in Bg.
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PROOF. The second statement follows from the first by applying the weak
maximum principle to the solution L — u in Bs: since L —ux > L~ >0
near 3B, we obtain L — & > 0 a.e. in B,.

To prove the first statement, note that since ¢ € H(Bj), 3 hi € Lip(_Es)
with hy — ¢ in H(Bs). Thus, hy — @ in L2(Bs), and by using a subsequence,
we may assume that hy — @ ae. in Bz. By hypothesis, $ < £ a.e. in B3\B;y,
so by Egorov’s theorem, given L > £ and § > 0, 3 E C Bs\B; and ko such
that |(Bs\B1)\E| < § and hy < L on E if k > ko. Make a smooth partition
of unity x; + x2 + x3 = 1 on Bs such that x, is supported on B\B,;, where
B is a ball with the same center as B; and radius r satisfying ry < r < r3,
and x; = 1 on B; and is supported on a slight enlargement of B;. Then
hi = hix1 + hix2 + hiexs, and we define @r = hgx1 + (hexaaL). Clearly,
o € Lip(B2) and ¢ < L near 3B,. It remains to show that g — ¢ in
H(B;). We will do this by showing (see (2.2))

(2-8) ||$0k - hk”ia(Bz) -+ / < AV((pk - hk), V(‘Pk — hk) >— 0.

Ba

We have

ek = hillLz(B,) = I(hex2aL) — hexzllLa(Bs\By)-

Since hx — ¢ in L2?(B;), also hgxz — @xz in this norm; moreover,
hixaal — @xaaL in this norm since

{(@aL) — (BAL)| < |a — B| for any o, 5.

Since @ < £ on Bo\Bj, it follows that both hxy, and hxxaaL converge in
L3(Bz\By) to the same limit, and so |k — hillL2(5,) — O-
The second term in (2.8) equals

< AV(|hkx2a L] — hix2), V([hexaa L] — hxxz2) >
B,\B;

- [ <4Vhxa), Vi) >
(B2\B1)N{hkx2>L}

< / < AV(hkxz2), V(hex2) >,
(B2\B1)\E

if k > ko, since then hy < L on E. The integrand in the last integral is
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nonnegative and equals

< hkAVys + x2AVhy, hiVxz + x2Vhi >
= h,zc < AVx3,Vxa > +2x2hx < AVx2,Vh, >
+ X% < AVhy,Vhg >
< h2 < AVxg, Vxa > +2x2|hk| < AVxa, Vo >3 < AVh,, Vh, >3
+ x% < AVh, Vhy >
< h2|Vxa[?v + 2x2|h| |Vxa|vE < AVA, Vhy >3
+X§ < AVhy,Vhg > .

Thus, using Schwarz’s inequality and the fact that 0 < x, < 1, we see
that the last integral is bounded by

|| Vxz|%w / hiv + / < AVhg, Vhg > .

(Ba\B1)\E (Ba\B1J\E

Since hy converges in L2, hZv converges in L!. Furthermore, by lemma (2.3),
Y < AVhg, Vhy > converges in L. Thus, since the domain of integration in both
integrals above has small measure (< §), the integrals are small uniformly in k
for large k, and the lemma follows.

We shall need the following compactness result.

LEMMA (2.9). Let Q be a bounded open set and w € As. Let T be a ball
in Q and {f;} be a sequence of functions each supported in S} with

[ £illzz qavs) + IVFillzz (a\s) S ¢ < oo
uniformly in j. Then 3 a subsequence {f; } such that if £* is any enlargement
of £, {f;.} converges in L2 (Q\X*).

PROOF. Let #(z) be a smooth function supported in |z| < 1 with [n =1,
and let n;(z) = t~"n(z/t) for ¢t > 0. If g(z) is defined in R™, let

#(2) = [ o) ma - v)d.

Note that the definition of g*(z) only involves values of g(y) with y € B;(z).
Also, if £* and Q* are neighborhoods of ¥ and (1, resp., and if =z € Q\X* and
t is small, then B;(z) ¢ Q*\X. Thus, for such z and ¢,

d@l<e [ o< lolgonm | [ v
B:(=z) a*\z
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and
3
Vi@l <at [ <o olzgang | [ w7
Bi(z) Q*\x
Moreover,
lg*(z) — g(=z)| = | /ly(y) = g(z)] ne(z — y)dy|
<et ™ / l9(y) — g(z)|dy.
By(x)
By Lemma (1.4) of [3], this is bounded by
(2.10) c / Va4
|z -yl

Bg(m)

If z € Q\Z* and ¢ is small, we may rewrite (2.10) after multiplying and dividing
by t as

1 V9(y) [ xa-\= (v)
ct | - —
¢ |z — y|n
le—y|<t

dy

which is at most ¢t M(|Vg|xq+\z)(z), where M denotes the Hardy-Littlewood
maximal operator. Since w € A, it then follows from [10] that for small t,

lg* = gllzy a\z+) < et [ VgllLg,-\5)-

Since the f; are supported in (1, we may think of them as defined on all
of R™ by just setting f; = 0 outside 1. Then

I fillez a\2) + [V fillzz sy = [ f5llea, (avs) + 1V F5llza sy < e
Hence, by above, 3 ¢ independent of j such that if z € Q\Z* and ¢ is small,
Q1D |fi(z)[ < et™™, [Vfi(z)| < et™™ ! and | f} — fillLa(arze) S et
The rest of the proof follows from (2.11) by applying Ascoli’s theorem to the
first two inequalities in (2.11) for each fixed t. We shall not give the details
but instead refer to [6], p. 167.

COROLLARY (2.12). The previous lemma holds as stated if we replace the

hypothesis that the f; have support in Q by the hypothesis that 3 le_c supported
in Q such that ff — f; and V¥ — Vf; in L2(Q\E) as k — co.
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This follows easily by applying the previous lemma to the sequence { f;." b
where for a given j we choose k; so that the LZ (Q2\X) norm of both f; — ff’
and Vf; — V¥ tend to 0.

REMARK (2.13). (i) Lemma (2.9) has an analogue for L£ norms,
1< p< oo, if we A,. Similarly, there are versions for Lf (€2) norms, i.e. for
all of  without deleting *. In case 1 < p < oo, the proof is the same as when
p =2 except that L2 norms are replaced by L?, norms. In case p = 1, a small
change is needed when estimating (2.10). Instead of majorizing (2.10) by the
maximal function, we simply integrate over 1\X* and use Fubini’s theorem to
obtain

1 w(z)
@.14) ”g‘ — g”Li,(ﬁ\E*) <ct / (Vg(y)| {-t— / |?——y—[”_‘1— dz} dy

Q*\Z OnB:(y)
< et | Vylly (a5,

since the part of the integrand in curly brackets is at most cM(w)(y) < cw(y)
due to w € A4,.

(it) We note that other variants of Lemma (2.9) can be obtained by altering
its proof. For example, the conclusion holds for LY (Q\Z*) instead of L2 (2\X*)
if we still assume that the f; are supported in Q and that {f;} and {Vf;} are
bounded in L2 (Q\X) but replace the hypothesis that w € A, by the weaker
hypothesis that w~! is integrable over a neighborhood of 1 and

. w(z) ) ’ ~1 _
2.15) lim — dz w” " (y)dy = 0.
(.1

t—0 Iz — y'n—l
QnB:(y)

This last condition is valid if w € A, since then w™! € Az and the integral in
(2.15) is at most

/[tM(wxg)(y)]Qw(y)"ldy < th/w(y)dy (by [10D),

!
_which tends to 0 with ¢. The only real change in the proof of the lemma comes
in estimating || f} — f;|L1 (a\g+), which by the first inequality in (2.14) is at

most
c/ |ij(y)|( / ﬁ_:v—g]}ﬁ dz) dy.

a\z 0nBi(y)
By Schwarz’s inequality, this is bounded by

2 3
¢ [V fillLs ) /( / lz—j)gjll—_l dm) wl(y)dy | ,

Q QnB:(y)
and the result follows as before if (2.15) holds.
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3. - Estimates for G*

Fix y € 2 and p > 0 with B, = B,(y) c Q. For ¢ € Hy, let $ be the
associated function in L2. The mapping

1 /,,
p— —— | ¢v
v(B,)
B

I

is a continuous linear functional on Hj: see, e.g. the argument in §2 showing
how to associate ¢ with . Since the bilinear form aq(u, ) is continuous and

coercive on Hy, the Lax-Milgram theorem implies there is a unique G° € Hp
such that

1
3.1 aO(G",go) = ;(B_) / Qv, © € Hy.
14

i

G* will be called the approximate Green function for  with pole y.

We claim that G? > 0 as an element of Hy, i.e. that 3 G} € Lipg(€) with
Gp > 0 and G4? — G* in Hy. This of course implies that G# > 0 a.e. since
G% — G” in L? and thus 3 a subsequence Gf — G* a.e. To prove the claim,
let G» = {G2}, G® € Lipo(f). Note that {|G%{} is bounded in Hy: in fact,

ao(|GEl; [Gk[) = ao(Gk, GY)

since V|G;| = (sign G}) VG where G} # 0. Hence, a subsequence |G | — h
(weak convergence in Hy). Thus,

ao(G#, h~G*) =lim ao(G*, |G |~ GY)

T 1 "
= lim IB—‘)—)— /‘(IGkJ‘ - sz)v by (3.1).
B,

Since the last expression is clearly nonnegative,

ao(G*, G?) < ao(G*, h), so that a(G?,G?) = ¢ ag(G*, h)
for some ¢ with 0 < ¢ < 1. We have
0 <167 — clGE | o = a0(G” = €IGE, |, G —elGE, )
= a0(G*, G*) - 2cao(G”, |GL, |) + 2aol|GF, I, GE,)
= ao(G*, G”) — 2¢ao(G*, |G} |) + c?ao(Gy,: Gy )-

The right side converges to

ao(G*?, G?) — 2cao(G®, h) + c2ao(G?, G?) = (c® — 1)ao(G*,G*) < 0.
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Hence [|G?~¢|Gf, | [lo — 0. This shows that G* is the limit in Ho of ¢|G} | 2 0,
and so estabhshes the claim. It follows incidentally that ¢ = 1, since by : above,
c|Gh = Gr in L2, while also G — G* in L2: hence, ¢|G*| = G* ae.
and ¢ = 1. Thus, the argument above shows that if G? = {G}}, then also
GF = {|G£, |} for some subsequence.

Consider now the case 2 = B = Bg(zo). By above, we may assume that
G, > 0. For ¢ > 0, define

o171t 11
Pk = Z—G_,’: = '{“Eg X{Gs>t}-

VG
Vi = ©@)? X{ce>t}

Then

and @y € Lipo(B). We have

Ilpkl|g = / < AV, Ve > = / < AVG;:, VG;; >
B {Ge>t}

1 1
< ;;/ < AVGY, VGi > = ;Z”Gng'

Since this is bounded in k, there is a subsequence g, — ¢ in Hp. Then
lim ao(GZJ, ‘Pk,) = lim ao(G”, ‘P‘k,) = ao(GP, (p),
where the second equality follows from weak convergence and the first follows

from the strong convergence of G to G* in H, and the boundedness of ||¢x llo-
The middle term equals

ot
[y

1
- < - i 3 = < -,
m v(B,,) /(pkj‘u_ g Since ek, Pk, = 7

Therefore, .
lim /< AVG, , Vi, > < oo or

. P VGz <
hm/ < AVGkJ’ (CT;:_)JE X{Gﬂj>t}
7

l‘hi]—h

By the degeneracy condition,

i / VG2 1
im sup AL <5
{6 >t} 7
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If we deﬁne Y = [log Gp —log tlx(ee>t) = [log GE —log ¢|*, then
Vi = (—,s’i)x{ap >t} and ¢ € Lipo(B). From the estimate above,

tim sup [ [V, Pw < 3,

c—s||—t

so that by Sobolev’s inequality (integration is over B = Bg(zo)),

2
! 2
1 R 1
li — 1 4 1 < -.
im sup o(B) f (og(GkJ/t)) vl <e¢ w(B) 1
Bn{Gi]>t}
Restricting the integration to {G}, > 2t} gives
. 2 v(Gh > 2t) § R?* 1
2)°1i —_— — -,
tog 2%1im swp | "5 < e S g

We may replace 2t by ¢ without affecting the form of this inequality. Since
G — G in L2, by using a further subsequence if necessary, we may assume
G” — G* pointwise a.e. Thus, X{Ge>ty S UM inf x(qe 54y ae., and by Fatou’s
lemma v(G? > t) < lim inf v(Gy, > t). Therefore, K

~ R? 1° 1
(3.2) U(GP > t) _<_ c [m] t_a U(B), o = g‘.

Here, G* is the approximate Green function for B — Bgr(z¢). Note that the
constant ¢ in (3.2) is independent of p and y.

Consider now the special case R = r, zg9 = y, and look at values of z in
the annulus r/2 < |z — y| < 3r/4. Fix p < r/4. Then B,4(z) C B;\B,. Note
G* is a solution in B,\B, since if ¢ € Hy(B,\B,) then ao(G*, ¢) = 0: this is
because of (3.1) since ¢ is the limit with respect to | -||o of functions supported
outside B,. Hence, by the mean-value property (2.4) and the doubling condition
(U(B,/4(m)) ~ v(B,), w(Br/fl(“;)) ~ w(B,)),

b ]

1
~ U(Br) Po—1 1 .
Gf < — P\P
Bl O =€ [w(B,)] o(B,) / (G7)ro
Br/d(z)

To estimate the integral, we use (3.2) with R = r and g4 = y together with the
obvious inequality v(B,,4(z); G® > t) < cv(B,) to obtain

- f2 1P
(G*)Pv < ¢ v(By) [ B, )} , provided 1 < p < o.
B'/‘(z)
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Substituting this estimate above and recalling that z is any point in r/2 <
|z — y| < 3r/4 gives

1l _o
B) Po— 7‘2 .
33 Gr v 1 . .
G “/26<slis;1'<3r/4 (z) < ¢ [ (B)] w(B,)’ if p<o, p<r/

Here, G* is the approximate Green function for B, = B, (y) with pole y.
We wish to show that (3.3) holds without the restriction |z — y| < 3r/4
on the left, i.e. that

s S
[U(B,)}P ! ifp<o, p<r/4.

3.4 0 < |—=rL
(3.4) ess sup G? <c¢ w(B,) w(B.)’

/2

This will clearly follow from (3.3) by replacing r by 4r/3 and using doubling
provided we show that G” increases when we enlarge domains, i.e. that if G
and G** are defined for Q and Q* resp., then Q c 0* implies G* < G* in Q.
This follows from the weak maximum principle applied to Q and G** — G* if
we verify the appropriate hypotheses. Note that G*# — G* € H((1) (not Hy(2))
and G;” — GY = G;” — 0 > 0 near 30 for each k; moreover, as it is easily seen
from (3.1), G** — G* is a solution in Q.

LEMMA (3.5). Let B = Bg(zo) and y € %B. If G* is the approximate
Green function for B with pole y and if 0 < r < R/2, then

R l_o
, v(Bi(y)) |Po-T _ 2 dt r
335 G < /[w(Bt(y))J wBiy) ¢’ ' T

Jor 0 < p < 0. The constant ¢ is independent of R, zo, y, r and p.

PROOF. We first claim that it 1s enough to prove the lemma in case y = Zo.

To see this, first note that if y € B then B C Bag(y) = Z, so that G* < G%

in B, where G" denotes the approx1mate Green function for ¥ with pole y.
Hence, if we knew the estimate for balls centered at y, we would have

ess su GP(z) < ess su G” z
zir/2<|a— 5i<r ( )_ zir[2<]|z— B|<r ( )

Sc/[v(&(y))r*‘a‘ET £ de

w(Be(y)) w(By(y)) ¢

R 2R R
caf o]
r R r

_ 2R R
since by doubling [ ~ [ <
R R/2

'i'.._.,’:u
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Thus, we may consider only balls centered at y. For s > 0, let B, = B, (v)
and let GP denote the approxxmate Green function for B, with pole y. Our goal

is to prove that if r < -2—, p< Z and p < o, then

U(Bt 12 dt
< —.
3.6) ess 5}1/;: G <d [w(Bt ] w(By) ¢t

Pick m = 1,2, with r (—g—)m—l <R<r (%)m In B,\B, /2,

AP AP : .- Ge
3.7) Cr<Glym=0r+3 [ G4y (%) ]

=1

We now estimate the size of each term on the right in (3.7). For the first term,
from (3.4),

ol

v(B,) | Po-T 2
G’p < —T i
s qupr <[ U2 T

To estimate the remaining terms, we claim that if p < § $ then

1l _ao
Xp _ .,p U(B_g) Do— 52
el )

If so, it follows from (3.7) and doubling that

1 o
1_e. j
ess sup G < CZ [ ) ]p Bt o
B.\B, ;s (3(3/2)1r) w (B(3/21")

R 1 o 2
SC/ {U(Bt)]Po—l 2 dt r<—1—2,
w(B;) w(B) t’ 2

T

which proves (3.6).

The proof of (3.8) uses Lemma (2.7) with ¢ there taken to be Gf,s
u= Gg,/2 — G%, Bi, B2, B; taken to be Bg,s, B,, Bs,j; tesp. and

2[((};))] w(s;s)'

Note that by (3.4) with r = 3s/2 and doubling, we have @ < £ ae. m
Bs,/2\Bs,/s. Choose {pr} as in Lemma (2.7) for L = 2£. Note that u 1s
a solution in B, and u = {ux}, ux = @ — 1 Where G? = {¢x} With . 20 in

B,. Thus u; < ¢4 in B,, so by Lemma (2.7), & < 2¢ a.e. in B,, which proves
(3.8).
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COROLLARY (3. 9) With the same notation and hypothesis as in Lemma
(3.5), for ae. y € 1B there is a constant ¢ independent of r and p (but
depending on y, R, ‘w, v) such that

~ . - _ r
ess sup G*(z) < c¢ min{r?™" r "/"}, p< =, n>2
T f<|z—y|<r 4

PROOF. This will follow from Lemma (3.5). The integral in the conclusion
is at most
1_o R
g MBI, ] [
w(B, (v)) <k w(B.W)] /) 7

R
= Cy.Rw.v /tl_"dt < Cy.Rw.v 7'24”3

With ¢,z ., finite for ae. y. Similarly, since w—(Bt—f(-m < ¢ v(By(y)~? for

¢t < R by (1.2), the integral in the conclusion of Lemma (3.5) is also majorized
by

|
Qs

4. - Estimates for VG?

The goal of this section is to obtain an estimate for | VG?| . (p) which
is uniform in p. We shall prove

LEMMA (4.1). Let B = Bg(zo) and G* denote the approximate Green
funct:on for B with pole y. There is a number sq, with 1 < sq < 2, such that
flVG"|“ w Is bounded uniformly in p for each s < so and a.e. y € B The
bound depends on s,y, B,w and v.

As we shall see, the value of s¢ is 20/(o + 1).

The first step in proving the lemma is the following Caccioppoli-type
estimate.

LEMMA (4.2). Let B and G be as above, and let B, = B, (y) for r < —121
For y e %B and p < %,

/ < AVGP, VG* > < —:5 / (G*)?v
B\Bv Br\Br/2
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with ¢ independent of r,p and y.

PROOF. The proof is very similar to that of Lemma (3.1) in [2]. Pick
n(z) so that n = 1 outside B;, n =0 in B,); and |Vp| < ¢/r. The function
©x = Gin? belongs to Lipo(B) and the argument of Lemma (3.1) of [2], with
w and B there taken to be G and 1 resp., yields (cf. (3.7) of [2])

/ < AVGY,VGY >n? <2 [/ < AVn, Vn > (G0)?* + |6k{}

<2 | [ nl@g)o+ o

with §; — 0. One small change is needed in the argument in [2]: namely, since
G* is not a subsolution, we must justify (3.3) of [2]. However, if {pk,} is a
subsequence which converges weakly in H, to ¢, then, as usual,
lim ao(sz,pk]] = ao(G?, ¢) = lim ao(G*, px,)
=0, since @i, =0 on B,,p < % .
This serves as a replacement for (3.3) of [2].
From the properties of 7,

1
/ < AVG,, VG, > <c¢ 3 f (G2)%v + |6k
B\B, Br\Br/z
The lemma now follows by letting k — co and applying Lemma (2.3).

LEMMA (4.3). Let B and G? be as in Lemma (4.1), and let B, = B.(y)
for r < % For ae. ye %B,

[ VG PPw<cr o
B\B,

with ¢ dependent on y, R,w and v but independent of p and r.

PROOF. We consider first the case p < %. Combining Lemma (4.2), (1.1)
and Corollary (3.9), we see that for ae. y € %B,

VG 2w < :—2 min {r2~" »~"/?}2 y(B,)
B\B,

— cr~n/o min{r2—n+n/o, r—(2—n+n/¢]}i‘?ﬁl

”(Br)

rﬂ

< ¢pnle
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with ¢ = ¢, p 4., independent of r and p. Since

[ﬂB_t(yD

tn

v(B,)

rn

< su
t<

for a.e. y, we obtain the desired estimate.
In case p > % write

(G" GP —

] = Cy.Ry < O©

p)/ Gie ( (Bp)/ Gp)q)

329

Enlarge the domain of integration in the last integral to B, recall that Gf

is supported in B, and apply Sobolev’s inequality to obtain

1
0 P (B)l/q 1 P2
@0(G%,Gf) < R T (w(B)B/IVGkI w)

2
I o _
“A(B,) (/ v ’”) O B
B

¢ 3 3
< U(Bp)l/q (/ < AVGk,VGk >)

Since ag(G®, G%) — ao(G*, G?), Lemma (2.3) gives

1
~ - - ~ 2
/ < AVGP, VG > < —-i)m (/ < AVGP,VG? >>

”(BP

Thus,
[

D=

f < AVG, VG > <

IA

_°
U(B,-)I/” !

Multiplying and dividing on the right by r*/°, letting

rn
<k 5(B,)

and using (1.1), we obtain

= _n
/ [VG? 2w < cr™ o, ¢ =CyBw.uv-

This completes the proof of Lemma (4.3).

U(Bp)z/q -

. r
since p > .

= cy.rv (< 0o for ae. y),
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PROOF OF LEMMA (4.1). For any ¢t > 0 and r > 0,

w({z : |VG*(z)| > t}) < w({z € B\B, : [VG*(z)| > t}) + w(B,)
< tiz / VG Pw + w(By).
B\B,

For r < —gi use Lemma (4.3) to estimate the first term on the right, and

w(B,) < [rsg L"LM] o

use

rﬂ

to estimate the second one. Thus, for a.e. y € %B, 3 ¢ = cy.R.w.v such that

w(|VE*| > ) < c[ilar—"/" 4, r <

zo|:u

n(o+1

_ 20 ( )
Choosing r =t nle+1]  which is less than £ if ¢t > ()20, we get

R

w(|[VG?| > t) < ct™ 7

+
)

= ct %,

Since we also have the trivial estimate w(\VG“’l > t) < w(B) for all ¢, Lemma
(4.1) follows easily.

5. - Existence of the Green Function

In §4, we showed that 3 so, 1 < sg < 2, such that VG* € L¢, uniformly
in p for s < s9 and ae. y € %B. Also, from (3.2),

o(G? >t) < ¢ min{[%r%, 1} v(B)

with ¢ independent of p, y and ¢. Thus, G” € L uniformly in p and y fort <o.
Since G} is supported in B and G} — G* in L2" and VG{ — VGr in L2,

follows that GP belongs to X = X, s uniformly in p for 1 <t <o, 1<s<so
and a.e. y € 5 B Since ¢,s > 1, X is reflexive, so 3 a subsequence {GPJ} which
converges weakly in X to an element G € X. Moreover, by taking sequences

of ¢ and s values increasing to o and so resp. and using a diagonal method,

we may choose G independent of ¢ and s for t < o, s < so, i.e. 2 {G#} and
G such that

- 1
GP1 — G (weakly) in X; , forall t <o, s <sg and a.e. y € EB"
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We have

ao(G*, ¢) = ;ul—;;:—) / pv, for o € Lipo(Q2).

ry

It follows by applying Lemma (2.3) to the left side that

o 1
(5.1) /<AVG”, Ve > =————/<p
”(BP)B
P

The right side of (5.1) converges to o(y) as p — 0. The left side, by (1.1) and
Holder’s inequality, is at most

tv/w)s$ w

s 190lze [ (2)w

B

19601 19els <196 1sg 190l

< |vér

Since (Z)*'w € L'(B), it follows that the left side of (5.1) defines a continuous
linear functional on X for fixed ¢, i.e.

£(f):/<AVf, Ve >

is a continuous linear functional on X. Since G*» — G in X, we obtain from
(5.1) by passing to the limit that

1
[ < AVG, Vo > = p(y), ¢ €Lipo(B), ae. y € EB'

This proves part (ii) of Theorem (1.3). It also proves part (i) except for the
uniformity in y of the sizes of the norms of G and VG. Actually, the uniformity
is shown for the norm of G but not for the norm of VG. In §6, we will establish
the uniformity by using an argument that works equally well for G_and VG.
We now wish to show that there is a subsequence of {G?} which
converges to G pointwise a.e. Let r < %R and B, = B,(y). By Corollary

(3.9) and Lemma (4.2), for ae. y € -%—B,
”ép”L?L(B\Br) + HVéPHL?u(B\B,) <e¢<oo, p<r/4,

with ¢ independent of s (but depending on r): in fact, the same would be true
if the first summand were replaced by |G?|| L B\B,)- Of course, Gf — G in
L2, so also in L2, and V&% — VG* in LZ. Since Gy is supported in B, the
hypothesis of Corollary (@ 12) holds with f; taken to be G#r. Tt follows that
there is a subsequence G# which converges in LZ (B\B,). (The subsequence
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depends on r). We now show that the limit must be G. Given a bounded

function ¢, let
Yg) = / gpw.

This defines a continuous linear functional on X since

(g)] < llellz=llgley < {llellzew(B)/*} lglizy, < cllgllx-

/é"fpw——*/Gpw.

But if G# is the limit in L2 (B\B,) of G*u, then

Thus,

f GPrx o — / G* pw for any bounded ¢ supported in B\B,.

Thus, [Gew = [G#pw for such ¢, and consequently, G* = G ae. in
B\B,. Summarizing, we have now shown that G®* — G in LZ(B\B,) for
a subsequence {p, } which depends on r, p;, — 0. Hence, there is a further

subsequence, again denoted {p;, }, such that G*x — @ pointwise a.e. in B\B,.
Letting » — 0 through a sequence and using repeated subsequences and a
diagonal process, we see there is a fixed subsequence {p,, } — 0 such that
GPie — G ae. in B, as desired.

We now obtain (iii) and (v) of Theorem (1.3) from Lemma (3.5) and
Corollary (3.9) by letting p = p; — 0. Note also that Grx converges to G
weakly in X, (strongly) in L2 (B\B,) for any r > 0, and pointwise a.e.

Finally, to prove part (iv) of Theorem (1.3), recall from Lemma 4.2)
that if G” is the approximate Green function for Ba, = Ba,(y)Theorem (1.3),

recall from Lemma (4.2) that if G* is the approximate Green function for
Ba, = Bs,(y) with pole y, then

f < AVGH VG > < / (G*)2v, p<r/2,

T
Ba,\B, Bss/2\B,/2

e, ¢ o)

c

IA

Since G” is a nonnegative solution in B,,\B,, Harnack’s inequality (2.5) gives

ess sup G < 4B egsinf G°, with u(B,) = [v(B,)/w(B,)}.

Bir/2\B, /2 Bsy/2\B .z
Thus, if p < %,
; Ay 2 r? —c1u(By) TRVl
5.2) ( essinf G*)? > c———e < AVG?,VG* > .
Ba,/2\B, s v(B,)

B2,\B,
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Now pick ¢ with p(z) = 1 in B,, supp(p) C By, and |Vp| < ¢/r. If
p<r,

1 o
1= —— =ao(G’,¢) = | < AVG?,V
o(B,) /‘p” ao(G*, p) / y Vo >
P
: ;
< < AVG* VGP > (/ < AVp, Vo >>
SUPPV e
1
2 1
< <Aver,ver > | (2fPo(8) "
B2r\Br

since supp Ve C By, \B,. Combining this estimate with (5.2) gives

r2

(5.3) ess inf G?>¢
B3r2\B,y/2 'U(Br

—c1u(By) < 1.
e WA

Here, G? = ég, is the approximate Green function for Bs, = Ba,(y) with pole
Y.

The rest of the proof of part (iv) of Theorem (1.3) will be similar to the
summing procedure used to prove Lemma (3.5). It follows from (5.3) by using
Lemma (2.7) with ¢ = —G%, (note G5, € H(Bs,2)) that

7.2

— B'r
Ggr.k Z C;—(B—T)G caul ) near BB,

Thus,

G i—Gl >c e~c14(B+) near 3B,.

U\ Dr

Consequently, by the weak maximum principle,

e aulBr) g6 in B,.

Gt —GP >
2r Gr—cU(Br)

, choose a

bl

Assume now for simplicity that B = Bg has center y. If r <
positive integer m with r2™ < R < r2™*1. In B,,,

m—1

G% > Gfi’"‘ = Gsr + Z [Gf21+1 - Gf_]_]' H

=1
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if m = 1, the sum is missing. Thus, a.e. in B,\B,,,

_‘ m-—1

GI’ > —Clll(B |
“oB)° te Z

2
C/ b
- ‘U(Bt) t

T

(2r?)
U(Br)]r

‘Clu(B'.’.ir)

for some ¢ > 0 by the doubling condition on the weights. The desired result
follows by letting p — 0. In case B is not centered at y, note that y € B

implies B D Bg/2(y) = B’, and apply the estimate above to B, r< 1R

6. - Theorem (1.8)

In this section, we prove Theorem (1.8) and the uniformity for y € %B
of the estimates in part (i) of Theorem (1.3).

To prove Theorem (1.8), first note by Holder’s inequality that

Up) = Z fgdz

. . . . 4 -
defines a continuous linear functional on Hy if f/v e L'V (B) since

1/20 3

/Iél”v < c¢yw.B ( /;w‘;\% by (1.9)
B B

< cvw.BllellH, by (1.1).

Hence, by the Lax-Milgram theorem, there is a unique u € Ho with ag(u, @) =
[ & (cf. (1.4) and (1.5)). Moreover,
B

“u”Hn < Cy.w.B ”f/v”L(,,gml(B)'

Taking ¢ = G* (with pole y), we get

(6.1) ao(u,GP):/fé” dz.
B
The left side equals

o(B,) /uu — 4(y), for a.e. ye B as p— 0.
B,
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(1) (=)
(B/(L?) “) I lallx, (X =Xu.).

Hence, under the hypothesis of the first part of Theorem (1.8), the map g — f fg
B

Note that

‘/fgs
B |

IA

is a continuous linear functnonal on X for some t < o. Since G*s(z) converges
weakly in X to G(z,y) if ye 5 B t <o and s < s, it follows that the right

side of (6.1), with p = p;, converges to [ f(z)G(z,y)dz, y € 1B This proves

the first part of Theorem (1.8).
The proof of the second part is similar. In fact, since

[ ls ([ ()
< ( B/ (12 w)i s

there is a unique u € Hy with

ao(u,p)=/<F,V<ﬁ>dz, @EHo.
B

Also, 1

Jull, < (B/('F') )

Taking ¢ = G* and observing that

(Jey) (o)

B B

N2
o
< ( B/ (£) w) lollx,

/<F,Vg>
B
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the result follows as before if s < 20/(c + 1), ie., s’ > 20/(c — 1).

We now show that the sizes of the norms in part (i) of Theorem (1.3) are
uniform in y for y € B The proof uses the representations in Theorem (1.8)
and an iteration of the Moser type as in [2]. Since many of the details are like
those in the proof of Lemma (3.1) of [2], we shall be brief. Let » be the Lax-
Milgram solution of Lu = f, u € Ho, u = {u;}, u; € Lipo(B), |lu; —ulo — 0.

Let ¢t < o and
AN
’°=(/(T) ) |
B

For 3> 1 and k < M < oo, define Hp(r) = 7# — kP for r € [k, M] and

Hy(r) = MP — kP +ﬂMﬁ‘1(r —~ M) for 1 > M. Let ¢; = u;-* + k, and for
fixed M define o)
¢] xz

pile) = Gloi(a) = [ Hyg(o?

As in [2], ¢, € Lipo(B) and |/¢,]lo is bounded. Hence, there is a subsequence,
which we again denote by {¢;}, which converges weakly in Hy to ¢. Then

im ag(uj, ;) = lim ag(y, @;) = aoly, ),

and since

ag(uj, ;) = / < AVu;, Ve, >
B
and (Lax-Milgram)

ao(u, ;) =/f‘Pj:
B

we obtain

6.2) / < AVu;, Vo, >= /f(p]- +6;, 65— 0.
B
The left side equals

[ <ave,v0, > ) 2 [ 19%5p6 ww
B

B

Writing ¢, = G(p;) and using G(r) < 7G'(7) and ¢; > k, we obtain

B

[ivsipa e < ¢ [ 11156/ + 161
B
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Since the integrand on the left is |[V(Has(%;))|?w and the one on the right is
[f] 1H}.(+5)%;]2, Sobolev’s inequality gives

1
(/|HM(¢J')|2"U) <e (%/lfl |H1'M(¢j)¢j|2+|6j|)

B B

1/t
<c ( /IHJM('/)J')’I’J'I%U) + ¢l65],
B

by Holder’s inequality and the definition of k. As j — oo, ¥; — 4t + k ae.
for a subsequence. Setting ¢ = & + k, we obtain

1/2¢
( / HMw)P%) < ( / lﬂz\l(zp)wrﬁ‘v)
B B

Note that Ha(7) > (7 — k®)x(k.ar)(7) and Hi(r) < Brf~1. Thus, letting

1/2t

M — oo,
1/20 1/2¢t
( f (2~ #7)* v) <ch ( / z/ﬂ‘ﬂv)

B B

Since ¢ > k,
1/2t 1/2¢
kP < ( ,/,zwu) <cp ( a/ﬂ“’v) , (B> 1).
/ /

Hence, by Minkowski’s inequality,

1/208 1/2tp
(6.3) ( /¢2aﬂv) < (cﬂ)l/ﬂ ( /Pztﬁv) .

B B

When =1 and ¢t < o, the integral on the right of (6.3) is finite, then

1/20

1/2t 1/20 .
'/fztv) <c ( ¢2°v) <ec ( |i’¢{2"u) + ck
/ / /

1
2

<c ( / ]Vﬁ]zw) + ck < clluflo + ck
B

< cllullo + ck < ck.
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Hence, starting with § =1 in (6.3) and assuming o > t, iteration of (6.3) leads
to [%|lLe(p) < &~ together
with the representation

a(y) = /f(a; z,y)dz, for ae. ye B

given by Theorem (1.8), implies by duality that if ¢ < o,

/G(a:,y)tv(x)dx < ¢ independent of y
B

for ae. y € %B, as desired.

The argument for V,G(z,y) is similar. In this case, u is the Lax-Milgram
solution of —Lu = div F, ie. v € Hy and

a()(u,(p) = / <FVg>
if ¢ € Ho. We assume that s’ > 20/(c — 1), (> 2), and |F|/w € L, (B); then

. 1
i(y) = / < F(z),VG(z,y) > dz, for ae. y € EB
B

by Theorem (1.8). Use the same test functions ¢, as before except that now

()"

B

The analogue of (6.2) is

/ < AVu;, Ve, > = / < F,Vp; > +6;
B B

= / < F, G'(‘l[)j)V'l,l)]‘ > +5]'.

B

Thus, for € > 0,

]\Viﬁﬂ Gl(¢] w < 5/ lv"/’JFG,("//J Jw +

a |-

[ (£ ) G () + 16,1

B
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Taking ¢ = % and using the fact that ¢, > k. we obtain

[ vt s s [ (5 (o, s 2
B B

a'—2
i

4

<4 /(ijm)fi?w + 20651,
B

by Hélder’s inequality with exponents s'/2 and s'/(s’ — 2). Now use Sobolev’s
inequality and let 5 — oo and M — oo as before to obtain

20 (¢'—=2)/24¢’

/(u’)” -k w)l? < /wzs‘ﬁ/(s'—z]w

B B

Thus,

1/20p (s'—2)/24'8

/\1/)20[10 S (cﬂ)l/lj /¢23'ﬂ/(3'42)w
B B

When g =1 and s'/(s' — 2) < 0. the expression on the right is bounded by a
multiple of k, and iteration leads to || pe(p) < ck. It follows that

/iVEG(x, y)|“w(z)dz < ¢ independent of y
B

for ae. y e %B. The condition s'/(s' — 2) < o is the same as s' > 20/(0 — 1),
or s < 20/(o+1).

REMARK. A careful examination of the proof shows that the assumptions
w € Az and (1.2) can be replaced by assuming w € D, Sobolev’s inequality
(1.9), the analogous Poincaré inequality in [1], w=! € L] and (2.15). Of these,
the last two guarantee a version of the compactness lemma (2.9) with L}D n
the conclusion rather than qu (see the last part of remark (2.13)), which means
that where we used G« — G# in LZ (B\B,) earlier, we can use G — G#
in L} (B\B,), and this makes the argument work.

We also note that (1.2) is necessary for Sobolev’s inequality for doubling
weights; see [1].
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