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Differential Operators with Non Dense Domain

G. DA PRATO - E. SINESTRARI

Introduction and Notation

The aim of this paper is the study of the initial value problem in the
Banach space E:

0.1) { u'(t) = Au@®) + f(t), t€[0,T]

u(O) = U9

where A: Dy C E — E is a closed linear operator, f : [0,T] — E and up € E
are given.

This problem has been extensively studied in the case in which A is the
generator of a semigroup and the Hille-Yosida theorem gives the necessary and
sufficient conditions in order that this occurs: among these conditions there is
the density of D4 in E. In this paper we show that this is not necessary (in a
certain sense) to solve problem (0.1): in other words, if we assume the Hille-
Yosida conditions with the exception of the density of D, in E, then we can
obtain for problem (0.1) existence and uniqueness results which are even more
general than those known in the case D4 = E (for a more detailed comparison
with the classical theory see remark 8.5).

The paper is divided into three parts: in the first one the case mentioned
before, which is called the hyperbolic case (because of the applications to
the partial differential equations of this type), is studied; in the second part we
consider the more particular situation in which A generates an analytic semigroup
not necessarily strongly continuous at the origin (because D4 C E): this is called
the parabolic case (for reasons analogous to those of the previous situation).
Finally we give several examples of differential operators with non dense domain
satisfying the Hille-Yosida estimates and we make some applications to the study
of partial differential equations of hyperbolic and ultraparabolic type, ending
with an equation arising from the stochastic control theory.

Let us introduce some notations which will be used in this paper.

Pervenuto alla Redazione il 27 maggio 1986.
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We consider a Banach space £ with norm || - || and A a closed linear -
operator in E with domain D4, which will be endowed with the graph norm
lullp, = ||ull+||Au||. L(E) is the Banach space of the continuous linear operators
from E to E with the uniform norm; A € C belongs to p(4) if A—A)~! € L(E)
and we set (A — A)~' = R(\, A). If E| and E, are Banach spaces, E, — E,
means that E| is continuously embedded in E,; if also E, — E, we write
E, ~ E,. To state our results we need to introduce some notations about spaces
of functions with values in E:

L?(0,T;E) = {u:[0,T] — E;u is Bochner measura}ble and ||u(-)||P is inte-

grable}(1 < p < 00) with ||u|| .15 = (f ||u(®)||Pdt)"/7,
0

B@O,T;E) = {u:[0,T] — E;u is bounded} with ||u||po1.£) =
sup [lu)||,
0<t<T

C@O,T;E) = {u:[0,T] — E,u is continuous} with ||u||cor.E) =
sup [[u)|,
0<t<T

C*(0,T; E)= {u:[0,T] = E; [ulceor:py= sup L= < o0}
0<t<s<T

with ||ulcaor.Ey = llullcor.e) + [UlceorE), O < a < 1),

O T-F) = {y- = E-li u®)-uGs)]| _
h*(0,T:E) = {u:[0,T] — E;lim Sup lsd-sl = 0}, O < @ < D),
t,5€|0,T|

with ||u||se0,1.8) = ||ullce0,T:E)»

C"(0,T;E)= {u:[0,T] —» E; u® € C(0,T; E),k=1,2,..n}, where n€N
and u® denotes the Fréchet derivative},

C"**(0,T;E)= {u:[0,T] - E;u’' € C*(0,T; E)}, O<a<1).

The elements of h*(0,T; E) are called little Holder functions and it can
be proved that the closure of C'(0,T; E) in C*(0,T; E) is h*(0,T; E) (see [11]
theorem 5.3).
We will also need the E-valued Sobolev spaces
t
W20, T; E) = {u:[0,T] — E;u(t) = uo + f '(s)ds,t € [0, T] for some

0
uo € E and u' € LP(0,T; E)}, (1 < p < o0), with
lulwieo,r:E) = l|ullzo0,r:E) + ||4']| r0,7:E)-

If X(0,T; E) denotes one of the spaces just introduced we set:
Xo(0,T;E) = {u € X(O,T;E); u(0)=0},
X0, T;E)= {ue X(O,T; E); u0)=u(},
X" T;E)= {u:10,T1 > E; ue€ X(,T;E) for each e € 10,T[},
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and we also set
X(©O,T;R)=X(©0,T).

If Q C R™ is an open and bounded set with regular boundary I we will use
spaces of functions from Q (or Q) to R noted as LP(Q), C(Q), C*(Q), W '"*(Q)
defined in a way similar to the corresponding spaces previously introduced. We
also set

Co@Q) = {ue CQ); wu=0on I}

and similarly for C$(Q).

When the space E is made of functions of the variable z € D (a subset of
R™) and we are given a function u(t, z) from [0,T]x D into R, then a function
u:[0,T] - E, t — u(t) can be defined by setting

u(t)(z) = u(t, ).

The use of the same symbol u for both functions originates no confusion
because the variables on which they depend are different.

Hyperbolic case

1. - The Hille-Yosida conditions

In the first part of the paper we will suppose that a linear operator
A:D4 C E — E is given in the Banach space E (with norm ||-||) such that all
the conditions of the Hille-Yosida theorem ([15], Ch. IX, 7) are satisfied with
the exception of the density of D4 in E. Hence A satisfies the property:

(L) [AEO\ = A) || 2y = M < +o0.

A>0=>0-A)le LB
sup
kEN,A>0

We are interested in solving the problem

') = Au@®) + f(t), te[0,T

1.2) u(t)=Au@®) + f(t), te€l0,T]
u(0) = ug

where f : [0,T] — E and uy € E are given.

When D4 = E, a classical procedure to solve it is to consider first (1.2)
with f =0, and A substituted by its Yosida approximation A, = nAR(n, A);
then, we have to prove that the solution of this approximate problem converges
to a function wu(t,uo) which is a semigroup of linear operators in E and, for
fixed up € Dy, is a solution of (1.2) with f =0. After that, the inhomogeneous
problem (1.2) can be solved by means of the classical method of the constant’s
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variation when uy € D4 and f € C'(0,T; E) (Phillips theorem; see [8] Ch. IX,
5). This procedure cannot be used when D4 # E since in this case the solution
of the above mentioned approximating problem converges only for ug € Dy :
so, this method cannot be applied when f(t) ¢ D, (see also Remark 8.5). The
method used in the first part of this paper to solve (1.2) when D, # E employs
the Yosida approximations of the time derivative, considered as an operator in
the Banach space L?(0,T; E): this method lets us find a strict solution for each
up € D4y and f € WH(0,T; E) such that Aug+ f(0) € Dy (note that this last
condition is necessary to get a solution of (1.2) up to t =0): when Dy = E
this result gives a generalization of the Phillips theorem. In this first part we
introduce also two other types of solutions i.e. the F—solution (or the solution
in the sense of Friedrichs) and the integral solution: we prove their existence for
each f € L'(0,T; E) and uy € Dy, and in addition we show that they coincide
and reduce to the mild solution (as defined e.g. in 2.3 of [I0]) when D4 = E.
Let us observe that the reduction of the Hille-Yosida conditions is illusory when
E is reflexive: in fact we have the following result due to Kato [7]:

PROPOSITION 1.1. Let A : Dy C E — E be a linear operator in the
reflexive Banach space E such that there exist w, M > O verifying the property:

(1.3) A>w= O\ —-4)" € LE) and ||A - A)7||zm < Aflw

then EA =F.

PROOF. Let us fix u in E: as the sequence |[nR(n,Aul, n€N , n > w is
bounded, there exists a subsequence {niR(ni, A)u} converging weakly to some
v € E: hence {AR(ni, A)u} converges weakly to v —u. As R(ny, A)u — 0 we
have u = v because A is weakly closed, so u is in the weak closure of D4 and
the conclusion follows. i

Finally let us observe that condition (1.1) can be replaced by the following:

there exists w € R such that for A > w we have (A — A)~!
(14) € LE) and sup ||h — w)¥(A — 4K = M < +o0
keNA>w

with no real difference in the results with the exception of some estimates: for
more details see Appendix at the end of the paper.

2. - F-Solutions and strict solutions

Let A : DyC E — E be a closed linear operator in the Banach space
E and choose f € LP(0,T;E) (1 < p < oo) and uy € E : a strict solution
in L? of
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2.1 {“(t) = Au@t) + f®t), te€[0,T] ae.

u(0) = ug

is a function u € W'2(0,T; E) N LP(0,T; D,) verifying (2.1).
A function u € LP(0,T; FE) is called an F-solution in LP of (2.1) if, for each
k € N, there is uy € W'?(0,T; E) n LP,T; D,) such that by setting

2.2) u(t) — Aur@®) = fi@®) , t€[0,T] ae.
ur(0) = wuox
we have
(23) klgg (lur — vllzro 8y + Ik = fllzeorey + |luok — uol)) =0.

Let us suppose now that f € C(0,T; E) and uo € E : a strict solution in
C of

Q2.4) { w(t) = Au®)+ /@) , t€[0,T]
u(0) = ug

is a function u € C'(0,T; E)YN C(0,T; D) verifying (2.4).
A function u € C(0,T; E) is called an F-solution in C of (2.4) if for each
k € N there exists u; € C'(0,T; EYNC(0,T; D4) such that by setting

L) — Aug(t) = fr®) , t€[0,T
2.5) u(t) uk(t) = fi() €0,T]
u(0) = uog
we have
(2.6) klirg(lluk —ullcor:) + | f& — fllcor:E) + ||uox — uol) = 0.

From this it follows that u(0) = uy.

Let us observe that a strict solution in C of (2.4) is also a strict solution
in L? and the same is true for the F-solutions. Moreover a strict solution is also
an F-solution. The converse is not true in general: however we will show that
an F-solution in L? of (2.1) is continuous and that it verifies u(0) = uo. Finally
let us observe that ug € D4 is a necessary condition for the existence of any
kind of solution.
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3. - Yosida Approximations of the Time-Derivative

Set X, = LP(0,T;E), 1 <p<oo and let B : DpC X, — X, be the
linear operator defined as

Bu= -4
G.1) ,
Dg={ueW'?0,T;E) ; u0)=0}

For each A € C there exists (A\ — B)™! = R(\,B) € L(X,) and we have
for each u € X,

t
3.2) (R(\, Byu)(t) = / e 2¢=y(s)ds , t € [0, T).
0

From Young’s inequality we get
1
3 A < —— for Red > 0.
3.3) IRA, Bllecx,) < gy for ReA >0

Analogously in the Banach space X, = C(0,T; E) we define the linear
operator B: Dg C X, — Xo as

Bu=—v
34 { |
Dp={ueC (0,T;E) ; u(0)=0}.

For each A € C there exists (A — B)"! = R()\, B) € £L(X,,) and (3.2)-(3.3)
hold.

PROPOSITION 3.1. Let us consider the Yosida approximations of B:
(3.5) B, =n’R(n,B) — n=nBR(n, B; , n€N
We have B, € L(X,) and
(3.6) lim || B,u — Bu||x, =0 ¢ u € Dp and Bu € Dp.

PROOF. If v € Dp we get from (3.3) ||nR(n, Byv—v||x, = || R(n, B)Bv||x, <
n~!||Bv||x, hence
3.7 nlLr{.lo [[nR(n, By — v||x, = 0.

As ||nR(n, B)||zz) < 1 we conclude that (3.7) is true also for v € Dp.
If ue Dg and Bu € Dg we can set v = Bu in (3.7) and obtain

(3.8) lim ||B,u — Bu||x, = 0.
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Conversely, if this is true for some u € Dp, then Bu € Dp because in
this case Bpu € Dg. )
As Dp # X, if and only if p = co we deduce the following

COROLLARY 3.2. We have
3.9) lim ||B,,u = Bu”xp =0, Vue Dp
n—o0

if and only if p < oo.

REMARK 3.3. It can be checked that proposition 3.1 is true if B: Dg C
E — E is any linear operator in a Banach space E such that

sup ||nR(n, B)|| < oo.
neN

In the following sections we want to prove first the existence of an F-
solution in L? : according to its definition this requires the proof of the existence
of a strict solution of a suitable approximating problem: this will be done in
the next section; in the subsequent one we will see that for appropriate f and
uo the solutions of this approximating problem satisfy condition (2.3) and in
this way we obtain the F-solutions in L*.

4. - Approximating problem

We will consider now (2.1) as a functional equation of type
—Bu=Au+f

with f € X,. If we want to replace this problem with another one in which
B is substituted by its Yosida approximation in L?(0,T;.E), we must also take
into account the initial condition u(0) = O contained in the definition of Dp;
for this reason Bu will be replaced by B,(u — up). We shall prove that the
approximating problem obtained in this way has a solution for each f € X,
and ug € F and satisfies an estimate which is very important in the proof of
the convergence of all the methods employed in the sequel.

THEOREM 4.1. Given f € LP(0,T; E) and uy € E there exists for each
n € N a unique v, € LP(0,T; D4) verifying

4.1 B, (v, —up)+ Av, + f =0

and the following estimates hold

i
42) [l < M(Juol + LU 4 / I17)llds) , t € [0,T] a.e.
0

n
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4.3) [lvnllzeor;Ey < M+ T)(|luo|| + || fllze0,:2))

If in addition f € C(,T; E) then v, € C(0,T;D,4); so (4.2) holds for
each t € [0,T] and we get

4.4) lvnllcor.my < M+ T)(||luoll + || fllco.r:E)
Finally if f € W'"(0,T;E) then v, € W'"P(0,T; D,).

PROOF. As B, = n’R(n,B) —n and (3.2) holds we can write equation
(4.1) in an equivalent way as follows:

¢
4.5) n2/ e M Dy, (s)ds + ne Mug — (n — Aa(t) + f(t)=0 ,
0

t€[0,T] ae.
If there exists a solution v, € LP(0,T; D,) of this equation, by applying
R(n, A) to both sides we deduce

¢
(4.6) va(t) = n?e™™ / e R(n, A)v,(s)ds + nR(n, Ae ™ug+ R(n, A)f(t),
0

te€[0,T] a.e.

Setting
i
4.7 wy(t) = / e R(n, A)v,(s)ds , t €[0,T]
0

we have w, € W'?(0,T; D,) and
4.8) wl () = e R(n, A)v,(t) t€[0,T] ae.

If we substitute v,(¢t) with the right-hand side of (4.6) by using (4.7) we
get a differential equation satisfied by wy:

4.9) w! () = n*R(n, Aywy(t) + nR*(n, Ayuo + e™ R (n, A)f @) ,
te[0,T] ae.

As w,(0) =0 and n’R(n, A) € L(E) we deduce that

t
(4.10) wp(t) = / eV ROAC-I 2y A)[nug +e™ f(s)lds , t € [0,T]
0
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By virtue of (1.1) we get the following estimate for 0 < s <t

i 2"Rk+2(n, A)(t _ s)k

n’R(n —s n
@11 [l FmAC IR m, ) = | " I<
k=0
Rl n2k(t _ s)k Men(t—-s)
<M Z k+2 = 2
P +2k! n
Now (4.6) can be written (by using (4.7)) as
4.12) va(t) = n?e ™w,(t) + nR(n, A)e ™ug + R(n, A)f(t)

and therefore from the uniqueness of a solution w, in W'P(0,T; D,) of (4.9)
we deduce the uniqueness of a solution v, in LP(0,T; D4) of (4.5). By using
(4.12), (4.10), (4.11) and (1.1) we get for t € [0,T] a.e.

t
2 —nt M e’n(t—s) ns —nt
lon@l < e [ 22— alfuol] + ™17 )lDds + M e uo]
0

t t
M
1Ol =M nlfua] [[eds s [ N @ds+M o]
0 0

M
+—[l7 @l
n
so (4.2) is proved; from (4.2) and the Schwarz-Holder inequality we deduce

L o1
(4.13) lenllzrozs) < MAT? fuol| + (T7 + )| fllsor:m}

hence (4.3).

Let us prove now that there exists a solution v, of (4.5) for each
f € LP(0,T;E) and uy € E. If we define w, by means of (4.10) we have
w, € W'?(0,T; D4) and equation (4.9) is verified: hence setting

4.14) Ua(t) = (n — A)e ™wl,(¢)

we deduce (4.7) so (4.9) implies (4.6) by using (4.14) and (4.7): by applying
n — A to both sides of (4.6) we get (4.5) which (as a consequence) has a
unique solution in LP(0,T; D4). From (4.6) we see that if f € W'?(0,T; E)
then v, € W'(0,T; D,) and if f € C(0,T;E) then v, € C(0,T; D), in this
latter case (4.2) is true for each t € [0,T] and (4.4) follows.

Let us end this section with a property of the solutions v, of (4.1): they
approach (in LP(0, T; E)) each possible F-solution in L? of (2.1) which therefore
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is unique. This uniqueness result will be proved also later (see theorem 5.1) in
an independent way.

THEOREM 4.2. Given f € LP(0,T; E) and up € E let v,, be the solution of
the approximating problem (4.1). If u is an F-solution in LP of (2.1) we have

4.15) Jim lu — vn||o0,1:8) = 0.

PROOF. Let u be an F-solution in L? of (2.1) and let u; verify (2.2)-(2.3).
By using (2.2) and (4.1) we have for k,n € N

By (ug — vn — uok + uo) + A(uk — vs) + Bp(uok —ug) — f + fe —u =0
and therefore from (4.3)

luk — vallzoo7:8) < M1+ T)(|| Ba(uok — uk) — f + fi — wi||e0,7:E)
+ |luo — wok|]) < M1+ T)(|| Bn(uok — wk) — wi||Lro,1:E)
+||f = fellzeo,r:E) + ||uo — uokl])-

Given € > 0, let k € N verify (see (2.3))

llu — uglleor:my 5 IIf = felleorimy 5 |luo — ugill < €

so that for each n € N we have

lv — vnlleo,1:E) < llu — uglleo.r:E) + Uk — vnllLeo,r:B)
<e+MU+ T)[”B.,,('Ll.o,‘c - u,;) — u;}”L’(O,T;E) +2¢].

As ug; — ugp € Dp we deduce from (3.9) that lim Bp(ug; — ug) = u}c in
LP(0,T; E): from this and the last estimate we get (4.14).

S. - An a priori estimate

In this section we will show that an F-solution in L? is a continuous
function with values in D4 and verifies the initial condition in the usual sense;
then we will prove an a priori estimate which will be useful to get the existence
results of section 7.

THEOREM 5.1. If u is an F-solution in LP of (2.1) then u €
C@,T;E) , ut)€ Dy for each t € [0,T],u(0) = up and

t
5.1) lu®]| < M(Ju©)] + / If)ds) , t € [0,T;
0
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so the F-solution in L? is unique. In addition, if uy verify (2.2)-(2.3) then
(52) kln?o ||uk - u”C(O,T;E) =0.

PROOF. If u is also a strict solution in L? of (2.1), then » is a function
in W'P(0,T; E) N LP(0, T; D), and for each n € N

63 - B, (u — up) + Au = ul+ B,(u — ug) — f,

so, from (4.2):

1
(54 |u®ll < M(||uo|l + ;Ilu'(t)+ Bu(u — uo)(®) — £

t

+/ [|lu'(s) + Bn(u — uo)(s) — f(s)||ds) , t €[0,T] ae.
0

As u — ug € Dp, from (3.9) we have in LP(0,T; E)
nlim B, (u — up) = Blu — ug) = —v'
in LP(0,T; E), hence there is a subsequence {ni} such that
klim By, (u — uo)(t) = —u'(t), te[0,T] ae.
and therefore, from (5.4) we get (5.1) for t € [0, T] a.e.; but as both sides of (5.1)
are continuous functions, we deduce that (5.1) is true for all ¢ € [0, T']. Suppose
now that u; verifies (2.2)-(2.3): in particular uy, is in W'?(0,T : E)YNL?(0,T : D4)

and it is an F-solution in LP of (2.2); from the estimate just proved we get for
h,keN

t
lun®) — uk@®)|| < M(||un(0) — ur(0)|| +/ | fu(s) — fr(s)||ds), te€[0,T];
0

thus from (2.3) we deduce that {u;} converges also in C(0,T;E) to u: in
particular u;(0) — u(0) hence u(0) = ug. Moreover as u(t) € Dy for t € [0,T]
we have u(t) € Dy for t € [0,T].

From the first part of the proof we get for k€N and t € [0,T]:

t
lu®] < M(lu(O)] + [ 1x(o)lds),
0

so for k — oo we have (5.1).
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6. - Integral solutions

In this section we will give another definition of the solution of (2.1),
which is suggested by the formal integration of both sides of (2.1) and is very
useful to prove some regularity results. Given f € L'(0,T; E) and uy € E we
say that u : [0,T] — E is an integral solution of (2.1) if

6.1) ue CO,T; E)
t
(6.2) /u(s)ds € Dy for t € [0,T]
0
t t
(6.3) ut)=ug+ A / u(s)ds + / f(s)ds, te[0,T].
0 0

In other words u € C(0,T; E) is an integral solution of (2.1) if and only
t
if v(t) = [u(s)ds , t €[0,T] is a strict solution in C of
0
t
6.4) v'(t) = Av(t) + ug +! f(s)ds tel[0,T]

v(0) =0.

Let us remark that an integral solution has values in D4 because from
t+h _
(6.1) and (6.2) we get u(t) = }llﬁ(l) 3+ [ u(s)ds € D4. From this we deduce that
— t _
if an integral solution of (2.1) exists then necessarily ugo € D4 because from

(6.3) we obtain u(0) = uy.

THEOREM 6.1. The integral solution is unique.

t
PROOF. Let u verify (6.1) (6.3) with ug =0 and f = 0; then v(t) = [ u(s)ds
0
is a strict solution in C of (6.4) with ug = f =0; from (5.1) we deduce that
v =0 and also u = 0.

THEOREM 6.2. If u is an F-solution in LP of (2.1) then it is also an
integral solution (the converse will be proved in Corollary 1.3).
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PROOF. Let u; verify (2.2)—«2.3). For t € [0,T] we get

¢ t
klim / ui(s)ds = / u(s)ds
0 0

t
[uk(s)dseDA , keN
0

t

t ¢ t
A/uk(s)ds=/Auk(s)ds=/u;c(s)ds—/fk(s)ds=
0 0 0 0

t
= u(t) — ur(0) — / Ji(s)ds,
0

hence from (5.2) we deduce the existence of
t t
klim A/ ur(s)ds = u(t) — u(0) — j f(s)ds, tel[0,T].
—00
0 0

As A is closed we obtain (6.2)—(6.3); (6.1) is a consequence of Theorem
5.1

Now we prove that an integral solution is a strict solution if it is sufficiently
regular. This result will be used later (see lemma 7.1).

THEOREM 6.3. Let f € LP(0,T; E) and uy € E. If u is an integral solution
of (2.1) belonging to W'?(0,T; E) or to LP(0,T; D,) then u is a strict solution
in LP of (2.1).

Let f € C(O,T;E) and wo € E. If u is an integral solution of (2.4)
belonging to C'(0,T;E) or to C(0,T;D,) then u is a strict solution in C of
(2.4).

PROOF. Let u be an integral solution of (2.1) and u € W'?(0,T; E): for
t,t+h €[0,T] with h #0 we have

t+h

.1
}ll_r’r(l) 7 / u(s)ds = u(t)
t
t+h

%/u(s)ds €Dy
t

and from (6.3) and the fact that u € W'?(0, T; E) we deduce also the existence
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of
1 t+h
}lin(l)AE / u(s)ds =u'(t) — f(t), te€[0,T] ae.
t
As A is closed we obtain u(t) € Dy and Au(t) = u'(t) — f(@t),t € [0,T]
a.e., so u is a strict solution in LP of (2.1).
If we LP(0,T; D4) we get from (6.3)

t t
6.4) u(tv) =ug+ / Au(s)ds + / f(s)ds, te[0,T];
0 0

this implies (2.1) and again u is a strict solution in LP. The second part of the
theorem is a consequence of the first part.

7. - Existence of F-solutions in L?

In this section we shall prove that the solutions of the approximating
problem of section 4 can be used to obtain an F-solution (which is even strict)
of (2.4) when uo = 0 and f is very regular and vanishes at ¢ = 0 with its
derivates: this result will be sufficient to obtain an F-solution in L? in the
general case. Also now the main tool of the proofs is the estimate of theorem
4.1.

LEMMA 7.1. If f € C*(0,T; E), f(0) = f'(0) = f"(0) = 0 and uy = O then
»roblem (2.4) has a strict solution in C.

PROOF. From theorem 4.1 we deduce the existence, for each n € N, of a
unique v, € C(0,T; D,) verifying

(7.1) Buv, + Av, + f =0

hence (see (4.6))
¢
(7.2) vp(t) = n’R(n, A)/ e v, (t — s)ds+ R(n,A)f(t), te[0,T]
0

As f € C*0,T;E) , f(©) = f'(0) = 0 we have v, € C*0,T;D,) ,
v,(0) = v},(0) =0 and

¢
(7.3) vh(t) = n’R(n, A)/ e "ul(t — s)ds+ R(n, A)f"(t) , t € [0, T1].
0
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By applying n — A to both sides we obtain (using (3.5)),
74 B,vn + Av, + [" =0.
Hence we can use (4.4) and, as v, € Dpg:, we get
(7.5) | B*vallcior:E) = |vallcor.s) < MU+ D) f"lcor:s-
Now from (7.1) we have for n,m € N
B, (v, — vp) + (B — Bp)vy + A(v, — vpy) = 0
and from this, by virtue of (4.4),
lvn = vmllcor:E) < M1+ T)||(Bn — Bm)m||co1:8),
but from (1.1)
(Bn = Brm)omllcor:m) = ||(m — m)R(n, BYR(m, B)B*vm|lco,r:m) <
< M2 = —| " lcwrsy
hence there exists u € C(0,T; E) such that
(7.6) Jim [lv, — ullcor;E) =0
Let us first prove that u is an F-solution in C of (2.4) with uy =0 by

showing that (2.5)-(2.6) are true when uy = v, and up = 0. In fact by using (7.1)
and (7.5) we have

”'U; — Av, — f”C(O,T;E) = ” — Bu, + ann“C(O,T:E') = ”R(n, B)Bz'vn“C(O,T:E)

< MQA+T)

"
- 1f"lcor:E)

and therefore
(7.7) nlgglo |lvp, — Avn — fllco,r:E) = 0.

As v, € C/(0,T; EYNC(0,T; D4) and v,(0) =0 from (7.6) and (7.7) we
deduce that » is an F-solution in C of (2.4) when uy =0.

As f' € C*(0,T;E) and f'(0) = f"(0) = 0 we can proceed as above to
prove for each n € N the existence of w, € C(0,T; D,) verifying

(7.8) B,w, + Aw, + f'=0
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and also the existence of w € C(0,T; E) such that

(7.9) lim ||w, — wl|co,r:E) = 0.

n—o00

Now from (7.2) we get (as v,(0) =0)
t
v (t) = n’R(n, A) / e ™t — s)ds+ R(n,A)f'(t)
0

hence
B, + Av,, + f'=0.

From the uniqueness of the solution of' (7.8) (see theorem 4.1) we have
(7.10) wy, = V).

Now (7.6), (7.9) and (7.10) imply that u € C'(0,T; E) and the conclusion
follows from theorem 6.2 and 6.3.

We are now in the position to prove the existence of an F-solution in L?
of (2.1) as we can construct {f,} approximating f in L? and such that (2.2)
can be solved with the aid of the preceding lemma: the convergence of u; to
u will be a consequence of the a priori estimate proved in Section 5

THEOREM 7.2. Prol_Jlem (2.1) has a unique F-solution in LP for each
fE€LPO,T; E) and up € Dy.

PROOF. Let uox € D4 be such that klim |lwok — uo|| = 0. There exists
fr € C*(0,T; E) verifying f(0) = —Auor , fi(0)=0, f{(0)=0 and

(7.11) Jim | fx = fllzeco,1.E) = O.

From the previous lemma we deduce the existence of v, € C'(0,T; E)N
C(,T; D) such that

vi(t) = Av(t) + fi + Augr , t €[0,T)
v(0) = 0.

Setting u(t) = vi(t) + ugr we have u, € C'(0,T; E)Nn C(0,T; D4) and

(7.12)

ur(0) = uo

hence, from estimate (5.1), we have for h,k € N and t € [0,T]

t
luk @) — un(®)|] < M(||uor — uonl| +/ | fx(s) — fu(s)||ds)
0
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and therefore

-1
lluk — wnllcorz < M||luok — wonl| + T7 || fe — fullro1:m)-

This and (7.11) imply the existence of u € C(0,T; E) such that
(7.13) Jim |lux — ullcwor.E) =0

and u is an F-solution in L? of (2.1) by virtue of (7.11), (7.12), (7.13) and
Jim luox — uol| = 0.

COROLLARY 7.3. Given f € LP(0,T; E) and uy € D, there exists a unique
integral solution of (2.1) which coincides with the F-solution in L? of (2.1).

PROOF. Given f € LP(0,T;E) and uy € Dy, problem (2.1) has an F-
solution in L given by the preceding theorem,; this is also an integral solution
of (2.1) by virtue of Theorem 6.2 and it is unique (see Theorem 6.1.).

8. - Existence of strict solutions

We prove now our main result: the existence of a strict solution in C of
problem (2.1) for each uy € D4 and f sufficiently regular, provided a necessary
compatibility condition is verified (see remarks 8.2 and 8.4). This result is
obtained as a consequence of the existence of the F-solutions in L? and the
properties of the integral solutions proved in theorem 6.3. Our first result is of
temporal regularity i.e. f is assumed to belong to W'?(0, T; E) for some p > 1.

THEOREM 8.1. Let f e W'P(0,T; E), uyo € D4 and
(8.1) Aug + f(O) (S BA.
Then there exists a unique u € C'(0,T; E)YN C(0,T; D) verifying

(8.2) { u'(t)=Au@®) + f(t), te[0,T]

u(0) = uo.
Moreover v=u' is an F-solution in L? of the problem

(8.3) { V() = Av@®) + f'(t), t€[0,T] ae.

v(0) = Aug + f(0).
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Hence we have, for each t € [0,T], u'(t) € D4 and

t
(8.4 lucd < Mluoll + [ 1Yo
0
t
(8.5) W@ < M(|| Ao + O + / 117()]|ds).
0

PROOF. By virtue of Theorem 7.2 there exists an F-solution in L? of
problem

8.6) V() = Av@t) + f'(t), te€[0,T) ae.
) v(0) = Aug + £(0).

As v is also an integral solution (see Theorem 6.2.) we have for t € [0, T']

t t
8.7) v(t) = Aug + f(0) + A/ v(s)ds +/ fl(s)ds =
0 0
t
= A(ug + / v(s)ds) + f(2).
0

t
Setting u(t) = uo + [v(s)ds, t € [0,T] we deduce v € C'(0,T;E) N

0
C(0,T;Dy) and ' = v: hence (8.7) shows that u is a strict solution of (8.2)
and «' is an F-solution in L? of (8.6) so that (8.4)-(8.5) are a consequence of
(5.1).
REMARK 8.2. Condition (8.1) is a necessary compatibility condition
between f and uo: in other words if there exists a strict solution in C of_ 8.2)
then Aug + f(0) € D4 because Aug+ f(0) = u'(0) = tlim t~!(u(t) — u(0)) € D4.

Our next result is of spatial regularity i.e. f(t) is supposed to belong to
Dy for t € [0,T] a.e. and ||Af()|| to be integrable in [0, T].

THEOREM 8.3. Let f € LP(0,T; D4), wuo € D4 and Aug € D 4. Then there
exists a unique uw € W'2(0,T; E)YN C(0,T; D4) such that

(8.8) { u'(t) = Aut)+ f(t), te[0,T] ae.
u(0) = up.

Moreover v = Au is an F-solution in LP of the problem

(8.9)

v'(t) = Av(t)+ Af(t), t€[0,T] ae.
v(0) = Auy.
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Hence we have for each t € [0,T], Au(t)€ Dy and

t
(8.10) ] < Mluoll+ [ 16N
° t
@.11) [ Au(®|| < M| Auol| + [ 1A (s)|ds).
0

If in addition f € LP(0,T;D4) N C,T; E) then we have also u €
CY0,T; E)NC(0,T; D,) and (8.8), holds for every t € [0, T].

PROOF. From Theorem 7.2 we deduce the existence of an F-solution in
LP of

(8.12) { w'(t) = Aw(t)+ (A - 1)f(t), t€[0,T] ae.

w(0) = (A — Nuyo.

As w is also an integral solution (see Theorem 6.2) we have

¢ ¢
w(t)=(A— l)u0+A/w(s)ds+/(A— f(s)ds, tel0,T]
0 0

hence

t

t t
8.13) (A-D'wkt)=u+ / w(s)ds +(A - 17! / w(s)ds +/ f(s)ds,
0 0 0
te[0,T).

Setting u(t) = (A — 1)"'w(t) we deduce that u € W0, T;E) N
C(0,T;D,), uw(0)=uy and, for ¢t € [0,T],

t

t t
(8.14) u(t) = u0+/w(s)ds+[u(s)ds+/ f(s)ds
0 0 0

hence for t € [0,T] a.e.
(8.15) u'(t) = w(t) + u(t) + f(t) = Au(t) + f(t)

ie. u verifies (8.9). If, in addition, f € C(0,T; E), (8.14) implies also
u € CY0,T; E) and (8.15) holds for each ¢ € [0, T.

Finally we have that v = w+u is an F-solution in L? of (8.9) and (8.10),
(8.11) are consequence of (5.1).
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REMARK 8.4. Concerning the condition Aug € D4, we must observe that
this is necessary in order to have such a solution under the assumptions of the
theorem. In fact we have Au(t) € D, for each t € [0, T].

REMARK 8.5. When A verifies condition (1.1) but D4 # E, it is interesting
to examine what can be deduced from the application of the classical theorems
of Hille-Yosida and Phillips to the part of A in D,. To this purpose let us
define the Banach space E; and the linear operator Ay : Dy, C Ey — Ep as
follows:

E, =D, with the norm of E
(8.16) Dy, ={u€ Dy; Au€ Dy}
Aou = Au

Now Ay : Dy, C Ey — E, verifies all the Hille-Yosida conditions (the
density of the domain included), so we can apply the usual theory to the study
of:

17 { w'(t) = Agu(t) + ft), te[0,T)
2(0) = uy.

But this problem can replace problem (1.2) only if ug, f(t) € Dy, t €
[0,T]. This was the case considered in theorem 8.3, but even in this case, if
we want to apply only the classical results for (8.17) (see e.g. [10] theorem 2.9
pag. 109), we need to impose on f the condition f(t) € Dy,, t € [0,T] ae.
and not only f(t) € Dy, as in theorem 8.3. Also in the particular case Dy = E
some of our results (e.g. Theorem 8.1) give a generalization of the classical
theory (see [10] pag. 107).

9. - Existence of F-solutions in C

We can prove now the existence of F-solutions in C of problem (2.4) with
the aid of the strict solutions in LP of problem (2.1) obtained in the previous
section. :

_THEOREM 9.1. There exists a unique F-solution in C of (2.4) for each
uo € Dy and f € C(0,T; E).

PROOF. As we proved in Section 3, we have lim nR(n, A)z = z for each
_ n—oo
z € Dy, so if we set

ugn = nR(n, A)luo — R(1, A)f(0)] + R(1, A)f(0)
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we have
(91) lim ||uo,, — u0|| =0.
n—00

Moreover ug, € D4 and Aug, = —nlug — R(1, A)f(0)] + n’R(n, A)[ug —
R(1,A)f(0)] — f(0)+ (1 — A)~'f(0) and therefore we deduce

9.2) Aug, + f(0) € Dy.
Let f, € W'?(0, T; E) be such that f,(0)= f(0) and
9.3) JL"; | fa — fllcor:E) = 0.

By virtue of theorem 8.1 there exists u, € C'(0, T; E)YNC(0, T; D 4) solution
of
{ uL(t) = Aun(t) + fat), t€[0,T]

un(0) = upn
and from (8.4) we get for t € [0,T] and n,m € N

t
n®) — um® ]| < M((Juon — om]| + / 1/a(8) = Fm(®)ds.
0

Therefore {u,} converges in C(0,T;E) to a function u: in particular
u(0) = le un(0) = lim ug, = ug by virtue of (9.1). In conclusion u is an
F-soluti':)nwin C of (5_210;>

We will consider now the following problem

©9.4) { () = Au(t) + f(8), t€[0,T]

u(0) = u(T)
and we will say that u : [0,T] — E is an F-solution or a strict solution of (9.4)

in L? or in C if there exists ug € E such that u is a solution of the same type
of

9.5) { u'(t) = Aut) + f(t), t€[0,T]

u(0) = ug.

The results relative to problem (9.5) together with Remark 8.5 let us give
an existence and uniqueness theorem for each kind of solutions of (9.4)

THEOREM 9.2. Let A verify condition (1.1) and let exp(Aot) be the
semigroup generated by Ay in Ey (see definition 8.16). Under the assumption

(9.6) (1 — exp(4oT))~" € L(Ey)
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(i) if f € LP(0,T; E) there exists a unique F-solution in L? of (9.4),

(ii) if f€ C,T; E) there exists a unique F-solution in C of (9.4),

(iii) if f € LP(0,T; D) there exists a unique u € W'?0,T; E)N C(0, T; DA)
solution of (9.4) a.e. in [0,T],

(iv) if fe LP,T; Do) NC(0,T; E) there exists a unique strict solution in C

of (9.4),
(v) if feW"(0,T; E) there exists a unique strict solution in C of (9.4).

PROOF. To prove the uniqueness let us suppose that there exists ug € Dy
such that u is an F-solution in L? of

9.7) w'(t) = Au(t), t€[0,T]
' w(0) = ug

verifying

©-8) w(0) = u(T).

Then we must have
9.9) u(t) = exp(Aot)ug

because t — exp(Aot)ug is an F-solution in C of (9.7): in fact as up€D4 we
can choose ug, € D4, such that 11m ||[wor — uolf = O: setting u(t) = exp(Aot)uok
we have u; € C'(0,T;E)N C(O T D,4) and llm |lux — ullcor:E) = 0. (9.8)

implies (1 — exp(A4oT))up =0 so ug =0 by vmue of (9.6), therefore u =0 and
the uniqueness for problem (9.4) is proved.

To prove existence let us begin with case (i): from theorem 7.2 we know
that there exists an F-solution in L? of

V'(t) = Av() + f(t), te[0,T]
v(0)=0

9.10)
As v(T) € D4 (see Theorem 5.1) we can define

«(9.11) up = (1 — exp(4oT)) " 'v(T)

and deduce as above that ¢ — exp(Aot)up is an F-solution in L? of (9.7). Hence

(9.12) u(t) = exp(Agt)up +v(t), te€[0,T]

is an F-solution in L? of (9.5) and verifies (9.8), i.e., by definition, u is an
F-solution in LP of (9.4). Case (ii) can be treated in the same way by using
theorem 9.1 instead of theorem 7.2. In case (iii) problem (9.10) has a solution

ve W0, T; E)NC(,T;Dy)



DIFFERENTIAL OPERATORS WITH NON DENSE DOMAIN 307

verifying (9.10), a.e. in [0,T] and such that Av(T) € D4 (see theorem 8.3),
hence v(T) € Dg,. This implies that ug, defined by (9.11), is also in Dg,. In
fact as for z € Dy,

(1 — exp(ApT))(1 — Ap)z = (1 — Ag)(1 — exp(AoT))x
we deduce

(1 — exp(AoT))'(1 — Ag) ™' = (1 — Ag)~'(1 — exp(Ao(T)) "
hence

up = (1 — exp(4oT)) " 'v(T) = (1 — exp(AeT)) "' (1 — Ag)~ (1 — Ap)u(T)
=(1- A9)~'(1 — exp(AoT)) ™' (1 — Ao)v(T)

is in Dy,. This implies that t — exp(Aot)uo is a strict solution in C, of (9.7):
therefore u defined by (9.12) verifies the conditions of (iii). Case (iv) is proved
in the same way and similarly is case (v) for which theorem 8.1 can be used.

We will consider in the next part of this paper the case in which A
verifies a more restrictive spectral property (but D4 is again not necessarily
dense in E): with this property we can construct a semigroup of operators in
E (in contrast with the previous situation) and this fact lets us write an explicit
formula for the possible solutions.

Parabolic case

10. - Analytic semigroups

In what follows we shall consider again problem

(10.1) { w'(t) = Au(t) + f(t), t€[0,T]

u(0) =uo

where A: Dy C E — E is a linear operator in a Banach space E with not
(necessarily) dense domain D4 and verifies the condition:

there exist ¢ €], [ and M > 0 such that if

(10.2) 7
A€ Sy ={z€Ci 270, |argz| < 9} then RO, e < 13

When A has this property, (10.1) is called a parabolic abstract evolution
equation. We will show that condition (10.2) is stronger than (1.1) (see Theorem
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10.4) and lets us define a semigroup et € L(E), t> 0, in the usual way (see
[8] p. 487):

2w
+C

(10.3) et = L, / e®R(\, A)d), t>0

where +C is a suitable oriented path in the complex plane. We will say that
e is the semigroup generated by A: later it will be shown that e4 cannot be
generated (in this way) by another operator (see theorem 10.3). Many of the
properties of the classical analytic semigroups still hold:

(104) etz e Dy fort>0, z€ E, kEN,
(10.5) given k € N there is M, (depending also on M and ¢) such that
| A%l ey < %" for ¢t > 0,
k
(10.6) for each k € N and ¢t > 0 there exists %,:E = A¥e4t and t — e4t can be
extended analytically in a sector containing the positive real semiaxis,
(10.7) Aez =e4 Az for t >0 and z € Dy,
(10.8) R\, A)ett = e R()\, A) for t >0 and X € S,.

The main difference with the usual analytic semigroups is in the behavior
of e4z when t approaches 0:

THEOREM 10.1. When A verifies (10.2), the following properties hold:

(10.9) if € Dy the gin& etz = x. Conversely if there exists

lin(}e“"a:= ythen y€e Dy and y==x
t
(10.10) for each z € E and t > 0 we have [ e**z ds € Dy and
0 .
t
Afetz ds=et'z -z
0
. ol ceftyr — 3 _
(10.11) if z € D4 and Az € D4 then %1_1’13——7—— = Az.

At —

ly if th ists lim&L—Z =y th , d

, Conversely if there exists lim === =y en £ € Dy, Az € Dy an
z=y.

PROOF. See Proposition 1.2 of [12].
We will extend to our situation a classical result which refers to the
Laplace transform of e“t.
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THEOREM 10.2. For each z € E and X € C with Re) > 0 we have

+00

(10.12) RO\ A)z = / e Metly dt.
0

PROOF. From (10.5) we get ||e MeAtz|| < e R tMp||z||, hence for A € C
with ReA >0

+o00
RNz = / e Medly dt
0

is well defined.
By using (10.6) and (10.9) we get for each y € Dy:

+00 +00
R\ Ay = / e MeAt Ay dt =lim e"’\t-c-l-(eAty)dt = lim[—e~*e4ey]+
e—0 dt e—0
0 €
+00

+Alim “Medty dt = —y + AR(\)y.
€

Setting y = R(\, A)z, with z arbitrarily chosen in E, we have
R(A)AR(\, A)z = —R(A, A)z + ARQA)R(A, A)z

from which we deduce R(A\)z = R(), A)z.

As first consequence we can prove that there is a one-to-one
correspondence between the semigroup et and its generator also in the case of
non dense domain.

THEOREM 10.3. Let A: Dy C E — E and B : Dg C E — E verify
(10.2) and let e*t and Pt the semigroups generated by them through (10.3). If
et =eBt t>0 then Dy=Dp and Az = Bz for z € Dy = Dp.

PROOF. If e4t = P! we get from (10.12) that R(\, A)z = R(\, B)z, € E
and A > 0 hence Dy = R(A\,AE = R(\, B)E. In addition, if z € Dy,
setting y = Az we have z = R()\, A)(\z — y) = R(A, B)(Az — y) and therefore
A—B)x=Xx—y ie. Ar= Bz.

Another consequence of theorem 10.2 is the proof that condition (10.2)
is more stringent than (10.1)

THEOREM 10.4. If A verifies (10.2) then also (1.1) is true with M = M,.

PROOF. From (10.12) we deduce the existence for ReA > 0 of A\ —A)~! e
L(E) and also for each k € N

RFO\, A)z =

k=1 k-1 k-1
(- ])1)|dd,\k RO\, Az = 1)1)'/( t)k-leMeAty gy
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hence from (10.5)

(k (Red)k(k — 1)!

+00 o0
R\, A)z|| < Molj=l| th-lg-Redtqy = A”I”— skle=3ds =
-1
0 0

_ Molja|
(Re))k

and (1.1) is true with M = M,.

11. - Intermediate spaces

To state necessary and sufficient conditions for the regularity of the
solutions of (10.1) we must introduce two families of intermediate spaces
between D4 and E. The proofs of the results are given in Section 1.3 of
[12].

DEFINITION 11.1. For each 8 €]0, 1[ we define the Banach space

D4(8,00) = {z € E; ||z||o = sup||t'? Ae*z| < oo}
t>0

with norm
1zl Daco.0cr = llI| + l|[lo-

DEFINITION 11.2. For each 8 € ]0, 1[ we define the Banach space
Ds®) = {z € E; lim t'%Ae*'z = 0}

with norm
1zl Daoy = 1zl + [|lo-

We have D4(0) C D4(6, 00) because t — et is bounded. More generally
we have for 0 < 0, < 6, < 1

(1L.1) D« D4(82,00) — D4(61) — Da(8),00) — Dy
and D4(0) can be characterized as the closure of D4 in D4(6, 00). Other
characterizations which are important in the study of evolution equations are

given by:

(11.2) z € Dy(0,00) & t — etz is in C°(0,T, E) for each T > 0

(11.3) z € D4(0) & t — ez is in K0, T, E) for each T > 0.
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A very important property of these spaces is given by the fact that they
depend only on A and E (in contrast with the fractional powers of —A)

THEOREM 11.3. Let A: Dy C E — E and B : Dg C E — E verify (10.2)
and Dy = Dg. Then

(11.4) Dj(a,00) ~ Dg(a,00) and Dy(a) = Dp(a), Va € ]0,1[.

Moreover if M,~ > 0 and ¢ € 15, «l are such that if z € C and | arg z|< ¢
then (z— A)~!, (z—B)~' € LE); ||2(z— A7 Y2y |2(z—B) oy < M and
for each x € Dy = Dp

(11.5) v~ (l2|| + | Bz < ||zl + || A=l < (||l + || Bz
then there exists 6 = 6(M, ¢, a,~) such that for each z € D s(a, 00) = Dp(a, 00)
(11.6) 5nl||z”Ds(a,oo) < |2l Datecor < 61| Dp(ar,c0)

PROOF. The result could be deduced from proposition 1.15 of [12] but
we give here a simpler proof (due to G. Di Blasio).

We can suppose that (10.2) is verified by A and B with the same constants
M and ¢. Moreover as A and B are closed, D4 = Dp implies D4 ~ Dp, s0O
there exists v > 0 such that (11.5) is true. In addition we know that there exists
Mi(k =0,1,2) depending on M and ¢ such that

(11.7) |[t* A*e || ccmy < My, ||t*B*e™||pmy < My, ¢ > 0.

Let us suppose that z € Dp(a, 00) and set

[z] = sup||t'~*BeP!z|.
>0
Fix t € ]0, 1[ and consider the function ¢ : [t,+oco[— E defined as
d(s) = AeseBDy
¢ is continuous in [t,+oo[ , ¢(t) = Ae*z and ¢(+oo0) =0. For s >t
¢'(s) = A%e#°eBE Vg + Ae?* BeBC Vg

and therefore, if t <a <1<b we get

b 1
(11.8) |l¢d) — d(a)|| = ||/¢’(s)ds|| - Il/AZeAseB(s—t)z ds

b b
- / AreAseBle—Ng gs +/ Ae**BePe Vg ds|| < I + L + I3
1 a
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with

| i
d d
I, < M, / ||AeB(s_t):c||—s < M, /(||eB(s””a:|| + ||Be(s“‘)Ba:||?s
s
a a

1 1 1
d d d
< yMoM, |3 / L oM, [2) / (s ="' < MMy Jafs / “y
t t 0
1/t
M, [z] t*7 f (s — 1)“—'% < AMoM,||z||(1 — o) ~'t* ! + M, [2] c(a)t* !,
1

where
+00
(11.9) c(a) = /(s — 1) ls7Ids,
1

+00

b
ds _ -a e
12§M0M2|]a:||/? < MyM,||z||t™ '/s =eds = MyM,||z||a""t*",
! 1

I < M, [z] /(s—t)""'ds—s < M, [z] c(a)t*".
t

Letting a — t* and b — +oo in (11.8) we get

sup ||t'_°‘AeAta:|| < Mo[yM (1 — &)™ + Mya™"] ||| + (1 + Y Mic(e) [z].

0<t<1
As
sup [t~ Ae*'z|| < M ||z]|
t>1
we conclude that z € D (e, 00) and ||z||p(a,00) < 6/|]| Dp(aso) With

(11.10) §=1+M; + My(YM (1 — a)~' + Mya™") + (1 + y) M, c(a).

If we change A with B in the preceding proof we get D4(o,00) =~
Dp(a,o0) and (11.6). As Dy(a) is the closure of Dy in D4(a,o00), it coincides
with the closure of Dg in Dg(a,oco) i.e. with Dp(a).

12. - Mild and classical solutions

When condition (1.1) is verified and D4 = E then A generates a
semigroup by virtue of the Hille-Yosida theorem. The same is true when
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(10.2) holds as we showed in Section 10. In these cases the classical variation
of constant formula suggests another definition of solution of problem

(12.1) {u(t)=Au(t)+f(t), te[0,T]

u(O) = Ug.

_DEFINITION 12.1. Let A generate the semigroup e, feL'(0,T;E) and
ug € D 4. The continuous function defined by

t
(12.2) u(t) = ettug + / A9 f(s)ds, te[0,T]
0

is called the mild solution of problem (12.1) (see e.g. [10] pag. 106).

When A generates an analytic semigroup one can define another type
of solution which is the abstract version of the solution of a parabolic partial
differential equation when the initial datum is not regular: in this case the
equation is not required to be satisfied for ¢t =0 (see [8] pag. 491).

DEFINITION 12.2. Let A verify (10.2), f € LP(0,T; E) and uy € D4. A
function v € C(0, T; E) NnW'»0*, T; E)N LP(0*,T; D4) when verifies

(12.3) w(0) = u

{u'(t)= Au(t) + f(t), t€[0,T] ae.
is called a classical solution in L? of (12.3).

When, in addition, f € C(,T;E), a function v € C(0,T;E) N
C'(0*,T; E)NC(0*,T; D) verifying

(12.4) w(0) = ug

{ w(t) = Aut)+ f(t), te 10,T)
is called a classical solution in C of (12.4). .

Note that if u i1s a classical solution in L? then u(t) € D4, Vt € [0,T].
A strict solution in C (in LP) is also a classical solution in C (in LP) and a
classical solution in C is also a classical solution in LP for each p > 1.

PROPOSITION 12.3. Let A generate the semigroup et and let f €
LP(0,T;E), up € Dy. Then the mild solution of (12.1) coincides with the
F-solution.

PROOF. We will first prove that a classical solution in L? of (12.3) is
necessarily a mild solution: in particular it is unique. The proof can be easily
adapted from the analogous proof of the case Dy = E. Let u be a classical
solution in LP of (12.3): given t € ]0,T] and ¢ € ]0,% [ let us consider the
function

A(t—s)

v(s)=e u(s), s€ [e, t—e]
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By virtue of (10.6) and (12.3) we have for s € [g, t — €] a.e.

V'(s) = eA4 ! (5) — AeATu(s) = A f(s).

Moreover, from

t—e t—e
vt —¢) —v(Ee) = / v'(s)ds = / eA=9 f(s)ds

we deduce
t—e
e*eut — €) — eAu(e) = / eA9 f(s)ds.

€

As u(t) € Dy for each t € [0,T], letting ¢ — 0* we obtain (12.2) for
t € 10,T]; for t =0 (12.2) is true by definition of classical solution and so u
is the mild solution. Suppose now that u is an F-solution in L? of (12.3): by
definition there exists wuy, strict solution in L? of (2.2), such that (2.3) holds;
from what proved above u; are mild solutions of (2.2) and so

t

ur(t) = uok +/eA(t_s)fk(s)ds, te [0,T].
0

From (2.3) we deduce that u, converges in C(0,T; E) necessarily to u:
therefore (12.2) is true and u is the mild solution of (12.3).

By using the existence result of the F-solutions in L? (theorem 7.2) and
the uniqueness of the mild solution one deduces that a mild solution is also an
F-solution.

The previous result together with Corollary 7.3 proves that the mild
solution is equivalent to the integral solution. But it can be interesting to prove
this without the existence theorem used in the proof of the preceding proposition.

PROPOSITION 12.4. Let A generate the semigroup el and let f €
LP(0,T; E), up € Dy. Then the mild solution of (12.1) coincides with the
integral solution.

PROOF. Denoting by u the mild solution of (12.1) and integrating both
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sides of (12.2) from 0 to 7 € [0,T] we get

T T T t
/ u(t)dt = / e“tuodt + [ dt / et f(s)ds =

0 0 0 0
=/eAtuodt+/ds/eA(t_s)f(s)dt=

0 0 s

T

T T—s
= [ etugdt + / ds / et f(s)dt
0 0

0

Now, by using (10.10) we deduce [ wu(t)dt € D4 and
0

T T r

A [ u(t)dt = e ug — ug + / (A9 f(s) — f(s) Jds = —ug + u(r) — / f(s)ds
0 0 0

This shows that u is an integral solution.
Conversely let us assume that » is an integral solution of (12.1). This
means that

t
v(t) =/u(s)ds, te[0,T]
0
is a strict solution in C of

v'(t) = Av(t) +ug +g(t), te€[0,T]
v(0)=0

where .
g(t) = / f(s)ds, te[0,T].
0

From Proposition 12.3 we get

i

t
v(t)=/eAsuods+/eAsg(t—s)ds, te [0,T].
0 0

As uo€ Dy, g€ WHP(0,T; E) and g(0) = 0 we deduce that the right-hand
side is differentiable in [0, T] and

¢
v'(t) = eMug + / e*g'(t — s)ds
0

i.e. (12.2) and therefore u is the mild solution of (12.1).
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13. - Existence, uniqueness, and maximal regularity results

In this section we want to collect the results about the existence of
solutions of problem (12.1) in the parabolic case. For the sake of conciseness
we will consider only the solutions in C and refer the reader to [5] for the
result in LP, Therefore we will assume that f is at least continuous from [0, T']
to E.

Let us remark that the mild solution is for ¢ > 0 more than continuous
with values in E.

THEOREM 13.1. Let (10.2) hold. Given f € C(0,T;E) and ug € Dy, the
mild solution u of (12.1) given by (12.2) belongs to C*(0*,T; D4s(1 — o)) for
each a € 10, 1[.

The proof is given in [12], theorem 3.4.

We state now two theorems which give conditions for the existence of a
classical or a strict solution of (12.1).

THEOREM 13.2. Let (10.2) hold. Given f € C*(0,T; E) and ug € D4 there
exists a unique classical solution u in C of (12.1) and «' € C*(0*",T;E)N
B(0*,T; Da(a,00)). This solution is also strict if and only if uy € Dy and
Aug+ f(0) € Dy.

For a proof see [12] theorems 4.4 and 4.5.

THEOREM 13.3. Let (10.2) hold. Given f € C(0,T; E)YN B(0,T; D s(c, 00))
and wy € D4 there exists a unique classical solution u in C of (12.1) and
Au € C*(0*,T; E)N B(0*,T; D s(a, 00)). This solution is also strict if and only
if ug € Dy and Augy € EA.

The proof is given in [12], theorems 5.4 and 5.5.

For the parabolic equation (12.1) the maximal regularity property can be
defined as follows:

DEFINITION 13.4. Let X be a subset of C(0,T; E). There is the maximal
regularity property for problem (12.1) in X if for each f € X there exists a
unique strict solution in C of (12.1) such that u' and Au belong to X (provided
ug satisfies a necessary compatibility condition with f).

THEOREM 13.5. Let (10.2) hold. The maximal regularity property for (1.2)
holds in

i) X=C*0,T;E) if and only if ug € D4 and Auy+ f(0) € D4(c, o0),
(ii)) X=h*0,T;E) if and only if ug € Dy and Auy+ f(0) € Dy(a),

(iii) X = CO,T;E)N B(,T; D4(a,00)) if and only if ug € Dy and Aug €
D 4(a, 00),

(iv) X =C(0,T;Da(e)) if and only if up € D4 and Auy € Dy(w).
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The proofs of these results are given in [12], theorems 4.5 and 5.5.

REMARK 13.6. In general X = C!(0,T; E) cannot be considered a space
of maximal regularity. In fact for each f € C(0,T; E) set g(t) = ft f(s)ds and
consider problem ’

{ v'(t) = Av(t) + g(t), t€[0,T]
v(0) =

As g € C'(0,T; E) and g(O) = 0 there exists a strict solution in C (see

Theorem 13.2) given by v(t) = f e%g(t—s)ds and we have v (t) = j es f(t—s)ds.

If also v' € C'(0,T; E) then the mild solution of

w'(t)=Au®) + ft), t€(0,T]
w(0)=0

belongs to C!(0,T; E) and therefore it is a strict solution in C (see theorem 6.3
and proposition 12.3); but this is not possible for every f € C(0,T; E) when E
is a general Banach space (see [1]).

Applications

14. - Differential operators with non dense domain

We will consider some examples of operators A with non dense domain
verifying the Hille-Yosida estimates (1.1); it is well known that it is easier to
check the more restrictive condition

(14.1) | = A7 ey < A A>0

and this will be done in this section.
Let us begin with the differentiation operator in a one-dimensional compact
interval of the x-axis.

EXAMPLE 14.1. Setting
(14.2) E «C(0,1)

(14.3) Au = —u'
(14.4) D4 =Cy(0,1)
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we have D4 = Cy(0,1) # E. Moreover for each A >0 and v € E:

(14.5) u(z) = (R(A, A)(x) = f e Mz —y)dy, z€[0,1]
hence

+00 |
(146) ju@) < Il [ <"y = Flolle

0

which implies (14.1).

EXAMPLE 14.2. Let us set for some a € ]0, 1{:

(14.7) E =C§0,1)
(14.8) - Au=— o
(14.9) Dy = {u € C"*(0,1); u(0)=v'(0)=0}

We have Dy = h$(0,1) # E and for each A >0 and v € E, (14 5) holds:

hence from (14.6) we get

1
(14.10) lullco,n < llvlico,n

and for 0 < z; < z, < 1 (using the fact that v(0) = 0):

|u(zz) — ulzy)| < I/e‘*"’ [v(z2 — y) — v(z1 — y)] dy|+
J i

+ / e Moz — y)dy| < [lge,y (2 — 21)* / e dy+

z
z

z)

1

+ / e M(z; — y)*dy] < [Wloe,1(z2 — T)* / e Mdy <
0

< X[v]ca(o,l)(zz —x))*

which gives
«©

1
(14.11) [ulce,1y < X[U]C“(O,I)-

Now (14.10) and (14.11) imply (14.1).
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In the previous example C§(0,1) cannot be replaced by C%(0,1) in the
definition of E because the Hille-Yosida estimates are not true in this case as
the next proposition shows.

This result is analogous to that found by Von Wahl for the second
derivative with Dirichlet boundary conditions (see [14])

PROPOSITION 14.3. Set E = C*(0,1), Au=—u' and Dy = C{**(0,1).
Then there exist no constants M,w > 0 such that

M
(1412) "()\ — A)—l||£(E) < —)‘—, A>w.

PROOF. Also in this case (14.5) is true for each A > w and v € E: choosing
v(z) =1 we get

u(z) = —(1 —e %)

>4

and if A > 1 we obtain also

|u(z) — u(0)| 1—e?® _1—¢!
[ulcw@1) > sup ————— = su > .
ero.n 0<zr<)l z* 0<zgl Az Ao

If (14.12) holds we deduce for A > w and X\ > 1:

M
< [ulee,y < Y
and so A\* < ]Al—r which, for A — +oo, yields a contradiction.

Let us consider now the simplest cases of generators of analytic semigroups
with non dense domain obtained from the Laplace operator with homogeneous
Dirichlet boundary conditions in spaces of continuous functions. We shall begin
with the one-dimensional case

EXAMPLE 14.4. Set

(14.13) E =C0,1)
- (14.14) Au ="
(14.15) Dy = {u€ C*0,1); w(0)=u(l)=0}

then (10.2) is true with each ¢ € 15, #[ and M = (cos #/2)~". For a proof see
Section 8.1 of [2]. In this case we have

Dy={ueC@,1); u0=ul)=0}#E

EXAMPLE 14.5. Let Q C R™ be a bounded open set with regular boundary
I" and define

(14.16) E=C©Q



320 G. DA PRATO - E. SINESTRARI

(14.17) Au=Au

(14.18) Dy=Dp={ueCQ); u=0onT; Aue CQ};

here A is the Laplacian in the sense of distributions on Q. In this case we have
Dy =Cy(Q) # E and it has been proved in [13] that (10.2) is true for each
fixed ¢ in ] 7, w[. As mentioned before, estimate (10.2) does not hold if C(Q)
is replaced by C*(Q) (see [14]). ,

We shall prove here a result needed in the sequel:

PROPOSITION 14.6. Let A: Dy C C(Q) — C(Q) be defined as in (14.16)-
(14.18), then A generates a contraction analytic semigroup et in C(Q), i.e.

(14.19) ¥l jc@y <1, t>0
and

1
(14.20) IR Ml @y < 50 A >0

PROOF. For each p € ]1,00[ let us define A, : D(A,) C LP(Q) — LP(Q) as
Apu = Au

in the distribution sense (A, must not be confused with the iterated Laplacian)
and
D(A,) = W2P(Q) "W, P(Q).

It is known that A € p(A) N p(4p) if A is not negative real; moreover for
each u € C(Q) we have (A — A)~'u = (XA — A,)"'u; hence for t > 0 we get from
(10.3):

1 1
A, _ Aoy Ay-l _ Aoy A -l — oDt
e~ u _27ri/e A=A ""ud —-—27”,/8 A = Ap)" ud: = e™u.
+C +C

It is also known that ||e®|| ;) < 1 (see [10] pag. 215), so
lle*ullzr@ < [le*ull L) < [lullzo@),

but e**u € C(Q) hence we obtain (14.19) for p < +oo.

Estimate (14.20) is a consequence of (14.19) and the representation formula
(10.12).

We study now the heat-operator considered as acting on functions of time
and space: estimate (14.1) will be proved with the aid of the existence theorem
8.1 for the strict solution in L'.

EXAMPLE 14.7. Let us consider the Banach space of functions u : [0,T] —
C(Q) defined as

(14.21) E =W,*(0,T;CQ)
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and the heat-operator
(14.22) Au=Au—u

(hence (Au(t, z) = Au(t, ) — us(t, x)) with domain

(14.23) Dy={u€ Co(0,T; D)) NC'(0,T;CQ)); Au—u'€
Wy * (0, T; C(Q))}

where D, is defined by (14.18). It can be shown that
D =W,y?0,T;Co(Q) # E.

Let us prove that (14.1) holds. Given v € W(,"”(O, T;C(Q)) and )\ >0 we
must find u € Dy verifying

(14.24) { W'(5)= (A= Nu(®) +v(t), t€[0,T]

u(0)=0.

Setting @(t) = eMu(t) and o(t) = eMv(t), we have & € W0, T; C(Q)) and
(14.24) becomes

(14.25) { @'(t) = Au(t) + (), te(0,T)

(0) = 0.
As 7(0) = 0 by virtue of (14.20) and Theorem 8.1, this problem has

a unique solution @ € C'(0,T; C(Q)) N Co(0,T; Da); hence there is a unique
solution u € D4 of (14.24) and from (8.4), (8.5) we get

t .
(14.26) ool < [ Jods, te0,T]
0

t
lz'®| < / |l'(s)||ds, te[0,T]
0

ie.

lu@ll < [ e ||u(s)]|ds

'@l < [ el (s)]|ds.

/
f
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From Young’s inequality we deduce

T
(14.27) lullze0,7:2) < ||Vl e 0,73 / e *ds <
0

+00

1
< ol [ ¢ds = Flollors:
0

Analogously we have

1
(14.28) [ |lro,mm) < < |1V Lr0,7:E)
hence
1
(14.29) lullwioor.e) < sllvilweore, A>0

which proves (14.1).

In the next example we study the same heat-operator but in a different
space: in this case we need the maximal regularity results of theorem 13.5 to
get the resolvent estimate (14.1).

EXAMPLE 14.8. Let us define the space of function u: [0,T] — C(Q) as
(14.30) E =C§0,T; C(Q)
and the heat-operator
Au=Au — o
with domain

(14.31) D4 ={u € C*0,T; Dy)NC"**0,T; C(Y); u(0)=1'(0)=0}.

We have D4 = h§(0,T; Co(Q)) # E.

If we consider the resolvent equation (14.24) with v € C§(0, T; C(Q)) and
A > 0 and perform the transformation which leads to (14.25) we can use (i) of
theorem 13.5 and get a solution @ € C§(0,T;Da) N C'**(0,T; C(Q)): hence
there exists a unique solution u € D, of (14.24) given by

. ¢ t
(14.32) u(t) = e Mat) = e_’\t/ e**o(t — s)ds = / e Myt — s)ds.
0 0
By virtue of (14.19) we deduce

+00

s 1
(14.33) lu®|| < ”””0(0,7';0(6))/ e Mds = X”””C(O,T;C(ﬁ))
0
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and for 0<t; <t, < T we get (as v(0) =0):
i
|lutz) — u)|| = || / Me vty — ) — v(t; — s)] ds+

0
173

+ / e My(ty — s)ds|| < [U]C"(O,T;C(ﬁ))(tz —t)*
t

t) 123 +00
(/ e *ds +/e"\’ds) < [v]CQ(O’T;C(ﬁ))(tz — tl)"‘/ e %ds
0 t 0
hence
1
(14.34) [wlear:c@y < 3 Plceorc@y

From (14.33) and (14.34) we get

1
(14.35) ||“||cn<o,T;C(5» < }””"c«o,T;C(ﬁ»

which is (14.1). .
As in example 14.2 we cannot choose C*(0, T; C(£2)) as space E because
the Hille-Yosida estimates are not satisfied. In fact the following theorem holds:

PROPOSITION 14.9. Let E = C*(0,T;C(Q)), Au = Au—u' and Dy =
C*(0,T;Dy) N C™*(0,T;C(Q)). Then there exist no constants M,w > 0 such
that

M
(14.36) A= New < —, A>w

PROOF. We can repeat the arguments of example 14.8 and prove that for
A>0, A—A)"' € L(E) and u= (A — A)"'v is given by formula (14.32). Let
us choose an element y € Da(a, o0), then v(t) = ey, t € [0,T] belongs to
C*0,T; C(Q)) (see (11.3)) and we deduce from (14.32)

—Xt
l1—e At

x Y

Now suppose that (14.36) holds: then for A > w and A > % we have

(R(A, A)(¢) =

=it

1- Ayllom . 1—e!
HUHE% > sup e M| y”c(g) > e
0:

Adgl
<t<T A te = )\l-e ”e/y”cm)

hence, setting ¢ = {, we get

“eAey”c(ﬁ) <
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and therefore lir{){ IICAE?/Hc(ﬁ, = 0: this implies y =0 (see (10.9)) and we have a

contradiction because Da(a,00) = C3%(Q) (see [9])
Let us consider now the periodic versions of examples 14.7 and 14.8:

EXAMPLE 14.10. Consider again a space of functions u : [0, T] — C(Q)
(14.37) E =W, 0, T;C(Q))
and the heat operator
(14.38) Au=Au — o
with domain

(1439) D4={ueC'0,T;C(Q)NCx0,T;Dys); Au—u'€
W, (0, T; C(Q)}

which is not dense in E because we have
(14.40) D4 =W, P, T; Co(Q)).

To show that 14.1 holds in this case too we will use the results of theorem
9.2.
Given v € W#"” (0,T,C(Q)) and X\ > 0, let us consider problem

(14.41)
u(0) = u(T)

{ Au(t) — Au(t) =v(t), te [0,T]
or, setting

B :DgCE—-FE
(14.42) Dpg =D,
Bu = Au — \u,

problem

(14.43) w(0) = u(T).

{ u'(t) = Bu@®) +v(t), te[0,T]
From example 14.5 we deduce (see Appendix) that B verifies (1.1) and
(14.44) lleB| py < €7, t>0

where Ej = Cy(Q) with the sup-norm and B, is the part of B in E,, according
to definition (8.16); from (14.44) we get (9.6) with Ay = By. Therefore we can
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use theorem 9.2, case (v) to get a solution u € CY0,T;C(Q) N Cy(0,T; Dy) of
(14.43). As v(0) = v(T) we have

(14.45) Au —u' = du —v € W0, T; C(Q)),

SO u € Dy.
To prove estimate (14.1) let us observe that from (14.43) we deduce by
virtue of Theorem A.2 of the Appendix, for each t € [0,T]

t
(14.46) e < e (([uO)] + / e |lu(s)][ds) =
0
t

= M+ [ X2 otods
0
and

t
(14.47) lw'@®)|| < e (|| Bu(0) + v(0)|| + [ e*||v'(s)||ds)
0

t
= (T + / X9y (5)][ds.
0
From (14.46) with t =T we get
T
@] < T — 1)~! / & [u(s)||ds
0

and therefore, from (14.46),

T ¢
(14.48) |lu®)| < @T =1)7! / e_’\“_s)||v(s)||ds+/ e_'\(t“s)“v(s)”ds
0 0

T
= / K — s)||v(s)||ds
0

with

A=) (T —1)"'+1] for0<s<t<T

(4
t—s)= .
K= s) { e M= _ 1y for 0<t<s<T.
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Hence
s 1
l|lw||zoo.1:E) < |||l Lo0,7E) SUP / K(t - s)ds = X””“L’(O,T:E)'
0<t<T 0

Analogously (14.47) implies

1
1@ l|ze0.:8) < < IVl Lo0,7:8)-

The two last estimates give (14.1).
Now we change the space E and use the parabolic theory to get the
resolvent estimate (14.1).

EXAMPLE 14.11. Setting

E =C0,T;:C«Q))
Au =Au — v’
Dj={ue C{0,T;Dy) N C**O,T;CQ);
Au —u' € C0,T;C(Q))}

(14.49)

we have Dy = hg(0,T; Cy(Q)) # E and
I
(14.50) A=A Y eom < 3 fora>0

To prove this we could use the method of the previous example, but we
prefer to use a different one. Given v € C§(0,T; E) let us denote by v the
periodic extension of v to ] — oo, T']. We have for t;,t, € ] — 00, T]:

|19(2) — 0| < [v]a|t2 — t1|*

(because there exists ¢, th € [0,T] such that o(t,) = v(t)), ¥(t2) = v(ty) and
[th —t}|* < |ta — t1|*). Let e* be the analytic semigroup generated by A (see
example 14.5) and set, for t € [0, T],

t +00
(14.51) u(t) = / e M 955)ds = / e® Mgt — s)ds
—00 (1]

(for cach A > 0 and u € E we set e® My = e 5y, 5> 0).



DIFFERENTIAL OPERATORS WITH NON DENSE DOMAIN 327

For t € [0,T] we have

0 ¢
u(t) = / A VE=9)5(5)ds + / A NE=9)5(5)ds =
—00 0

0 t
= elB M / e B V35(s)ds + / BNty (5)ds =
—00 0

t
= BNty (0) + [ BNy (5)ds
0

As v € C*(0,T; E) we get (by using theorem 13.2) u € C(0*,T; E) and

(14.52) wit)=(A-Du@®)+v@t), 0<t<T
(14.53) u@t)e Dy, O0<t<T.

Moreover we have w(0) = u(T) because

0 0

u(0) = / e~ A V35(s) = / e~ 8355 + Tds =
" -
= / e VT-95(5)ds = u(T)

and therefore u(0) = u(T) € D). From this and (14.53) we get
(A = Nug + f(0) = (A — Mu(T) + f(T) = w'(T) € Da.

From theorem 13.12 we deduce that u € C!(0,T;C(Q)) N C(0,T; Da)
and (14.52) holds also for t =0: from this it follows that v € Dg4.
From the estimate

t

) o 1

(14.54) O < Plloaoray [ € = Iollowromy
—o00

which holds for each t € [0,T], we get the uniqueness of the solution of
(14.54). We also have for 0< ¢, <t, <T

lluttz) — ut)|| = || / eA Mty — 5) — Bt — 5))ds|| <
0

+00

1
[vla(t2 — t)* / e Mds = [v]a(t2 — tl)ax;
0
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thus, by using also (14.54), we deduce

1
lull gaorc@y < X“v”C"(O,T;C(ﬁ))

and (14.50) follows.
Let us end this section with a very simple example in a space of functions
defined in the whole real axis. '

EXAMPLE 14.12. Setting

E =L*°R)
(14.55) { Au = —u'
Dy ={ue L®R), u is absolutely continuous and u' € L*R)}

we have Dy # E and

1
(14.56) A=A ew < A>0.

_A_’
In fact, as Dy is contained in the set of bounded and continuous functions
on R, we have D4 # E. For each A > 0 and v € L*(R) it is easy to see that

+00

(14.57) uw(z) = / e Muz—y)dy, zeR
0

satisfies the resolvent equation
(14.58) u'(x) = —du(x)+v(x), z€R ae.

Moreover u € D, and for each z € R
+00
|u(z)| < sup |v(z)| / e Mdy
z€R o

hence
1
lullz=®) < Tllllzom)-

Conversely if u € D4 satisfies (14.58) for each £ € R we have

ad— [u(z)e M9 =2 Tyz), z R ae.
T
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As u is absolutely continuous, integrating from a € R to § we get

13
w(€) — u(a)e M€ = / e M Dy (z)d

for a - — oo we obtain

13 +00
u(§) = [ e M y(z)dx = / e (¢ — z)dz
4 ,

and therefore (14.57) is the unique solution in D4 of (14.58).

In the following sections we will see some of the possible applications
of the abstract existence theorems and the examples just considered.

For the sake of conciseness we will consider only the strict solutions.

15. - Linear partial differential equations of the first order

We want to apply our abstract methods to a very simple partial differential
equation: we will show how to obtain the classical solution as an easy application
of Theorem 8§.1.

THEOREM 15.1. Let f : [0,T]> — R and w,;, u, : [0,T] — R be functions
verifying the following properties:

(15.1) f@t,z) = fi(t,z) + fo(t,z) such that setting fi(t)(z) = fi(t,x)
and fa(z)(t) = fo(t,z), we have fi, f,€ W"'(0,T;C(0,T))

(15.2)  uy, u €CY0,T)

(15.3) u1(0) = u2(0)

(15.4)  u/(0)+uh(0) = £(0,0).

* Then there exists a unique w € C'([0,T)?) such that

(15.5) u(0,z) = u(z) , z €[0,T]

{ wlt, ©) + ust,2) = [(t,2), (t,2) € [0, TP
ut, 0) = ua(t) . tel0,T]

- Let us remark that (15.2)-(15.4) are necessary conditions for the existence
of a solution belonging to C'([0,T1%).

PROOF. We can suppose that

(15.6) u(0) = $1(0,0), u3(0) = £2(0,0)
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otherwise we substitute f; and f, with

fit, ) = fit, z) — £1(0,0) +u}(0)
ot z) = fot,z) — £2(0,0) + u)(0)

which satisfy again (15.1) and (15.4).
Let us first consider the case in which

(15.7) u1(0) = u»(0) = 0.
If we define
E =C0,T)
(15.8) D4 =Cy(0,T)
Au = —u'

then, setting v(t)(z) = v(t,z) and fi(t)(z) = f,(t, z), problem

vw(t,z) = —vi(t,2)+ filt,z), (t,2) €[0,T]
(15.9) { v(0,2) = u(x) , z €[0,T]
v(t,0) = 0 , t €[0,T]

can be written as

V(t) = Av(t) + [1(t), te€[0,T]
v(0) = u;.
From (15.1) we have f, € W"'(0,T; E), from (15.2) and (15.7) we get
u; € Dy and from (15.6) we deduce Au;+ f1(0) € D4 = Cy(0, 1): hence theorem
8.1 gives a solution v € C'(0,T;E) N C(0,T;Dy), so v(t,z) belongs to
C'([0,T1?). Analogously problem '

wt,x) = —wy(t,2)+ fot,2), (t,2) €[0,TP
(15.10) { w0,z) =0 , z €[0,T]
w(t,0) = ux(t) ; t €[0,T]

can be written as

w'(z) = Aw(z) + fo(z), z€[0,T]
w(0) = uy

after setting w(z)(t) = w(t,z) and fr(z)(t) = fo(t, z) and proceeding as above we
find a solution w(t, ) in C'([0,T]?). By adding (15.9) and (15.10) we obtain a
solution u = v +w of (15.5) in C'([0, T1?].
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Let us consider the case in which (15.7) is not true. Setting

4(z) =u(z) —u1(0), ze€l[0,T]
iz (z) = uz(x) — u2(0), =z €[0,T]

we can use the result just obtained to deduce the existence of u € C'([0,T1?)

solution of Gt 7)) + ., 1) = f(t,2), (G 1) €0, TP
{ '&(0, (E) = ﬁ](.’lﬁ) P T € [Oa T]
at,00 = ) . teloT]

We can check that u(t,z) = i(t,z) + u;(0) is the solution of problem
(15.5). Its uniqueness is a consequence of the fact that the only function
ue CY0,T;E) N C(0,T;D4) which verifies

u'@t) = Au(t), te€[0,T]
w(0)=0

is zero (see Theorem 8.1).

REMARK 15.2. Let us remark that to solve (15.5) with the aid of the
usual semigroup theory we must suppose f(t,z) =0 for all ¢t € [0,T] or for all
z € [0,T] because we need to substitute in definition (15.8) E = C(0,T) with
E =Cy(0,T) and Dy = C)(0,T) with Dy = {u € C'(0,T); u(0) ='(0) =0} in
order to verify property Dy =E.

Obviously, problem (15.5) can be solved by the characteristics methods,
although its justification under the above conditions on f is not straightforward:
moreover with the abstract methods we can find weaker solutions under very
mild conditions on f, u; and wu,.

16. - Ultraparabolic partial differential equations

We will consider in this section an initial value problem for an
ultraparabolic equation. In the last years a sufficiently large amount of papers
have been devoted to this subject but under assumptions different from ours
(see e.g. [6] and references therein).

The problem could be treated by using either the abstract hyperbolic theory
or the parabolic one. Let us begin with the first method:

THEOREM 16.1. Let Q be a bounded open set of R™ with regular boundary
I', T >0 and let f(t,7,z), u\(r,z) and u,(t,z) be such that setting

fl (t)(Tv .’L‘) = f(ta T, (E), fZ(T)(t, .'17) = f(ta T, CE)

ul(t)(x) = ui(r,z) , wt)(z)=ust, )
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we have

(16.1) fi, frewblo,T;w"0,T;CQ))
(16.2) uy, up € C(0,T;D4)NCY O, T;CQ))
and also

(16.3) u1(0,2) =u(0,2), z€Q
(16.4) u(r,z)=us(t,z)=0, 7, t€[0,T], z€T
(16.5) Aui(r,z)+ f(O,7,2) = Aux(t, ) + f(t,0,2)=0;, 7, tc[0,T],z el

(166) 24inD) o4 QUbD)| ) - Auy(0,2)+ £(0,0,2) =
A’UQ(O, Z)+ f(O)Oa Z), TE ﬁ

Then there exists a unique u(t,7,z) such that:

(16.7) us, ur, Au are continuous in [0,T]* x Q
and verify
u@, 7, 7) + u, (¢, 7,2) = Au(t,7,7)+ f(t,7,2); t,7 €[0,t],
. zeQ
(16.8) u0,7,z) =u(r,z) ; 7€[0,T], z€Q
u(t’()a IL') = u2(ta .'E) ; tE [0, T], T EQ
u(t,7,2) =0 ; t,7€[0,T], z€Tl

PROOF. Let us first consider problem

ut(t3 T, .’E) + uT(t5 T, 37) = Au(ta T, I) + f(t, T, (l?) - f(t’ 07 Z_E
t, T€0,T], z€Q

(16.9) w0, 1,z)=vi(r,z) ; 7€[0,T], =z G_S_I
u(t,0,z)=0 ; tel0,T], ze€Q
u(t,7,z)=0 ; t,7€[0,T], zeT

with v; such that

v1(0,z) =0 . N Y-X0)

D) - Agy(r,2)+ £0,7,3) — £0,0,2; 7 E0,T), z€Q
(16.10)
vi(r,z) =0 ; T€[0,T], z€T

This problem can be solved by using the results of example 14.5. In fact,
setfing

(16.11)

vi(1)(x) = v1(7, )
g(T)(iE) = f(Oa T, -’E) - f(oa 07 I)
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(16.10) can be written as a problem in the Banach space cQ):

(16.12)

(1) = Avi (1) +g(r), T€[0,T]
1)1(0) =0.

We can use Theorem 8.1 because (16.1) implies
(16.13) g € Wy''(0,T; CQ)
thus there exists
(16.14) vy € C'(0,T; C(Q)) N Co(0, T; D)

(see (14.18) for the definition of D,) solution of (16.12).
To solve problem (16.9) we can use the results of example 14.7 by setting

E =W, 0,T;CQ)

Au = Au — ' ie. (Au)(T,z) = u(T, ) — u (T, T)

(16.15) Dy ={u € Cy0,T; D) NC'(0,T;CQ)); Au—u'€
Wy 0, T; C@))}

u(t)(r,z) = u(t, 7,2)

h(t)(Ta x) = f(t’ T, {l?) - f(t) Oa 23)

and write (16.9) as an initial value problem in E

'(t) = Au@®) + h(t), te€[0,T
(16.16) u'(t) u(t) + h(t) €[0,T]
u(0) = vy.
The assumptions of Theorem 8.1 are verified. In fact v; € D4 by virtue
of (16.14) and (16.1); moreover Av, + h(0) = 0 and h € W"!(0, T; E): hence
there exists a solution

(16.17) v e CY0,T; E)YNC(0,T; D4)

of (16.16) and therefore u(t,7,z) = u(t)(r,z) is a solution of (16.9).
Analogously we can consider problem

uy(t, 7, ) + u (t, 7, ) = Au(t,7,2) + f(t,0,2) — (0,0, x);
t, T€[0,T], z€Q
(16.18) u(0,7,2)=0 r€[0,T], z€Q
u(t, 0, ) = va(¢, ) te[0,T], ze€Q
u(t,7,z)=0 t, r€[0,T], zeTl
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where v,(t, z) is solution of

v»0,z) =0 ; TEQ

, Wb D) = Avat, 2)+ 1(¢2,0,2) - f(0,0,z; t€[0,T), z€Q
(16.19) )
wt,z) =0 ; te[0,T], zeTl

This problem can be solved by setting

(16.20)

v(t)(x) = v2(t, )
kt)(z) = f(t,0,z) — f(0,0,x)

and writing (16.9) as an abstract equation in the Banach space C(Q):

vy(t) = Avy(t) + h(t)

(16.21) { 22(0) = 0.

From (16.1) we deduce
(16.22) ke W, ' 0,T;C()
so Theorem 8.1 implies the existence of
(16.23) v € C'(0, T;C(Q)) N C(0,T; Dy)

solution of (16.21).
Let us examine problem (16.18): set as in the example 14.7

E =Wy'(0,T;CQ)
Au =Au — ' ie. (Au)t, ) = Au(t, ) — us(t, )
= . 1 O o
(1624) | Pa={u€GQOTDNNCOT0Q) Mu-—wie
W, (0, T; C(Q)}
w(r)(@, ) = u(t,7,z)

W(t, I) = f(t’ 07 z) - f(O? Oa .’E)

and write (16.18) as an initial value problem in E

(16.25)

w' (1) = Au(r) +w(r), T€[0,T]
u(O) =M.

Also in this case we can check that the assumptions of Theorem 8.1
are verified because v, € Dy by virtue of (16.19) and because (16.1) implies
w € W, (0, T; C(Q)); moreover Av, +w =0 and therefore there exists a solution

(16.26) ueCY 0, T;E)NC(,T;Dy)
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of (16.25): hence u(t, 7, ) = u(r)(t,z) is a solution of (16.18).
Let us set now for t,7 € [0,T] and z € Q

(16.27) wy(r, 1) = uy(1,z) — v(1, T)
. wy(t, z) = uy(t, x) — va(t, x)
and
(16.28) wi(T)(x) =w (1, 2), wr(t)(x)=w(t, ).

From (16.3), (16.10), and (16.19), we deduce
(16.29) w1 (0) = wy(0)
whereas (16.5) and (16.10) imply

Awy(r, )+ £(0,0,3) = -a”‘;:’ D rel0,T], zel
As (16.14) gives
(16.30) vi(r) € Dy
setting
(16.31) ¥(z)=£(0,0,z), z€Q
we obtain:
(16.32) Aw (1) +v € Dy.
In the same way we get
(16.33) vh(t) € Dy
and
(16.34) Awy(t) +v € Dy.

If we set for t,7 € [0,T] and z € Q

u(t) () = u (1, )

(16.35)
u(t)(x) = ua(t, x)

condition (16.6) can be written as

(16.36) u](0) + u5(0) = Ay (0) + v = Auy(0) + 1.

335
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From (16.12), and (16.21), we deduce

(16.37) Av1(0) = Avy,(0) =0
hence
(16.38) w}(0) + w5(0) = Aw;(0) + v = Aw,(0) + 7.

Let us observe that (16.2), (16.14) and (16.23) imply
(16.39) wy, wy € CO,T;D4)NC'(0,T;E)
and so for t,7 € [0,T]

(16.40) w) (1), wh(t) € Da.

Finally let us consider problem

ut, 7, z) + u.(t,7,2) =Ault,7,z)+ f(0,0,z);t,7€[0,T], z€Q

(1641) ] ©O:.2) wi(r,z) ; 7€[0,T], z€Q
: u(t, 0, x) wy(t,z) ; te€[0,T], z€Q
ult,7,z) = 0 ; t,7e€e[0,T], zeT.
Setting
(16.42) u(t, 7)(z) = u(t, 7, 1)

(16.41) can be written as a first-order partial differential equation with values
in the Banach space C(Q)

(16.43) u(0,7) w(T) ; T7€[0,T]

{ w(t, 7)) + u(t,7)=Ault,7)+y ; t, T€[0,T]
u(t,0) - wa(t) ;  telo,T].

As A generates an analytic semigroup in C(Q) (see example 14.5) we
easily obtain a formula for the possible solution

t
eMw (1 — t)+/eAs'7ds, 0<t<7t<T
(1644) u(t,, T) = 0

eyt — 1)+ [ e¥yds, 0<T<t<T.

o\ﬂ

This definition is consistent for ¢ = 7 by virtue of (16.29). Let us prove
that u(t, ) verify (16.43). By using (16.32), (16.39) and (16.40) we deduce the
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existence of

_ [ —etwir -ty + et Awi(r — ) +y), 0<t<7<T
(16.45) ut(t,T)—{eArwlz(t_T) , 0<7<t<T

and of

_ eAt,wll(,r_t) , 0<t<7r<T
(16.46)  u.(t,7) = { —eMwp(t — ) +e(Awyt —T)+7), 0<7<t<T

which are consistent for ¢t = 7 by virtue of (16.38). In addition by using (10.10)
we get

MAw(r—t)+y) -7, 0<t<7<T

A Awt —T)+y)—q, 0<r<t<T.

(16.47) Au(t, 1) = {

From (16.45)-(16.47) we derive (16.43). In addition from (16.34), (16.39)
and (16.40) we deduce that (¢t,7) — w(t,7), u,(t, 7), Au(t, ) are continuous from
[0,T1? to C(Q); the same property is satisfied by the solutions of (16.9) and
(16.18). In conclusion the sum of the solutions of (16.9), (16.18) and (16.41) is
a solution of (16.8) and satisfies (16.7). The uniqueness of this kind of solution
is easily proved because if u verifies (16.7) and (16.8) with f =u; =u; =0
then necessarily u is given by (16.44) with wy = w; =~ =0 and therefore u = 0.

REMARK 16.2. It can be checked that if (16.1) holds and there exists a
solution u of (16.8) with property (16.7) then (16.2)-(16.6) must be necessarily
satisfied.

We can study problem (16.8) by means of the parabolic theory without
supposing the differentiability of f: in this case u is differentiable only along
the characteristics thus the left-hand side of (16.8) must be interpreted as the
derivative of u along their direction: this has a physical meaning in some
biological problems arising in the study of age-structured populations (see [4]).

THEOREM 16.3. Let Q be a bounded open set of R™ with regular boundary
[, T >0 and let f(t,7,2), w\(1,2) and uy(t,x) be such that, setting

L@, 7)) = f(t,7,2)
(16.48) u(T)(x) = u) (1, T)
u(t)(z) = ua(t, ),

we have f:[0,T) — C(Q); u;, uy:[0,T] — C(Q). Moreover assume that

(16.49)  sup{|6|™*||ft+6, T+6) — [, D@y
(t,7), t+6, t+6)€[0,T]’} <+ o<
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for some a € 10, 1[. Then, if

(16.50) ui(7), ua(t) € Dp; t, T€[0,T]

and

(16.51)  Auy(r,z) + f(O,7,z) = Auy(t, z) + f(¢,0,2) =0, t,7€[0,T], z€T

(where Dy is defined in (14.18)), there exists a unique u(t, T, ) continuous in
[0, T)? x Q such that u(t,t,-) € Dy for (t,7) € [0,T)? and verifies

Du(t, 7, z)= Au(t,7,z) + f?,7,2) ; t,7€[0,T], 1€Q
w0, 7,z) =u(r,z) , 7€[0,T] , z€Q

(16.52) ut,0,z) =uy(t,z) , te[0,T] ,z€Q
u(t,7,z) =0 , t,7€[0,T] , z€T
where
(16.53) Dut, r,z) = lim 2&H 0 TR~ ut 7, 1)
h—0 h
PROOF. Setting
(16.54) u(t, 7)(z) = u(t, 7, x)

and using (16.48) we can write (16.52) as a problem in the Banach space C(Q)

(16.55) u(0,7) = u (1) , T €[0,T]

{ Du(t,7)= Au(t,7)+ f(t,7), t, 7 €[0,T]
u(t,0) = us(¥) ) t €[0,T].

If there exists a solution (in the sense specified above) choosing (ty, 1) €
[0,T7? with ty =0 or 7y = 0, there exists Ty > 0 such that if A € [0,Ty], then
(to+h, 10+ h) € [0,T]? hence, setting

(16.56) { u(h) =ulto+h, ©0+h), helo0,Tpl

f(h)= f(t0+h, T0+h)a he [07 T()]a

we deduce from (16.55) (with t =ty + h and 7 =ty + h) that u(-) satisfies

(16.57) { u'(h) = Au(h) + f(h), h € [0,To]

w(0) = ug

where uy = u(rg) if tp = 0 and wp = wuy(ty) if 70 = 0. From the results of
section 12 we deduce the uniqueness of the solution: to prove its existence
we can use Theorem 13.2 with £ = C(Q2) and A = A. In fact, for each (¢, 7)
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we have f(-) € C*0,Ty; C(Q)) by virtue of (16.49) whereas (16.50) implies
ug € Dy and from (16.51) we deduce Aug+ f(0) = Au(r0) + f(0,70) € Da
when tp = 0 and Aug + f(0) = Auy(to) + f(t0,0) € D when 7y = 0. Therefore
problem (16.57) has a solution u € C'(0, Ty; C(Q)) N C(0, To; D,). Now defining
u(t,7,z) by means of (16.54) we obtain a solution of (16.52): in fact for each
given (t,7) € [0,T)> we can set tg =t —7, 70 =0, h =7 if t > 7 and
to=0, o=7—t, h=t if t < 7. In this ‘way (16.57) reduces to (16.55) which
in turn implies (16.52) because u(t,7) € Dj.

In the next example we want to exhibit a situation in which the hyperbolic
theory (with non dense domain) seems to be the unique way of studying the
evolution problem.

17. - Generalized Laplacian in infinite dimensional spaces

The problem which will be introduced here arises in the theory of
stochastic control: we only sketch the proofs and refer the reader to [3] for
more details and motivations.

Let H be a separable Hilbert space with inner product < -;- > and a
complete orthonormal set {ej}ren-

Let E be the Banach space of functions ¢, uniformly continuous and
bounded .from H to R, endowed with the sup-norm.

For each k € N let us define the linear operators D; and Ay as follows:

Dy:DDy)yCE—-E

D(Dy)={¢ € E; there exists lim+ (@ + he) — ¢()
(17.1) A0 h

&z + hey) — d(x)
h

uniformly for

z€ H}

(D)) = lim

A, : DAY CE—-FE
(17.2) D(Ax) = {¢ € D(Dy); A ¢ € D(Dy)}

1
Arg = EDk(Dk¢)-

A generates an analytic semigroup in E given by

. +00 )
(17.3) M%mnzﬁ[ww%w%wmm t>0.

Let S be a positive nuclear operator in H such that

(174) Ser = Arek, keN
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with A, > 0 verifying > A¢ < + oo. The generalized Laplacian in E

k=1
(corresponding to S) is the operator

A:DACE—-E

D) ={¢€E; ¢, ¢"€E
(17.5) W) ={¢€E; ¢, ¢"cE}

! "o\
A = STr(S¢") =) Medd

k=1

(here ¢' and ¢" are the Fréchet-derivatives).
It can be proved that the closure of A coincides with the generator

(17.6) A:D(A)CE—-E

of the strongly continuous semigroup in E defined by
(17.7) T(t)¢ = lim [ 44, t>o0.
i=l

Finally, let us suppose that
(17.8) B:DMB)CH - H

is the generator of a strongly continuous semigroup e?* in H and consider the
problem

1

w(t, ) 5 Tr(Sug(t, z)— < Bz, us(t,z) > + f(t,2);
(17.9) { tel0,Tl, z€H
w0,2) = wy(z), r€H

where f:[0,T]xH — R and uy : H — R are given. To write it as an evolution
problem in E let us introduce the operator

B:DB)CE—E
T Bh —
D(B) = {¢ € E; there exists ,}11})1 d)(—e—z—;—@ uniformly for
17.10 -
( ) z€ H}

o pelhT) — ()

A

Now ¢ € D(B) if and only if there exists

uniformly for z € D(B): hence for each ¢ € D(B), the mapping =z —
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< Bz, ¢'(z) > can be extended to E. In conclusion we can write the abstract
version in E of (17.9) as follows:

(17.12)
u(0) = uy

{ u'(t) = Au(t) + Bu(t) + f(t). t€[0,T)

where we have set u(t)(z) = u(t, z) and f(t)(x) = f(t,z). If B is unbounded then
B verifies estimate (14.1) but D(B) # E; moreover it can be proved that A + B
with domain D(A) N D(B) is closable in E and if A > 0 then A\ € ¢(A + B)
and

_ I
(17.13) A =A+B) Yo < 3

This lets us apply the hyperbolic theory to problem (17.12) and to get
solutions of (17.9) by using the existence theorems of sections 7-9 (see [3]).

Appendix

In many applications it is important to consider operators B such that
A = B—wlI satisfies (1.1) for some w € R. The extension of the previous theory
to this situation is very simple but it will be useful to write explicitly some
less obvious results (as the estimates for the solutions).
Let us suppose that
B:DpCE—-E

is a linear operator such that there exists w € R verifying

(A.1) sup | = w*A = B) H|lem = M < o0

keEN. A>w

{)\>w=>(A—B) l'e L(E)

If we consider problem

(A2) { v'(t) = Bu(t) +¢(t), tel0,T]

v(0) =g
where g : [0,T] — E and vy € E are given, we can define in an obvious way
all the types of solutions introduced for problem (1.2).
If we set
A:DyCE—E
(A.3) Dy=Dp

Au = Bu — wu
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then A verifies (1.1) and it can be checked that to each solution » of problem

u'(t) = Au(t) + e “'g(t), t€[0,T]

(A4) { w(0) = v

corresponds a solution v (of the same type) of (A.2) given by
(A.5) v(t) = e'u(t), tel0,T]

and conversely.
From theorems 5.1, 7.2 and 9.1 we deduce directly:

THEOREM A.l. Let (A.1) hold. Problem (A.2) has a unique F-solution v
in LP for each g € LP(0,T; E) and uy € Dp; this solution verifies the estimate

¢
(A.6) lv@)|| < M e*(||v(0)]| +/ lle™“°g(s)||ds), te€[0,T].
0

If in addition f € C(0,T; E) then v is an F-solution also in C.
About the strict solutions we have the following result

THEOREM A.2. Let (A.1) hold and let g € W'?(0,T; E), vy € Dp and Bvy+
g(0) € Dp: then there exists a unique solution v € C'(0,T; E) N C(0,T;Dp)
of (A.2). Moreover we have v'(t) € D(A) and

t
(A7) V@) < M (|| Buo +g(O)]| + / le“*g'(s)]lds); ¢ € [0,T]
0

as w=v'is an F-solution in L? of

w'(t)= Bw(t)+4'(t), te€[0,T] ae.
w(0) = Byy + g(0).

PROOF. We can proceed as in the proof of Theorem 8.1 by showing that
if w is the integral solution of

(A.8) { w'(t) = Bw(t) +4'(t), t€l[0,T]
w(0) = Bug + g(0)

t
then v(t) = vo + [ w(s)ds is a strict solution in C of (A.2).

Estimate (OA.7) is a consequence of the fact that w is an F-solution of
(A.8) and therefore (A.6) can be used.

We end with an existence result in the case in which g has values in Dp:
its proof is similar to that of Theorem 8.3:
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THEOREM A.3. Let (A.1) hold, g € LP(0,T; Dg), v € Dp and Bv, € Dp.
Then there exists a unique v € W'?(0,T; E) N C(0,T; Dp) such that (A.2)
holds a.e. in [0,T] and the following estimate is true

t
(A9)  |Bu)]| < M e*t(||Buol| + / lle“*Bg(s)||ds), t € [0, T).
0

Moreover w = Bv is F-solution in L? of

(A.10) { w'(t) = Bw(t) + Bg(t), t€[0,T] ae.

w(0) = By

and therefore Bw(t) € D(A) for t € [0,T].
If in addition ¢ € LP(0,T;Dg) N C(,T;E) then we have also
ve€CY0,T;E) n C(0,T;Dp) and (A.2) holds for each ¢ € [0,T].
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