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On the Elliptic Equation Lu —k + K exp [2u] = 0.

CARLOS E. KENIG (*) - WEI-MING NT (*)

1. — Introduction.

Let (M, g) be a Riemannian manifold of dimension 2 and K be a given
function on M. One may ask the following question: can we find a new
metrie g; on M such that K is the Gaussian curvature of ¢, and g, is conformal
to g (i.e. there exists a positive function ¢ on M such that g, = pg)? If
one writes ¢ = exp [2u], then this is equivalent to the problem of solving
the elliptic equation

(1.1) Adu—k+ Kexp[2u] =0

on M, where 4,k are the Laplace-Beltrami operator and the Gaussian
curvature of M in the metric g. This problem has been considered by many
authors. When M is compact, we refer to Kazdan an Warner [KW] for details
and references (see also a recent survey by Kazdan [K]). When M is R2,
and ¢ is the usual metric, equation (1.1) reduces to

(1.2) Au + K exp[2u] = 0

on R2, For equation (1.2), there have been some non-existence results due
to various authors, e.g. Ahlfors [A], Wittich [W], Osserman [Os], Sattinger [S],
Oleinik [O], Ni [N,], ete. The first existence result for equation (1.2) seems
due to Ni[N,] in the case K<O. It complements previous non-existence
results. The approach used in [N,] is via the barrier method, i.e. super-
and sub-solutions. Using an entirely different approach, namely, weighted
Sobolev spaces, McOwen [M,;] refined some of Ni’s results by obtaining
more precise asymptotic behaviour of the solutions given by his method.

(*) Both authors a.re'partially supported by NSF. The first author is also par-
tially supported by the Alfred P. Sloan Foundation.

Pervenuto alla Redazione il 10 Febbraio 1984 e in forma definitiva il 14 dicem-
bre 1984.
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More recently, Aviles [Av] and MecOwen [M,] used this weighted Sobolev
space approach to obtain some existence results when K changes sign and
decays at oo.

Returning to the more general equation (1.1), we observe that, under
some appropriate hypothesis on the metric g, equation (1.1) may be reduced
to equation (1.1) via the Uniformization Theorem. However, in order to
apply previous results to this reduced equation (1.2), it is essential to
have asymptotic estimates for this conformal diffeomorphism ¢ guaranteed
by the Uniformization Theorem. For example, the following estimates

]—gl<¢(w)<0lwl

for some positive constant C and for || large, would be sufficient. This
kind of estimates have been established by Ahlfors and Bers [AB] under
the condition that the metric ¢,; = A%(z)Jd,; outside a compact set in R?
for some 4 > 0. We would also like to point out that, in the above reduction,
it is important that k is the Gaussian curvature of (R?, g). Therefore, from
a differential equations point of viaw, a natural question arises: can we solve
equation (1.1) if k or 4, is perturbed? i.e. what happens to the solvability
of (1.1) if we replace the curvature k by something similar or if 4- is replaced
by an elliptic operator of divergence form? The Uniformization Theorem
approach does not seem to give an answer.

The purpose of this present paper is to study the solvability of equa-
tion (1.1) as well as to investigate the above question. We shall free our-
selves from geometry and discuss the equation

(1'3) Lu—k + Kexp[2u] =0

on R?, where L = 04(a;;0,), (a;;) is uniformly elliptie, k, K are given locally
bounded functions with appropriate conditions at oo. It turns out we can
extend the results in [N,] to the equation (1.3). We again adapt the barrier
method used in [N,]. However, in the present case, it is much more involved
to construct barriers. The new ingredient that we need is the construction
of entire solutions to the linear equation Lu = f, with sharp asymptotic
behavior at co. We accomplish this by adapting a technique of Friedman [F].
Incidentally, a refinement of the argument gives the existence of a global
fundamental solution for L, with estimates depending only on the uniform
ellipticity constants of L. While this fact is not needed in the paper, we sketch
its proof in an appendix, since we have been unable to find a proof of it
in the literature, and it may prove useful in the future.
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Once sharp results for the linear equation Lu = f are obtained, we use
a rearrangement inequality of Talenti[T], to be able to construct solutions
to (1.3) under optimal assumptions on K.

In the case when L is degenerate, i.e. (a,;) is uniformly elliptic on compact
sets and its eigenvalues behave like |#[* at co with b # 0, this barrier method
also works. In these cases, we employ the theory of degenerate elliptic
equations developed by Fabes, Jerison, Kenig and Serapioni [FKS], [FJK].

Weaker versions of our present results and methods in the case when L
is uniformly elliptic were announced by us in the AMS Summer Meeting
of 1982 at Toronto (in the special session « Nonlinear partial differential
equations in physics and geometry ») August, 1982, and at the 803rd AMS
meeting at New York Cily (in the special session « Variational problems
in Riemannian geometry »), April, 1983 (see [KN,], [KN;]). The methods
and the flavor of this paper are quite close to our previous work on the corres-
ponding problem for prescribing scalar curvatures [KN,].

The organization of this paperis as follows. In section 2, we treat a model
case of (1.3) when L= 4, the standard Laplacian. In section 3, we extend
these results to the case L is uniformly elliptic. In sections 4 and 5, we treat
equation (1.3) in the case when L is degenerate. Finally, in the appendix
we prove the existence of a global fundamental solution for uniformly elliptie
operators, with precise asymptotic behavior.

In closing, we should mention that L. Karp [K, ] has some results related
to ours.

ACKNOWLEDGEMENT. Part of this research was carried out while the
first author was visiting the Centre for Mathematical Analysis at the Austra-
lian National University, Canberra, Australia. The first author wishes
to thank the Centre for its financial support, and its staff for their warm
hospitality during his stay in Canberra.

2. — The special case L= 4.

To make our approach more transparent, we first study the case L = 4
= 0%/02? 4 0%[oxl, i.e. the equation

(2.1) Au—k 4+ K exp[2u] = 0

where k, K are given, and we are only interested in entire solutions on R2.
In this section, we shall present some existence results using the barrier
method. We also include a non-existence result and an example which
(together) show that our existence result (Theorem 2.2) is sharp.
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THEOREM 2.2. Suppose
C

<

at oo for some ¢ >0 and K<0 on R%. If K %0 and

C
IKI<—~—MW
at oo for some o> (1/az)fk(w) dz, then for every 0<a<< %—(oc— (l/n)fk),
R? R

equation (2.1) possesses an entire solution u with

1
w(z) ={— | k(¥)dy + a)log|z| + O(1)
at oo.

ProOF. We use the super-and sub-solution method (See, e.g. [KN,],
or [N,]) which is by now well-known. First, we construct a sub-solution. Let

0
MO = Ay

where 6 = a®. An easy computation shows that

fol@)dr = g—:—é = 27a .
Rl

Let v, solve Av, = k + f,; more precisely, let

n(a) = 5= [log lo—y]-Ukty) + Fto)ay -
Rl

By dividing R?® into the three regions {y € R%: [y|> 2|z|}, {y € R*: 2|w|>
> ly| > |#|/2} and {y € R%: |y| < |»|/2}, we may estimate v,. It is not hard
to obtain that, at oo

o) = 5= [+ 1) dog o] + 0.

R?

7
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For simplicity, we set

1

2n
RI

k= k,

and then
v(2) = (k + a) log |o| + O(1)

at oo,
Now, let u, = v, + C; where C, is a constant to be chosen later. We
compute

Au, — k + K exp [2u,] = f, + K exp [2v,] exp [2C;].

From the estimate of v, and the hypothesis on the behavior of K at oo,

we have
Cexp[20,]

‘ (p]2+a—2(i+a)

|K| exp [2v,] exp [20,]<

at oco. Since

24+a<2+a—2(k+ a)

we always have f, + K exp [2v,] > 0 at co. For the finite part, since f, > 0
in R?, f, is bounded below by a positive constant. Itis thus possible to choose
C, to be a large negative constant so that

f: + K exp [2v,] exp[2C,] > 0

on R2, Therefore, 4, = v, 4 C;, where C, is a large negative constant is a
subsolution.

Next, we construct a super-solution u, with u,>u, on R2. Without loss
of generality, we may assume K(0) = 0. Let B , be a ball of radius ¢ centered
at 0 and contained in the interior of the support of K, and let f,(x) = f,(|z|)
be a radial function, positive in B, with

h(lw]) <— [k(@)], Ifu(r)]<Cfre+e
outside BQ and

[ti@)do = [ + @) do
_

Rl

(i.e. f, is large and positive in B,.).
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Let

04(2) = % flOg [z —y| fy)dy .

Rz

Similarly, 4v, = f, and at oo

1
@) = (55 [1)-10glel -+ 0.
TT
R2
Let u, = v, + O, where C; is a large positive constant to be chosen later.
We compute,
Au, — k + K exp [2u,] = f, — k + K exp[2v,] exp [20,] .
Outside B,, fi<— |k|<k. Thus f,— k + K exp [2v,] exp [20,]<0 there
since K<0 on R® In B, fi— k is (fixed and therefore) bounded while
k<— 0<0 on B,, and so
K exp[2v,]<— C' <0
on ITQ , thus, we may choose (; > 0 so large that
K exp [2v,] exp [20,]<— C" exp [2C]<— (f, — k)

on ITQ. With this choice of C,, we have

Au, — k + K exp [2u4,]<0

on R? and #, is a super-solution. Now, comparing %, and u,, we see that at
infinity,

u@ = (55 [#) Toglol + 0 = [ [ + 12 oglel +001) = @) + 010
R? R?

It is therefore possible to choose C; > 0 even larger to assure that u; > u.
on R? (the finite part does not create any difficulties at all).

Now, our assertion follows from, e.g. Theorem 5 in [KN,] or Theorem 2.10
in [N,].

REMARK 2.3:

(i) Notethat thereis nosign conditionimposed on %, and the constant o
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could be large negative (it depends only on f k) In this case |K| is actualy
Ri
allowed to have polynomial growth at oo.

(ii) The bound on « is actually best possible by the nonexistence
result below and the example at the end of this section.

(i) Let

v(@) = [log o — y|ky)dy = ( [k)loglal + 0,
"

It is easy to see that by setting w = w — v, equation (2.1) reduces to equa-
tion (1.2) and therefore Theorem 2.2 follows from the previous work in [N,].
We prefer our first proof because it generalizes to the more general equation
(1.3) in its present form and thereby our approach is made transparent.
Furthermore, the idea in our first proof may be applied to handle the situa-
tion where k is not integrable (see the remark below and Theorem 2.4).

(iv) Our method is simple, elementary and yet very flexible. For
k, K with other asymptotic behavoirs, it is still possible to use this barrier
method to obtain some results; we shall only include one of those results
here, just to illustrate this point.

THEOREM 2.4. Suppose k, K are both negative on R2. If there exist constants
C,, 0y, Cy, Cy, 1y, 1, Iy all positive, such that

—E‘;> k(@) >— O,|x|

||

and

C
—m% > K(x)>— C,|af

at oo, then, equation (2.1) possesses at least one entire solution on R2.

Proor. The proof goes along the same line as that of Theorem 2.2.
First, let f, be a function positive in the unit ball B,, identically zero outside
B, and with

1
o fjl(w) de =a,
R2

where ¢ is an arbitrary number which is bigger than § max {l, + &, 2 + b}.
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Let

nia) = 5 [loglo—yl-fn)ay
RR

then Adv, = f, and at oo,
v,(2) = alog x| + O(1) .
Set u, = v, + C5, where U; > 0 will be chosen later. Now, compute
Auy — k + K exp [2u,] = f, — k + K exp [2v,] exp [2C;] .
At infinity, we have
K exp [20,] exp [20;] < C exp [20;] |o|2*(— ;) = — C exp [2C;] |z]*% .
Thus, at oo,
fi— k + K exp [2u,] < O, lz|* — C exp[2C;] [z]2 < 0

since 2a — I, >1;,. For the finite region, since f, — k is fixed, and K < 0,
we can choose C;> 0 so large that the above inequality

fi— & + K exp[20,] exp [20,] < 0

also holds on, say, |¢r|<R. With this choice of C;, we see that u, = v, - O,
is a super-solution.

Now, we are ready to construct a sub-solution #, with u,<u, on R2. Let
fo()<0 on R" and

[fa(@)| < 31k(2)]

for every z € R?2, with
1 ffg(w) dr = —a
2n
RQ

(Note that this is possible since k(z)<— Of[z|* at o). Set uy = v, — Cj,
where C; < 0 will be chosen later and

oa) = - [10) loglo—ylay
R?
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Then, similarly, 4v, = f, and at oo,

vy(z) = — alog o] + 0(1) .
Therefore, at oo

Au, —k + K exp [2u,]> — 3k + K exp [20C,] |w|-2“>]w%—— Gl_a_c]—::afh >0

since 0y < 0 and 2a — I; > 2. For the finite region, say |#|<R, we can choose
O, large negative so that

— 3k + K exp [20,] exp[2C] > 0

since k¥ < 0. Thus, %, is a subsolution if C, is large negative. Since a > 0,
U, > Uy at oo. Thus u,>u, on R? (by varying O; again if necessary) and
our result follows.

The argument we use in proving the following non-existence result goes
back to Wittich [W] and has been used by various authors (see, e.g. [S],
[N,]). We present here a variant of this technique.

THEOREM 2.5. If k>0 on R? with

0,
k() > |"7l—2+8

for |x|>R, where C,,c are positive constants, then equation (2.1) possesses
no entire solution on R? for K< 0 on R with

K@)|> o

jafe
at oo, for some o << 2Cy[eR5.

REMARK 2.6. Following Ni[N,], the pointwise conditions on k¥ and K
may be replaced by some appropriate integral conditions. To this end,
we define, as in [N,],

0 = gy Jo@as, R =(g; | ™)
S'

Sr

where 8, is the sphere of radius r centered at the origin, and d8 denotes
the volume element of S,. Note that K = K if K is radially symmetric
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and use the convention that K(r) =0 if
1
fm dS = Q.
S"

Now, the conclusion of Theorem 2.5 still holds if we replace k by k and
K by K.

PrOOF oF THEOREM 2.5. Suppose # is a solution of (2.1) on R2. Set
v = — %, equation (2.1) becomes

Av + k— K exp[— 20]= 0.

Using Green’s identity, Jensen’s and Schwarz’s inequalities we arrive at
(see p. 350 [N,] for details)

S/

(9') + k<K exp [— 20].

Relabel this, writing v, k, K instead of 7, &, K. We have
1
p (rv') 4+ k<K exp [— 20].

Making the change of variables r = exp [t], m(t) = v(exp [t]), we get
2.7) i -+ exp [2¢] k(exp [t]) <exp [2t] K(exp [t]) exp [— 2m],

where the dot - means differentiation with respect to £. Observe that v' <0,
m<0 (since k>0, K<O0).
Let t, = log R,. Then
Co
k(exp[t]) >—————
RS CETD

ofr t>t,. From (2.7), we conclude, for ¢>1,

m<— Oy exp[— &t] .
Integrating,

0

m(t) <— (exp [— et] — exp [— &ty])

m]Q
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for t>1,. Integrating again, we obtain

C, C,
(2.8) —mt)> 1) = [m(t) + 2]

for all t>1%,. Denote the constants by

Co o 0,
A_ER(S), B—'m(to)—l_ngg’
(2.8) reduces to

(2.9) —m@t)>A({t—t)— B
for all t>1t,: By (2.7) and our assumptions on k,
(2.10) in < [exp [2¢] K(exp []) exp[— (2 — d)m]] exp [— dm]

where § > 0 is a small constant to be chosen later. By (2.9) and our hypo-
thesis on K, we derive the following estimate for ¢>1,

exp [2t] K(exp []) exp[— (2— 8)m]
<— Cexp[— (2— 8) [At, + Bl]exp[[(2— 8) A4 — alt] .
<—0C
if we choose 6 = 2 — afA. (Note that 6 > 0 by the assumption on «). Thus
(2.10) becomes, for t>1,,
(2.11) m<— C exp[— om].

We now proceed to get a contradiction. Multiplying (2.11) by m (which
reverses the inequality) and integrating,

—n(t)

2.12 >1
(212) V206 exp [— om(t)] + D

with D = m2(t,) — (20/d) exp [— dm(t,)]. Notice that (2C/d) exp [— dm(t)] + D
is nondecreasing and is m2(f,) (which may be taken to be positive) at ¢ = {,.
Integrating (2.12) from %, to ¢, we obtain
' dm

" t”ff [@CJ6) oxp[—om] + DT

for all {>1,. Letting ¢ — oo we obtain a contradiction.
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ExamprLeE 2.13. Define

Cy/|x|2te, if |@| > R,
(2.14) k(x) ={ o it [l < B,

where ¢ > 0 is an arbitrary constant. Then the constant in Theorem 2.2 is

1 20,
= f ko) do = 2

R?

which is precisely the constant that appeared in Theorem 2.5. Thus we learn
that the exponent

9 + 1 (k@) dw
T
Rl

is the dividing point for existence and non-existence. We should also remark
that although the funection k in (2.14) is not continuous, it is clear that we
can smooth out the discontinuity of k¥ and yet maintain its integral as close
as we want to the original one.

3. — The uniformly elliptic case.
The main goal of this section is to extend the result in § 2 to the equation
(3.1) Lu—Fk + Kexp[2u] =0

on R?, where L= 0,(a,;()9,), (we use the summation convention), and the
matrix (a,()) is symmetric, bounded, measurable, and uniformly elliptic
on R2. The first difficulty one encounters in trying to generalize the proofs
in section 2 is the existence of global solutions to Lu = f in R?, with precise
asymptotic behavior at co. In order to do so we adapt a technique due to
Friedman [F]. A refinement of the argument also yields the existence of
a global fundamental solution for L, with estimates which depend only
on the ellipticity constants, for L. This is not actually needed in our paper,
but, since we have not been able to find a proof of this statement in the litera-
ture, we will include it in an appendix, for future reference.

Using our results on the linear equation Lu = f, we then proceed to solve
(3.1), obtaining a generalization of Theorem 2.2. When L = A4, our theorem
reduces to the sharp result in Theorem 2.2.
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We assume throughout that
AE|2< ay5(x)€:;, for all & eR?,

and that, if A(x) = (a;(®));;-,, then |A(x)].,<A. Sometimes we will refer
to A and A as the ellipticity constants of L.

DEFINITION 3.2. Consider the reflection (Kelvin transformation) given
by y = »/|»|®. Solutions % to Lu(x) = f(#) in || >1 correspond, under
this reflection to solutions to Lo(y) = f(2(y))/J(2(y)) in 0 < |y| <1, where
a(y) = y/ly|*, L = 9:8u(y)a;, and

N 1 OYx 2_31, . % . i 22,;%;
Bal®) = Ty “ W) 35, 00 35, @05 7, = |w|z(‘5ﬁ—*|;0|—z)’

(see [KN,], Lemma 2). Since the matrix (0., — 22,2./|w|?) is unitary, (@)
satisfies the same ellipticity estimates as (a;;). Let § be the Green’s function
for L, with pole at 0, in the ball |y]<1. Let g(z) =— j(2/|z|?). g(») will
be called the Green’s function for L in |#| > 1, with pole at co. It satisfies
the following properties:

Lg=0in [2|>1
gl|z|=1 =0

Moreover, there exist constants C; and C,, which depend only on A and A
(and which can be estimated explicitly in terms of A and A), such that
C,log |r| < g(w)< C,log |#|, for |x|>2. For this last property, see [LSW].

THEOREM 3.3. Suppose that f(x) is locally bounded on R2, f is integrable

on Rz, and j' [f(@)]P |z|*®~Vdz < co, for some p>1. Then, there exists a solu-
lz]>1

tion u to Lu = f on R2%.  Moreover, the solution u has the asymptotic behavior
u(x) = (ff) g(x) = O(1), as & — oo, where g(x) is the Green's function for L
in || > 1, with pole at oo.

PRrOOF. As mentioned before, we adapt a technique due to Friedman ([F]).

We proceed by steps.

Step 1. Solve
Lw, = f

in || >1 with |w(x)] = O0(1)
wxllzl=1 =0
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In order to do so, we solve

L, = f(a(y) /I (»(y)) in |y|<1

?I’ll-[=|ﬁ,| == 0

Since [f(x(y))|/J (x(y)) = [f(x(y))|/ly|* € L*(dy) for some p > 1, by our assump-
tion on f the existence and boundedness of #; follows from [LSW]. We
then set w,(x) = @ (w/|2]?).

Step 2. Solve
Lyy,=1f in |#|<2 Lz,=0 in |2]<2
Z=w on |r|]=2 =g on |r=2
This step is clear by [LSW].

Step 3. Let 8' = {w e R?: |#| = 1}. Define an operator W in C(8'; R)
by the following procedure.
Fix an he C(8%; R),

Lw=0 in |z|>1,

(i) Solve w—h on |a]=1,

lwlzeqe <) <[] o
(To do so, it is enough to solve

and then set w(x) — ﬁ)(l;%) )

Lz=0 in |z|<2
(ii) Solve v

Lv=0 in |y|<1,

Ww="h on ly=1,

on |x|=2

(This step is clear by [LSW]).

(iii) Define W(h) = 2|,_,. Since W(k) is a Hélder continuous func-
tion, it is easy to see that W is a compact linear operator. Also |W|<1,
and W(1) = 1. Thus, |W| = 1. Clearly A =1 is an eigenvalue. Suppose
that h is a corresponding eigenfunction, i.e. W(h) = h, and suppose that h
is non-constant. Then w and # are both non-constant, and #|,_, =h, while
2jg)=1 = Wljgj=2) max ()| < max [k(x)|. This clearly violates the strong
maximum principle. Thus, & must be a constant, and the eigenspace is
1-dimensional. By the Fredholm theory, the corange of I-W has dimension 1,
the kernel of I-W* also has dimension 1, and if 05« A € ker(I-W*), { is in
the range of I-W if and only if A({) = 0.
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Step 4. h(z) = 0. If not, 2, is in the range of I-W. Thus we can find A
so that z, + W(k) = h. Define now u(xr) on R? by

2 + 2 for |o|<2

u(w):{w +g for |z|>1.

Then, # is well defined, since 2, + 2 = w + g for 1 < |¢| <2. Moreover,
Lu =0 in R2, But, w is bounded, and g(x) behaves like log|z| at co-which
contradicts the minimum principle.

Step 5. Let A = — ﬁ(zl)/ﬁ(zz). Then, there exists & 8o that 2, + 42, +
-+ W(h) = h. Let w, 2z be the corresponding solutions in (i), (ii) of step 3.
Define

2 + A2, +2 in |o|<2
w= w,+Ag+w in Jzg|>1.
Then, it is easy to check that  is an entire solution of Lu = f in R®.
Step 6. A= [f. If we show this equality, since w, and w are bounded
in |#| > 1, the theorem will follow. Let
g€ C7({lyl <1}), 9>0, p =1 near 0, and v(y) = u(y/|y|*) -
Then,

f ) 9w0(y) - 019(w) dy — [@a(y) 8 B,(0) - Bu9(y) Ay

[ =)
J (2(y))

— A @(y) 0:G(y) - 0:90(y) dy + | @i 0:B(y) - 0,0 (y) dy = py)dy + 4.

Let (@) = ¢(/|z]2), and change variables. Then,
[aui@) 2.u(@)-0,¢(@) do = — [flx)p(a)da+ 4.
Set now (@) = §(@) — 1, so that p(z)e C(R?). Then
f 0.(@) ,u(®) - 0, (w) dwr = f 4y(@) 2,0(@) - 0, p(w) do = — f f@) p(@) da .

Thus,
~ [f@)¢@) @ + [fo)do = — [f@)f(a) do+ 2,

and our assertion follows.
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Before we proceed to apply Theorem 3.3 to equation (3.1), we need a shapr
estimate on the function g(x) defined in 3.2.
Assume that |£|2<a,;(®)€.&;. Then, we have

LEMMA 3.4. For every f, with 0 < f < 47, we have that

f exp [ﬂg(w)]%i < + 0.
| >1

ProoF. We first note that the result is sharp, since when (a,(x)) = I,
g(x) = 1/2n log |z|. By reflection, we have to show that

D) — 8 i ,
feXp[ﬂ(—ﬁ(y))]dy< + oo, Where{( ~)( 9):0 in |yl<1

(—9) on y|=1,

lvj<1
and L is given by a matrix @, with @u(y)&:.& > 52 Pick ge 02(ly| < 3),
0<g, ¢ radial, and [p = 1. Let @.(y) = (1/¢?) p(y/¢). Let ve solve

— Ive=g.in |y|<1
Ve =0 on |y =1.

The results of [LSW] show that v. converges to (— §) as ¢ — 0 uniformly
on compact subsets of {|y|<1} — {0}. Therefore, we have, by Fatou’s lemma

exp [B(—10)]dy <limint [ exp(pody)dy

lv]<1 ly]<1

We are therefore reduced to studying f exp [foe(y)]dy, as e—0. We will
vl<1
appeal to the results and notations of [T]. Note that, by the minimum

principle, v:>0. Let now v*(y) be the spherically symmetric decreasing
rearrangement of v., i.e. the function from {|y|<1} into [0, 4+ oo), Whose
level sets {y: |y| <1, v¥(y) >t} are concentric discs with the same measure
as the level sets {y: |y| <1, ve(y)> 1}, and such that o¥(y) =0 for |y| = 1.
Clearly, we have

exp [Bve(y)]dy = f exp [fv;(y)]dy .

ly]<1 lyl<1
The main result in [T] shows that v*(y) <w.(y) pointwise, where w:(y) solves

— Awe =g in |y|<1
We =0 on fy=1.
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Therefore,

f oxp [Bvely)] dy < f exp [Pwe(y)1dy ,

lvl<1 lvl<1

since 8> 0. We claim that
1

1
we(y) <=—lo .
) om gm

In fact,

we(y) = %z flog Wé—zl @e(2)dz

| 2<1

and ¢, is radial. Therefore, by the superharmonicity of (1/2x) log (1/ly — z|)
as a function of z, this is smaller than (1/2x) log (1/|y|). The lemma now
since follows

1 1
f exp [Bwe(y)] dy < J exp [(5/27?) logTCy—l] dy = f Wd?l < + oo
lvj<1 lv]<1 Ju]<1

if §<4m.

COROLLARY 3.5. If A|§|*<ay;(x)&.&;, then for every B, with 0 <pf < Adm,

f exp [/f?gr(ao)]falp%t < oo.

Je]>1

ProoF. Let L, = 9,(a;(x)/1) 9;, and g, the Green’s function for L,
with pole at co then g(x) = g,(x)/A. The corollary now follows from 3.4.

‘We now proceed to apply the results in Theorem 3.3 and Corollary 3.5
to study equation (3.1).

THEOREM 3.6. If

C
|K(r)| <!‘a;|7+:

at oo, for some positive constants ¢, C, and K <0 on R, with

(3.7) K ()| < 4 2219
||
at oo for some A >0 and

(3.8) o < dmh— 2J'k
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then for every a, 0 < a < Mm, a < } [4nd — 2[k — a], equation (3.1) possesses
an entire solution w, with

wle) = ( f Hy)dy + 5)g(0) + OQ) at co.

R2

Proor. We follow the outline of the proof of Theorem 2.2. First we
construct a subsolution. Set

1 for |z| < 1.

hy(x) = | exp [[47d — a]g(x)]
|ee]*

for |z| > 1.

By Corollary 3.5, [hy(2)dz < co. Moreover, there exists p > 1 such that

[ a@)]? o7~ dw <oo.

le|>1

Choose now § = d(a) > 0 so that 6fhy(@)de = a/2. Let now fy(x) = dhy(2).
Let v,(x) be the solution given in Theorem 3.3 to Lv, = k + f,. By Theo-
rem 3.3, and our choice of f,, we have v,(x) = ([¥ + a/2) g(x) + O(1) at oo.
For simplicity, set k= fk. Let wuy(w) = v,(x) + A,, where the constant
A; < 0 is to be chosen later. We compute, at oo,

Lu, —k + K exp [2u,]>f, + K exp [2v,] exp [24,]

g B ] g SELION. oxp 1% + g

= l—-’;1|—“ exp [[« + 2k + alg(x)] {0 exp [[47A — o — 2k — 2alg(x)] — A4’} .

=

Since g(x) — oo as |¥| — oo, this last expression will be >0 at oo, provided
4l — oo — 2k — 2a > 0, or @ < % [4nmd — 2k — «]. This holds by our assump-
tions on « and a. For the finite part, f, is bounded from below by a positive
constant. It is thus possible to choose A, to be a large negative constant
so that

fa + K exp [2v,] exp [24,] > 0

on R2 Therefore, u, is a subsolution.

Next, we construct a super-solution «, with u,>u, on R2 Without loss
of generality, we may assume K # 0 (otherwise (3.1) reduces to a linear
equation, which can be solved using Theorem 3.3), and that K(0) 5= 9. Sup-



ON THE ELLIPTIC EQUATION Lu — k + K exp[2u] = 0 209

pose that B, = {zeR*: || < g} csupp K. Let f,(») = fi(|z|) be a radial
function, positive in B,,, with

fi(lo]) <— k)], and |fi(|o])|< Cfff***

outside B,, and

[#(lel) dz = [k + f)(@)do = F + af2 .
R2 R?

Let v,(x) be the solution to Lv, = f, on R? given by Theorem 3.3. At oo
(x) = (k + a/2)g(x) + O1). Let u, = v, + A,, where A4, is a large positive
constant to be chosen later. We compute,

Lu, — k + K exp[2u,] = f— k + K exp[2v,] exp [24,] .
Outside B,, fi<— |k|<k. Thus, f; — k + K exp [20,] exp [24,]1<0 thefe,

since K<0 on R:. In B,, fi— k is bounded, while K<— (<0 on B
and so

o
K exp[20]<(C’ on B,.
Thus, we may choose 4, > 0 so large that
K exp [20,] exp [24,]<— O’ exp[24,]<— (fi— k) on B,.
‘With this choice of 4,, we have

Lu, — k + K exp[2%4,]<0 on R2,

and u, is a supersolution. Now, comparing u, and u,, we see that at infinity,
01(®) = wvy(2) + O(1) .

It is therefore possible to choose 4, > 0 even larger to assure that u; > u,
on R? (the finite part does not create any difficulties at all). The Theorem
now follows from Theorem 5 in [KN,].

REMARK 3.9. When

exp [ag(x)] 1
|ao]4 o Jateiem

1
L= Aa A= 1, g(m):%h)g ]wl’

Let f = 2 — («/2n), then B> (1/x)(k if and only if & < 4w — 2 [k. Thus, in this
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case, (3.8) reduces to the condition in Theorem 2.2. Hence, Theorem 3.6
is sharp.

REMARK 3.10. Recall that C,log |z|<g(x)<C,log |»| for |z|> 2, where
C, and C, depend only on 4, A4 and can be explicitly estimated in terms
of A, A. Then, if 4nd — 2{k>0, a sufficient condition for (3.7) to hold is
that |K(x)|<A[x|*%~* at oo, for some 0<a<<4mi—2[k. On the other
hand, if 4nd — 2[k < 0, a sufficient condition for (3.7) to hold is that |K(x)|
<Alz|“%=% at oo, for some o< 4mi— 2fk.

REMARK 3.11. Remark 2.3 and Theorem 2.4 can be carried out in this
more general setting in an almost word by word fashion. The details are
omitted.

REMARK 3.12. It is easy to apply Theorem 3.6 to the geometric equation
(1.1) to obtain existence results. The details are left to the interested readers.

4. — The degenerate case b << 0.

We now consider operators L = 9,(a;;(x)9;) where (a,(#)) is a uniformly
elliptic matrix on compact sets, and whose eigenvalues behave like |z|® at co
for some b < 0.

We shall follow the approach used in §3. The only real modification
is the appeal to the results in [FKS], [FJK] on degenerate elliptic equations.
Because of the similarity of the arguments with those used in §3, we shall
be sketchy, concentrating on the main differences.

Following the approach in §3, we first consider the problem of finding
solutions to

Lu = f on R?,
where
[f(z)|<e/lz|” at o0, @a=2-+4¢ e6>0.

We start out constructing a Green’s function g(x), with pole at oo.

LEMMA 4.1. There exists a Green's function g(z) for L on |x| > 1, with
pole at co. g satisfies
Lg=0 in [2|>1,
{ g=>0 on lwl =1,

and C,|z[* < g(@) < O], for |z| > 2, where Oy, C, depend only on the eigen-
values of the wniformly elliptic matriz (a(z)/|x]*) for |v|> 2.
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PROOF. ¢ will be constructed by reflection. Let I be the operator witi
matrix

- 1 AT
B) = T W) 5y @0) 50 (W),
where

=z 1 0y 1 20,7,
Y=Tp 7O = awrmz( - mz)-

The size of the eigenvalues of '(dk,(y)) is |y|=?, with — b > 0, as y — 0. There-
fore, the results in [FKS], [FJK] apply to L. Let d(y) be the Green’s function
for L in ly| < 1, with pole at the origin. The existence of § is guaranteed
by the results in [FJK]. Also, by [FJK], for |y| < }

1
o s
—3J) ﬁ‘!‘ﬁmds,

where @(B(0, s)) = f |2]*dz ~ s*>. Hence, — §(y) ~ |y for |y|<i. Set
|zl<s
now g(v) = — §(«/|x|?). Then, g(x) satisfies all the required properties

THEOREM 4.2. Suppose that f is locally bounded on R?, and that |f(z)|
<Cllzl*y, a =2 + ¢, €¢>0 at oo. Then, there exists a solution u to Lu = f
on Re. Moreover, the solution u has the asymptotic behavior w(x) = (ff) g(x)
+ o(g(x)) as & — oo, where g(x) is the function constructed in Lemma 4.1.

Proor. We proceed by steps, paralleling Theorem 3.3.
Step 1. Solve
{ Lw,=f in |zg|>1
Wijej=1 = 0

with |w,(2)|< Of|@f™® at oo.
We do this once more by reflection. Let @, solve

{ Lis, = f(ay) I (2(y)) in |y]<1.

W =0 on |y|=1.
Since

f(x(y))
J (2(y))

< Cly|** € Ligo(dy) ,
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Lemma 2.7 in [FJK] implies that @&,(y) exists and is given by

(e) = [ (e 9) by dy

lv]<1

where h(y) = f(2(y))/J(#(y)). As in the proof of Theorem 1 in [KN,], we
estimate @, as follows. Write

(*.3) we) = [de@urmay+ [ denrwy,

lv] <% i<lvl<1

the second term is bounded, and we only have to bound the first one for
lol <% .
We first give pointwise estimates for §(z,y) for |y| <3, |¢|<%. Let
@B(y) = |y|=°, B(B(z, ) = f ly|~*dy. It is easy to check that
8

z—y|<
§2? 2] < s.
s2|2|® 2] >s.

B(B(z, 5)) — {

Moreover, by Theorem 3.3 of [FJK],

o
s

|9(2, 9|~ fmds
[z—vl
whenever |z— y|<d/2, d = ll— |z||. We then see that
le—yP for |z —y| > [#l/2 .

(e, )| ~ ,zl,,log],él%l +lolr for [p—y| < [2]/2.

We can now estimate the first term in (4.3). Write

- d

f 9 )| -
ly|

lvl|<%

_ ( n + )('-’fﬁ;_{)' dy) — 1 II+II.

lvl<lzliz  laliz<|vl<2lz]l 2]z <|v<}|
In the region where |y| < [2|/2, [¢— y| ~ [¢], so we get

[T < Clel? Je.
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In the region where [2|/2 < |Jy|<2¢], || ~ |y| and |¢#— y|<C|2|, thus.

|2]
|z —y|

T < Cleplefe + f llog

Iz 2—¢
lzli2<|v]<2]7|

‘dy<0|z]b |2]¢ .

In the region where |y| > 2[2|, |+ — y|~ |y|, and hence

1
MI|<C [|yP=***dys Olep el

2|z]

provided e <—b. We now set w,(x) = @,(»/|z|?).
Step 2. Solve
Lz, = f in |o|<2
Z=w, on |r|=2
Lz, =0 in |o| <2
=g on |x|=2

Step 3. Define an operator W on C(8'; R) by the following procedure:
Fix an ke C(8*; R)

(i) Solve

Iw=0 in |g/>1,
]z el <) < | B]loo -

w=  on |[r]=1

(This can be done by reflection, using the results in [FJK]).
(ii) Solve
Le=0 in |ogj<2
Z=w on |z|=2

(iii) Define W(h) = 2|j,_, -

W is compact, |W| =1, W(1) =1, 1 is the only eigenvalue of W, the
corresponding eigenspace is one dimensional and consists only of constants.
If 0 5« h e ker(I — W*), ¢ is in the range of I — W if and only if A(Z) = 0.

Step 4. h(z;) = 0. The proof is the same as step 4 in Theorem 3.3, since
g(x) > oo at oo.
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Step 5. Let A— = h(z)/h(z,). Pick h so that 2, + A2, + W(h) = h. Let
w, # be the corresponding solutions in (i), (ii) of step 3. Define

2+ A2, +2 in |o|<2
“= w, +2Ag +w in |z|>1
Then, Lu = f.

Step 6. A = [f. If we show this equality, since w, = O(g(z)) by Lemma 4.1,
and step 1, and w is bounded, the theorem will follow. The equality 4 = [f
is proved in the same way as in Step 6 of Theorem 3.3.

We can now solve the nonlinear equation

(4.4) Lu— &k + K exp[2u] = 0 on R?,

where L = 9,(a;;0;) and (a,;) is uniformly elliptic on compact sets, and its
eigenvalues behave like |[z|* at oo, b << 0.
THEOREM 4.5. If
k(@) < O/l at oo,

K<0 on R2 and
(4.6) |E(#)| < C exp [— ag(@)] at oo, where o> 2 f %

then, for every a> 0, with a <min {— b, &}, a < (1/4xn) (« — 2[k), equation (4.4)
possesses an entire solution u on R2, with

o(g(»)) + (fk -+ 27m) g(x) < u(x) (fk + 47m) g(@) + o(g(®)) at co.

Proor. We follow the proof of Theorem 3.6. First we construct a sub-

solution. Let
aZ
fz(m) = (1 + |mlz)1+a/2 ’

where a < min {— b, ¢}. Since [f, = 2ma, if v, is the solution of Lv, = k +- f,
constructed in Theorem 4.2, then at oo, vy(x) = ([k + 2ma)g(x) + o(g(x)).
Set 4, = v, + A,, where the constant 4,<<0 is to be chosen later. We
see that

Lu,— k + K exp[2u,] = f, + K exp[2v;] exp [24,] .
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At oo, we have

a

f. -+ K exp[20,] exp [24,] > > 1 X fafyor

— C exp [[— o+ 2J‘k + 4na -+ 0(1)] g(:v)] .

Since @ < (1/4n) (x — 2[k), the number — « + 2k -+ 4mwa + o(1) remains
smaller than a fixed negative constant for x large. Thus, as g(x)~ |z
for o large, fy(x) + K exp [20,] exp [24,]>0 for x large. On the finite part,
since f,> C > 0, we just have to choose 4, < 0, with |4,| large, to guarantee
this inequality. We have thus constructed a subsolution u,, with

Uy () = (fk + 27za) g(@) + o(g(x)) at oo.

Next we shall construct a super-solution %, >u,. Without loss of generality,
we can assume K 0 (Otherwise we are done by Theorem 4.2). As before,
let B,cint (supp K), and let f,(») satisfy

() Al@)<— k()] in R*™\B,, [fi(2)|< e lz” oo.

(ii) ffl =J‘k + 4ma

Let now v, be the solution to Lv, = f, given by Theorem 4.2. At oo, v,()
= ([k + 4na)g(x) + o(g(x)). Set u, = v, + 4,, 4,> 0, a constant to be
chosen later.

Lu, — k + K exp [2u,] = f, — k + K exp [2v,] exp [24,]

In RN\B,, i— k<0, K<0, so f,— k- K exp [2v,] exp [24,]<0. In B,
fi— k is bounded, K<— C < 0. It is therefore possible to choose A; > 0
so large that f,— k + K exp [2v,] exp [24,]<0. Thus, u, is a supersolution.
Furthermore, at oo, (@) = ([k + 4ma)g(x) + o(g(x)), while u(x)= ([k
+ 2ma) g(x) + o(g(x)), thus v,(#)>u,(x) at oo. It is thus possible to choose
A, >0, even larger so that u,(x)>u,(z) on R2. Now, standard results (see
Theorem 5 in [KN,]) imply the existence of a solution u of equation (4.4),
with u,>u>u,.

REMARK 4.7. We have actually shown that (4.4) has infinitely many
solutions.
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REMARK 4.8. Since C,|z|[?*<g(r)< Colx|™® for |x|> 2, if [£>0, a suffi-
cient condition for (4.6) to hold is that

| K (%)|< C exp[— aCylz|™?]

for some o> 2k, while if [k < 0, a sufficient condition for (4.6) to hold
is that

|K(2)| < C exp[— O[],

for some 0>oa > 2(k.

5. — The degenerate case b > 0.

In this section, we consider operators L = 9,(a,;;0;) with the opposite
asymptotic behavior as that in the previous section, namely, (a,;) is uniformly
elliptic on compact sets and its eigenvalues behave like |[z[* at oo for some
b > 0. This case turns out to be similar to our previous paper [KN,] although
it actually has a mixed flavour of two dimensional and higher dimensional
results.

We shall follow closely the treatment in [KNj].

LeMMA 5.1. There exists a function G(x)€ Hy(|z|> 1) with LG =0
n |z]> 1, Ga)~ 1]z at oo

Proor. Extend a;(x) to all of R’~' in such a way that the eigenvalues
of (a;;) are ~ |2[* in all of R%. Let w(x) = |x[°, the results of [FJK] and [FKS]
apply. Let G(x) be the Green funetlon for L on |x| < k with pole at the origin,
an easy rescaling argument shows thet G,(ky) = G.(y) where G.(y) is the
Green function, with pole at 0 in |y| <1, of

Llc = aw(aia'(k?/) aw) .

Let @;(y) = a;;(ky). The eigenvalues of L, are ~ k*|lyl*. By Theorem 3.3
in [FJK],

FoiR !’“
wa(B(O 8))

for |y| < %, where
W(B(0, 5)) = f Blyldy ~ ks>,

lvl<s
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and hence
1
Guly) ~ PlyP
for |y| < 3. But then,
1
G(z)

~ P

for 0 < |#| < k/2, independently of k. The lemma follows as in Lemma 1
in [KN,].

LEMMA 5.2. If w is a positive solution of Lw = 0 on |x| > }, then u solves

5.3) { Lu=f in |z|>1

u=0 onzg=1
iff oly) = w(a(y))w(a(y)) solves
(@r1vy, )y, = W(L?/))f_(fv(i))

(5.4) J(x(y))
v=20 on ly| =1.

in o< |y<1

where y = y(@) = o[|v?, @ = 2@y) =y/ly*, J@)= |e]* and

_ 2 3 I a 1
(5.5)  aTuly) = 'ff(ﬁ(yy)))) aii(w(y))a—ym(w(y)%a—% ()

% 1 (6% . 2wiwk)

0w, |af* ol

The proof is a simple change of variables.

THEOREM 5.6. Assume that
(5.7) @) < C/lal—>+e
at oo, then there exists a unique bounded solution of (5.3) with
(5.8) |u(r)| < Cflx]c as || = oo.
Proor. Let w(z) = G(r), where G(x) is given by Lemma 5.1. Set
Wy) = 6@) @) (@) ,

then |h(y)|<O/ly|-. Let L = 9,(d.(y)d,), the eigenvalues of (@u(y)) are
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of the order
|oo]* || 20

il = Iyl

Let g(2, y) be the Green function for L in |y| <1 and

ve)= [ gemprmay=( [+ [ )(gnre)dy) =0k + o),

lv]<1 lvl<d  i<lyl<1

then v(2) solves (5.4) by [FJK], and the last equality defines »,(2) and v,(z).
As in step 1 of the previous section, we can estimate v,, v, since the behavior
of g(z,y) is similar to § there,

le—yl=, for [¢ —y| > [2]/2

J2|
|z —y]

9(2,y) ~ le]-» log

+ e, for Je—y] < J2lj2.

Imitating the proof in Step 1 in § 4, we obtain that v, is bounded and
lon(2)| <[ >Fe  for [o] < §,
thus

|u(z)] < at co.

||

THEOREM 5.9. Given a continuous function h on |x| = 1, there exists a
unique bounded solution w of

Lu=0 on|zg>1
(5.10) u="h on |zgf=1
with
(5.11) [u(@)| < Ok /]
at oo.

Proor. The proof is almost identical with that of Theorem 5.6, thus
we omit it here.

THEOREM 5.12. Assume that | satisfies (5.7) at oo with b>¢e> 0. Then
there exists a bounded solution of Lu = f with the asymptotic behavior (5.8)
at oo.

PROOF. The proof is almost identical with that of Theorem 3 in [KN,],
the condition b > &> 0 implies that (5.11) decays faster than (5.8).
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We now can use Theorem 5.12 to show that the nonlinear equation
(5.13) Lu—k 4+ Kexp[2u] =0

has infinitely many solutions on R2. Our main result is the following

THEOREM b.14. If there exists an ¢ such that b >¢> 0 and such that,
for |x| large
c

W :

(5.15) k], K] <

for some constant C > 0, and K <0 on R2, equation (5.13) possesses infinitely
many bounded solutions on R2.

Proor. Let

1
1@ = @ apesron-

By Theorem 5.12, there exist v, v, solving Lv, = k— f, Lv, = k - f respecti-
vely and with

C .
|v,~(w)[<lx—ls , =1, 2,

at oco. Set w, = v, + C,; then
Lu, — k + K exp[2u,] = — f + K exp[20,] exp[20,] < 0
on R2, for any constant C,. Set u, = v, + C,, then
Lu,— k + K exp [2u,] = f + K exp [2v,] exp [2C,]
1

= (ENCDGARE — |K|-exp [2v,] exp [2C,] .

Since k& satisfies (5.15) and v, is bounded (and fixed), we can choose C; << 0
with |C,| large to ensure

1
(1 + |w|2)(2—b+e)/2

— |K| exp [2v,] exp [2C,] > 0.

Thus, with this choice of C,, u, is a subsolutions. Set now C; = 0 and choose
C, <0, |0y large so that u, = v, + C, is a subsolution and w,<u, (since
both v, v, are bounded). We then obtain a solution of (5.13) with . <u<u,.
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For our second solution, we choose C; <0, with |C}| so large that u, = v,
+ 0;<wv,+ 0,, and 0, <0 with |0, so large that wu,=v,+ C;<u;.
Then there exists %' such that «,>%'>u, and %' is a solution of (5.13) on
R2. It is clear that w > u', they are thus distinet. In this way, we obtain
infinitely many bounded solutions of (5.13).

Appendix. — On the existence of global fundamental solutions for uniformly
elliptic operators.

In this appendix we indicate how to modify the arguments in Section 3,
to obtain the existence of a global fundamental solution in R? for uniformly
elliptic operators L = 0,(a;(x)0;), where

MElP<ay(@) €&, for all £eRe?,

and such that A(x) = (a,(»)) satisfies |A(z)|,<4.

DEFINITION A-1. A function F(x) is called a fundamental solution for
L, with pole at the origin if

(i) F e HLAR2N0), F e H;2(R?) for all p < 2, and, for every g € C7°(R2),

loc loc
Jau(a) 2. (@) 2,p(a) dn = — g(0)

(ii) |[F(2)|<C log |z| as @ — oo, for some C>0.

It is easy to see that if F,(x) and F,(x) are two fundamental solutions for L
then F,(x) — Fy(x) = C. Let g(x) be the function defined in 3.2. We then
have:

THEOREM A-2. There exists a unique fundamental solution F for L, with
pole at the origin, with the property that la:lllI)I%o F(z)— g(x) = 0. Moreover,
there exist constants Oy, Oy, C;, Cy, R, <1, R,>1, which depend only on
Ay A (and which can be explicitly estimated in terms of A and A), such that

O, log (1/jz]) <— F(z)<Cylog (1/]x]) for || < R,
C; log [v| < F(x) < C, log |»| for |z| > R,

ProoF. The uniqueness of F follows from the remark after A.1. For
the existence, we follow the proof of Theorem 3.3.
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Step 1. With R, large, to be chosen later depending only on A, A4, let
2, solve

Lz, =6 in |o|< R,,
{ Zljol=r, = 0,

and let 2, solve
{Lz2=0 in o] < R,.

%ljel =2, = Ylial=E, -

Step 2. Define a linear operator W on C(8%, R) as in Step 3 of Theorem 3.3,
but replacing |z| = 2 by |r] = R,. W satisfies all the properties mentioned
in Step 3 of 3.3.

Step 3. h(z,) 0. This follows as in Step 4 of 3.3.

Step 4. Let 1= — ﬁ(zl)/fa(zz). Then, there exists b so that z, + Az,
+ W(h) = h. Define now

2 + A2, +2  for |z] < R,

Fy@) = { Ag +w for |z|>1

It is easy to see that ¥, is a fundamental solution. Note that the function h
that we found above is only unique modulo constants.

Step 5. A = 1. This is the same as step 6 in 3.3.

Step 6. We now show that if 2 in Step 4 is chosen so that w(x) — 0 at oo,
and R, is large, then the unique F(x) thus obtained satisfies al the required
properties.

In order to do so, we define a new linear operator ¥V on C(S8%, R), in the
following way: let h e C(S%, R), and let @ be as in i) of step 2. Let ¥(y)
= ®(y)— [hdu, where du is the unique probability measure on S* with the
property that @(0) = [hdu. Thus, o= 0, and #(0) = 0. By the DeGiorgi-
Nash-Moser estimates, [#(y)| < C|k||y|’, where C, 6 depend only on 4, A.
Now, let R, be chosen so thatlvls%)R [B(y)| < 3)|?] o Let now o(x) = &(x/|2|?),
8o that °

Lv=0 for |#|>1.

’Uhm[=1 = h— hd,u .

Note that!slu% o)< @) |h]o. Let now ¢ solve
Y[= Lo

{LC:O l®] < R,,

Clizi=, = Vliel =R, s
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and define Vh = (|, _;. Clearly, |V|<4%, and V(h) = W(h)— [hdu. The
equation in k, @ -+ Vh = h has a unique solution for each 0, and |h|, <2]6].,:
‘We are now in a position to show that, if his asin Step 2, A(1) = 0. Suppose
not. Then, we can find &, so that 1 4-W(h,) = k;. Let now 0 be an arbitrary
element in O(8). Pick & such that 6 + V(k) = k, or 6 4 W(h) — [hdu = h.
Now, [hdu = (fhdp) (hy— W(hy)) = (fhdp) by — W([[hdu] h,). Thus, 6
+ W(k) — (fhdu) by + W([[hdu]h) =h or 0+ W(h + [[hdu] k) =h
+ [fhdu] by, which is a contradiction for 6 ¢ range (I — W). With 1 as
in step 4, i.e. A =1 by step 5, let 0 be the unique solution of 2, 4 Az,
4+ V(0) = 0. Note that [0].,<2]e + A2).. We claim that [6du = 0.
In fact, 2, + A2, + W(0) — [0du = 0, or 2, + A2, — [0du = 0 — W(0). Oper-
ator on both sides of this equality with A. By our choice of 1, (2, + Az,) = 0.
By the definition of A, h(0 — W(0)) = 0. Thus, A(f0du) = A(1)- [0 du = 0.
Since A(1)s~ 0, our claim follows. Thus, 6 in fact is a solution to 2z, + Az,
+ W(0) = 6. This solution has the following additional properties: if w is
as in ii) of step 2, w(x) -0 as & — co. Let now

2+ A2 + 2 |2|<R,.
@) = Ag +w o] >1.

Then clearly F(z) is the fundamental solution with lim F(r)— gx) = 0.
We now prove that it satisfies all the required bounds. We recall that 1 = 1.
For |o| < By, F(2) = 2,(x) + 2(x) + 2(2);

Sup @) < sup fw(@)] < [0]o <2 () + 2(2)ljaj-1]
It is known (see [LSW]) that 2, is negative, and B log 1/|z|<— z(z)< A
log (1/|x|), for || <<#,, where A, B, %, depend only on ellipticity. Similar
bounds hold for §, and so |z(x)|<C, for |»| < R,, where C depends only
on ellipticity. From these estimates, the required bounds near the origin
for F, follow. At oo, note that max [w(w)|<m@11{ |6(x)| < C, where C depends
only on ellipticity, and that D log |z|<g(x)<E log [¢| for || > 2, where
D, E depend only on ellipticity. The Theorem follows.

We are now ready to define the fundamental solution for L, with an arbi-
trary pole.

DEFINITION A.3. For zeR? the function F(z,2) = F (x — 2) is called
the fundamental solution for L, with pole at z. Here, F,(y) is the fundamental
solution with pole at the origin, given by Theorem A.2 for the operator L,
with coefficient matrix A4,(®) = (a,(® + 2)).
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THEOREM A.4. F(x,?) is continuous in 2, for 2~ x. Moreover,

1 1
C, loglw—_z~| <—F(x, z)<0210g|w_—_;|’ for | —2| < R,

C;log |x — 2| < F(z, 2) < C,log |x — 2|, for |x — 2| > R, .

Proor. The estimates are an immediate consequence of the definition
and Theorem A.2. The continuity is a tedious exercise in elliptic equations.

REMARK A.5. If |f(x)|<Of|x|*te at oo, and u(x) = [F(x,2)(2)dz, it is
easy to see that Lu = f in R2.

Note added in proof.

The sharp asymptotic behavior of the conformal diffeomorphism in the classical
Uniformization Theorem is recently obtained in the following paper (for uniformly
elliptic metrics):

Lin, Fane-Hua and N1, WEI-MING, On the least growth of harmonic functions
and the boundary behavior of Riemann mappings, Comm. PDE, 10 (1985), pp. 767-786.

Using results there, we observe that the Uniformization Theorem approach to
solving equation (1.1) (mentioned in the Introduction of our present paper) does
not seem to give the optimal results for the nonlinear equation (1.1) while our
present paper does.
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