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Nonsteady Flow of Water and Qil
through Inhomogeneous Porous Media (*).

H. W. ALT - E. DI BENEDETTO

1. — Formulation of the problem.

The flow of two immiscible fluids through a porous medium is described
by (see e.g. [2] (9.3.25) and [3] (6.36), (6.52))

(1.1) 0:8,— V- (k(Vp, +e)) =0, i=1,2
with

s;=s@, p—p)  and k= k(z,s,),
and

(1.2) 81(y Pr—D2) + 85(Ty P1—P2) = () .

The differential equation (1.1) is considered in Q,:= £2x]0, T[, where
£ cR” is the porous medium. s,, ¢ =1, 2, is the fluid content of the i-th
fluid and s, the porosity, that is, the relative volume of the pores, which
for inhomogeneous media depends on x. k,; is the permeability depending
on » and s;, the hydrostatic pressure is given by p,, and e; is the gravity
term. Although we restrict ourserves to scalar functions %k, all our results
remain valid for symmetric matrices %, that is, if we consider unisotropic
media.

In the following we often suppress the argument x in the functions %,
and s;.

(*) Supported by Deutsche Forschungsgemeinschaft SFB 72.
Pervenuto alla Redazione il 3 Ottobre 1983 ed in forma definita il 28 Novem-
bre 1984.
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The content s, as a function of the capillary pressure p, — p, as well
ag the permeability %, as function of s, are obtained by experiments, see
[2; fig. 9.2.14, 9.2.15] and [3; fig. 6.6]. For the definition of p, see [3; fig. 6.7].
The qualitative behavior of these functions is shown in fig. 1-3.
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Figure 3

We refer to [2; fig. 9.2.7a), 9.2.10, 9.3.1], [3; fig. 6.9, 6.13, 6.16, 6.17],
[4; fig. 6-13], and [5; fig. 6]. Because of this behavior of the coefficients
the system (1.1) is a degenerate elliptic-parabolic equation. Since p, is not
determined by its differential equation when s; = 0 we have to add the
condition

(1.3) Pmin <Pr—P: <pma.x ’
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where p_,, and p_ .. are given with —oo<p,;, <0< P, ,<oco. For ex-
ample p . = —oo in fig. 2 and p_,, > —oo in fig. 3. In particular, if
8, = 0 then p, = p, — P, and p, is determined by an elliptic equation.
If 0<s,<<so then p,, < P— P, < Pp.e and p, and p, satisfy an elliptic-
parabolic system.

We consider three types of boundary conditions for each fluid, that is,
for 4 =1, 2 the boundary 0@ is divided into three sets I'Y, I'}, I'Y with
Dirichlet condition

(1.4) p,=p? on Irx1e, 1(,

where p? is the trace of a function in £,, also denoted by p?, with p,;,
<P — Py <Ppex- We assume Neumann conditions

(1.5) k,(Vp, + e,‘) v=20 on I'fVX ]0, T[ 9
where » is the exterior normal to 9£, and overflow conditions

E(Vps+e)v=0 if p1—p, <Py
on I"°x10, 1T ,

E(Vp,+6)v<0 if p—p,=0p,.2

ko(Vp, +€)v=0 it  p—p,>pyy,
on I'?x[0, IT .

k(Vp,+6)v <0 if p—p,=p,.

We assume that 'Y c I'? and I')cI?. As initial condition we pose

(1.7) ${(p1—p2)(®, 0) = si(x) for z€
with given functions s? satisfying s} + s = s,.

The differential equation (1.1) together with the boundary conditions
(1.4)-(1.6) has the following weak formulation. Let

% := {(v,, v,); v = p? on I'?x]0, T[,

03— Uy <Pae OB 0% 10, T[, v,— 0> pyy, on 19 %10, TT} .

Then (p,, p.) is a weak solution, if (p,, p.) € KX with p_, <P1— P <DPpay
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and for all (v, v,) € X, the inequality

T
(1.8) ng (atsi(Pl—Pz)(’Ui—pi) + ki(si(pl—pz))(vpi+ ei)v(vi—pi)) >0
0 o

is satisfied. This weak formulation may be inaccurate in two points. First
0;8; needs not to be a function, and secondly Vp, may explode near the
set {k, = 0} and therefore it may be well defined in the sense of distribu-
tion. Because of this we did not specify the topology in the above defini-
tion of the set J.. On the other hand using v, = p? as test function in (1.8)
and using the fact that s, are monotone increasing, we see that

(1.9) ) ” —p2)) [V

determines the natural topology of the problem.
Therefore let us assume that

ky(, s:(x, p)) > k¥ (sF(p)) for z€ Q

with ¢> 0 and some functions %}, s} which behave like the functions in
figg. 1-3. We introduce the transformation

W —p2+f Vkl sf(min 5’ D) ge,

(1.10) —
*
W:pl—f Vk s 5’ M ae
V]
Then
(1.11) > Va2 < € 3 k(s i(pr—22)) VoAl

so that we expect a solution w, in L2(0, T'; H-*(L2)). If in addition

k(x, si(@, p)) < Ck¥(s¥(p))
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then both sides of (1.11) are equivalent, so that the above space is the
natural space to consider. The variational inequality (1.8) can be trans-
formed in terms of u, where the elliptic part becomes

ky(81(P1—ps)) Vs Vu,
(1.12) [kz(sz(pl— 2,)) VpJ = K(s:(p1—1p:)) [V%] )

In the set {p,>p,} the matrix K is given by

UACH 0

K{s,) = k¥(s5(0)) ké‘(si‘(O))
—ksy(8,) (V_kﬁs—f)“ - 1) ky(8,) (VW)

and in {p,<p,} by

KF(s%(0)) (Vk_i‘(sf(())) )
ki(s)) V0 RGNV = —
K(s,) = (81) V ky(sy) (&) ki(sy) ! .

0 ky(s2)

Therefore the equation in w,; is still degenerate elliptic-parabolic (in the
case that k, and k) are equivalent). One could avoid this by replacing
Vk¥ essentially by k* in the definition of u,, but this would be no advantage
for the existence proof, since in any case the quality of the weak solution
u; is related to the natural topology (see Remark 2.5).

To illustrate the behavior of the solution let us consider special travel-
ling solutions, that is, solutions of the form p,(c, t) = P.(x —t). As data
we choose ky(2) = 2% P> —o00, and $(Pn, + #) = 2# for small 2> 0
with «, § positive. Then for N = 1 in a neighborhood of 0 there is a special
solution with

Pmin“l“ c:vl/‘1+“’3’—|— 0(w1/(1+«xﬁ)) for w\LO ,
Pumin for <0 .

P. a8 a solution of an elliptic equation is Lipschitz continuous. Vu, is of
class L™ near zero if and only if r < 2(1 + af)/«p.

Another special solution with unbounded pressure is given by P.(x)
= — 22 and

_ cotx—2x for x< O,
P@) = —o0 for x>0 .
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The data are p,, = — o0, 8 =1, 8(2) = 1/(1 + 2*) for 2 << 0, k() = 22,
ky(2) = 2, and e, = 2, ¢, = 1. Here Vu, is in L® near zero.

Using the transformation (1.10) we prove in section 2 the existence of
a weak solution u for the transformed system. This solution satisfies p_,,
<U< Uy, , Where u_, and u,, are the transformed values of p_, and p_, .

Therefore the pressure can be recovered using (1.10). If in addition we
know that

(1.13) 8i(p1—p,) € 0210, TT) ,

then Vp, is defined in the sense of distribution in the open set {p,—p.<<P..}
and in L2 ({p1— P << Pmay}) satisfying the first equality in (1.12). As a con-
sequence weak solutions as defined in 2.3 satisfy the original variational
inequality (1.8) in integrated form. We shall prove (1.13) in sections 3-5
under certain assumptions on the coefficients. For the proof we use a dif-
ferent transformation of the differential equation (see [10], [15; Appen-

dix AJ)

31(-’”, (Pr— P2) (2, t))
So()

(1.14) o(@,1) 1=

?

(P1—D2)(a,t)

(115)  w(@,1):=py(@, ¥) + ky(@, $:(x, £))

kl(wy 81, f)) -+ 752(“'7 8a(y &)

) da&

(D= Da)(a,t)

— pu(@, ) — kz("r’ 8q(a, 5))
n J kl(m’ 8, (2, 5)) -+ 7"2(“'7 8a(, 5))

ag.

In termes of these new variables the system (1.1) reads

(1.16) 0=V (k(v) Vu + e(v)) , (define v:= — (k(v) Vu + e(v)))
(1.17) 8,00 = V- (a(v) Vo + b(v) + d(v)v) .

Using the notation

(1.18) ]El(w, ?) 1= kl(w7 80(®)2) 762(“"9 2) = ka(xy So(@)(1 — z))
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the coefficients in (1.16) and (1.17) are given by

k(z, 2):= ]El(wa 2) + 752(-1" 2),

e(@, 2) 1= ly(x, 2) €, + ko(@, 2) €3
577 (2580(2)2)

— k@ 2) 0 Ve (k?(x, s1<£,1 (é'?ff’?fi) 520, e>)) %
(1.19) a(x, 2) 1= k;————’(m;ﬂ(z;fzz()m’z—) $o(®) 0,87 (2, $°(2) 2) ,
b(@, 2) 1= k;——l(x;c(z;f};(f %) (04— ) —al, 2) V, (z—i) (2, 57 () 80(2)2)) 5

Here s;* denotes the inverse of s, with respect to the z variable.

Therefore the system is separated in an elliptic equation for # and a
parabolic equation for v. Since p,<u<p, in {p,>p,} (and p,<u<p, in
{p,>p,}) the quantity « can be considered as a mean pressure. Equa-
tion (1.16) then can be interpreted as equation of continuity with pres-
sure » and velocity v for an ”idealized ” incompressible fluid replacing the
mixture of the two fluids.

In [10] the existence of a classical solution for the system (1.16) is proved
in the case that the equation for the saturation is strictly parabolic, that is,
0<e<a(z,2)<C. Also the overflow condition is not included. Some of the
arguments are restricted to the two dimensional case, for higher dimensions
it is required that % is a small perturbation of a continuous function
depending only on #. In addition this paper contains a uniqueness and a
stability result.

Recently independent to our work in [9] the problem was solved for
the original system with Dirichlet and Neumann data. The main assump-
tion is that the initial and boundary data stay away from one side of the
degeneracy, so that the solution contains only one pure fluid besides the
mixture. Then under certain condition on k; and s; one of the pressures
is of class L»(0, T; H-»(2)) for p< 2.

In [6], [7] and [15] the problem is treated numerically.
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2. — Existence of a weak solution.

In this section we state the assumptions on the data and introduce the
notion of a weak solution. Using the transformation (1.10) we prove the
existence of such a solution. For this we approximate the equation by
nondegenerate ones, that is, we approximate k, by strictly positive funec-
tions. Using the technique of [1] we obtain the convergence of the approxi-
mate solutions. In addition we have to choose the approximations such
that in the limit the solution u, satisfies the inequality w < u;— 4, <up, .

Throughout this paper we denote by C large and by ¢ small positive
constants.

2.1. ASSUMPTIONS ON THE DIFFERENTIAL EQUATION. The water content
s;(x, #) is measurable in « and continuous in z and

81(®, ) =0 for 2 < Pmin 32('7/'7 ) =0 for #>Pmax

s1(®, 2) < 81(@,2,)  and  8,(@, 21) > 8,(2, 25) 1T Proin <21 < 22 <Py -

Here —oco<Ppin<0<P.<o0o. By w, ., u . we denote the transformed
values according to (1.10), that is,

Omin

o k2 83 (&
WUmin * —f V d§7 Umax * = f V (0)

Furthermore, for all x and z
81(wy 2) + 83(, 2) = $o()

with a measurable function s, satisfying c¢,<s,(¢)<C,. The conductivity
k;(z, 2) is measurable in # and continuous in z with
kix,0)=0 and Fky(x,2)>0 for 2>0.
Moreover
k?(sf(z)) <k, s:(z, 2)) < Ci(?)

with

Ci(z) —~0 a8 2 Ppin »

Oy(2) =0 as 2P, -
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Here k¥ and s are continuous functions (which are independent of ») with
the same properties as k;, s;. Since s, is stricly monotone in [p_, , p,. ]
the elements k; of the matrix K defined in (1.12) can be written as

ki = ky(2, si(x, Pl—pz)) .

2.2. ASSUMPTION ON THE DATA. The porous medium £ c R” is an open
connected bounded set with Lipschitz boundary. For ¢ =1, 2 the boundary
00 consists of three measurable sets I'?, IV and I'? with I'?cI'; and I'7cI7.
The boundary data p? are in L*(£2x 10, T[) with p_ <p?—P; <P, and

p? eL*0, T; H-(Q)),
0,p?e I1(0, T; L2(2)) N L7(£2 % 10, TT) for some r>1.
The initial data s? are nonnegative measurable functions with s7 -+ s} = s,

satisfying ¥(s3) € L(£2), where ¥ is defined in 2.4. They are in the range
of s;, hence there is a measurable function p° with p_, <P°<p,., and

8:(x, p°(x)) = 8%(x) for 1=1,2.
2.3. WERAK SOLUTIONS. We consider the following sets of functions

K= {(v,, v,) e L*(0, T; H-*(Q)); v; = p? on I'?x 10, T[,
Vy— Uy <Ppax O0 17X 10, T[, 01— 0, > Py OL Iy, TM}
and

¥ := {(v,, v,) € L*(0, T; H*(Q)) ; u

mm<vl——v2<u

max ?

and v, on I'?x 10, T[ equals the transformation of

some (p,, p,) according to (1.10) with p, = p?}.

We call p,, p,: 2x10, T[ — R a weak solution of the differential equation
(1.1) with boundary conditions (1.4)-(1.6) and initial condition (1.7), if
Prin <P1— P2 <Ppax, if the transformed function (u,, u,) obtained by (1.10)
belongs to Ji*, and if for all (v;, v,) € X with 0,v, € L'(2x10, T[) and for
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almost all 0 <t < T the following inequality holds:

(2.1) .kﬂMﬁ—mW»—TMO
@ n ))Vu2

¢
+ff( $i(P1—D5)) +Zk""(3"(pl—1’2))vuf'6i)

0

<§(f(8(p1 P2) () v,(t]) — s30,(0 -—ffs(pl P2) 0:0;

Q

] [P olednm ) Bt ko))

Here (k;;);; is the matrix in (1.12) with the convention that

ki;(0)=0 and —= (0)=
) Vi )

Note that k,; may be unbounded. The function ¥ is defined as follows:

2.4. DEFINITIONS. We set

[

T(ﬁ, z) = Pmlnzl‘];gi’maxf(z—_sl(a.7 5)) d& *

0

Then

(@, 5@, ) = [ (5.0, ) —s:(a, ) £ ,

hence formally 0,%(s,(p,— P.)) = 0:8:(p1— p:)(P,— P.), and therefore the pa-
rabolic part in the variational inequality (2.1) formally equals

i
ZJ\J‘atsl(pl“‘pz)(ﬁi_”i) .
’ Q20

If (u,, u,) is obtained by (1.10) we have

Uy— Uy = P(P1—P2) »
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where
jVWd&, if 0<z<pm&x’
(2.2) pei=1 "
kf(s¥(8)) . B
IVW ag, if pan<2<0.
0

Also u_, <uU,— U, <u

‘min S max *

2.5. REMARK. The second term on the left in the variational inequality
(2.1) represents the natural topology and gives an estimate for the weak
solution. In the case that kj(s*(¢)) tends to zero faster than k(z, s.(x, 2))
as 2{Ppm (1Pnex) this estimate is stronger than the statement u,e L2(0, T';
H»:(Q)). If Vp, (in the sense of distribution) is a measurable function we
can replace

> kis(s:(py—p2)) Vu, by k(sdpr—p2)) Vo, .
E

Thus we obtain the original variational inequality (1.8) with integrated
parabolic part.

2.6. EXISTENCE THEOREM. Suppose in addition to 2.1 and 2.2 that the
sets I'"NI'Y and I'? N I'Y are empty and that one of the following conditions
is satisfied:

1) X5y I'PnI?)>0,
2) X¥-YID)> 0, P > — 00, and Uy, << oo,
3) N-YID)> 0, P < + o0, and gy > — oco.
Then there exists a weak solution.
REMARK. The last condition in 2) and 3) can always be achieved by
a suitable choice of kf, for example, if k¥(z) is replaced by
min (k¥(2), |s¥7(z)|™) with a > 2.

ProOF. We approximate the conductivity k; by positive functions

k_ := max (2, k;)

€t



346 H. W. ALT - E. DIBENEDETTO

and define k¥ similarly. The water content we approximate by adding
a penalizing term

8., (@, 2) := 8,(x, 2) + ez, 8, (%, 2) := 8,(, 2) —ez .
Here
0 for z2<Pmm ,
$1(@ %) = 8o() for 2>Pmax,

and similarly for s,. The approximating system with these coefficients is
(nondegenerate) elliptic-parabolic and the existence of a solution for the
corresponding variational inequality (1.8) can be shown similar to [1; The-
orem 1.7, Theorem 3.2]. The difference is that here the variational ine-
quality is only on the lateral boundary. But since it is convenient, although
not necessary, for our convergence considerations let us include the approxi-
mation of the time derivative by backward difference quotients 0, in the
proof here. Thus we start with solutions (p,,;, P;..) €3, of the variational
inequality

z (ja:hsei(phtl—phez) (Pres—0s) ‘f‘fv(Phei‘—vi) ksi(si(_phel—'phez)) (VPne + ei)) <0
Q

Q

at all times 0 < ¢ < T for every (v,, v,) € X,. Here J, consists of all func-
tions (v, v,) € L2(0, T'; H*(£2)) which are time independent in each interval
1G—1)h, jh[ and satisfy the boundary conditions

v = Py, on I'’x]0, I,
Oy — Dy <Ppax on I'?x]0, T,
Vy— 0> P on I'?x]0, T[.

The discrete Dirichlet data p?, are defined by

in
Pr(t) 1= fp?(r) dr for (j—1)h<t<<ijh,
(i—1n)

and the approximate initial condition is

85i((Prer— Drea) (1)) = 8% for —h<t<0,
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which is a condition on p,,, — p,.., for s, are strictly monotone. The
existence of a solution p,,, of these inductively defined elliptic variational
inequalities is assured since JX¥*(I7 N I7)> 0.

In order to obtain an a priori estimate set v; = py, in the time interval
10, T[. Then for the parabolic part

ffa Ser(Prer— phez)((phu Prea) — (PI— th))

11 Dhe1— Dhea

> f (Ssl(Phsx—phez)"‘sn(f)) ag
t—hQ 0

(Phe,— Phe,)(0)

—f f (80— sea(8)) A

0

¢
J[ fsb‘l Prer— Paea) (P11 — De) + ff31<ph1 — D)
(%]
3

t—

t—

+ Se1(Dner— Dres) OF (P — D)

Q

(=4

t—h

£
>2—q fflpnu—‘pnsﬂz—&‘ f flphﬂ_ph€2| laz(Pﬁ’“I’ll»)zH_C .
hQ )

t—
Here we used the fact that

(Dhe1—Dhnea)(0) (Phe1—Dnes)(0)

[ ] —sa@a<[ [ (—s@)d<[PE<oco
Q2 0 Q2

0 Q

Hence including the elliptic part we obtain

€ sup flphn Dheal? +sz & Si(Phu Drez) )lvphezl <C.

0<I<T

Therefore if u,,, are the transformed functions defined as in (1.10) with
respect to the coefficients k}; we conclude (see (1.11)) that Vu,,; are bounded
in L*(2x10, T[). Next we have to estimate Uy, itself.

In case 1) the functions wu,,; have fixed bounded values on (I N I7)
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%10, T[ since p,; are uniformly bounded functions. Therefore u, are
bounded in Z2(0, T'; H-*(R2)).
In case 2) we have I'?cI?N IY?, therefore

Pre=2Pn ad Py —Ppe>Ppy  on 7 X0, T7.

In the part where p,,,—p,.,<0 we conclude
D1 <Phe2 <P Pruin »
that is, u,,, are bounded. In the remainder p,,,—p,,,>0, hence
Uy =Py AN Uy = Py — (Upey— Upeo)

with w, ,— %, ,,>0. Thus if max (#,,,— %,,,, 0) is bounded in L*(2 x 10, 1)
it is bounded in L2(0, T; H“'(2)) and therefore also in L2(0£2 x 10, TT).
Consequently u,,; are bounded in L*((I'”?N I'?)x 10, T[) and therefore again
bounded in L2(0, T'; H*(2)). To prove an estimate for max (u,,; — ., 0)
‘we note that in the set {p,.,>P.o}

Dhey— Dhea

k&(s3(8))

%(s%0)) %

0 < Upey— Uper =

Since ¥}(sf(£)) = 0 for &>p_,. and k¥(s}(0)) > 0, for amll ¢ this is esti-
mated by

min(Pne;— ez, Pmax) ( * Dhey—Dheg
< of V (s (0) jas + f ViE(s0)) *(0)) a
< Umax C*‘«'Iphel_‘phezl

which tends to u,,, in L=°(0, T'; L*(2)) by the above energy estimate. This

proves the desired estimate.
In addition this argument shows that whenever u_,, << co we have
MAX (13— Upeo— Upmayy 0) =0 in L°(0, T; L*(Q)) .

Similarly, whenever u_, > — oo

min (U, — Uye— Ugin, 0) —>0 in IZ*(0, T'; L*(9)) .
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We conclude that for a subsequence b — 0, ¢ — 0

Upgy —> U, weakly in L0, T; H2(Q))

hei

and

Wmin SUy— Uy <Upypy -

As a consequence we can go back with the transformation (1.10) and define
p, and p, pointwise, satisfying the inequality p,, <P1— P <Ppax-

The next step is to prove compactness of the functions s,,(P,.; — Pre2)
which essentially follows as in [1]. Indeed, if we choose in the equation
for p,,; in the time interval ](j —m)h, jh[ the time independent function

V; = Dpe; &= 7 (Upei(t) — eyt — MmA))

where ne Cy(2), j>m, and (j —1)h<<t<jh, we get

f’?z(ssl(pehl“‘phez) (1) — Ser(Paer— Pae2) (E— m"’)) .

@ *((Uner— Uneg) (1) — (Uper— Upes) (t— mb) )
in

= E f fv(ﬂ“’(uhei(t) — Upes(t— mh) )) I"ei(si(pem—phaz))(Vphei +e).

i
(i—m)h 2

Since w,,;, Vi, and k(s,(Pney— Pre)) Vye; are bounded in L2(£2 x 10, 17)
we conclude integrating over ¢

T
(2.3) f fn2(sel(phel — Prea) (£) — 841 (Dper — Peo) (E— mb))

mh
*((thpey — Upeg) (6) (Yo — Upe0) (E— mb)) dE < O .

Since the functions involved are step functions in time the estimate remains
remains valid if we replace mh by any positive number. Since Vu,, are
in L'(2x]10, TT) we also have

T
(2.4) f J’?(m)z | (Whe1 — Upeo) (@ 4 &, 1) — (U0 — Upe5) (2, t)| dw dt < olg|.
0 Q2
For small ¢ > 0 define values p_;, < pg, (@) < D2 (@) < Dpax DY
8, (@, Pom(@)) =0 and 8 (% Phax(®) = 2+
Then the truncated functions

be(x, 2) := 8,(2, ¢°(w, 2)) with ¢%(x, 2) := max (p,‘-;m(a;), min (p2,.(2), z))
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satisfy
Ibq(phsl — Pre2) — Se1(Pher— Prea) <o+ &|Dhes— Pres y

which is small in L'(2x 10, 77) if ¢ and ¢ are small.

Therefore it suffices to show that b%(p,,, —P,.,) are precompact in
LY (2x]0, T[) if o > 0 is fixed. For é > 0 there is a small constant ¢(x, d)
and a constant C(J) such that if

lbg(wy .’L‘z) '—bg(w’ zl)l> 6
then
o(w, 0) < l‘}’g(zz) (zl)l l’/’e 2,) "/)8(31),

uniformly in ¢, where y, is defined as in (2.2) according to k. Note that
Y, is monotone. This yields

[9,(22) — ¥,(21)| > e(, 6) .
Then the sets
= {we Q2; c(x, §) >0}

for fixed 6 > 0 define a monotone covering of £ and therefore for 7 € O
(£2x10, T[) by the estimates (2.3) and (2.4) on the time and space dif-
ferences

ff (@ 1) [6(Prer— Prea) (@ + &5 T+ 7) — DOPper— Pens) (0, 1) | dix dt < Cﬁ"(Q\Ed

n f f (1, 1) [Be(Pacs— Daea) (@ + &, 1) — B(Pres— Poea) (&, 8)| s it

o ES

+ff (@5 ) [bO(Dner— Prea) (Ty T+ 1) — b Ppey— Do) (0, 1) | dac At

0 xS

<O(EM(Q\E)) + 9)

+ C— 0e®) ff (@y T —7) | (Uper— Unea) (@ + &, ) — (Uner— Une2) (%, T) | d

0 &S

+%6) ff’]z(x, t—7)|be(Prer— Pre2) (X, ¢ + 1) — be(Dper— Paea) (2, T) |
oz

. l(uhsl_uhsz)(xy t 1) — (Uper — Uneo) (@ t)l dw dt .
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Since the last integral is dominated by the left side of (2.3), and using (2.4)
we get an estimate by

<C(£"(.Q\Eﬁ) + 6 +Q@—)(l§| + If“l)) ’

o

which proves the desired compactness.

Therefore s,,(P;.;— Pre2) has a strong limit in L'(2x 10, 7[) and by the
standard monotonicity argument, that is, using the fact that for v e L2
(0, T; H»*(2)) with p,, <V<Ppax

(Si(%—l(”)) — 8{(Prea _Phsz)) (0— (Uper— Upe2)) >0

this limit equals s,(p,— p.).

We also have to prove that the weak limit u, is admissible, that is, of
class J*, which is not obvious since the strong convergence of the functions
Uy, 18 N0t yet known. But since b%(p,,; —P;.0) = 0%(p1 — p.) almost everywhere
in 2x10, T, as just proved, also @%(P,.;— Ps..) = ¢¥°(P— p.) almost every-
where, consequently w,,, — ., — %, — %, almost everywhere in £2x]0, TT.
But since u,,; are bounded in L3(0, T'; H*(£2)) this implies that wu,,;— u,,,
— U, — u, almost everywhere 002X 10, T[. Now on I'?x]0, T[

Dre1 = Pin and Pre1— Pre2= Pmin

since I'?cI'Y N I'?, that is, (u,,, u,,) lies on a curve
{21, 2:) €R%; 2, + 2, = P, (81— 22), Uy <& — 22 <Upp}
with continuous functions y, converging uniformly to some y. Hence
Upey + Upes = Ve(Upey — Upe)
and for ¢ — 0 we obtain
Uy 4 Uy = P(Uy — U,)
that is, (u,, u,) is admissible.
Finally we have to show that u, satisfies the variational inequality in 2.3.

For this approximate any function »; as in 2.3 in the corresponding norms
by functions v,;€ X, and write the equation for p,. in the form (three



352 H. W. ALT - E. DIBENEDETTO
positive terms on the left side are omitted)

¢
(2.5) f f 31 (Prer— Phez))"—&v(s:))
rQ T

t— t

-+ Effke; Si(phel phez))lehezl -+ sz- ei(si(phel__'phse))Vph&i'ei
Yoo ‘oo

h

¢
0
ffssi(phsl Prez) (Vn1— Vag) J(f31 V1 — Vps)
“nQ

t—h

f Se1(Pner— Prez) 0 (Vny— Ups)
0
+ ZJI(kei(sc(Pnsx—Phez) Vg, 6,4 kei(si(phﬂ—phe?)) me'va) .
0Q

Since $,(Py.; — Pre2) Converges almost everywhere the first integral on the
left and all terms on the right expect the last one converge to the desired
limit. Next we look at the last terms on both sides. Let p> 0 and &2 < g.
Then

ff e1(81(Prer— Phez)) VPser Vou

_ffma'x ke1(31(phel phez)) — 0 )Vphex Vou + REe

= z ffkgxf(sl(phﬂ_ph82)) Vitpe; Vou, + Rfe
3
02

with
max (key(e, z)_g’o)km(w, 2) for 2 >0,
k%, (w, 2) 1= key(w,2)
0 for z=0,
where (k,;); is the matrix in (1.12) corresponsing to the functions k,,

and kY. If k%;(x, s,(2, 2)) > 0 then by 2.1

o< k1(w7 81(, z)) <Oy(»)
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hence z>p,., + (o) (¢>—C(p) >—o0, if p,, = —oo) and therefore
kY, (s7(2)) >c(0). Consequently k2 (s,(Py.;— Ppez)) are bounded functions uni-
formly in & and ¢ and converge almost everywhere as h — 0, ¢ - 0. We

conclude
t t

Z J.fkg1i(31(phe1““pnsz)) Ve Vo, — z ffkfj(sl(pl_‘pz)) Vu; Vo, .
J
0 0 Q

J
0

As we will see in a moment
z kli(sl(pl - Pz)) Vu,
i

is bounded in L(£2x10, T[), hence as |0 this converges to the desired
limit.
For the remainder we have

i
C
[ RRe| < 6ff sl(sl(phsl—phsz))‘Vphellz + Tg
]

for any small 6 > 0 which finally will tend to zero. The first term on the
right can be absorbed by the second integral on the left in the variational
inequality (2.5), and the second term is small for small p. It remains to
consider

t
Ihet= ZJ‘f Ei(si(phel—phsz))lvphaflz
‘98

=]

From what has been shown up to now it follows that

ke
; 77—:%‘ (si(pksl'——phsz)) Vau,

C
(‘V”Ml -+ 'eil) + C(vy, v;) + TQ .

¢
(1—90) J< 2 ffiz kgi!(si(phsl_phez)) Ve
1 J
09

Since

I 2 i (35 Pror— Prez)) Vs> ’ 2 k2 (8i(Prer— Prez)) Vit
i B

i
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we obtain

2
<0,

ff ,z kgi!(si(phel""' phsz) ) Vuhej
0 Q2 !

and since k2,;(8;(Py.1— Pree)) converges almost everywhere also

3

f f | 2 Ki(sipr—p2)) Vs

0 Q

2
<0,

which was used above. Moreover for fixed &> 0 and &<,

2

ke
z - (si(phel‘“phsz)) Vtnes

i '\/k_s‘ > 2299::5(?7!51_19}132) Vu,,e, :
with
poy(?) = k(¥ (2)) Fats(34(2) ) [V Eoi( 84(2))
&tj o — .

V. kew(s7(2))

Since the numerator of ¢y is uniformly bounded and the denominator
strictly positive, ¢ge(p,.;— Pree) converges almost everywhere, which yields

2
S @m—p2) Vu,
J

¢
liminf J,,> Ef J‘
(r,€)—0 i
0 Q

and as ¢,— 0 this converges to the desired integral.

The variational inequality (2.1) contains all information about the solu-
tion. In particular we shall show that weak solutions in the sense of 2.3
are weak solutions of the differential equation (1.1).

2.7. LEMMA. Let p,, p, be a weak solution as in (2.3). Then
0:8:(p1— P.) ELz(O, T; ﬁl’z(g)*)

with initial values s?, that is,

T T
@6)  [Gusp—p), O +[ [(sm—p)—s) oL =0,  i=1,2,
0 0 Q
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for every ¢ e L2(0, T; H*(Q)) with 9,¢ € L*(2x10, T[) and {(T)=0. And
the differential equation

2.7) 0:8:(pr—py)— V- (Z kz’f(si(pl‘-pz)) Vu; + ki(si(lh—f)z)) 31) =0,
J 1=1,2,
holds in L2(0, T'; HY(Q)¥).

ProoF. Formally this follows from (2.1) by setting v, = p, 4 £, with
£, as in the statement of the lemma. But since the space and time behavior
of p, is not good enough to use it as a test function we have to approximate
these functions.

For this choose sequences S |u,. and w2, 4w . as o/0 and define
the truncated functions

w+u, 1 .
u:= + 5 max (uginy min (%, ul""'uz)) ’

(2.8) ) ?
) 1 .
ul:= @%@_5 MAX (U, MIN (Uae, Uy — Us))

Then «¢ € L*(0, T'; H»*(2)) and also the corresponding pressure values p¢
defined by (1.10), that is,
29) wf=p{ and w=p{—y@E{—p})  in {u{—ug>0},

u{=p§ +y(pi—pf) and wf=p;  in {uf—uf<0},
are of this class. Similarly we define p?’ starting from the transformed
functions u? of pP. Then the functions

w; =7 + (93 —p}’)
satisfy
w; = pP on I'?x10, T[

and in 2x]0, T

(2.10) Wy — Wy <PP— P + Poax— (07— P7°) <Py »

where y(p2,.) = 42, .. Similarly w,—w,>p,,. In particular, w, are of
class X.
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As test function in (2.1) we use

. wre+ wre 1 ) .
W=tk 5 max (Pomtny MIN (Prgey W —w3,)) = &y

2.11
( ) Iv.m'_ w'{s + w;s

FR] -5 max (pmim mMin (Ppax, ’w;e"‘w;e)) +&.
r

23
-

Here ¢, are as above such that {(!) = 0 for ¢ near T, and for small A > 0
and 0 <7<h, 0<e<h—7 the function w;® is defined by

wi(t) 1= p7(t) + (P — ) (jh—7)

G+1h—r—t
&€

+ max (o, 1— )((p%—pf@)((f + Dh—r)— (p2 — PP (b —)

whenever jh—v<t<(j +1)h—7, where j=0,..,j, with & —h<i, <,
ty:=jah, and given ?, near 7. In this definition pP(f):= pP(0) for t< 0

and the initial value p(t):= p? for t< 0 is chosen in H*({2) such that

(] 0,
Puin <p19_-/p29 <Pmax and

(2.12) f (‘1’(3‘1’) " f_p’ (82— 5,(8)) d.f) -0  as p—0.
Q 0

By construction v}° are of class ¥ and 9,v;° are in L'(£2x]0, T[). Fur-
thermore by (2.10)

v;°(t) = wy(t) £ £,(2) for t=jh—r.

Then the {; terms in (2.1) give the assertion provided we can show that
for {; = 0 the right side in (2.1) does not exceed the left in the limit ¢ — 0,
h —0, and ¢ — 0. First let us consider the parabolic terms. For almost
all 7 almost everywhere in Q writing s,(¢) for s,(z, (p, — p.)(z, 1))

((+1h—7
8,04(01°—v%°)
jh—7 G+h—7
= f 2({Puain< W — W05 Prnaa}) (51— 82(( + 1) — 7)) Qe(wi*— w0)
ih—7

+ 5(( + V)b — ) (Wi — wE)(( + 1) h—7) — (05— wE) (jh— 7))
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(G+1h—7
>— f 81— 5:(( + 1)h—17)| [0 p2—P2)|
jh—7
1 (G+1h—7
— (s 5u((f + 1) —1)| [4ELpe— DY — D2+ PE) (B — )|
(G+1h—1—¢
(G+1h—7
— a0 + )h—1)| f 0u(pP— p7) — Bu(pP— p20)|
jh—7

+ 83((G + Vh—r)((Ps— (G + Dh—7) — (Pt — P (R —7)) -

The second term tends to zero as ¢ — 0, hence summing over j and integ-
rating over 2 we obtain

th—7

(2.13) ]imJ‘ fslat(v{“—vzs)

&0 3
j_(5+1)h—z

>3 [ [m—s(@+m—nlpw—o)
=0 ate 3
th—1

—o f f 1092 — p2) — (pTe— pI)|
0o 2

in—1

+z 8.5+ Dh—7)((#8— (G + Vh—7) — (P — P (b — 7)) .

For the first term on the right of (2.1) we have

(2.14) f (3, (t, — 7) (@7 — 7)1, — 7) — 8207 — vT)(0))
2

/Gf |(# —p2)t,— ) — (22— PEO 6, — )|
+ 0|2 —p2)(0) — (2} —2F*)(O)]
Q2

+ [(51— V(B3 — Pt — ) — 205 — P(0)) -
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Subtracting (2.13) from (2.14) we obtain for the last terms on the right

in—1

2 (sl( i+ 1)h— 1) —s,(jh— 7)) (9§ —p8) (R —7)
. (p°— (G +1)h—7) (98—5)(ih—7)

<> ( (5:(G + D) —7) —5,(8)) a& — (&(ih—r)—sl(é)d&)
S J

e 0¢
1 TP

(sluh—r)—sl(s))ds—f f (s2—s,(8)) &
2 0

(98— 15)(In—7)

I

Integrating over 7 from 0 to k and dividing by & this converges to

[ (sut0)) —1s9)

Q

for almost all ¢,, where (2.12) is used. This is the parabolic term on the left
of (2.1). Thus we have to verify that the remaining terms in (2.13) and
(2.14) are small. Since it was assumed that 9,p? are in L'(2x 10, 77) for
some r > 1 the first term on the right of (2.13) is small for small 4 after
performing the mean over r. The second term is estimated uniformly in 7 by

T
of [(|o,max (p?— P2 —pus, 0] + [0, max (pgy,— PP + P2, 0)])

which tends to zero with g. The first term on the right of (2.14) converges
for almost all ¢, in the mean over 7 to

0]'(1’1 _.'pz ty) — (p1 _.'pz °) (¢ )l

<0 (max (97— p2)(t) — Plaxs 0) -+ max (Pun— (PP —p2)(1), 0))

Q2

which tends to zero as ¢ — 0. The same holds for the second term.
Now let us consider the elliptic term on the right of (2.1). First we note
that for almost all 7 as ¢ — 0 the functions v}° converge in L2(0, T'; H*(2))
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to 07, which is defined as in (2.11) with

17

wy := pP(t) + (P8 — ) ([Gh —7) for jh—r<t<(j +1)h—7.
h

Now {w?dr converges to w,; in L2(0, T; H+*(2)) for h — 0, consequently
0

h
also fo} dv converge to w,. Since in the set {(p?—p) > 02}
0

¢ =up? = ui — 3w —up —u,)

= p? — 3 (¥(p? — p3) — P(P2ss))
and

pék’ = p?e—pﬁlnx 9
we see that

[V(p? —pP0)| = 1 v/ (97 — p7) | V(9? — 3|
V(@2 —p29)| <@ + v (0P —pD)(|V(@?— 23| -

Therefore as o —0

to to

[ [x(p2—22 >0V @P—pP) <0 [2({2P— 9 >Pou (V@ —2D)I*
00 0 Q2

to
=0 [1{pP— 92 = Puad) V7 — D) = 0.
0 Q2

Similarly we argue in {p? —p?<0}. Hence it remains to show that for
o—>0

to
ffvpg (z is(s:) Vu; -+ ki(si)ei)
o Q

does not exceed the second integral on the left of (2.1). In {ul;, <u,—u,

<ul..} we have p? = p, and therefore

1
[ — , N .
Vpl = o) ; ki;(8:) Vs .

In {u,—u,>u

2.z} We have

e — e — m0__me
P8 = ud = u;— 3w, — uy— 5, and Py = P11 Pmax
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hence

1
Vp§— l., Ekl, 8) Vu,; = V(p§—u,) :—;V(ul'—uz) .
1( i “~

Since V(u,— u,) and Eku(sl) Vu,; are in L*(2x]0, T[) we conclude

ff {u1~—u2>umu})(Vp‘ AN Zkl, (8 Vu,)(Zkl, (81) Vo, + ki (8y) € )

i

(ff ({1 — U >USuc}) |V (00 —uz)lz)

lo
- 0( f "({”1—“2>“%ax})lV(ul—uz)l“)éz 0.

0 Q

Finally let us cosider the integral with Vp?. In {u, — 4, = u,,,} We have
k,(s,) = 0, hence the integral gives no contribution. In {u e <U— Uy < umu}
we compute

Vpl— s )zkz,(s2 ) Vay = Vpo—((1—2) Vo, + V) = (—é—l— x)V(ul—uz) y

where

#i= Vk* Pz))

Since x is unbounded we have to argue more carefully. From (2.1) we
know that

o |§7c2, sz)Vu,IeLl (Qx]J0,TT),
that is,
Vg (82)((1 — ) Vg + 22V, ) € L2 % 10, TT)

and therefore also

VEeo(89) 2 V(1 — uy) € L2 %10, TT) .
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We conclude
J.f m-.x<u1—uz< umu})(sz ieals )zkzi sz)Vui)(zkzi(sz YVu; + ky(s,) e )

—J.f Wy < Uy— “2<umu})( ) —“a)kz(sz)((l"‘x) Vu, + 2 Vu, -+ 02)

2\#
)

(——% n u)V(ul—m)

< 0( f f (U < s U U} (52)
0 2

as o —0. This completes the proof.

2.8. REMARK. For a weak solution p,, p, define

= o) s p—p)) Ve

in {ki(si(pl—p2)) > 0} and P,=0 in {p,—p,=Ppy}, P.=0 in {p,—
= Pmax}- Then

ky(s:(p,— p.)) P; € L (2 %10, TT) ,

and P, is the limit of gradients in the following sense. If p¢ are defined as
in the proof of Lemma 2.7 then as shown above

P, = Vp? in {P2in <P1— D2 <D}

and

T

J.fk, P1— D) (|Pi— VP2 =0 as o —~>0.
Moreover the variational inequality (2.1) reads

J\(W(Sl(pl—pz)(t))—![’(sg —f $(p —pz)(t)(vl—’”z)(t)—sg(” ——-'I)z)(O)))

Q

+ff31 P1—D3)0¢(v1— ;) + sz 8(Pr— pz))(Pi+ 6;)(P;—Vv,;)<0

for all (v,, v,) € ¥ with 0,v,€ L1 (2 %10, T[) and for almost all &.
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3. — Continuity of the saturation.

We shall prove that the saturation v = s,(p, — p,) is continuous in
space and time (see Theorem 3.5). For this we introduce the mean pres-
sure u defined by (1.15) and consider the transformed system (1.16), (1.17),
which consists of a parabolic equation for v and an elliptic equation for .
Therefore w and v are the natural variables of the problem if one wants
to separate the parabolic and elliptic nature of the system (1.1).

As assumption we need that the diffusion coefficient for » degenerates
ay most at one side, and that the mean pressure « is bounded. Sufficient
conditions for # being bounded are given in 3.9. To performe the estimates
we also need various conditions on the coefficients, in particular they should
be mooth enough as functions of the space variable (see 3.1).

The proof of the Regularity theorem 3.5 consists of two parts, an esti-
mate from above (see 3.7) and from below (see 3.8). The proofs of these
estimates (see section 4 and 5) follow the lines of the De Giorgi techniques,
where the special features here are the degeneracy of the coefficient a in
the parabolic equation for v and the coupling to the elliptic equation for u.

3.1. ASSUMPTION ON THE DATA. Let D an open subset of 2. We assume
that s; is continuous differentiable with respect to the second variable in
D X{Ppin <2< Py}, and we assume the following qualitative behavior of
the coefficients

3.1) 0.8(w,2) >0,

ky(, 81(2, 2))

N = f = glax may
(3.2) 3.5.(@, 2) >e(0) >0 or 2€D, 2<Plax!Pumay
33) |B@8@R) | o g e D and 2<0 (20) it i—1 (2),
0,8:(®, 2)

(3.4) Ikl(xy 8:(w, z))(azkz)(w 85(, z)) + 702(50, 8y(, z))(azkl)(w7 8,(, z)) l <C.
For the dependence on = we assume

{3.5) 8@y 2) =0 as  z—>p uniformly for xe D,
(3.6) |Vso|<C,

(3.7) ki, s,(x. 2)) v, (sl(w, z)) r oy,

0.8(x, 2) 8%(x)

for zeD and 2<0 (>0) if ¢ =1 (2),
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(3.8) Ikl(x7 81 (@, z)) (sz)(xy 8y(, z)) — kz(x) $2(, z))(Vkl)(w7 $1(, z))l <C,

i (2, 81(2, &)

3.9 ®

(5:9) f v (kl(m,sl<w,é>)+k () 54( M))ldf =0
i ki, 81(2, &) ) ka(2, $o(2y &)

(3.10) f lvx(kl(my 81, ‘f)) + kz @y 83(, &) )’df v

Pmin

3.2. REMARK. The coefficients defined in (1.19) satisfy
c<k<C, ld|<C
From (3.3), (3.7), and (3.9) it follows that
la] + (o] + el <€,
and (3.2) implies that for every 6 >0

inf a(x,2)>0,
x€D,2<1—0

that is, the diffusion coefficient a for v is coercive near 0 and degenerate
at 1, but we impose no restriction on the nature of this degeneracy.
By (3.4), (3.8), and (3.6)

|8zd] + |de|<0
Moreover if

z

Az, z)::fa(w, £)dé¢,

0

then (3.7) and (3.10) imply that
|VAd|<C.

In the proof of the regularity theorem we will use these properties of the
coefficients only (besides (3.6)).

First let us prove that the transformed functions # and v satisfy the
differential equations (1.16) and (1.17).

3.3. LEMMA. Assume the data satisfy 2.1, 2.2, and 3.1. For any weak
solution p,, p, define w, v as in (1.14) and (1.15). Then 0,(s,v) € L*(0, T';
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H L2(D)*) with initial values s (in the sense of (2.6)) and in this space the
differential equations

(3.11) V- (k(0)lim Vue + o(v)) = 0 (define v:=— (K(v) Lim Vase - e(v))) ,
0—>0 o—>0
(3.12) 9,(s*0) = V- (lim a(v) V min (v, 1 — @) + b(v) + d(v)v)

e—>0

are satisfied with coefficients k, e, a, b, d given by (1.19). The limits in (3.11)
and (3.12) exist in L*(D x 10, T[), where ue is defined in (3.14) below (see
Remark 3.4). In particular we and min (v, 1 — ) belong to L*(0, T'; H-*(D)).

Proor. By (2.7) we have to consider
(3.13) > kii(8:(p1—p2)) Vu; + ki(s:(pr—p2)) €: i1=1,2.
i

The sum of both expression in (3.13) equals

1
I(v) (_‘— z kii(si(pl_’pZ)) V’“i) + z ki(si(pl —“pz)) (7
k(v) 5 i

Since 0(8y(p,—P.) + 8:(p.— p:)) = 0, the only thing to show for w is that
Vue has the desired limit. Here

(2°—2)(,t)

(3.14) we(x, t) 1= pl(w, t) + key(y 8:1(2, £))

ky(w, s1(2, £)) + ko, so(r, &))

ag,

where ¢ and p¢ are defined as in (2.8) and (2.9). Then

p¢—1°

Vue = ‘}— z ku(si(Pl—'Pz)) Vu$ + f Va:( kl(SI(E))
k(v) G ;

k1(31(£)) + kz(sz(f) )) a .

In {ul, <wu,—u,<ul,.} we have u%=u, and therefore in this region (3.13)
equals
k(v) Vue + e(v) .
In {u,—u,>ul,}
”gux

ue = % (%, 4 uy 4 uiena.x)_'f
0

kz(sz(f))
kl(sl(é)) + k2(32(£))

as,
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hence in the L*(D x]0, T[) norm

2 — 0, >0}Vl Vit Vu, | f (L R(sd®)
ul 5 1\°1
= 2({t0r— Uy > Ul )(——2- +f Ve (kl(sl(f)) + kz(sz(f))) dg)
0
B i ka(:(8))
— ({ug— 1wy = um.x})(Wx + f Ve (kl(sl(é)) - kz(sz(f))) df)’
0

but also

1 .
W 12’ kii(si(pl—pz)) Vuj = V?l/]_ in {'Ilzl—- Uy = um‘x} .

Now let us look at the equation for, e.g., p,. An easy computation
shows that (Writing k; for k;(s:(p,— pz)))

- (; kos Vu; + Ky 32)
ok (1 1 ) oy %y
= — >k Vuy— = ky; Vu e—e —,
bt T\l 3 VT R V) T () T,

In {u, —wu, = uy,, or u,,} the first term vanishes. Therefore as ¢ — 0

this term is the limit of

Fuk, (1 1 )
=k Vu;—— > k,; Vu
ky+ k, k} v k“Z B

__kik, o poy__ Fake8® (o o (5
“ etk PTG kga,s;(v”e V‘(so))’

X({uemin< Uy — Uy << '“'Sn-x)})

if we define

Q_me
’UQ((L', t) = sl(m’ (p;o(;f);)(m’ t)) .
This shows that

2,(5°v) = V- (lim a(v) Voo 4 b(v) + d(fv)v) .

e—>0

The same is true for

1(@, max (piya, Min (s, (B:—2)(®, 1))

voe(x, 1) 1= (@)

as ¢ -0 and ¢ — 0 independently. It was assumed that a(v)>e¢,>0 in
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{0 < 809 < 8,(P2ax)}. Since Vo’ = 0 in {8,0 < 8,(Ppy,)} and in {850 > 8,(p2 )}
we infer that Vv° has a limit in LZ*(Dx 10, 7[) as ¢ — 0. Hence

81(7, Min (Plusy (P1—P0)(@, 1))
s°(@)

ve(w, t) 1=

is of class L2(0, T'; H“*(D)). Moreover, a(v) Vue is estimated by a function
in L*(Dx]0, TT), hence for small > 0 the function a(v)V min (v¢, 1 — 6)
is near a(v) Vue in L2(2x10, T[) uniformly in o. (Note that a(0) needs
not to be defined, since Voe = 0 in {v = 0}). Since

min (v2, 1 — §) = min (v, 1 — J)
for small ¢ and fixed ¢ (by (3.5)) we infer that

lim a(v) Vve = lim a(v) V min (v, 1 —9) ,
0—0 0—0

which proves the assertion.

3.4. REMARKS.

1) If we is bounded in L?(D x 0, T[) then it has a limit » in L2(0, T';
H*(D)) and (3.11) means

(3.15) V- (k(v) Vu + e(v)) = 0.

Moreover u is given by (1.15) (see prof. of Lemma 3.9). In the following
theorem we will assume that «e are uniformly bounded functions.

2) It is known that using test functions of the form
po)n?
in (3.12) for bounded functions
ne L0, T; H»*(D)) with dmeL(Dx]0, T[),

one gets for almost all 0 <t?, <?t,<T

(t) o(t)

123 ta

t=1,
[<eusmor, gtomes = [ssmwr([oterag) [ [sooar( [0z a¢).
# 2 o

2o %o
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Here ¢ is any Lipschitz function with ¢'(2) = 0 for 2z near 1, and %, any
real number.

3) It also is a standard calculation that for test functions (% as in 1))
un?

in (3.11) with n € H%-2(D) one gets for almost all ¢
[IVu@ln <0 [ (w2 [Vl + %)
D D

3.5. REGULARITY THEOREM. Assume the data satisfy 2.1, 2.2 and 3.1,
and suppose p,, p, is a weak solution with uwe L°(D x]0, T[) (satisfying
(3.15)). Then

(3.16) 8:(p1— p.) € C°(D x 10, T7) .

The modulus of continuity of s, can be estimated by the estimates on the coeffi-
cients made in 2.1 und 3.1, the distance to the boundary of D x10, T[, and
the supremum of |u|.

For the proof we introduce

3.6. NotATiON. Let (z,, %) € Dx]0, T[. For R > 0 the parabolic cyl-
inders are denoted by
Qr:= Bg(@o) X Jto— B2 t,[ .
Furthermore
Q% := Bg(w,) X Jto— a2, to[ for >0
and

Qr(01, 02) := B, (@) X Jlo— (1 — 03) R, t[ for oy, 0,€]0, 1.
‘We define
Jioltyi= esssup  [pol:-+ [ 9wl
to— RE<t<t
Bg(%o) Qr

and similarly for the cylinders Qj(oy, 0;). In the following 0 < R< R, with
Qr,ccDx10, T[, and u*, u~ are any numbers with

esssupv<pt<1,
a:R

ess info>pu->0,
Qr

(3.17)
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hence

essosco<pt—pu~.
Q:r

Furthermore « is any positive number satisfying

(3.18) pr—p<o<2(ut—p).
By Remark 3.2

@o(w) := inf a(x, z)
xeD, 0<z2<1—w/4

is positive.
3.7. PROPOSITION. With the motation of 3.6 there exists a small constant
¢, > 0 independent of (x,, t,), R, and w, such that if

meas (QzN {v > put —w(2})

<y (w
meas Oy <e'gy(w)
then
essoscv<iw.
ORIx
Here

P1(w) 1= (wPo(w))¥+2 .
Proor. See section 4.

3.8. PROPOSITION. Suppose that

meas (QxN {v< p~+ w[4})
meas Qp

<1 — oy (w)

with ¢, and @, as in Proposition 3.7. Moreover suppose that R is small enough,
precisely,

1
R< Sa@ and osgso<§ (Copr(®))? .
R
Then
essosco<(1—270 ),
Qn‘
where

R* = ¢, R"®.
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Here ¢, is a small constant independent of (xy, t,), B, and w, and g(w) is a
decreasing function of w independent of (%, t,) and R (see (5.14)).

PrOOF. See section 5.

Proor of THEOREM 3.5. We apply Proposition 3.7 and Proposition 3.8
inductively in order to prove continuity at (x,, %) € .Dx]0, T[. First, the
largest oscillation of v is 1, therefore we start with selecting R, to be so
small that the closure of @,z is contained in DX 10, T and that

1

1
S and  0scso<z (Copi(1))?.

Ry<
° 2R, 8

Define two sequences of real numbers R, and w, as follows

_ _ —glon)—1
1=uw, Wpp1 = 0, (1 —2777)

N o 1 :
R, =Ry, R,;,=min {5 R 0,11 27, 04 (g (%‘Pl(wnﬂ))) } .

Here ¢ and q(w) are the quantities in Proposition 3.8, and ¢, and ¢,(w) are
as in Proposition 3.7. The function o, describes the continuity of s,, that
is, g, is continuous with ¢,(0) = 0 and

08¢0 <0 if R<o,(9).
Qg

(By (3.6) we can choose 0,(6) = ¢d, but this strong condition on s, is needed
only to control the coefficient d, see Remark 3.2.) Obviously w, — 0 and
R, — 0 as n — oo, for R, ,<R,[2, provided ¢, is small enough.

By construction we have

W 1
(3.19) Rn<zmm and oRsc S0<g (Copr(wn))? -
Let us assume that
(3.20) eSS 08¢V < Wy
Q2R,

which is true for n = 1. Then we can choose u} and u; such that (3.17)
and (3.18) is satisfied. Obviously we must have either

(3.21) meas (Q,,,,n {v > up— a%}) < Copa(@,) meas (Qz,)
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or

(3.22) meas (QR,,O {v > pd— %}) > ¢op1(w,) meas (Qr,) -

If (3.21) occurs, by Proposition 3.7 we have

€S8 0SCV <ess 08C V< FW, < Wnya
Q2Rp4y QRo/2

since g(w,)>1. If (3.22) holds then either

—, g Wy

or

., Wp L Wy
Bt >t —
In the second case

_ 3
ess 0se v <y — u;, <L On<Oniry
2Rn

and in the first case

meas(Q,,,,r\ {v <pn+ %})< (1 —copr(wn)) meas (Qr,) .

Therefore by Proposition 3.8 in view of (3.21) we must have

€88 0SCV <e88 08¢V < W, (1 — 277" ™) = @, ;.
Q2Rn 4y QR;

We obtain inductively that (3.20) holds for all n. This proves the con-
tinuity of v and supplies a modulus of continuity implicitely.

Finally let us verify the condition that « is bounded, which was needed
for the proof of the regularity theorem.

3.9. LemMA. Suppose that in addition to the assumption in the existence
theorem 2.6 the condition (3.9) is satisfied in the entire domain Q. Further-
more assume that if ¥N-1(I'? N I'Y)> 0 then p, > — co and

Pmax

ky(, s5(, ) -
f kl(m’ $1(, E)) + kz("”y $a(®, 'S)) <0 forwelyNIy.
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If ¥ (I?NTI7?) >0 then the corresponding properties are assumed. The
conclusion is that u is locally bounded in Q2 x10, TT.

PrOOF. Define w¢ as in (3.14). Then wuee L*(0, T; H»*(2)) as shown
in Lemma 3.3. On I'YN I'? we have

pPe—pPe

kl(sl(é))

Iu‘-’l<lpz"l+‘ Of E(5:(8) + (o) | <©

since p? are bounded. Note that C is independent of p. Since

D1—D,y

o ka(82(4))

W= | ) T h®)
we see that on I'° N I |

De_ﬁmin k2(82(§))

ue<p (f ki(81(8)) +k2(32(§))d5<0

and
b [ Es@) _
WEP ] @) + ka(e®) 7T

Let

@(#) := min (2 + €, max (z— C, 0)) .

Then ¢(ue) € L2(0, T; H-*(£2)) and y(ue) = 0 on (I'? yI?)x10, T[. In the
proof of Lemma 2.7 it suffices to assume that

: =0 on I'?x10, T,
6Hi—8=0 on (FfUF;)X]OyT['
Therefore setting {; = { where (e L*(0, T; H-*(R2)) with
=0 on (I?uly)x]o, I,
and

(3.23) 2.L e LN %10, T[) , and ory=0,
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we obtain almost everywhere in time
0 :fz (2 kif(si(pl—'pz)) Vu,; + ki(si(pl—p‘l))ez‘) \%4
% 3

f (v) 11mVu9+e( )) \Y4

g0

where the last identity was proved in Lemma 3.3.
By approximation we see that we can ignore the condition (3.23), hence
we are able to set { = g@(u¢), which yields

f [Vep(ue(t))|2< C (1 +fx({lu9(t)1 > 0})|1in01 Vul(t) —Vw-’(t)lz)
e—-)
2 2

where the last integral integrated over time tends to zero with o. Since
@(ue(t)) vanishes on I'? U Iy, we conclude that

“

f|u9 )< C (1 —I—f |hm Vaul(t Vue(t)lz) .

Then multiplying (3.11) by n2ue(t) with n € C;(£2) we obtain that also
f 72| Vue(t)2< 0(1 + f [hm Vaul(t) — Vue(t)r) .
a0
2 2

In particular e is bounded in L2(0, T'; H};%(£2)), hence it has a weak limit u.
Since

ty t2
f f e+ V) <timing [ 2wl + [Vael:) < 06—t
e—>0
t, Q2 i 2

we see that we L*(0, T; Hj;2(£2)). Moreover u satisfies (3.15). Then the
De Giorgi estimate (see e.g. [11]) says that ue L*(0, T'; Ly (£2)).

Since u¢ = u, in {ug, <u,—u,<ul,.} we conclude that u is given by
(1.15) in {umm< Uy — Uy < Uy} I u, < oo then in {u,—u, =y, }

?, gmx

ks(85(8))
(s + Uy + Ufax) J. ky(81(8)) + Ea(82(8)) -

0

L\'J]}—‘
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The first term converges uniformly to #, = p,. By (3.9) also the second
term converges uniformly, and the limit must be finite since u¢ has a weak
limit (we assume that {w, — u, = u,,} has positive measure). Thus in
{uy — u, = uy, } the second formula for u in (1.15) holds. Similarly in
{,— u, = uy,} the first formula of (1.15) is relevant for w.

The statement of Lemma 3.9 in connection with the assumption in
Theorem 3.5 is not quite satisfactory, since in case k,(2)<Cz condition
(3.2) implies that p , = — co. But then Lemma 3.9 does not cover the
case that I'? N I'? is non-empty. Note also that u is bounded for the second

example following (1.12).

4. — Proof of Proposition 3.7.

Let v, := min (v, gt —w/4) and let ¥ be any number satisfying
+_ 2 + 2
(4.1) pr—5< k<uw i

First we will establish the following estimate for (vo— k)* = max (vo— ¥, 0)
for any numbers 0 <o;<1 and 0<o,<1

q%w)“‘ ((o1R)~2+ (0, R?)*) meas (QzN {v > k}) .

42)  [(a—k)" |G, 00<

Then we apply this estimate inductively for a sequence of values R and k
in order to obtain Proposition 3.7.
To prove (4.2) we select the test function

(va—k)*9*

in (3.12) in the time interval J¢, — R?, {[ with { <{?,. Here % is a cut off
function in C°(Qy) with 0<7n<1 and

(4.3) n=1 in @z, 03), 7 =0 on the parabolic boundary of @,
|Vy|<C(oyR)*, |4n|<C(oyR)2, 0<0m<C(o,R?).

D(v):= I (min (5, ‘u"‘—%)—— k)+d§

k

= 5o+ (m—%’—k)(v— (;ff— %))+

Since
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we obtain using 3.4.2

t
[sony@(oa) + f [a@m? [V @a—By*]2
t

Br o— R? Br
t

= f f(sodi(v) 0,m% — a(v)(vo— k)* Vo V2 — (b(v) + d(v)v) V((vo— k)+n2)) .

to—R? Br

The first term on the left is

> o[ n(t)*] (va(t) — B)*?

Br
and for the second integral we have

> @o(o) f fm [V(vo— )" [?

to—R? Br

since the integrand vanishes in {v>u*— w/4}. The function ¢, is defined
in 3.6. The first term on the right is

< C(Usz)“lf%({” > k})
Qr

and the following term can be treated in the following way using the prop-
erties of the function A(z, z) in 3.2.

t
— Ja(v)(vm—k)+ Vo V2
to—R* Br ¢
=— f f(@w—k)+(VA(”)—(VmA)(’U))Vﬂz
t,—R* Br
¢
= f f (A(@)(V(va,—k)+Vn2—|- (vo—K)* An?) + (vo—k)F(V,4)(v) Vi?

t,—R* Br

t
C
<o [ frvwe—nresSerre [ [uo=m
i

—R? Br to—R* Br

for every 6 > 0. The b-term easily can be estimated by the same expres-
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sion. Collecting these estimates we obtain choosing 6 = }@o(w)

t

(4.4) cfn(tm(vm(t)—k)ﬂw%q»o(w) f fnzlvww—k)W

Br to—R?* Br

<0(

¢

(0,R)" + (0,R?)- ) f (fo>1})— f fvd('v)V(('va,—k)’fnz).

Qr to—R* Br

¢°(w)

The last term we transform as follows

S f f vd(v)(ve— k)* Vi

to—R?* Br
k+(’0m k)t k+(Wo—k)*t
- f Je(v( f aoa)— [ (V.aeaE)n
—R? Br k
Using the fact that v is divergence free this equals
E+ (va—k)* ¢ E+(vo—k)*
[ (T s [ (T o
—R? Br to—R2? Br k

By the assumption on the coefficient d this is estimated by

t

< f f (IV4] + 1) (00— k)* (V] + n%})

to—R® Br

<<sff|w| vo—k) T2y 4 — ffx({v>k})(lvn|“+n2)-

—R? Br —R? Br

Using the estimate in 3.4.3 and the assumption that « is bounded, the
integral involving |Vu|* is bounded by

f f(lv((”‘”— kYt )| + |00 —R)* [*72)

to— R? Br
t

<0 [ [ Vot + 2l > B)(Val + 7))

to—R® Br



376 H. W. ALT - E. DIBENEDETTO

We substitute this estimate in (4.4) and obtain for a suitable choice of §

t

ofnwrl(ety =1+ o) [ [arIVee—n7t

Br to,—R® Br

1
<o

o oRr @m) 2l =),

Qr
Since 7 = 1 in Qx(0y, 0,) this implies (4.2).
Now we will use (4.2) over a sequence of shrinking cylinders @
increasing levels k, given by

2. and

R R

1‘8,,::2——{—2n—+1 for n>0.

0 o
and  k,=pt—5+ i

p

9n+3

Then k, = u*—w/2 and k, is increasing in n with
w w
,u+__é<kn <,u+_z .

Consequently k, can be used as level in the inequality (4.2) and with

R, R

0y:i=1— R;Ha Gan:W7
(4.5)

0yi=1 _ B o R2>——1~32—

27 - .R: ’ 1 ”/2n+27
we obtain
22'n
||(’Ua)‘—k")+“33”ﬂ< Cwm meas (QRH {’U > k”}) .

But the left side controls meas (Q,, N {v> k,,,}) from above as follows.
By an embedding Lemma for functions in L2({,— R to; H%(B,,, )
(see [12; II (3.9)]) we have

2
nt1)

(00— n)*|2 < O meas (Qg,,, N {v,> ka}) 2 [(vo—ka)*|g,, . -

Qrp

For the integral on the left we have

[ o=k > [ @0k (knga—hn)? meas @g,,, N (0> Fusa)).

Qrp,,, QrpN{v>FEnts}
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Since k,,,—k, = w[2""* we obtain the recursive inequality

c24

meas (QR““(\ {U > kn+l}) <W

Dividing by R~*2 and setting

Y= gz W€AS @z {v > E,})

we have the dimensionless form

4
Ynir < 02 142/(+2)
" 0o (w)? "

meas (Qg, N {0 > k,} )+,

377

It follows (see [11; 2 Lemma 4.7] or [12; II Lemma 5.6]) that y, — 0 as

n — oo if

wz‘po(w)z (V+2)/2 sy
Yol ( C ) 2 .

But this condition for y, is the assumption in Proposition 3.7 for a

suitable choice of ¢,. Consequently

3
meas (er\ {v>,u+—§ w}) =0,
hence

3 5
essosev<put—— 0w —pu <-w.
Qxlz 8 8

The proposition is proved.

5. — Proof of Proposition 3.8.

We divide the proof into several steps. First we proof a logarithmic
estimate (Lemma 5.2), which implies that for large p the set {v>u~+ 2-20}
covers a certain portion of By at all times (Lemma 5.3). From this we
conclude that for large p the set {v < u~ + 2-?} is a small portion in @,
provided R is small enough (Lemma 5.5). Then if we decrease R further

this set has measure zero in @ (Lemma 5.6).

5.1. DEFINITION. Let p, p, be positive numbers. Then for z < (22
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+ 2-7)w set
(5.1) (2):=max(0,lo 2o
’ pie) = ! g2"'w—z-{—2—f’w ’
Hence y((v—k)-), where (v—Fk) := —min (v —¥,0), is defined provided
k<uy +@274+2"o.
We also set

o= }copi(w)

which ¢, and ¢, as in Proposition 3.7. It is assumed that ¢, is small enough
to provide that e«<%.

5.2. LEMMA. Let k<py +2%w and 2<p<p,—1. Then for t,— R*<t,
<i<t,

[ sov((o0— 7)< frop((o) — 1)) + 022 (Gl + (2—1—‘3))1%

‘Po(w) w

B(1-0,)R Br
where C is a constant independent of w, k, p, po.
ProOOF. Since u? is a (%! function and since (v — k)~ € L2(t, — B2, t,;
H'.*(Bg)) with (v—k)-<k—u- we can use
— @) (0 —k)y)n?

as test function in (3.12) in the time interval J¢,, {[, where # is a cut off
function in C°(B;) with 0<zn<1 and

n=11in B, _,z, 7n=0 on 0Bz, |Vy|< C(oyR)-" .

all

We obtain (using 3.4.2), where 2’ means (y2)”

14
[sontv* (00 —1)) +] [a v (0 —01) V0 —br|?

Br t, Br

= |son29*((0(t:) — k)-)

Br
t
+ f f (a(v) p?' (v — %)) Vo V2 + (b(v) + d(0)v) V(y* (0 — k)—)nz)) .

ty Br

In the second integral on the left we can estimate a(v)>@,(w), since
v’ ((v—%)) =0 in {v>k} and k<py + w/d<p*—w/4<1l—w/[4. Further-
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more, since ¥2'(0) = 0 and

" ! (vzl)z 2¥2
2 2 =
(5.3) P =2(1+4 yp)p'?, hence ——7 i <2y,

the a-term on the right is estimated by

t
<of fw’(w—m—)ww—k>—mlvm

t, Br

t t
c
<of [rrvr@—rrivo—trp+ 5 [ [o(o—rr)wak.

t; Br t, Br
Similarly the b-term is estimated by

¢

<C f f (v ((0—1)7) V0 — k)~ Iy2+ v (0 —k)")n|Vn])

ty, Br

t
< 6f fnzwz”((v— k)‘)]V(v —k)" |2

ty Br

+9 f J((rr+ ) oo+ wtio— -yt

t; Br

¢
< 6f fnzwz”((v —k)~)|V(v—E)~ |2

- % f f (¢ + v(@—2) (p'(0—8)7))'n* + (0 — 1)) Vn[?).

Collecting these estimates and choosing ¢ = epy(w) we find

t
(5.4) fsonzwz((v(t) —k))+ O%(w)f fnzwz”((v— k)7) V(o —k)~ |2

Br ty Br

<f30772'¢2((”(tl) - k)—)

" «%(C—an j J ((t + w(@ =B (0 —07)n* + wl((0—B)7) Va2

t1 Br

+ f f d(0)v V(y* (0 —F)7)n?) .

t1 Br



380 H. W. ALT - E. DIBENEDETTO

We transform the last integral as follows using the fact that v is diverg-
ence free.

- f f v V(d(v) v ((v —F)7)n?

t; Br

t
— [ [ol0.d0) V(o= - + ) (0— 1)

t, Br

Therefore using (5.3) again

lffd(v vV ¥((0—k)7)n )

1 Br
< f Jvat+ 1090 =171+ )9 (0 — 1)

t; Br

t

<6f (0 — ) )([Vo—R)- s+ 1) + < ” (|Vuls-+ 1)y

t, Br ty Br

Now observe that

p((0—k)) <log 2 < (l0g2)(p—p),

(5.5) )

27 %"

P'((v—k)7)<
Hence with an appropriate choice of ¢ the estimate (5.4) becomes

f sory((v() — k)

IA <fso7721p2((’0(t1)_“k)_)+C(po p)fJ'( Sy T Va2 + 52 (|Vu[2—{—1))

@o(w)
Br

The Vu term can be estimated as in 3.4.3. Then using the properties of
the function # the assertion follows immediately.
As a consequence we obtain

5.3. LEMMA. There exists a large number p(w) independent of R, such
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that

w

R < O (W)
~d

implies

meas (BzN {v(t) < u~ + 277 “w})
\1 —o?
meas (Bg) <l—at+ OSQCRS"

for all t with t\—aR*<<t<t,. Here a is the number defined in (5.2).

Proor. Consider the logarithmic estimate established in the previous
lemma with

w
1’ and p¢>3,

where p, has to be chosen. If BR<w/[27 then

O(po—2)
po(w)o}

N

(5.6) f sop*((v() — %)) < f sop?((o(t) —R)) +

B(1-0,)R Br

Now the assumption in Proposition 3.8 is

meas (QzN {v<k})
meas (Qr)

<1 —c¢opy(w) =1 —2a.

Since the left side can be written as

to
1 [ meas(BzN {o(t) < k}) it
R? meas (Bp) ’
—R2

we find a time %, € Jt,— R?, {,— «R?[ with

meas (BeN {v(t,) < k}) 1—2a
meas (Bg) S l—a’

Hence using (5.5) we obtain for the integral on the right of (5.6)

fsowﬁ((v(tl) — k)‘) < (s;lp so) (log 2)2(pe— 2)2 meas (Bx N {v(t,) <k})
" < (s 50) (108 2)2 (00— 2)* = meas (By) -
Qr

11—«
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The left hand side of (5.6) is estimated as follows:

f soy)z((’v(t) —k )") > f 30’/’2((’0('5) — k)_)

B(1-0y)R B(1-opr 0 {v(t) <p~ +27Pow}

wl4 2
= J’ 8o INAX (07 10g(60/4—(’0(t) —IC)_+ 2_’"60))

B(1-opr 0 {v(t) <pu~+2Pow}

> (inf So) max (O, log( _ 0)/4 _ ))2
Qr w/4+(2 ”"w—-w/4)+2 0 )2
*meas (B(l_glmﬂ {’v(t) <u 4+ 2—mw})
> (igfso)(logZ)z(po——S)zmeas (Ba—epzN {0(t) < u~ 4 270})

> (inf 80)(10g 2)3(po—3)2(meas (BaN {o(t)< p~+ 27w}) — 0, N meas (BR)) .
Br

Substituting these estimates in (5.6) we get

meas (BxN {o(t) < y~ + 27%w})
meas (Bg)

p.,~2)21——2ac Po—2
< 1 0 0SC S O —_—————— e g N.
(1+C os o)(Po—3 T—a " pom)time—3) T

This inequality holds for almost all ¢t € [¢,, ¢,[, all ¢; € ]0, 1[, and all p, > 3.
Furthermore it is essential that the first term tends to 1 as & — 0, p, - oo,
and R — oo, and that the remainder is small if o; —~0 and p,—oo in a
suitable manner. To be precise we choose

2 o?
N=3W

and then p, large enough such that

—_— 2
¢ (pa 2)<gﬁ

@o(w)ol (Po—3)
and

(ﬁ::§)2<(1 —a)(1 4 20) .

The lemma is proved.
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Recalling the definition of « and ¢,(w) it is readily seen that a suitable
choice of p, = p(w) would be
c
OPo(w) PN po(w)?

(5.7) p(w):=3—l—(

for a constant C independent of w.
Next we will show that the relative measure of {v <y~ 4+ 2-%w} in Q3
is small provided R is small enough. For this we need

5.4. LEMMA. There is a constant O such that if 0 <k<u -+ w[4 and
0< p<1, then
1w — %)~ @401, 00 < ((o1R)~2 + (0,fR?)™) f (0 —%)=|?

Q'
¢ s
+ o) meas (Qz N {v<k}) .

0
@o(w)?

ProOF. As in section 4 we select the test function
— =k

in the time intervall Jt, — fR?, {[ with ¢ <<?,. Here n is a suitable cut off
function in C°Q%) with » =1 in Q%(0,, 0,) (see (4.3)). From (3.12) and
3.4.2 we get

68 fson<t>2|(v<t>—k)—|2+ [ Jawnmevo—nrp
Br to— BR* Br
t

= f f(s.,|(v — k)= |20m2 + a(v)(v—k)~ Vo Vg2
to—PBR® Br
+ (b(0) + a(v)v) V((0—F)77%))..
Since
@®

k<py+ %<,u+—%<1— 1

we have a(v)>@(w) in {v < k}, which estimates the second term on the
left. The first term on the right is

< Clo,pBY [|0—k|-|*
Qﬁ
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and the second term (in contrast to section 4) we are able to estimate by

i
< [ [le—m-11v0—1
to—BR® Br
t ¢
<9 f fn“lV(v——k)—P+3(GIR)-2f[(v—k)—|2.

to—BR* Br Q;

Similarly for the b-term

t
<o [ [ive—mrn+ (o—k_pmivn)
to—BR® Br
t C
2 fn2|V<v—k>-P+0<olR)—2f|(v—k)-l2+3fx({v<k}).
)4 Q2

to— BR® Br

Note that the term with the characteristic function has no R-* factor in
front. Combining these estimates and choosing § = c@o(w) the identity (5.8)
becomes

t
6:9)  ofn@2 (o)) —k)I: + ope(o [ [rmo—n-e

Br to—BR* Br

1 -2 —1 — - 12
<C(%(w) (0.R)"2+ (0,PR) )Qfﬁl(v k)~|
+ 9 (uo<ip) + f fd(v)vV((v—lﬂ)‘ 2)
golw) J* R
Q to—BR?® Br
The last term we transform as in section 4
t k—(v—k)- E+(v—k)-
= f fv (d(v)(v—lc)‘vn2—n2V( f (&) d§)+772 f (Vad) (&) d&)
to— BR? Br k k

k—(v—k)- k+(v—k)~

t
— ffv((f (d(E)—d(v))df)Vn2+n2f (V.d)(£) dé .

to—BR* Br k k
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Since d is Lipschitz continuous, this is

t
<o [ fvui o—r pval + 20—
{o—PBR® Br
t
¢
<o [ [wutsio—nrpr § [(lo—n P wap+ o< )79,
0z

to—BR® Br

The integral involving |Vu|* can be estimated by 3.4.3. Using the assump-
tion that « is bounded this integral is

11
< [ J(Ve—wrnl+ o —k )
to— BR® Rr
t
<2 [ [V —k7 |+ 2[lo—B(Val + o).
e

to—BR* Br
We substitutes these estimates in (5.9). Choosing § = cp,(w) Wwe obtain

t
fn(tv|(v<t>—k)~|2+c¢o<w> f fnﬂlvw—krlz
Br tq—,BR’BR

1 Y » Cav-1ee ©
<0(g e+ (wpm)) f o=+ ix({mk}),

and the lemma is proved.

5.5. LEMMA. Consider the cylinder Q% with © as in (5.2). For every
0> 0 there exists a number q = q(w, 0) > p(w) such that if

2

w [0 4
R<— and osese<—,
24 Qr 2

then

meas (@5 N {v< p~+ 2-%})

meas (Q3) <.

ProoF. Let ¢>p(w) and

l=p +2"w, k=yu +2"p.
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Then for {,—aR2<<t<t, by [11; 2 Lemma 3.5]

CRY¥+1
meas (BzN {v(t) >1}

(I—k) meas (BxN {v(t) < k}) < |Vo(t)] .

Bro{k<v(t)<l}

By virtue of Lemma 5.3 and the assumption we have

meas (Bx N {0(t) >1}) > c(ac2 —ose so)RN >catRY
Qr
therefore

() OR
For: Imeas (BeN {o(t)< k}) <

" [V(v(t)—1)"] .

Bro{k<v(t)<l}

Now integrate over ?, square both sides, and use Holderss inequality to
obtain

(5.10) (2%)2meas Qs fo< k})2<c;fz

meas (Qz N {k< v<l})f|V(v——l)— 2.
Q%
To estimate the integral on the right side we apply Lemma 5.4 over the

cylinders Q% and Q,z, where Q% = Q,z(3, 1 — «/4), and to the level I. We
obtain

e O Ny o g
6[]‘7(0—1) | <W((esgziup (v—1) ) +R)R .
Since

esssup (v —0)"<l—pu" =270
(1]

and R<2-%%¢» by assumption, inequality (5.10) becomes

Ry+2
meas (@5 N {v<k})2<C—— meas (QzN {k<v<1}).
ai@o(w)*

Adding this inequality for ¢ = p(w), ..., ¢op—1 yields

¢
(qo—P(w) —1) meas (@5 N {v< p~ + 27 %w})*< WR*‘”“’.

To prove the lemma we have only to choose g, = ¢(w, 0) large enough,
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that is,

c
5.11 - ¢
(5.11) 9(w, 0) =p(w) +1+ 71(@) ()67

5.6. LEMMA. Let o as in (5.2). There is a large number q = q(w) such
that if

0] o?
R<— and oscso<—
24 or 2

then

meas (@3, N {v<pu~ +20}) =0.
Proor. Consider the cylinders @; and the levels %, defined by

B o )
Tomm W4 ke=pmtom Tt

for n>0 with ¢:= ¢(w, 0) from the previous lemma, where 6 > 0 has to
be chosen. Then R,= R, k, =y~ + 2w and k, is decreasing in n. By
the embedding lemma [12; (3.9)] we have

[ l0—F,)|: <0 meas (@g,,,N o< k)2 [0 — k) |z, -

a
QRH+1

For the integral on the left side we have

[lo—kyP> [ Jo—k)T

Q;,,H Q:,,H” {v<kni1}

> (kn—knya)* meas (@5, N {0 < Fnya})

and k,—k, , = 2"2¢. The norm on the right hand side we estimate
by Lemma 5.4. Since @z, = @%.(01, 62) With 0,, 0, a8 in (4.5) this gives

(v —kn)~ ||3fﬂ<g;(06—0—)—5<(27; estsz;'}lp (v— k,,)‘)z—{— 1)mea,s (Qz.N {v<kn}).

But

w
esssup (v—Fk,) <kn—u < —
az 2¢
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Therefore we get the recursive estimate

meas (Q; N {v< L 1})<_.22L 1+ @ : meas (Q“ A {,v< I )}1+z/(1v+2)_
n+1 n+ q)o(w)sz © Rn n

Thus assuming R<2-%«» and setting

, . Toeas Q7.0 {v<k,})
I T meas (05,)

we obtain

0052/(1”2’
_94n ?/1+2/ (¥+2) .

@o(w)?

Ynpa <

From [12: IT Lemma 5.6] it follows that y, -0 as n — co if

Polw)? Y2 _ e @olw)N 2
(5.12) Yol (W o) _ . .

Thus the assumption follows if (5.12) is satisfied. In fact if we use

(Po(w)N+2

o

(5.13) 0=0(w):=c¢c

then (5.12) is just the statement of Lemma 5.5. Therefore the lemma holds
if g(w):= ¢(w,0(w)). In a precise way, combining (5.2), (5.7), (5.11), and
(5.13) we get

(5.14) 1(@) = 4 + Cpy(@)*(po(@) ™ + go(w) 1) .
5.7. END OF THE PROOF OF PRoOPOSITION 3.8. Lemma 5.6 shows that

v>u + 2—2@)=1, almost everywhere in 7. We have to choose E* such
that @3 contains Q... By (5.14)

w a\®
R<——<c|—
\21(0))\ € ’

hence va>c¢Vc RY’. Therefore R* = ¢1/c,R"® is an appropriate choice.

6. — Some generalizations.

We want to show in this section that the local continuity of v still holds
if a(v) is degenerate also at v = 0, but the degeneracy is mild. In a precise
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way instead of (3.2) we assume

a(x, 2) >c¢(6) >0 for ze D, d<z<1—94,
(6.1)

a(x, 2) > cllog 2|~ for xeD, 0<2<},

where 0 <<a<1/(N + 2). Then Theorem 3.5 remains valid under the
stronger assumption that

we I=(0, T; H:X(RQ)) ,

loc

which was established in the proof of Lemma 3.9. The proof of the regu-
larity theorem follows from Propositions 3.7 and 3.8 which are stated
exactly as before. Some modifications occur in the proof of such propositions,
and we limit ourselves here to indicate such changes.

Since Proposition 3.7 essentially involves only values of v near 1, the proof
remains unchanged. We only have to choose w<3(ut—pu~) (see (3.18)).
Then ut—w[4>%w and therefore the estimates are unchanged if

Fol) : = inf{a(w, 2); e D, §<z<1—§}.

To prove 3.8 we have to note that now Vv is not defined near {v = 0},
that is, (3.12) now reads

94(349) = V- (h'm a(v) V min (v,, 1 — o) -+ b(v) + d(v)v)

0—>0
h—0

where v,:=max (v, h). In the proof of Lemma 5.2 we now use — (y2)
((v»—k)")n® as test function. Then in the elliptic term a(v)>@,(w), where

@n(w) := min (po(w), c|log hl-°) .

The integral involving v is now estimated by

< fd(vh)v V(wz/((vh_ k)—)nz)
t, Br p
+ Ch f f o] [V (' (02— B) "))
t, Br
<5J'J ((oa— %)) (2 IV (02— )™ 24+ 1) + B2 |Vip]2)
t; Br

6 J.J~|'v|2 p((—Fk)7) + h’tpz”((vh—k)“)) .
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Therefore using the notation

p2(2) for 2>k—h,

"’?"z”:{ YAk —h) + "k —h)(e—(k—h)  for a<k—h,

the statement of Lemma 5.2 becomes
f sopa((v(t) — %)) < f soyi((v(t) —)")

B(y-oy)R Br
¢ e ( : ( ) ( h( )) ( ) ) )
¢h(w) (121 (4]

Then in the proof of Lemma 5.3 we use the fact that

v2((v,— k)7) <yp((0—k)") <yp*((v—F)7) .
We also let
= 277,

Hence the statement of the lemma remains exactly the same if we choose
p(w) so that

pl@)p,(w)=>C (h as above) ,

which is possible provided ¢ < 1. Similarly in the proof of Lemma 5.4 we
use — (v,—k)"7n® as test function (now & is again any sufficient small posi-
tive number). The additional » term now is

o | f ol |(en— k)~ 1] V]
to— PR? Br
1 to— ﬂR’<t<to

<~(; J‘lvh—k) |2|Vn [2—}—6-—— sup f]v]’
Q

Since it was assumed that « is in L*(0, T'; H:*(D)) it follows from elliptic
estimates that locally in D

f ()2 <ORY*

uniformly in ¢ for some p > 0. Therefore Lemma 5.4 is now stated with v
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replaced by v, and @,(w) replaced by ¢,(w) and with the additional term

‘%h: RN+‘V
1

on the right side of the estimate. Moreover the term f |V(v,— k)~ | is now
Qr
replaced by ¢,(w) f |V(v,— k)~ |* because of assumption (6.1). Proceeding in
Qr
the proof with Lemma 5.5 we see that if R<2—w and h<k =y~ + 2-1p

(6.2)  meas (@5 N {v<k})*<C,(h, w) R***meas (Q;N {k<v<1}),

C(21:f 1 w)?
= — — sreesns [ e 2
o= S (3 )
We wish to add (6.2) for ¢ = p(w), ..., ¢o— 1, where ¢, has to be chosen.
Therefore we have to use the value A = 27%w, hence

where

C 1 C
—_— 4 -
Cully 0) < (%(w)z R )<a4%(w)2 .

Repeating the iteration process described in Lemma 5.6 we see that we
have to choose ¢, so that

0,

Vig(w) = P
]

and this is possible if 0 <o <1/(N + 2).
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