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Global Existence of Solutions of the Equations
of One-Dimensional Thermoviscoelasticity
with Initial Data in BV and L' (*).

JONG UHN KIM

0. — Introduction.

The purpose of this paper is to establish existence of global solutions
in BV for the Cauchy problem associated with the equations of one-dimen-
sional nonlinear thermoviscoelasticity:

U = Vg
V= — f)(uﬂ 0)m+ Vs 1
[é(u, 6) + § 0]+ [P(u, 0) v],— [v0.]o = 0.,

—oco< << oo, 0KtI<< o0,

(0.1)

with initial conditions
(0.2) w(0, %) = Fo(@) , (0, 2) = Hy(z), 6(0,2) = Oy(x),

where u, v, 0, 9 and € denote deformation gradient, velocity, temperature,
stress and internal energy, respectively, and the conventional notations
for partial derivatives are employed. Equations (0.1) are the conservation
laws in Lagrangian form of mass, linear momentum and energy. From

(*) Sponsored by the United States Army under Contract No. DAAG29-80-C-0041.
This material is based upon work supported by the National Science Foundation
under Grant No. MCS-7927062, Mod. 1.

Pervenuto alla Redazione il 10 Luglio 1982.
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physical considerations, we should require the following conditions:

u>0, 0>0
(0.3)

0

Pu, 0)< 0,  &(u, 0)>0, &u,0) = 0° [ﬁ(zg 0)] .

For a detailed account of the physical meaning of (0.1), (0.3), the reader
is referred to [3], [4].

Now let us discuss briefly the significance of our problem. Equations (0.1)
have both mechanical and thermal dissipations which preserve the smooth-
ness of initial data. This fact was shown in [3], [4], which treated equations
more general than (0.1). Slemrod [7] proved that the thermal dissipation
alone is enough to establish the existence of global smooth solutions for
initial-boundary value problem with small, smooth initial data. Without
dissipation terms (0.1) reduces to the hyperbolic conservation laws:

Uy = Vg
(0.4) vy = — P(u, 0).,
[é(u, 0) + F02].+ [D(u, 0)v].= 0,

which are certainly incapable of smoothing out rough initial data. Never-
theless, the Cauchy problem for (0.4) has global solutions of class BV when
the initial data have small variation [5]. We are naturally led to believe
that the same is true of any new system of equations obtained from (0.4)
by adding dissipation terms [2]. This conjecture has not been verified.
In this note, we shall give an affirmative answer with some reasonable
assumptions. The main result is Theorem 2.1.

Next we shall give a sketch of our method. For convenience, we intro-
duce new variables u(t, #) — @, 0(t, #) — 0, which we shall still call by u(t, x)
and 0(t,z), where @ and 0 are positive constants and (@, 0, 0) is regarded
as the given equilibrium state. At the same time, we define

(0.5)  p(u,0) =P@+ u, 6+0), e(u,0) =&@+ u,0406).
Then (0.1), (0.2) are equivalent to

Uy = Vg
(0.6) Vy=— P, 0)s+ Vpq
[e(u, 0) + $v°].+ [P(%, 0) v]e— [v0,]e = O.s s
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with initial conditions

f ~

(0, ) = uy(®) = dy(2) — @ ,
det ~

(0.7) (0, @) = v(®) = %(@) ,
0(0, x) = Oo() = Gy() — b,

while (0.3) is equivalent to

(0.8) w>—u, 0>-—0,
(0.9)  Pu(u,0)<0, eo(,0)>0, euu,0)= (0 + 6)po(u, ) — p(u,0).

In addition to these physical assumptions, we assume

(0.10)  p(u,0), e(u,0) are analytic functions of (u,0) in a neighborhood
of (0,0) with p(0,0) =0 and pe(0,0) 0.

Agsuming %, v and 6 are sufficiently smooth, (0.6) combined with (0.9) is
equivalent to

U= Vg

Ve = — uez+vxz
(0.11) : p(u, 0)

_ polu, ) 1, 1
b= w0 Ot 0% T s T a0 =

The linearized equations associated with (0.11) are

U= Uy
(0.12) Vs = QU+ b0, + Vge
0; = dv,+ ¢0,,,

where a, b, ¢, d are constants. Now we are in a position to summarize our
strategy. First, by the method of Fourier transform, we analyze solutions
to (0.12), (0.7), assuming (u,,%,0,) € (L1 N BV)3. Then we collect all
information on the regularity and the asymptotic behavior of solutions to
this linear problem. Based on this information, we construct a suitable
function space and also a contraction mapping via variation of constants
formula so that the fixed point may be solution to (0.11), (0.7). Finally,
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we verify that this solution is also a solution to (0.6), (0.7), (0.8) in the
same function space. In fact, this approach was used in [6].

As a final remark, our method does not seem to work in the case
(U Doy 0p) € (BV)® only, rather than (u,, v,,0,) € (LN BV)3.

Notation. We use the following notations throughout this paper.

(1) For f: R* xR — R, we write

0 2
02
Oua f(ty @) = fault, @) = J;(_%’zfl

(2) For fe LY(R), we write |f| = f |f(w)|dz. We adopt the conven-
tional notation for other L?-norms. -

(3) Co(R) is the space of continuous functions tending to zero at infinity
and its dual is denoted by

AG: the Banach space of all finite measures .

(4) For fe M, |f| = total variation of f as a measure. Since L! is
isometrically embedded into G, there is no ambiguity in notation.

(5) ps(w) stands for the Friedrichs mollifier.

(6) Convolution is taken with respect to @ variable alone unless spe-
cified otherwise, and we write

(@) % g(w) = f f@e—y)9(y) dy
¢ t oo
[it—= o) % gz, @)dr =[ [ft—1=,0—9)yg(z, ) dydr.
0

0 —o

(7) &, means the Fourier transform with respect to « and & 5“
means the inverse Fourier transform with respect to £. We write f(f) = F,f(x)
and f(z) = F71f(&).

(8) D*(R2) stands for the space of all distributions in 2, where £
is an open subset of B». When X is a Banach space, D*((0, co); X) denotes
the space of X-valued distributions in (0, co).
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(9) A}g’°° is the space of all function f in L(R) for which the norm

If(@ + B) — f(2)]

17+ sup =35

is finite, where 0 < <1 (see [8]).

(10) For feA}=, we write ||flls= sup Iz 4

) — @)

|hl?

(11) The same latter M will be used for different constants which
are independent of ¢. Its independence of other constants will be indicated

whenever necessary.

(12) Whutig the space of all function f in L(R) such that df/dx € L:(R

1. — Linearized equations.

).

Ag stated in the introduction, we shall use the method of Fourier trans-

form to estimate the fundamental solution of the linear equations:

ut - ’Ua; )
(1.1) vy = Wty + b0y 4 Vag s
ot = dvx+ comx ’

where

a6 =—p,0,0)>0, b=—pe0,0)*0,

and

_ pe(0,0)
€4(0, 0)

— = >0
¢= e(0,0)

Applying the Fourier transform with respect to x, (1.1) yields

(1.2) =¥, 6 =4 Y@,

where

(t, &) and A = |iaé

i€ 0
— &2 ibE
©d& — c&?
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Denote exp [tA(£)] by G(t, &) and Flexp [tA(&)] by G(t, ). We call each
entry of the matrix G(¢, x) by G;(t,2), ¢,j =1,2,3. Our principal objective
in this section is to analyze G;(t, ). Since it is not easy to obtain the explicit
formula for G(t,£), we shall use the Dunford integral to express G(t,&):

(1.3) exp [tA(&)] = ——f (AL — A(&))~ exp [At] dA

where I'" is a contour encircling all the spectrum of A(&) in the complex
plane. This is useful because we know the explicit formula for the integrand.
Let us define

(1.4)  p§A) =2+ (e + 1)E2 A2+ (of* + ad?+ bdE?) A + act*.

Then (lI——ji((S))—l is the matrix:

Cl 1 012 013
02 1 02 2 023 ’
031 032 033

where
Co= {22+ (¢ + 1) &2 A + bd&>+ c&4 p(&, 1)1,
Or, = {381 + ic&%} p(&, 1)
C1;=—b&2p(&, 1)1
Cor = {iaé2 + iack*} p(&, 1)
Coo= (A2 cE2 2} p(£, 1)1,
o= ibEAD(E, A)1
Oy = — ad&?p(&, )*
Oy, = dEAD(E, 1)
O = {424 &22 + a&%}p(&, 1)

(1.3) implies

(1.5) Gty &) = f(];, exp [At]dA, for ¢,j=1,2,3.
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It is interesting to see that

b
3 Gaz(t’ .’D) ’

b
Gal(t w) st(ta "’") = a

(1.6) Gy (t, @) = aGy(t, @), Gy(t, ¥) = 2d

which are obvious from the expressions for C,’s, and that

Gu(t,®) G, 2) Gu(to)
1.7) T Gu(ty @)  Gul(t, @) Gyl o)
Gty @)  Gult,#) Gt o)

0 Os 0 Gu(t, @) Gu(t,2) Gyt 2)

(a'aw Oz bo, Gu(ty2)  Gu(,2) Gu(,2)

0 do, €0ue) \Ga(ty®) Gau(t,x) Gyt o)

holds in D*((0, co) X R).

Before estimating Ll-norm or total variation of each G, and its deriva-
tives, we shall explain the general strategy of estimation. First, we analyze
the roots of the polynomial equation p(&, 1) = 0, which are the poles of C,;.
Second, noting that the value of integralin (1.5) is simply the sum of residues
of C;;exp[At] at each pole, we obtain the residues in the form of infinite
geries in & Finally, we use the following fact to obtain an estimate of
Ltnorm of a function.

LeMmA 1.1. Suppose f(x) € OF(R). Then for 0<f < %,

08) Dt <)y 2gp Tl + g g e Sfe
and

2
9 | m—; r-1ztp || L

hold for all T > 0.
ProOOF. The result follows from the inequality
f 2lplf@)do < [ [o}o|f(@)ldn + [ |22 of(a)lda
lsl<T |z| =T
and Holder’s inequality.

According to the theory of algebraic functions [1], the roots of algebraic
equations are expressed by the Puiseux series in the parameter in a neigh-
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borhood of the multiple root. But for the equation p(§, 1) = 0, it is easy
to see that the Puiseux series reduce to the Laurent series in & for |£| large
and to the Taylor series in & for |&| small.

LEMMA 1.2. There exist positive numbers §<<i# such that the roots of
p(&, ) = 0 are given by
a + bd(e + 1)
2(a + bd)

a + bd(e + 1)
2(a + bd)

h= iVa+bdé— £4 08,

o= —iVa +bd & — £+ 0(&),

h= g & 06

if |£|<@ and

7 =—c§2+*+0(§2),

o O (1)

(4

= —a +abd;a2(:§1 —1—0(514)

if |&|>7], where the standard symbol O(-) denotes the remainder of the Taylor
or Laurent series.
We omit the proof which can be given by direct computatiou.

REMARK 1.3. In stating above lemma, it was implicitly assumed that
¢ 1. The analysis for the case ¢ =1 may be a little different from the
technical viewpoint. But the estimates for G,;(¢, ) are the same and we
assume ¢ 7%= 1 throughout this paper.

LeMMA 1.4. G (t, &)s, i, j = 1,2, 3, are analytic functions of & for each
t>0 and they can be expressed in the following forms: If |&|<p < g,

~ _bd +0(&%) 2 "
(1.10) Gu(t, &) = a+bd T 0@ exp [t{ p bdf + 0(§ )}]
a + 0(&) T @ bd(e+1) s
T 5@+ vd) + 0 P [t{_ Va b=y 0 )H
a + 0(&) e a~+bd(c+1) s
+2(a T 0d) + 0@ exp[t{'ﬂ/a + bdf——mf + 0(¢ )}]7
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A _ (ie—iac/(a + bd)) & + O(£?) [ {
(1.11) Gty &) = a + bd + O(8) exp (1 —]— bd

Va + bd + 0(&) . o a4+ bd(c+1)
T v R d 1 AR T v

Va + bd + 0(&) . ——— . a-+bdlc+1)
5@ 150 7 0 2| PV T E aE 1)

g 0(54)}]

&2+ 0(53)}]

&+ 0(53)}] )

. —b . .
12 Gulh §) = ey o P [ {( aroa TO¢ )}]

b . — a+ bd(c+1) ., s

t 3@ a0 P [t{_ Vot b rTg 06 )H
b ¥

T 3@ T o) + 09 P [‘{“/“ o ey ¢ T O¢ )}]

. —aberdg + 0(EY o
18) Gt ) = TR O ey o e+ 0]
(a + bd) + 0() a1,
ta@roa) £ 0@® P [t{_“/“ M T v I )H

(@ + bd) + O(&) Xp[ {i\/mé—a + bd(c + 1)

2(a 1 bd) 1 0@) ° 2+ o) ° T 0(53)}]’

(L14) Gt &) — — 0008 + 0C) exp[ {

e e kel R rES Tk (54’”
bVa + bd + 0(&) exp[t{—i\/mz,‘t—a + bd(e + 1)

—2(a + bd) + 0(§) 2(a + bd)

bVa + bd + O(&) { . a+bde+1)
50a + bd) + 0(F) P [t Wt bE =0 g

&+ 0(53)}]

&+ 0(5"‘)}] )

a -+ bd + 0

A 0(&2
(1.15) Gty &) = ﬂ“(é—)(&)e@ [t{ + b

&+ 0(54)}]

bd + O(£) .——— . a-+bdlc+1),, s
2(a+bd)+0(§)exp[t{—m/a+bd§———————2( ) &2+ 0 )}]
bd + O(&) e A bAe+ 1), g 3}]

2(a—}—bd)—l—O(E)eXp[t{M/a_deE S+ 0d) &+ 0(&)
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and if |§]>n> 7,
0Q)
&4e(c —1) + O(1/£2)}

—aé? 4 0(1)
+§4{1+01/£2)} p[t{ 5 +01)}]

(L10)* Gt &) = exp [t{—c&* + 0(1)}]

1+ (/e) {bd — ale + 1)} (1/€2) + O(1/&4)
1+ (1fe) {bd — a — 2ac} (1/E%) + O(1/E%)

- exp [t{—a -+ abd—c—azc;; + 0(;—4)}],

z'(bd/(c — 1)) -+ 0(1/52)
&{o(c — 1) + 0(1/82)}

ilec—1) +

+

(LI Gyt &) = exp [t{— c&* + 0(1)}]

) + 0@
E{1—c) + 0(1/e?
(1/€2)

?)
3
Feeromey e[ o))

b 2
(1.12)* édhﬁ=ca_wga+0awnMpM—ﬁ—+MUH

+ exp [t{— &+ 0(1)}]

b 2
+ (¢ — 1 2{1 +0(1 52)} exp [t{“ &+ 0(1)}]

e one [+ &)

—cbdf(c—1) + O(1/&2)
£2{o 0—1) T 0(1/8%)}

# 1 oy 2L 000+ i e e+ o )]

(113)*  Gy(t, &) = exp [t{— c&2 4 0(1)}]

— ibo -+ O(1/£)
E{e(e—1) + O( (1/£2)}

—ib + O(1/&2)
@ —e) + 0(1/&2)

ez oy [ o)l

(L14)* Gy(t, &) =

exp [H{— &% + 0(1)}]

+

7 OxP [t{— &+ o)}]
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1 4 0(1/8%)
1+ 0(1/&)

+

(LIB)*  Gilt, &) = exp [t{— c&* + 0(1)}]

bdf(e —1) + O(1/82)
£2{1—c) + 0(1/5%)}

abdje + O(1/&2) a 1 ]
T EL 1 oae)) P [t{ ot 0(&2)} ’

where o s taken so small and 1 so large that

exp [t{— & + 0(1)}]

(b—d+a+9)iz<<1
n

c c
and the size of each O(-) is only a small fraction of its preceding term.

Proor. Using Lemma 1.2, we can directly compute the residues of
C,; exp [At] to obtain the result.

Now we fix p and # such that the statement in Lemma 1.4 holds true.
Then we have

Lemma 1.5. The roots of P(§,2) =0 belong to a compact subset of
{Ae C: Re(A) < 0} for all &€ R with o< |§|<n.

ProoF. Suppose this were not true. From the expressions for A,’s and
Z7s in Lemma 1.2, it follows that there should exist & € [e, 1] such that
P(&,iu) = 0 for u e R. But this is impossible, since

P&y i) = ${(0E3 + a2+ bAEY) p— 7} + acki— Efe + 1)p?,

cannot be zero for &e[p,7n], a> 0, ¢> 0 and bd > 0.

From this lemma, it is easily seen that G,;(t, &) and its derivatives are
uniformly bounded analytic functions of (¢, &) in (0, c0) X (g, 7). Further-
more, they decay to zero exponentially fast as time tends to infinity.

Now we begin to analyze each G,(t, #) in the Ll-setting. Let us define

(1.16)  Hi(t, &) = Gu(t, §) —exp[—at], Hit,2) = F; Hi(t, ).

LEMMA 1.6. H,(t, )€ 0([0, oo); L), H,(0,2) = 0, 0, H,(t, #)€ C([0, o0); L*),
0. H1(0, @) = 0, 0., Hy(t, x) € C((0, 00); M) and the following estimates hold:

(1.17) |Hy(t, @) | <M, for all >0,
(1.18) |0z Hy(t, @) | < M(1 4 t)¥2,  for all 1>0,
(1.19) |02 Ha(t, @) | < M(t + t1/6)1,  for all t>0,

where M is a constant independent of t.
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ProoF. First we shall obtain estimates for the case {>1. Define

ac 2
(1.20) Ay, &) = Hy(t, &) — + o - pa <P [—ta + bd 5]

a et a + bd(c +1) .,

2(a + bd)
Then, using Lemmas 1.4, 1.5 ,we obtain
1.21) Byt )| <M ”ag S(t, &) l < M, for all t>1,

(1.22) &R, (t, &)]p< Meo11, ”ézt

< Mit-v4, for all t>1,
L!

By (1.9) with T = t5/s, § = 0 and (1.8) with T =1, 8 =0,
(1.23) [ Hat, )| < Me-1is

(1.24) 0= Ho(ty @) || < Mt—3+,

hold for all £>1. By the dominated convergence theorem,

[Ha(ts, ) — Aty &) -0, 2t §) — z(tzy‘f)l' -0,

=7

”fﬁz(tn &) — §H2(t2, E)HL' -0, SH (t, & ) 52_. (Eﬁz(tzy 5))”[)—) 0,

¢

as t, —1,, for t,?,>1. Therefore H,(t,x)e C([1,c0); L) and 9,H,(t, )
€ 0([1, o0); L'). Next we define

(1.25)  Hy(t, &) = &2 H,(t, &) — a exp [— at] —“—bi—;—of—” t exp [—at].

Then it is easily seen that

(1.26) B, &)| < M2, & <Mt-3+, for all t>1.
LI

0 A
lla_éﬂa(ty
Hence, by (1.9) with T = t%/¢, § = 0, we obtain

(1.27) |Ha(t, 2)| < Mt="¢, for all t>1.



GLOBAL EXISTENCE OF SOLUTIONS OF THE EQUATIONS ETC. 369

By the same argument as above, Hy(t, #)€ C([1, c0); L'). In the mean
time, it is known that

(1.28)  F:lexp [t(#pE — r&2)] = %\/jz_rt exp [—— EU—-;I—;;T] , for r >0,
a\»1 1 (@ + Bt)? .
(1.29) (a—x-) 5 ﬁexp [— T] € 0((0, OO), L ) ,

for all integer m >0
and

a\"1 1 (@ + By

where M,, depends only on m and r. Thus H,(t, )€ C([1, c0); L),
0. H,(t, @) € O([1, 00); L), 8, Hy(t, @) € O([1, 00); ) and (1.17), (1.18), (1.19)
hold for all t>1 by taking large M if necessary. Next we analyze H,(t, x)
for 0 <t<1. From the estimates

< -Zlfl-mrt—ml2 ’

for all integer m>0, t >0,

L31) A, 8| <M, "a%ﬂl(t,f)N<M, for 0<t<1,

(1.32) &ALt &) |m< M, “% (¢H.(2, 5))” <M, for 0<t<1,
LI

we obtain

(1.33) |H.(t, )| <M, for all 0<ti<1
and

(1.34) [0 Hu(ty )| <M, for all 0<t<1,

by (1.8), (1.9) with T =1, f = 0. It is easy to see that
H,(t,2) € 0([0,1]; L*) and &, H,(t,«)e C([0,1]; L?)

by the dominated convergence theorem. Since G{(t, £) is the principal matrix
solution of (1.2), G11(0,&) =1 for each & Hence, H,(0, &) = 0 for each &,
from which it follows that H,(0,x) = 0, 0,H,(0,2) = 0 in L. Finally, we
define

2
ctexp [— at] — a exp [— at].

(135) M1, = & B 8 — 00

Then we find that
d
1.36) A, &) <My, “5534(% E)“L,<M , for 0<it<1,
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from which it follows that
(1.37) [Hyt, @) < Mt-ve, for all 0 <it<1,

by (1.9) with T = /3, § = 0. H,(t,») € C((0,1]; L) follows from the same
argument as before. Therefore, 0,,H,(t, ) € C((0,1]; A0) and (1.19) holds
for all 0 <i<1 (with larger M if necessary).

Let us define

(1.38) Hi(t,x) = exp[— at] §(x) + 0,G,(t, @) ,

where d(x) is the Dirac delta measure. Then, we have

LEMMA 1.7. G,(t,2)€e C([O, 00); Ll), G.,(0,2)=0, Hy(t,x) e O((O, 00); Ll),
0. Hy(t, ) € C((0, c0); L) and

(1.39) |Gty @) | <M, for all t>0,
(1.40) [ Hy(t, )] < M(tV2 4 t346)=1,  for all >0,
(1.41) 0. Hs(t, @) | < M (24 t)-1,  for all t>0 .

Proor. First, we define

A 1
.42 6 ) = 12 ) — T,
(1.42) Hyt, &) = Gu(t, &) Ve Th
) O a+bdlc+1),,
exp[t{m/a—{-bdf——mé}]
L a + bd(c + 1)
+2\/a+bdexp[’{““/“+b“‘ 2(a + bd) 5}]
and
(1.43) A, &) = i&H,(t, &) + exp[— af] .

Then, we can easily derive the following estimates:

(1.44) ”ﬂe(t, &)||pr< Mt-o11, "%Hs(t’ f)" < Mus, for all t>1,
L!
(1.45) ”H,(t, &) < M3/, "a%_ﬁﬂt, 5)" < Mit-us, for all ¢>1,
Ll

(1.46) | EH (8, &)|ra< M4, ”5% (&8, 8))

< Mit-314, for all t>1.
L’
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With these estimates, we can prove (1.39), (1.40) and (1.41), for ¢>1,
analogously to the proof of Lemma 1.6. Next the following estimates

(1.47) "élz(ta &< M, "a_af Gﬂ(t’ E)" <M, ’ for all 0<i<1,
LI
(L48) [ Bult, )] < i, “a% A, 5)" <, for all 0< 1<1,
LI
(1.49) ”‘st(t, E) o< M35, ua—ag (Eﬂs(t, E))“ < Mt-v4, for all 0<it<1,
Lﬂ

will yield (1.39), for 0 <t<1, and (1.40), (1.41), for 0 < t<1 (with larger M
if necessary). The continuity in ¢ can be proved by the dominated conver-
gence theorem and G,(0,x) = 0 in L* follows from the property of G(, &)
as before.

We define

(1.50) Hy(t, £) = 0., Gy5(t, @) — % exp [— at] §(x).
Then we have

LEMMA 1.8. G4(t, )€ C([0,00); L), G14(0,2) = 0, 0, G15(t, %) € C([0, 00); L),
02 G15(0, ) = 0, H(t, ) € 0((0, o0); L), 8, Hy(t, ) € C((0, 00); L) and

(1.51) [Gas(t, )| <M, for all >0,
(1.52) 182 Gus(t, @) | < M(L + 812, for all 0,
(1.53) [Ho(t, )] < M(@Ee + 2y, for all t>0,
(1.54) [0 Hs(t, @) || < M(t2 4 t32)=1,  for all t>0 .

Proor. We start by defining

~ b
(1.88)  Hy(t, &) = Gu(, TPy )
o a 4 bd(e +1)
-exp [t{’b\/a —|- bdf—m 5 }]

b Ry — a -+ bd(c + 1) .
—mexp [t{—z\/a+bd§-—§}]

2(a + bd)
and

(1.56) Biulty &) = — £ B,(t, &) — exp[—at]
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We obtain the following estimates:

1.57) || A, &)| < Mt-v2, “a% A, 5)“ < Mtys, for all t>1,
Ll
(1.58) “fgo(t: §)||L-<Mt—3/4, ”-a% (fﬁg(t, ) <Mt for all t>1,
Ll
(1.59) || Hy(t, &)| < Mt-22, ”582: .., 5)” < Mt-3ia, for all t>1,
Ll

(1.60)  [|EHyo(t, &)||l< Mit-11, "%(Sﬁm(t, 5))” <Mt-s+,  for all t>1.
LI

Combining these inequalities with (1.8), (1.9), we obtain (1.51) to (1.54),
for ¢>1. To consider the case t<1, we list:

1.61) |G, 8| <M, laigla(t’ 5)“ <M, for all 0<t<1,

(1.62)  [£Gw(t, &)< M, ”35 Gt ©)) <M, for all 0<t<1,

(1.63) ||, &)| < Mt-v2, “5538(1:, 5)” <M, for all 0 <t<1,
Ll

(1.64) Hfﬁs(t, &) |l < Mt-214, U—;{—: (EHS(t, E))” < Mt-ts,  for all 0<it<1.
Ll

From these inequalities, we derive (1.51), (1.52), for 0<?<1, and (1.53),
(1.54), for 0 <#<1. The remaining assertions can be verified by the same
method as in the proof of previous lemmas.

We define

(1.65) Hyy(ty #) = 0po Goa(ty ) — a exp [— at] () ,
and state

LEMMA 1.9. Gyt ) € 0((0, 00); L), 8, Gx(t, @) € C((0, 00); L), Hy(t, x)
€ 0((0, o0); L) and

(1.66) [Gas(t, @) | < M, for all t>0,
(1.67) 18, Gos (2, @) < ME-22,  for all t> 0,
(1.68) [Hu(t, )| < Mt for all t> 0.

Moreover, for each fe LY (R), G, (t, x) * f(x) — f(z) in L as t — 0F,
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ProoF. To consider the case ¢>1, we define

(169)  Hult, &) = Gult, &) —; exp [t {Na Fpa e 2t bale +1) 5}]

2(a + bd)
1 . a+bdlec+1),,
——2-6Xp [t{—%va+bdf—wf}]

and

(1.70) Hy(t, &) = — £2H (1, §) — a exp[— at] .
Then, we have

1.71) || Bu, &) < Mt "a% ., 5)” < Mtvs, for all t>1,
L!
(1.72)  ||EBs(2, &)< M-I, "% (EH,s(t, 5))“ < M-, for all t>1,
Ll
(1.73) || Hult, &) < Mt-2, “a'ag A, 5)“ < Mt-34, for all t>1.
LI

Combining these inequalities with (1.8), (1.9), (1.30), we derive (1.66), (1.67),
(1.68) for t>1. For the case t<1, we define

(1.74) Aty &) = Gyy(t, &) — exp [— t£7]
and
(1.75) Aty &) = — &2 H,4(t, &) — a exp [— at] .

Then the following estimates
1.76)  |Hu(t, &)| <M, “a% A, 5)" <M, for all 0<t<1,
Ll
@.77) | EBL(, &)|n< M, “% (EH(t, 5))” <M, for all 0<t<1,
Ll

1.78) || A2, &)l < M-z, "a%ﬁm(t, E)l

<M, for all 0 < <1,
LI

are combined with (1.8), (1.9), (1.30) to yield (1.66), (1.67), (1.68) for
0 <t<1. In particular, Hy(¢,) — 0 in LY(R) as ¢t — 0, from which the
last assertion of the lemma follows.
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LEMMA 1.10.

Gos(t, @) € C([O, ©0); Ll) y Gyy(0,2) =0, awaza(ty x)€e 0((07 ©0); Ll) ’
Oua Gas(t, @) € 0(((): ©0); Ll) y OueaGag(ty @) € 0((0’ ©0); *MJ)

and

(1.79) | Ges(t, )| <M, for all t> 0,
(1.80) [02Goslt, @) | < ML + 8)-22,  for all t>0,
(1.81) 00 Goa(ty @) | < M($Y24-8)-2,  for all t> 0,
(1.82) [Pzze Gas(ty @) || < M(t22 4+ 8)-2,  for all t>0.

ProorF. We define

b

1.83)  Hy(t, &) = Gos(t, &) — ——e
(1.83) (t, &) (t, &) Ve

. R a +bde +1) 1]

exp[t{@\/a -+ bd E—W & }]

A e[t vaTaae ot p D ]

+2\/a+bdexp[t{ tVa+bdé 2@ + bd) &2tl, for all t>1,
(1.84)  Hy,(t, &) = — &2 Hyo(t, &) + _exp [— at], for 11
(1.85)  Hy(t, &) = ’iszs— - XD [— t£2] + ~exp [— to£?],

for 0<t<1,

(1.86) Hn(t’ 5) = f’HN(t, 5) + I%aexp [— at] ) for 0 <t<1.

Then, proceeding as in previous lemmas, we can derive (1.79) to (1.82)
from the following inequalities:

(1.87) [ Bt &) < Mt-2, |z Hylt, 5)” < M, for all ¢>1,

(1.88)  |EHy(t, &)| < Mit-o'2, (Eﬁmt & )" <Mit-vs,  for all t>1,

(1.89) |é& A, &) | za < Mt-714, "8—5 (§2H“(t, &) “p< Mi-sis,
for all t>1,
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(1.90) | Huot, &) < M52, 5‘% a..(t, 5)||L-< Mi-sis, for allt>1,

1.91) | Gu(t, O)la< M, "a% Gas(2, 5)|lv< M, for all 0<t<1,
(1.92)  |[Huw(t, 8| <M, H% Aty 5)“L§ M, for all 0<t<1,
(1.93)  ||EHqw(t, &)< M, "5% (EH (2, 5))“L’< M, for all 0<t<1,
(1.94) [ By, &)] < M1z, "5% ., s)llp< M, for all 0<it<1.

LEMMA 1.11. (8/8,)™Gu(t, ) € C((0, 00); L), m = 0,1, 2,3, and

o\
(55) Gaa(t7 w)

(1.96) famaas(t @ dm_J'amGsst o)dw =0, forall t>0.

— o0

(1.95)

< Mz,  for all t>0, m=0,1,2,3,

Moreover, for each fe L'(R), Gu(t, ) * f(x) — f(z) in L' as t — 0t, and if
0< A<}, it holds that |x|*0usGss(t, @), |2 |* 0ges Fas(ty @) € C((0, 00); L) with

(1.97) [ 12" 000 Gaalty @) || < M(E 42 11t
and

(1.98) [ 2*Duza Gty @) | < M(E=2HH2 - 473275
for all t> 0.

Proor. We define

(1.99) Hyo(t, &) = Gualty &) — 2(Tb§b7)
-exp [t{i\/a TodE— %ﬂ)—l) 52}]

bd o, a+bdle+1),,
—seme [t ey o)

(1.100) A, &) = Qu(t, &) — exp[— t0£7] .
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Then, we obtain the estimates:
0
(1.101) ”ﬁzo(t; f)” < Mt-v2, ”ﬂ: ﬁzo(ty f)” < Mivs, for all t>1,
Ll

(1.102) | EH(¢, &) < Mt1, “a—i(fﬂzo(t,f))” < Mt-+,  for all t>1,
L’

(1.103)  [|&2 Hy(ty &)| < Mt-22, “% (&2 Hu(t, &) ”L,<Mt‘3",

for all £>1.

(1.104) “"tsﬂzo(t’ £) "L,< Mit-1a, ”% (§3Hzo(t1 5))

< Mt—ﬁ/“,
L2
for all t>1,

<M, for all 0<t<1,
L

(1.105) ||Hu(t, &) <M, “% H.(1, £)

(1.106) || EGaa(t, &)< Mt-311, ”5% (EGut, £) “ﬁ M-,

for all 0 < t<1,
(1.107) |8 Guat, §)] < Mo, Ha—ag (& Gutt, e))"f M-,

for all 0 < t<1,

(1.108)  [|&2Gys(t, &) |1 < M4, “8%(53@33(% &)

< Mt-sis,
L?

for all 0 <it<l1.

Using these inequalities and (1.8), (1.9) with suitable T > 0, we arrive at
(1.95). Combining (1.8), (1.9) with

2
(1.109) || |#]*2,, {/lt—;eXp [_ (9"_4";;3&] < Mo (11402  g-142),
r
for all t >0,
. 2 ~
(1.110) ,wlz azm\/_l__texp [_ (i;iﬁﬂ_t)_] <Mﬂm(t‘3/“"/2 N Eaao
T

for allt>0,

where r> 0, 0 < A< 1, M;, and ﬂm depend only on 8, », 4, we get (1.97)
and (1.98). The continuity in ¢ can be verified in the same way as before
and (1.96) is an immediate consequence of the first statement of the lemma.

With the aid of Lemmas 1.6 to 1.11, we can discuss the properties of
solutions to (1.1), (0.7). First of all, we need to observe:
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LeMMA 1.12. If (u,, v, 0,) € [L1(R)]?, then there is a solution to (1.1),
(0.7) in the form

u(t, ) Uo()
(1.111) <v(t,w) = G, 2)* | n(@) |,
B(t, ﬁ) Go(W)

which is the unique solution within the function class of [C([0, T1; LY)]® for
any T >0.

Proor. On account of the properties of G(¢, x) stated in Lemmas 1.6
to 1.11, the right-hand side of (1.111) belongs to [C([0, co0); L*)]* and
satisfies (0.7). By taking the Fourier transform of (1.111), it is easily seen
that (1.111) is a solution to (1.1) in the sense of distribution. The unique-
ness can be verified by the standard argument which proceeds as follows:
suppose (U(t, ), V(t, ), O, ) €[0([0, T]; LY)]* is a solution of (1.1)
with the zero initial condition. Since the Fourier transformation is a con-
tinuous mapping from L(R) to Co(R),

(0@, 8, 7a,é&), 6(,8)e[C(0, T1; C;)]°

and satisfies (1.2) in D*((0, T') X R). Hence, for each ¢ > 0 and each { € R,
it holds that

oo T ﬁ(t,E)
(1.112) —f f Tf(t, 5)) 0, p(?) 0e(§ — &) dt dé
— 0 @(t7 5) o T ﬁ(t 5)
_f IA(E) I7(t &) | p(t) 0s(C—&)dt dE,
—% 0 y &)

for all ¢ € C5°((0, T')), from wihch it follows that, by passing to the limit,

) U0 U, ¢)
(1.113) % ?(t7 0 )= A\(C) v(t: )
O, ¢) O, ¢)

holds for each fixed ¢ € R in D*((0, T)), hence in the classical sense. There-
fore, U(t,¢) = V(t,¢) = O(t, ) = 0 for all te[0, T] and ¢ € R.

Now we state the regularity and the asymptotic behaviour of solutions
to (1.1), (0.7):

THEOREM 1.13. Let (u,, 5, 0,) € [L* N BV and (u(t, z), v(t, ), 0(¢, «))
be the unique solution to (1.1), (0.7) in Lemma 1.12. Let |uo| + ||uos] + |||
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[P0zl + [00]] + || = g > 0, and fiz any integer m>2 and any real number
0<a<i. Then, we have:
(1) ult, &) = w(t, ®) + 2(t, 2), where w(t, x) € C([0, co); L),
w(0, @) = uo(®), 0,w(t, w) € C([0, 0c0); M), 0,w(t, ) € C((0, 00); LY),
0:0,w(t, @) € C((0, 00); M), 2(t, @) € O([0, co); L1), 2(0,x) = 0,
0.2(t, ) € ([0, 00); L), ,,2(t, ) € C((0, 00); M) and

(1.114) Jw(t, @)| <uM@1 + t)3—m02 for all t>0,
(1.118) |0, w(t, @)|| <pM(@ + t)~™2, for all t>0,
(1.116) [0, w(t, @) <pM(1 + t)~™2, for all t>0,

(L.117) |00, w(t, @) || <ppM(t™Y2 4 =2\ (1 + 1)~™/2 for all t>0,

(1118) |a(t, @) <pM , for all t>0,
(1.119) |0, 2(¢, )| <pM(@ + t)~V2, for all >0,
(1.120)  [|0.02(t, @) | <pME~Y2(L + 1)=%/2, for all t>0.

(ii) v(t, x) € C([O, 00); Ll); v(0, 2) = vo(), a,,’l)(t, x) e C((O’ 00); L1)9
0.0(t, ) € C((0, 00);5 M), Ba00(t, ) € C((0, 00); M) and

(1.121) [o(t, @)|| <ud, for all t>0,
(1.122) [2.0(t, @)|| <uM(1 + t)~ V2, for all t>0,
(1.123) [0200(t, @) | <pME=Y2(1 + t)=*2,  for all t> 0,
(1.124) [0:0(t, @) | <pMEt=Y2, for all t>0.

(ili) D, u(t, @) = 8,0(t, @) in D*((0, co) X R) .
(iv) 0(t @) e G([()} 0); Ll)’ 6(0, ) = eo(w)y ame(ty x) e C((O’ ©0); Ll),
9:0(t, @) € 0((0, 00); L), 8..0(t, @) € C((0, 00); AL*™) and
(1.125)  |o(t, »)| <pdL , for all t>0,
(1.126)  [|0.0(t, @) | <pM(1 +t)~Y2, for all t>0,

(1.127)  ||0..0(¢, @) | < ME~Y2(1 4 1)~ for all t>0,
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(1.128)  ||0.0(t, »)|| <p MY, for all t>0,
(1.129)  [10.0(¢, @)|la <Mt V2 4 )72, for all t>0,
(1.130)  ||2.6(t, @) — @B, (¢, @)| <p M1 + $)™*%,  for all t>0.

All the above M’s are constants independent of w and t.

ProOF. By defining

w(t, #) = exp [— at] ue() ,

#(t, @) = Hy(t, @) * o) + Gra(t, @) * V() + Gs(ty @) * Bo(2) ,
we can easily verify the properties (i) with the aid of Lemmas 1.6 to
1.8. Also, by virtue of (1.1), (1.111) and Lemmas 1.7 to 1.11, it is easy to

derive all the other properties except (1.129) and the continuity of 0420(8, )
in AY*. Similarly we can prove

{ azzzg(t7 w) € G((07 OO); "/K’) )
(1.131)

0200(t, @) <pM(t + ¢¥/2)~*,  for all t> 0,
and a sharp version of (1.127):
(1.132) 02002, @)|| <pM (2 + )1, for all t > 0.

Now the proof is completed by combining (1.131), (1.132) with the following
lemma.

Lemma 1.14. Suppose f(t, ) € C((0, 00); L* N BY) satisfyihg
7@, @) < (@24t and [0a1(8y @) < (¢ + ¢¥/2)~*,  for all t>0.
Then, {(t,x) € 0((0, 00); A5*) and
(1.133) £t @)l p< M~ P22+ 6)77
<Mt(—1—ﬁ)l2(1 + t)—ﬂ/2 ,
holds for all t > 0, where 0 < B < 1 and the constants M are independent of 1.
ProOF. We need the following fact: for each g€ L'n BV,

1

lhlﬁ H‘P(m + k) — ‘P(w)" < lhll—ﬁ" az‘P“
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holds for any k5 0. Indeed, if p € L' N BV, there is a sequence {g,}>>,
such that ¢, C°, ¢, — ¢ in L' and [|0,¢.] <|0.p|, for all n>1, from
which it follows that

h
lote + B —p@)] = lim .o + B — )] = im | [onpo + 002z
0
< lim [h] |2, u] < [B] 2] -

Now, if 0 < |h|<V73,
(1.134) [h|-8] 0, f(2, x)| <1972 3, f(t, x)|

1, @ + ) — f(t, @) <
<tA-BI(f | ¢312)-1

o
and if 0 <4/T<|h|,

(1.135) 17 @ + ) — f(2, @) <26-02 f (¢, @) | < 28-0r2(22/2 4- 1)~

Ihl‘*

Considering the case 0 < <1 and the case 1<?, separately, (1.133) is easily
obtained from (1.134), (1.135). Next we observe that, (1.134), (1.135) also

imply that
(1.136) llg@lle< 2.9 + 2]¢] ,

holds for all ¢ € L' N BV, from which we deduce that
f(¢, ) € C((0, o) 3 AF®) .

REMARK 1.15. In fact, some of the estimates stated in Theorem 1.13
are not sharp (e.g., compare (1.127) and (1.132)). They are, however, in
such weak form as to be applied directly to the nonlinear problem.

— Nonlinear problem.

In this section we will establish our main result:

THEOREM 2.1. Assume '(0 9) and (0.10). Then, there exists a positive
number 6 such that if (ue(x), vo(®), b4(w)) € (L' N BV)® and |uo] + [0 %o
+ vo]| + [2avo] + [|6s] + [|0200] <O, there is a global solution (u(t,x),
o(t, @), 6(t, z)) to (0.6), (0.7), satisfying the properties (i) to (iv) (with different
constants if necessary) stated in Theorem 1.13.
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The proof of this theorem will be split into three steps. First, we con-
struct a suitable function space y with the properties which were found
for the linear problem. Second, we define a mapping T from y into itself
so that the fixed point of 7' may be a solution of (0.11). Finally, we prove
that the mapping T is a contraction and that the solution to (0.11), (0.7)
is also the solution to (0.6), (0.7).

(Step I).

We construct y as follows: Let y be the set of all quadruplet (w(t, 2),
2(t, ®), v(t, ), 0(, #)) satisfying the properties (A) to (E):

(A) w(t, @) € O([0, o0); L), w(0, ) = uy(®), d,w(t, ) € O([0, 00); L) ,
0, w(t, ®) € C((0, c0); L), 0,0,w(t, ®) € C((0, 00); M) With

(2.1) [w(t, o) <K@ + )™, for all t>0,
(2.2) [0, w(t, @) | <K@ + 8)~™2, for all ¢>0,
(2.3) [0 w(t, )| <K@ + t)~™2, for all t> 0,
(2.4) [0:0.w(, @) | <K@ Y24 t7*%) (1 4 ¢)~™2, for all t>0,

where m, o« are the numbers fixed in Theorem 1.13, K is a constant inde-
pendent of £ and will be determined after we can collect all the conditions
on K.
(B) =(t,x)e G([O’ )} Ll)’ 2(0, ) = 0, 0.2(t, @) € 0([()’ 00); Ll)a
Ouan?(t, @) € C((0, 00); M) With

(2.5) [2(t, @) | <K, for all 10,
(2.6) [0.2(t, @) <K@ + 1)~*2, for all t>0,
(2.7 [0z02(t, )| <Kt~ Y31 4 t)~*%,  for all t>0,

(C) 8sw(t, ®) + 0:2(t, @) = 0,0(t, «) in D*((0, c0) X R).

(D) o(t, 2) € C([0, 00); L), v(0, ®) = v,(®), 0, v(t, ) € C((0, c0); L*),
0,9(8, #) € O((0, 00)5 M), 0,,0(2, ) € (C(0, 00); M) With

(2.8) o, @)|| <K, for all ¢>0,
(2.9) [2.v(t, @) <K(1 + t)~V2, for all t> 0,
(2.10) [2zev(t, )| <Kt~*1 +¢)~*%,  for all t>0,

(2.11) [2:0(t, )] <Kt~*2, for all t> 0.
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(B) 6@ x)e 0([07 ©0); Ll)y 0(0, x) = bo(), 0.0(t, ®) € C((Oy ©0); L1)7
0,0(t, x) € 0((0, ©0); Ll), 0.:0(t, @) € U((O, OO);A;"X’) with

(2.12)  |6¢, @) <K, for all t>0,

(2.13)  [|0.0(t, @) | <E(L 4 t)~2, for all >0,
(2.14) 0,00t )| <Kt~ Y21 + )2, for all t> 0,
(2.15)  [1040(2, @)la < K121 - 1)=%/2, for all t> 0,
(2.16)  [0,0(t, »)|| <Kt~1*, for allt>0,

(2.17)  [|0.0(¢, ®) — do,v(t, @)|| <Kt™VA1 4 £)~*%, for allt>0.

Since the solution to (1.1), (0.7) satisfies the properties (A) to (E) if
uM <K (see Theorem 1.13), the set y is not empty. Now yx shall be endowed

with the metric d(-, -): for (w,?2,v,0), (@,%,7,0) € x, we define

(2.18)  d((w, 2, v, 0), (B, 2, 7, 6)) = sup @ + by w(t, @) — B2, )|
+sup (1 + t)™/2][ 0, w(t, @) — 0, ®(t, x)| + sup (1 + t)m/2 ]| 0, w(t, @) — 9, @(t, @)
+ sup 21 + t)™/2| 0,0, w(t, ®) — 0,0, W(t, ®)|
0<i<1
+ sup #/3(1 + t)™/2]|9, 0, w(t, x) — 3,0, W(t, )|
=1
+ sup |2(t, ®) —Z(t, @) + sup (1 + 1)2||0,2(t, ») — 9, Z(t, @)]
=0 =0
+ Sup (L + 1)172]|9, 2(t, ©) — 9,2(t, @)
+ sup 1/3(1 + 1)*/2]0,,2(F, @) — 0402(ty )| + sup [v(t, ) — B(¢, @)
t>0 =0
+ sup (1 + 8)2| 8, v(t, @) — 8, 5(t, )| + sup tY3(L + 1)/2]| 0, 0(¢, @) — 0, (2, 2) |
t>0 t>0
+ sup /2|9, v(t, 2) — 0, 5(t, @)| + sup ||0(¢, x) —O(¢, )|
t>0 =0
+ sup (1 + £)V2]|0,6(t, x) — 0, 0(¢, )| + sup t/2(1 + £)3/2]|0,,0(t, &) — .5 6(¢, @)
t>0 t>0
+ sup £42)|9,0(¢, @) — 0,0(t, @)| + sup LHOAL + 1)512[3,, 0(8, ) — 8,5 0(t, @)
t>0 t>0

-+ sup ¢V2(1 + ¢)~2]|0,0(¢, ®) — dd,v(t, ®) — 9,0(¢, ®) + do,(t, )] .
>0
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It is not difficult to see that y becomes a complete metric space with the
metric d(-, -). The proof of this fact is left to the reader.

Before proceeding to Step (II), we shall make some preliminary remarks.
We recall that p(u, 6) and 1/e,(u, ) are analytic functions of %, 0 in a neigh-
borhood of (0,0). So the first condition we should impose on K is

(2.19) K <min(ly, 1),

where » is a positive number such that p(u, 0), 1/e,(%, 0) can be expanded
a8 Taylor series in u, 0 if |u|<2v, |§|<2v. Hence, recalling that— p,(0, 0) = a,
we see that
(2.20) Puw +2,0) +a= 3 a, w26,
1<g+r+s

is valid if |w|, |2|, |0] <2K. Next we observe that if (w, 2, v, 0) € ¥, it follows
that 2, 6 € C((0, co0); O’o).. Hence, for nonnegative integers g, r, s, (wett), 270¢
is well-defined and belongs to C((0,c0); M). Now we define for given
(w, 2, v, 0) € 7,

n

_ars (wet1), 27 O¢

2.21 Syt =
( ) ( ! m) 1<a§r+sq + 1

and
(2.22) o(t, @) = p(w + 2, 0),— Pu(w + 2, 0)2.— Py(w + 2, 6)0, 4 aw, .
Then we have

LEMMA 2.2. 8,(, %), o(t, x) € C((0, 00); M) and 8,(t, x) — o(t, x) in
uniformly in t as n — co. In addition, it holds that

(2.23) lott, )| < ME2(1 + t)1=™2  for all t> 0,

where M is independent of K and t.

PrROOF. Let us set we= w % g¢y 2= 2% Q¢, 0c= 0% . and define

f a
8,6ty ) = — 2 (wt), 27 62
'6( ’ ) 1<a§r+sq +1 ( )z e’
o a
Se(t, ) = — I (wtY), 2t 02 .
«( 2) 1<a§r+sq +1 )e

Then using (2.20), (2.22) and the properties of y, it is obvious that S.(t, x)



384 JONG UHN KIM

€ C((0, 00); M) for each ¢ > 0 and that

Se(t’ z) = p(’we T %ey 08)‘”— p"(wg + 2, 05) awzs— Po(we - Rey 08) 0,0: -+ aaxwf, ’
= {pu(we—,‘ Zey 0e) -+ a} O We o

holds. Moreover, we can easily see that for each fixed ¢ > 0,

P (We4 2ey Oe)o— p(w + 2, 0). in D*(R),
Pu(We - %y Oc) 0p2e — pu(w + 2, 0)0,2  in D¥(R),
Po(We ~+ %y Oe) 0y 0: — po(w + 2, 0)0,0 in D*(R),

when & — 0. Therefore, for each fixed ¢> 0, S.(¢, ) — o(t, 2) in D*(R).
Combining this with the estimate

(2.24) [86(t, @) | < MEX(1 + t)=1"™/2 | for all £>0, >0,

where the constant M is independent of K and ¢, we conclude that for each
fixed t> 0, o(t, #) € M and Se(t, x) — o(t, #) in the weak * topology of G,
from which (2.23) follows. On the other hand, it is easy to see that for
each fixed ¢> 0 and n, S, (¢, #) > 8.({,2) in the weak * topology of M
as ¢ — 0. Hence it holds that

(2.28)  [<o(t, ») — 8(t, @), g(x))| <li_flgl<3s(t, @) — 85,e(ty ), g(2))]

< ” g” Lo S’: Iaars] Katrtet (1 | §)=(m/2(atD=(1/2)r+s)
n+1q+r+s

for allg € Cy(R) and ¢ > 0, where { -, -)> denotes the duality pairing between C,
and M. Now the remaining assertion of the lemma follows from (2.25).

(Step II).

We shall construct a mapping T from y into itself. For (w,z,v,0)€ y,
(, 2, ¥, 0) = T(w, 2,v,0) is defined by

i
(2.26) @(t, ) — exp[— at] uo() — f Gry(l— 7, @) * o(z, @) dt

t/2
t/2

+[exp[— a(t— )] {p(w + #, 0) + aw + az + b6} (v, 0) dr

0
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where o(7, z) is given by (2.22),

(2.27)  Z(t, ®) = Ha(t, @) * uo(®) + Gha(ty @) % vo(®) + Gra(ty @) * Bo()
11
—fGl2(t— 7, ) % [{pu(w + 2, 0) + a}0.2 + {po(w + 2, 0) + b} 0.0](7, @) dr
t/2
Y2
—st(t— 7, @) % {p(w + 2, 0) + aw + az + b6} (7, x)dt
V]
t

Po(w + 2, 0)
— Gls(t —T, ﬁ) ® [{m (6 —+ 0) -+ d} 8451)] (‘L", a/') dr

0

t
1 2
+ f Gaalt— 7, ) # {m (0.) } (v, @) I
0

t
+fG13(t — T, d)) %k [{m) —_— 0} 8w,0] (T, .’l?) dr )
0

(2.28)  B(t, @) = Qult, @) * uo(®) + Groa(t, @) % Vo(®) + Gos(t, @) * Oo(%)
|
__szz(t—— T, @) * O {p(w -I—'z, ) + aw -+ az + b6} (v, x)dt
0

t
—| Gos(t — 7, 2) % [{% @+ 6 + d} amv] (z, ) dt

0

¢
1

+ @yt — 7, @) % {eo(w 170 (6mv)2} (z, x)dv

0

¢
+sza(t — T, %)% [{m - 0} axme] (T, w)dT,
0

(2.29)  O(t, @) = Gualty @) % Ue(@) + Gaall, @) % 06(®) + Caalty @) % o(@)

t
_ f Gt — 7, ) % 3ufp(w + 2, 0) + aw + az + b0} (v, @) d
0
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2
—f Gonlt— 7, 7) [{%{f—@% @ +6)+ d} a,,v] (v, @) d

1 2
+f wt— 7,04 {0

1
+f as(t — T, @) % [{eg(w 12,0 0} azxe] (ryx)dT

Since (w, 2, v, 0) € x, it is easily seen that @, Z, ¥ and § are well-defined as
distributions in ((0, co) X R) and satisfy the equations:

@ + 5), = 7,
= a(® + &), + b0, + Too— 0u{p(w + 2,0) + aw + az + b0}

Ve
(2.30) b, {Po(w + 2, 0)
x eo(w + 2, 0)

Nl
+ l
&:

6+ 6) + d} v, + (vz)?

_r
es(w + 2, 0)

-+

__r )
eo(w -+ 2, 0)—0 o

in D*((0, o) X R) (see Appendix).
Now we shall prove that (i, %, %, )€ y. Throughout the remainder of
this paper, the constants M will be independent of K and ¢.

1
LEMMA 2.3. J,(t, ) & J' G1a(t— 7, ) * o(T, ) dT satisfies the properties (A)
12

of (Step I), except w(0, x) = uy(x), with MK? in place of K in (2.1) to (2.4)
and it holds that J,(0,x) = 0.

Proor. Estimates for [|J.(t,#)] and [3,J,(t, @) follow immediately
from (2.23) and Lemma 1.7. In order to estimate

[0::(t, )] and  |8,0.d4(¢ )] ,

we define

t
(2.31) alt, @) = f Gro(t— 7, 2) % S.(7, @) dr
t/2
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where 8,(z,2) is given by (2.21). Then on account of (2.25), it is clear
that [g.(¢, ) — J4(t, «)| — 0 uniformly on [0, c0) as n — co, from which
it follows that

0cgulty @)  — 0,J4(t, @) in D*((0, 00); LX(R)),
0,029u(t, ) — 0,0,J4(t, ®) in D*((0, c0) X R) .
Now the proof is completed by the following lemma.

LEMMA 2.4. For each n, 9,g.(t,)€ C((0,00); L), 0:0,9(t, ) € C((0, 00) ;M)
and it holds that

(2.32) [9:9a(t, 2)|| < ME21 + 8)~™%,  for all t> 0,
(2.33)  [0:0:9a(% )| < ME2(1 +t)"mEEYE L %) ) for all >0,

where M is independent of K, n and t. Furthermore, as n, k — co

(2.34) [0:9a(t, ®) — 0:9:(t, @) — 0  uniformly on [0, co)
and

uniformly on each compact subset of (0, co).

Proor. Since 8, is a finite sum, we may estimate each term of g,(¢, x).
By integrating by parts, we see that

i
(2.36) M, (t, x) & a,fau(t — 7, %) % {(wet), 27 0%} (z, @) dv
t t/2
= — Bth'm(t — 7, @) % {wrti(zr6%),} (7, x) dv

t/2
[

+ athlz(t — 1, 2) % (wt1zr o), (7, x)dr
t2

= %Gn (%, w) * {w”l(z'ﬂs),}(—;—, a:) —faa, Gos(t — 7, @) % {wet1(270%),} (7, @) dT
iz

t

+ % Gy (%, w) % (wetlgr0e), (%, ac)—w’ﬂrl 27 0%(t, v) + exp [— %t] wetlgr (e (%, w)
t |

+ ajexp [—a(t— ) wrtizr0s(t, x)dv + | H(t — T, @) * (wetlzr0%)(7, x) d7 .

t/2 t/2
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Here we have used (1.38) and the fact that 0,G:.(t, ) = 0,Gs0(t, ) in
D*((0, c0) x B) which follows from (1.7) (see Appendix). Applying Lem-
mas 1.7, 1.9 and the properties of y, we can derive that

(t,x) e ((0’ ©0); Ll) )

(ITS

(2.37)
| Mooty @) <(g+7-+s-+1) MEH*+4 14 4)~™2,  for all t>0,

where M is a constant independent of ¢, K, q, » and s. Therefore, we conclude
that
n

a,
0, g.(t, ®) = 8 M.t o((0 s It
t gn(ty @) 1<q§r+sq 1 (¢, 2) € (( y ©9) 5 )

and, by recalling (2.19),

(2.38) 8. gult, @) < g+r+s+1 |@gre| MESH41(1 - g)-mi2
1<a+r+s q+1
<MEK:*(1 + t)y—™2, for all ¢ >0 and n>1,

where M denotes different constants independent of K, ¢t and all the dummy
indices. From the estimate

(2.39) "atgn(t’ @) — 0, 9x(t, @) ”

< zn: Q_w‘_ij'_l ‘aqrs|MK“+'+’+l(1 + t)-m2

k+1<d4r+s q+1
for all £> 0 and n>k 4 1, we get (2.34). Next, we define

t
(2.40) M;"(t,x)=a,fau(t—-z, ) # {(09*), 2,05 (7, 2) dv
t/2

where we= W % Qe, %= &% ¢y 0c= 0% ge. Then using (2.36), we have

(@41) % Mi(t0) =32 Gn( ,x)* (wi(2162), }(%, w)
12
'_faac Gos(t — 7, @) # {(WE™)a(2005)0 + wE™ (2 00)ec} (7, @) d

t/2

1 w27 t
+§amG12( )*( * %, 03)%(57 .’E)
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a1, g8 at g+l pr (s '
—(ws EA s)w(ty 50) +exp _E (ws LA s)w 5,%‘
¢

+ af exp [— a(t — 7)] (w2 62)ulx, @) dv
t/2
t

+ f 8 Hilt — 7, ) # (WS4 62),(7, 2)dv .
t/2

In order to estimate the last integral, we need to observe that (1.41) implies
(2.42) 0. Hy(t, @) | <Mt~3%, for all ¢>0.

Combining this with (2.19), the properties of y and Lemmas 1.7, 1.9, we
obtain

(2.43) 0, Mpi(t, @) € C((0, 00); L)

(244) [0, Mot @) <(q 47 + 5 + 1 MEDFH L 4 o) RG24 475
for all t>0,

(245) [0, Mepy(ty, @) — 8, Mo(ty; @) <olhy, ta)lg + 7 + 5 + 1) MET,

for all ¢,,¢,> 0,

where M is a constant independent of ¢, ¢, r, s, &, K, and p(t,1,) is a
function of ¢,,?,> 0, independent of ¢, 7, s, &, which tends to zero as
t,—1,> 0. Comparing (2.36) with its analog for M (¢, #) and using the
fact that for each ¢> 0,

2e—>%, 0:.—0 in Cy(R),
We—> W, O R—>0,2, 0,0:—>0,0 in LY(R),
0,Ws—> 0, W, 0.2 —>0:2, 0,0.—>0,0 in LY(R),
w?—>w? weak % in L*(R) for all positive integer ¢,
o;w, 0,2, 0,0€L°R),
it is easily seen that M (f, ) converges to M,,(t,#) in D*(R) for each

t> 0, which implies that o, M, (¢, ) converges to 0, M,,,(t, ) in D*(R) for
each > 0. Combining this with (2.43), (2.44), (2.45), we derive that
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0y M, (t, @) is the weak * limit of 0, M:,(¢,#) in A for each ¢> 0, and
that

(2:46) 8, Mopult, @)] <(q + 7 + 8 + L) MECH 411 4 g)y=mi2(g=2i2 o)
for all t >0,

(247)  [0s Mors(tyy @) — 00 Mrs(fy, @) || <o(ty, 8)(g + 7 + 8 + 1)° MEatrts,
for all t,,,>0,

from which it follows that
(2.48) 02 Mor (2, @) € C((0, 00); O) .

Now it is obvious that

(249) 0,0 gult, @)= > —T 9, M, (t,z) € C((0,00); ) ,
1<qg+r+s q + 1

and (2.33), (2.35) hold.
LEMMA 2.5.

t/2
I, ) f exp [— a(t—7)] {p(w + 2, 0) + aw + az + b6} (v, z) dv

0

has the same properties as were stated in Lemma 2.3.

PrROOF. Proceeding as in Lemma 2.2, it is easy to observe that

p(w + 2, 0) + aw -+ az -+ b6 € €((0, o0); L) ,
(2.50) { Ip(w + 2, 6) + aw + az + b6 < ME2(t + 1)-2,  for all t>0.
and
pw + 2, 0), + aw, + az, + b, C((0, 00); M) ,
(251 [ Ip(w + 2, 0)s + aws + a2, + b, < ME*(1 +17)*, for all >0,

which yield the result.
Before proceeding to get other estimates, we note the following fact:

LEMMA 2.6. Suppose g(-, )€ C{RXR), ¢(0,0) =0 and |Dg(-, -)| is
bounded by the constant L. Let hy(t, ), hy(t,®) and hy(t,x) belong to
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C((0,00); L' BV). Then, it holds that

(2.52) 09 (P2, ), hy(t, ) hy(t, )} € C((0, 00); M)
and
(2.83)  [|9u{g(hat, @), Ra(t, @) hs(t, @)} <
<3 L0, ho(t, )| (|00 bu(ty @)|| + ||0xba(ty @)])  for all t>0.

Proor. Regularizing h,, h,, h; with respect to ¥ and using the conver-
gence argument in Lemma 2.2, we can obtain the result.

LeEMMA 2.7.

¢
Jo(t, x) = fGlg(t— 7, @) % [{p,(w + 2, 0) + a}z, + {pe(w + 2, 0) + b} 6,] (7, 2) dv

42
satisfies the properties (B) of (Step 1) with M K? in place of K in (2.5) to (2.7).

Proor. The proof follows immediately from the properties of y and
Lemmas 1.7, 2.6.

LEMMA 2.8.

t/2

Ju(t, w) sz(t— T, %) * [p(w + 2, 0) + aw + az + bO](7, ) dz
0

satisfies the same properties as were stated in Lemma 2.7.
Proor. It suffices to combine Lemma 1.7 with (2.50), (2.51).
LEMMA 2.9.

pﬂ(w + 2, 0)

m) (6 + 0) + d} ’Um] (v, 2)dv

t
Ja(ty 50) o Glo(t_ Ty a") * [{
0

satisfies the same properties as were stated in Lemma 2.7.
PRrOOF. Since ps(-, -)/es(-, -) is an analytic function in a neighborhood

of (0,0) and — (ps(0, 0)/es(0, 0)) 6 = d, we can write

po(w + 2, 6) . < afr
(2.54) m 0 +6) + d = ay(w + 2) + a0 +2<q+,.a"(w + 2)20
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if |w|, ||, |8]<K (recall the condition (2.19)). Break J; into Jy; + J;,,
where

t/2

(2.85)  Js4(t, @) =fG‘13(t — T, T)* [{

0

po(w +- 2, 0)

el £ 0+0)+ d} v,,] (v, @) dr ,

t

(2.56)  J5,(t, @) =f(}13(t — T, Z)% [{

t/2

po(w + 2,0)

m(g—l-ﬂ) + d} ”z] (v,2)dr .

Using the property (C) of (Step I), we see that, for each ¢ > 0,

t/2

(2.57) fG’ls(t— 7, @) * {(w + 2) v} (7, x)dv
0 42
= limfG,a(t — 1, @) % {(w + 2)v.} (7, x)dv

e—>0
&

vz
= limme(t — 7, @) % {(w + 2)(w + 2):} (7, x)dr

&8—>0
&

1 t ! 1 .
=§G13(§’ w)* (w 4+ 2) (57 w)‘é Gha(t, @) % (w + 2)%(0, )

t/2
+ % lim |0, Gyt — 7, @) % (w + 2)%(z, 2)dT .

&—>0
&

But 0,Gy(t, #) = 0,G(t, #) in D*((0,00) XR) and hence, by virtue of
Lemmas 1.8, 1.10, we obtain

t/2

(2.58) f Guat — 7, ) % {(w + 2)v,} (7, @) dv € C((0, 00); L)
0

and, assuming [u,| + [|0,%] <K (which will be fulfilled by (2.200)),

t/2

(2.59) fG'la(t— 7, @) % {(w + 2) 0.} (7, @) dr| < MK?, for all 1>0.
0
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Next we have

42 42
(2.60) me(t — 1, @) * {v,} (7, ¥) dv = lim fGla(t — T, ) * {%cl 09:}(1:, x)dr
0 42 0
+1lim |Gyt — 7, @) * {0 (v,—-;—ll 0,)} (r,2)dT.
&0

&

The Li-norm of the first integral on the right hand side can be estimated
by integration by parts as in the derivation of (2.58), (2.59), and the L*-norm
of the second integral can be estimated directly with the aid of (2.17);

we obtain
t/2

(2.61) f Goalt — 7, @) % {0.} (7, @) dv € ([0, 00); L)
0

and, assuming [|6o] + [2.6,] <K (which will also be fulfilled by (2.200)),
42

(2.62) u IG13(t— 7, ©) % {0v,} (1, #)da||< ME®,  for all 1>0.
1]

Noticing that

(2.63) S taw + 2)1070,€ O((0, 00); L) ,
2<a+r
(2.64) S uw + 2)1070,| < MEQL + 1), for all t>0,
2<a+r

we derive that

/2

=)

(2.65) J‘Gm(t — T, %) * { S ag(w 4 2)20" vm} (t, x) dr € C([0, oo); L)
: <q+r

and, by (2.19),

42
(2.66) HJ‘Gm(t— T, T) % { > ag(w + z)aefvx} (v, x)d7 ||< MK?,
2<<a+r
0

for all t>0.

Hence, we conclude that

(2.67) J5.(t, @) € O([0, 00); L), Js.0,2)=0
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and
(2.68) ”Js,l(t7 w)” <MK?, for all{>0.

Next we can directly obtain

(2.69) Js(t, x) € 0([0, o0); LY) , J52(0,2) =0
and
(2.70) [s,2(t @) | < ME?, for all ¢>0,
from
po(w + 2 0) T
(2.71) {m @ +06) + d} v.(ty @) € C((0, 00); LY) 4
po(w + 2, 6) ~ 2 -1
(2.72) {m @ +6) + d} 0ult, @) < ME(L + 1),

for all £>0.

Thus, (2.5) has been proved with K replaced by MK?2. In order to estimate
the Ll-norm of 0,J;= 0,J5, + 0.J5,., it suffices to replace Gy5(t — 7, ) by
0. G13(t — 7, ) for both 0,J;, and 0,J5,. However, we note that for the
case t<1, ||0,J5,] can be estimated directly without going through the
lengthy procedure as was done for |J;,|. Finally, we will estimate ||0..J5.
By virtue of (2.19) and Lemma 2.6, we have

i) a B ERD 0 10 + o] 0o e 00,000 )

eo(w + 2, 0)
and
ﬁo(w + 2, 0) 24—-1/2 —1-0)/2
@79 o, [{m 0 +0) + d} vm] (t, 0)| < MK -2 (1 + tyr-o |

for all t> 0,
from which it follows that

t
(2.15)  Buudsalty @) = f . Gt — 7, @)

t/2

wo [[E RS 00 + dfn] @ arare o, e 1),

t/2

(2.76)  Ouud5q(t @) =f3,,, Gis(t —7,2)
0

po(w + 2, 0) . T
K [{m (6 + 0) + d} ’vz] (T, x) dre 0((0’ oo),L )



GLOBAL EXISTENCE OF SOLUTIONS OF THE EQUATIONS ETC. 395

and

2.77) [Beedsalty @)y [0zadsalty @) < ME2t-Y%(1 +¢)-/2,  for all ¢>0.

LeMMA 2.10.

J oty @) d“J‘Gm(t — T, { eo(w + 2, 0) (0 'U)z} (v, @)dr

has the same properties as were stated in Lemma 2.7.

ProoF. Using the properties of y, we see that

1
es(w + 2, 0)
1
eo(w + 2, 0)

(9,v)2€ C((0, 00); LY)
(2.78)

(0, v)2|| < ME2¢-12(1 4 1)1z, for all t> 0.

and, applying Lemma 2.6 with some modification,

1

1
o]

From (2.78), (2.79), we can easily get (2.5) with K replaced by MK2 Let
us define

(2.79)
<ME2t-3(1 + &)=, for all t >0,

t/2

1
(2.80) Jea(t, @) :fgls(t — T, &) % {m (0, ”)2} (7, @) dv
0

and
t

1 2
(2.81) Ja,z(t, w) :fGla(t — T, CU) 3 {m (a, 'I)) } (T, 50) dr .

42
Then, using the properties of Gy(t, ®), it is easily seen that
(2.82) 0sd sty @),  0adea(ty @) € 0([0, o0); LY)

and

(2.83) 10s 6,1ty @)y [0 6,(ts x)| <MKt + 1)z, for all ¢>0.
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Observing that
170

1
(284)  B,.deu(ty2) = f .0 Gsll— 7, @) % {m (amv)z} (v, @) dr
0

&
(2.85) Oz J5,5(ty @) =fax Grs(t — 7, @) * ax{

t/2

1
w + 7, 0) (0,0) } (vy @) dr,

we can derive that

(2.86) amee,l(ty x), asz,z(t, x) € 0((0’ ©0); Ll)

and

(2.87) [Oae 2ty @), [ P0uT sty @) < ME2t-12(1 + t)-elz for all ¢>0.
LEMmaA 2.11.

1

¢
det _ _
Jo(ty ) L Gyt — 7, @) * [{eo(w T % 0)
0

c} Ope 0] (7, ®)dvr

satisfies the same properties as were stated in Lemma 2.7.

ProoF. First, observe that

1
o i 5,7ttt 1 000, 00129
and
1
(2.89) {m - c} 8.2 0(t, @)|| < ME?1-112(1 4 g)-1-o/2 |

for all £>0-

Proceeding similarly to the proof of Lemma 2.10, we can easily verify that
J+(2, @), 0.J:(t, ®) satisfy the required properties. Next, recalling the fact
that

Bun Guslty ) = © oxp [— af] 8(e) + Hit, 0),

where Hq(t, 2) € C((0, co); L') with the estimate (1.53), we can write

13
(2.90) 3¢¢J7(t, w) =faww Gla(t — T, w) %k [{m —_ 0} 340@0] (T, W) dt

tz Y2
1

+ f Bon Gyl — 7, @) [{m — c} aue] (v, ) dx
0



GLOBAL EXISTENCE OF SOLUTIONS OF THE EQUATIONS ETC. 397
and estimate these two integrals separately. Using
(2.91) [Hg(t, )| < Mt-2'2,  for all ¢t > 0 (which follows from (1.53)),
for the first integral and
(2.92) |Hs(ty @)| < Mt-*, for all t>0,

for the second integral, we obtain

(2.93) Ouad(t, ®) € C((0, 00); L)

and

(2.94) |00 (2, w)ll < ME2-V2(1 4+ t)-/2, forallt>0.
LeMMA 2.12.

¢
Jo(t, ) = szz(t— T, @) % 0u{p(w + 2, 0) + aw + az + b6} (7, ) dv
0
satisfies the properties (D) of (Step I) with K replaced by MK?2, except v(0, x) = v,
and (2.11). In addition, J40,x) = 0.

Proo¥. Breaking J4(t, ) into two parts by

t
(2.95)  Ja(t, ) = j Goalt — 7, @) % 0u{pw + 2, 0) + aw + az + bY} (v, ) dv
t/2
t/2

-]—J.B,,Gzz(t— 7, @)% {p(w + 2, 0) + aw + az + b6} (v, x)d7,
[\]

we can easily find (2.8), (2.9) with K replaced by MK? with the aid of (2.50)
and (2.51), which, combined with the dominated convergence theorem,
also yield

(2.96) Jo(t, ) € O([0,00); L),  J40,0) = 0,

(2 97) 0. J4(t, #) € C((0, 00); L) .

Since [0, Gaa(t — 7, 2)|| is not integrable over (0, t), it is rather complicated
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to estimate [0.,J4(¢, #)|. First, recalling (0.10) and (2.19), we write

(2.98) pw+2,0) +aw+az+b0 = 3> by ,wizre

2<q+r+s
and define
(2.99) Fut,2) = 3 Dbeswizre,

2<e+r+s
11
(2.100) Tonlty 2) = j Gas(t — 7, @) % 0, F (7, ) dv .
0

Then, F,(t,x) converges to {p(w + z,0) + aw + az + b6}(t,x) in LY(R)
uniformly on (0, co) as n — co. Therefore, 0,,J (¢, #) converges to 0. s(t, x)
in D*((0, co) X R). Since F,(t,) is a finite series, we can estimate 0,,J 8,n(t, @)
term by term. Set

t
(2.101) Quralty ) = 8o f Goalt — 7, @) % O, {w 270} (7, @) dt .
t/2

Assuming Lemma 2.13 which will be proved subsequently, we see that

(2102)  Quulty ) = — B,{we2r B, ) + Gy (g x) # 8, (w7270} (g x)
t
—l—f@x Gt — 7, @) % 0, {w270°} (v, x) dr
/2
[2
— atfa,p Gia(t — 7, @) % 0,{w?27 0%} (v, @) dv
t/2
t
— bf@, Gyt — 7, @) % 0,{w?27 0} (7, x)dT

t/2

holds in D*((0,00) XR). Considering each term of the right-hand side,
we deduce that, for ¢>1,

(2.103) Qurs(ty ) € 0((0, 00); L)
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and

(2.104) [Qars(t, ®)|| < (¢ + 7 + 8) MEotr+st-1/2(1 4 ¢)-/2,  for all t>0,

where M is independent of ¢, r, s, K and ¢t. For the case ¢ = 0, r + s>2,
we note that

Oeef2 0%} (¢, @) € C((0, 00); Ab) ,
(2.105) 1 [18..{e7 0% (¢, @) | < (r + s)(r + s — 1) MEr+st-v2(1 + ty-i-olz
for all t>0,
where M is independent of r, s, K and ¢, and use the formula

i

(2.106) Qurslt, @) = j 0u Goalt — 7, ) % 0,270} (v, @) dv
t/2

to find that

(2.107) Qors(t, @) € C((0, 00); L)

(2.108) [|@ors(t, @) || < (r + s)(r + s — 1) MEr+et-1/2(1 4 ¢)-2/2, for all t>0.

Next, set
t/2
(2.109) Rons(t, @) = 0u f Gaslt— 7, @) % D, {weer %} (v, w) dr .

0

Recalling that

{ Oze Gas(t, @) € C((07 00); ‘M-’) 9
(2.110)

020 Gty ®)|| < ME-*,  for all >0,
we get, for the case ¢ +r 4 s>2,
(2.111) R, (t, 2) € C((0, 00); M) ,

(2.112) [[Rars(ty )| <(q + 7 + 8) MEetr+sg-1/2(1 4 t)-#/2, for all t>0.

From the properties of @,,, R, and the fact that

oo

z bq"(q +r +s)? (%)Hrﬂ

2<<q+tr+s
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is an absolutely convergent series, it follows that

(2.113) Osad 5,n(ty @) € C((0, 00); L)
(2.114)  [|0pedgult, @) < ME2t-V2(1 + t)-2/2,  for all >0, n>2,

(2.115) 022 8,n(ty #) — Oead au(t, @)]| — 0

uniformly on each compact subset of (0, c0) as n, k — oo.
Hence, we conclude that

(2.116) Ogad 8ty @) € 0((0, ©0); 'M’) ’

(2.117) [0ee T o(t, @) < ME?1-12(1 + t)=+/2, for all t>0.

To complete our argument, we shall present:

LEMmA 2.13. Let

g(t, ) e C((07 oo); LN BV) y d:g(t, ) € 0((07 00); Ll) ’

and set

t
Qlt, @) = Guslt — 7, 2) % 2. g(z, 2) dv .

t/2

Then, it holds that

(2.118) 0:Q(t,2) = — 0,9(8, x) + Gzz(%, w) * 83;9(%, x)
i
+fax Gon(t — 7, @) % 0:9(7, ¥) dT

t/2
t

— afame(t — 7, &) * 0,9(T, x)dT
12
t
— bf@w Gyt — 7, ) % 0, 9(7, x)dT in D*((0, co) X R) .

/12

Proor. Define
max(t/2,t—e)
(2.119) Qe(t,w)zf Goalt — 7, @) % B,g(7, ) dr .

t/2
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Then, it is easily seen that Q.(t,2) —Q(t, ) in D*((0, co) X R) and hence,
00 Qe(ty @) = 05:Q(t, @) in D*((0, co) X R). In the mean time, we have, for
0<e<tf2,

t—e

(2.120)  0..Qu(t, @) = f Den Gyt — 7, @) * D, (7, ) dr
t/2
t—e

= — afawGlz(t— T, %) % 0,¢(t, ®) dT

t/2
t—e

— bfam Gyt — T, @) % 0. 9(7, ) d7 ,

t/2
t—e

‘l‘J.at Gyt — 7, @) % 0, 9(7, @) d7,

t2

which follows from the identity
g Gaa(t, @) = — a0, Gy(t, ®) — b0, Gs(t, @) + 0, Goo(t, )  in D*((0, co) X R)

But we see that

t—e

t
@121) |2, Gualt — 7, @) % 0. g(z, @) dr = Gy (5, x)* % g(% w)

t/2
t—e

— Gay(e, ) * 0,9(t — ¢, @) ‘l‘faz Gt — 7, @) * 0:g(7, ¥) d7

t/2
and

(2.122)  Gale, @) % 0,9(t — &, @) = Hyy(e, @) * 0,9(¢, @) +
+ 7 {exp [— e&2] i£§(t, €)} ,
+ Gas(e; @) % {0.9(t — &, @) — B.g(t, @)}
which follows from Lemma 1.9. Using the fact that
(2.123) [Hyale, @) -0 as e —0
and that for each fixed >0,
(2.124) l0.9(t — &, ) —0eg(t, @) =0 as e—>0

(2.125) exp [— e&2] 1&§(t, &) — £4(t, &) in tempered distribution as ¢ -0,
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we can easily obtain (2.118) by letting ¢ tend to zero.
We proceed to estimate the remaining integrals. Let us define

13
(2.126)  Jy(t, ) = Gng,(t—r ) * [{M

G+ 0) + d} awv] (7, 2)dr,

eg(w + 2, 0)
(2.127) (t, @) f (t— { 1 (@ v)ﬂ}( xz)d
. J 10( =102 T, cow + 2, 0) (2) T,
(2.128) Ju(t, @) =fG'23(t —T, L)% [{m — c} Oz 6] (t, x)dT .

Then, proceeding analogously to the proof of Lemmas 2.9 to 2.11, we
can obtain the following result:

LEMMA 2.14. J,(¢, x), Jyo(t, ) and Jyu (2, x) satisfy the same properties as
were stated in Lemma 2.12.

LEMMA 2.15.

t

oot 2) & fG'u(t-— T, @) * 0.{p(w + 2, 0) + aw + az + b0} (v, x)dr

0

satisfies the properties (E) of (Step I) with K replaced by MK?, except 6(0, x)
= 0,, (2.16) and (2.17). In addition, Jy,(0,2x) = 0 holds.

ProoF. The assertion concerning Jy,(t, @), 0,J15(t, ) and 0,,J,(f, @) can
be verified by the method of proof of Lemma 2.12. But G;,(¢, #) behaves
better than G,(t, #) and hence, we can estimate ||0,,J1,(?, #)| more directly.
Note that (1.81) yields
(2.129) [0ex Gaalty @) | < M, for all >0, all 0<f<}.

Combining this with (2.51), we can easily derive that
(2.130) Bzad1a(t, %) € 0((0, 00); L?)
(2.131) [8aedalt, @) | < ME2t-Y3(1 4-t)-%/2,  for all t>0.

It remains to estimate ||0,.J12(t, #)[|l«. Using (1.81), (1.82) and (1.133), we
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conclude that
(2.132) Oz Gas(t, ) € C((0, 00); AL™) ,
(2.133) 10e aalty @)l < ME-a2(t + 1331,

< Mt-es . by 0<a<}.

Therefore, we have by (1.6)

(2.134) |02 12(t, @)l

|1
< [10us Guslt — 7, @) lla 2u{p 0 + 2, 0) + a0 + az + b6} (z, 0)] dx
0

i

< ME:[ (¢ — )y ron(l + 7)yide,

0
< ME2t-1-/2(1 4 ¢)=/2  for all t>0.
Here we have used again the fact that 0 < <.
3

LeEMMA 2.16.

¢

det Po(w + 2, 6)
Jn(t, w) = Gaa(t—‘[, .'v) % [{m (6 -+ 6) -+ d} Bw’v] (T, %‘) dr

0

satisfies the same properties as were stated in Lemma 2.15.

Proor. Using Lemma 1.11 and the identity
(2.135) 0, Gys(ty @) = 0040 Gis(t, @) + d0, Gog(t, )  in D*((0, c0) X R) ,

we can proceed similarly to the proof of Lemma 2.9 to arrive at

136 J1s(t, @) € G([O; Q)3 Ll) ’ J13(0; z)=20
2.
( ) [J1s(t, )| < ME?, for all t>0,
91 0, Ju(t, @) € 0((07 ©0); Ll)
137
( ) 8= J1s(t, @) || < ME2(1 +#)-V2, for all t>0,

Ouad 15(ty @) € C((07 00); Ll)

(2.138)
[9e 1ty @) || < ME24-Y2(1 + 8)-%/2,  for all ¢>0.
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Next we will estimate [[0,,J15(¢, #)[|x. Writing

t
(2.139)  9sJis(t, @) :faz Gt — 7, @) % 0, [{
42

Po(’w "‘ 2y 0)

g 0 +0) + d} aw]

t/2
pﬂ(w + ?y 0)

(7, 2)dT + | 04y Gos(t — 7, 2) % [{ @ +0) + d} awv] (r, z) dv

eo(w + 2, 0)
and using
0 Gas(ty ) € C((0, 00); A7)
(2.140)
102 Ga(t, @)lla< ME2Y2  for all t>0,
Oxa Gas(t, ) € C((0, 00); AL>)
(2.141)
1922 Gss(t, @)lllo < Mt~ */2 y forallt>0,

which follows immediately from (1.95) and a modification of Lemma 1.14,
it can be easily deduced that

9 azlea(ty x) € 0((07 00); A}z’w)
( 1020 1a(ty #)|a < MEZE1=*V2(1 4 )=*2 for all t>0.

LeMMmA 2.17.

t
J14(t, @) é—?.f Gy(t— 7, 2) *% {eo(Tj?z—Oj (9, v)z} (z, x)dr
0

satisfies the same properties as were stated in Lemma 2.15.

ProoF. The assertion concerning Jy,(¢, #) and 0,J.,(t, ) can be verified
analogously to the proof of Lemma 2.10. By the same argument as in
Lemma 2.16, we can estimate [0,,Jy,(t, )| and [|0,,1(¢, #)[|«. The technical
details are left to the reader.

Next we shall present some lemmas which will be used later on.

LemMA 2.18. If g€ L)(R), then for any he R,

h oo
(2.143) f 9(z — t)|dt < f lg(y + h) —g(y)|dy
0 — 00

holds for all x € R.
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PrOOF. Let g.(x) € C°(R), n =1, 2, ..., such that g, — |g| in L'. Then,
we have

(2.144) fhgn(w —t)dt =fhdtf81 gy — 1) dy =j£dy fh 0y gn(y —t) dt
0 o 0

0 —oo —_

= f {9:(y) — guly — B)} dy < f |9y + k) — ga(9)|dy .

It is obvious that

h h

(2.145) fg,,(m—-t)dt »f]g(m—t)mt, for each z€ R, he R,
0 0

and

2.146) [lguly + W) — u®)ldy [ gty + W)| —|g@)ldy, for each he R,

— 00 — o0

from which it follows that
h oo oo

(2.147) f!y(w—t)ldt<fllg(y + )| —lgw)ldy < f loty + h) —g(v)|dy
0 — o0 — oo

for all xe R, he R.

LEMMA 2.19. Let fy(x) = f,(®) f2(x), where f,(x)e LN BV and f,(x) A,
Then fs(x) € AL™ and

(2.148) Ifs(@)la <30 fr(@) || NFa(@)ller -

ProoF. Set f,.(#) = fi(2) % gyu(®) and f;.(%) = fi,a(®)fo(x). Then, we
have

(2.149)  |fsnl@ + B) —fon(@)] <[ funl@ + B) {fal@ + ) — fo(@)}
+ ll {fl,n(w + h) - fl,n(w)} fﬁ(x) ” ’

and, using Lemma 2.18,

—_—
g§*—3

) h
(2.150) f dafy(x)| f Putin(@ + O]dt =[ ([|falw —1)] [0ufonle)|de t
) 0

0

8

<

g —

[0 Frn(@)|do [ 1oty + 1) — fulw)dy
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for all he B. Combining these two inequalities, we get

(2.151) fs,n@lla<{[f1,a@ [z + [0 Fr,n@)[} Ifa(@)lla
<3 [0=fin@)] lfa(@)lla -

Since f; .(®) — fi(x) in L*, there is a subsequence {f,,,,k} such that f, , (®) — fi(2)
almost everywhere. Moreover,

“fl,'n(w)”L“’ <% llamfl,n(w) ” <% "amfl(w)“ , for all n>1,

and

”fl(w)"L“’ <% “amfl(m)” .

Hence, f,,, (%) = f;(x) weakly in L', which implies f;, (# + h) — fs(@ + k)
weakly in L' for each h € R, from which it follows that

Wfs@)lla <Lim|lfo,n, (@)lla < [0=fy(@)] Mfa(@)ll -

Now we proceed to analyze the remaining integrals.

LEMMA 2.20.

[
J15(t, W) gf G33(t — T, 50) * [{m —_ 0} ame] (T, w) dr
0

satisfies the same properties as were stated in Lemma 2.15.

Proor. Using Lemma 1.11 and the method of proof of Lemma 2.11,
we can easily estimate |Jy;(f, )| and [0,J4(f,@)|. For 0..J:s(t, x), we
should employ a different method since |0.,@ss(t — 7, #)| is not integrable
over (0,t). For convenience, let us set

1
(2.152) B(t, 2) = {m _ c} o0 0)
Since
1 1
{m - 0} (t, ) € 0((0, 00); L' N BY)
and

9.2 0(t, @) € 0((0, 00); 437)



GLOBAL EXISTENCE OF SOLUTIONS OF THE EQUATIONS ETC. 407
we can apply Lemma 2.19 to B(t,x) to obtain

B(t, x) € 0((0, 00); A3)
( ) IB(t, @)oo < MEX#1=212(1 4 ¢)"1=202 © for all t>0.

Next define
max(t—e,0)
(2.154) Tit, ) — J' Goolt — 7, ®) % B(z, v) dr .

0

Then, obviously I«(t, ) — Jy5(t, #) in D*((0, co) X R) as ¢ — 0, which implies
Oua Ie(ty ®) — 00ud15(t, @) in D*((0, 0o) X R). Noticing that, for each &> 0,

max(t;—e,0)
(2.185) |00 [e(ts; @) — 050 I'e(ta, @) < f 020 Gsa(ts— 7, @) || B(z, 2)|dv
max(ts—e,0)

max(fy—¢,0)
-+ f Ilaszaa(t1— Ty &) — Ouo Gag(ts— 7, @) “ "B(T; x) HdT
0
holds for all 0<#?, <?,, we conclude that
(2.156) 0z0 (1, @) € C([0, 00); LY) .

In the mean time, for 0 < e <t,

t—e oo
(2.157) 8., T(%, @) f f Deu sl — 7, © — y) B(z, y) dy dt
0 —oo
t—e oo
=[ [2eGult—7,0—9) {Ble,y) — Bz, )} dy dx
0 —oo

is valid from Lemma 1.11. Now fix any closed interval [T, T,]c (0, co).
Then, using (2.157), we find that

(2.158) || 04 I, (8 @) — O I, (¢, @)

t—e; oo

< i d”f (o — y[* [0 Gt — 7, & — 3] BN = BT 2)]

ly —a|*
t—ey, —o0 —o0
t—e; o0
—fdf f f dr dalr| o, Guglt — 7, 1)) BT D) Ifly’ q+7)]

{—ey —o0 —o0
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t—ey oo
< f axl|B(z, @)l f Arlr[* B,s Gt — 7, 7)|
t—e, — 00

t—ey
< _MKZdeT(—l—a)/Z(]_ + T)-1-a)2 {(t — T)~lta/2 (t— 't')*”"‘} ,
te, by (2.153) and (1.97),
<MK: Tg—l—-a)IZ(g + Tl)(—l—a)lz{eclx/? + &2 &+ 8;}

holds for all 0 < &< g,< 3T, and all te[T,, T,). Hence, 0,,I%(t, x) con-
verges in L' uniformly on each compact subset of (0, c0) as & — 0, which
implies

(2.159) 2 s(t, @) € 0((0, 00); L)

and
max(t—e,0) oo
(2160) 3, Jy4(t, @) = lim f 00uGss(t—7,2—Yy) {B(r, y) — B(z, )} dy d

&—>0
— ©o

t oo
- f f 80 Gusll — 7, @ — ) {B(r, y) — B(r, o)} dy dr ,

0 —oo

for each t> 0. Using this formula and the fact that 0 < a<}, we can
estimate [0,,Jy5(t, #)| in parallel with (2.158):

(2.161) [0, J1s(t, @)

2 ) oo

< dffdwfdylx —_ yla lamz Gsa(t — T, — y), lB(Ty l??//):ﬁa(f, w)l
[

¢
<MK2fd-, T(=1=®)/2(1 | g)(-1-a)2 {(t—7)—1+™2 4 (t — 7)~14e}
0

SME?t-12(1 4 t)=~2, for all ¢>0.

Next we shall estimate [|0,,Jy;(¢, )||» for each > 0, and prove that
02z 15(t, @) € €((0, 00); AL™). Fix any ¢> 0. If V1[2<|h|, then

1922 T1s(ty @ + ) — 8., T1st, 3) |

[h]*
21+al2

<o [0 dslty @) | < MEt-1-222(1  t)-or2

(2.162)
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Now suppose |h| <V1[2. 8..J15(t, @) can be written in the form

t oo

(2.163) Buuulty0) =[  [0uGlt— 7, 0—1) {B(r,9) — Blx, )} dy d
t—n —oo
t—n oo

+f fau w(t—1, —y)B(7,y)dy dv, for any 0<n<t.

— 0

Let us denote the first double integral on the right-hand side by I,(t, »)
and the second one by I,(¢, x). Then,

(2.164) ]hll& 182sTas(ty @ 4+ B) — Baadus(ty @)

[ L, @) + [La(ty @ + h) — Ly(t, @) -

Ihl“ |h1a
By taking 5 = h*<<t/2, we have
1
(2.165) W “II(t, @) ”
t o oo
: B(< B(r, ®
<"‘;"Il—a fdrfdwfd?/|w~?/|m |azacha(t-—'L‘, r — I | ( "?/ wlof [} )l
t—n —o0 —oo
t
MK?
<ITI|§ dr{(t — 7)" 12 4 (t — 1)~} 1oL A )R

t—n

< ME2H(-1-2)2(1 4 #)=*/2,

By virtue of the identity

t—n oo

(2.166) f [@ue6ult =, 1+ 0 —3) =8 Bult—7, 2 — Y} B(r, 9) dy dv

-0
t—n oo

_f f{fameaa(t_r, o —y + 1) dc} Bz, y) — Bz, @)} dy i,

which follows from Lemma 1.11, we find that

(2.167) |h| |Zs(t, @ + B) — Ly(t, @)

t—n oo 00 |n]

1 o ‘B(T’ y) — B(r, w)l
—h—-f ffdwfdy {flw — Y|* |90ze Gas(t — 7y  — ¥ + C)IdC} y—af*

— 00 — 00
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Substituting ¢ =y, r = ¢ —y and using the inequality
(2.168) [r|*<2%|r 4 C|* + 2%¢|*, for allr,leR,

(2.167) becomes

t—n o0 oo
(2.169) 171|; I Ta(t, © 4 h) — I,(t, :v)”<,i—i‘; fdrfdrqu
0 — 00 —oo

]

.{ﬂaszas(t—— T, r+ O (r + Cl+ g% dC}

0

IB(Tr q + r) — B(r, Q)!
|

t—n o
< 2“lhll‘“fd'rlllB(r, )l f Ar|r[* [Oaes Gag(t — 7, 7))
0 — o0
9 t—n =5
+ o M a1, ol [arne Gt — v, )
0 — 00
t—n
<MKzlhl1—(xde T-a2(1 1)(_1—00/2{“ — )3t/ L (f— T)—3/2+0¢}
0
t—n
+ ME:?|h| f dv 71021 - )12 (g — )3,

0

Taking n = h? <t/2 as before and breaking each integral of the last two
t—n t—n t/2

terms into two parts by f = f + f , We can obtain the estimate:
0 t/2 0

2.170)  —~ Ity @ + B) — L(t, @) < ME2t-1-2(1 - ty-oi2

A :
for all 0 < |A| <V§.

Combining (2.162), (2.165) and (2.170), we conclude that
(2.171)  |104a 15(ty @) |la < ME?1=*2(1 4 )=*2,  for all > 0.

Finally, we shall prove the continuity in ¢> 0. Fix any ¢, ¢, such that
0<t—it,<%t, and 0 < e<t, <t <L. By (2.160), (1.96), we can write,
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provided 0 < 7<1,/2,

n (>

(2.172)  Baadsslty, @) — Buudus(ta, @) = j f Doe GrolT, © — 7))

0 —oo

.{B(tl— 7, y) — B(t;— 7, y) — B(l,— 7, 2) + B({,— 1, m)} dy dz

ty oo
+[ [Peetule, o —9) Blts— 7, ) dy dx

tg —oo

+J. J‘amx GylT, ¢ — ) {B(tl_ 7, y) — B(t,— 7, .7/)} dy dr

t2/2 — o0
ts/2 oo

+[ [2eGulz, o — ) (Bti— 7, 9) — Blta— 7, )} dy v
n —o0

Denote the integrals on the right-hand side by FE, (i, %, x), E,(t,t,, ),

Ey(t,, 1y, x) and E,(t,, t,, ) according to their orders. Analogously to (2.165),
(2.169), it holds that

(2.173) lhl [ B1(tyy oy @ + B) — Byt 1o, @)|| <prz [ Eulty, 1y @)

lhl"‘
2 ¢ r
<W J.d'rJ.dm dy|e — y|* 040 Gas(T, © — ¥)|
0 —o0 —oo

. [B(tl— 7, ¥) — B(t;— 7, y) — B(t,— 7, @) + B(f.— 7, x)l
ly —al|*

I::II“ f de{r-1ai2 4 o142} [|Bty— 7, @) — Bltae 7, 2)]s

1
< M@ +42) sup [|B(th—17, @) — Blb— 7, @)llx,  provided n = h*<,

0<T<H/2

1
(2.174) I—hl—“ “Ez(tly tz, € + h’) - EZ(tl7 tZY .’17)”
b
< MKzJ‘dTlhll—a{T(—3+a)/2 + 1—3/2+a} (t1“‘ 1:)("1_"‘)/2(1 + tr‘ T)(—l—rx)/2

ta
b

+ MKzfd‘tlhl‘t—3/2(t1-— 7)(~1=)2(1 4t — 7)(~1-o)2
ta

<MK2(t1-—tz)(l—"‘)/z{lh’l"“(tg_:’*"")/z + t2—3/2+o¢) + lh|t2—3l2} .
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For Ey(ty,t,, ), we need to use the expression:

t1—ty oo
(2175) Byt o) =—[  [0nGulte—7, 0 —y) B(z,9) dy dx
0 —oo

t3/2 oo

+ [ [ubults—7,0—y) — 2 Culti— 7, 0 — 9} B(z, ) dy a5

ly—t3 —oo

t2/2+(t—ts) oo
+[  [oubulti—z,0—y By dyir.

ta/2 — o

Denote the integrals on the right-hand side by Ej(t,, ¢., ), FEy(ty, t,, x) and
E,(t,,t,, ) according to their orders. Then, imitating the development
of (2.169), we have

1
(2.176) W ”Es(tn tyy @ 4 h) — By(ty, s, w)”
ti—ty
<MK2fdt|hll“"{(t2— T)(=3+a)2 L (8, — T)—3/2+a}1(—1—a)/2(1 + ,r)(—l_o;)/z
0

ti—tg

+ MK f A [R|(ty— 7)=512 7(~1=22 (1 f g)(—i-o2
0

<MEK:2(t,— tz)(l—-a)/2{|hl1—a(t§—3+zx)/2 + 7324w 1 lhltz_m} ,
1
(2.177) W “Eo(tn by @ + h) — Byg(ts, 1y, w)"

t5/2

<MK2[h|1—“fdr 7(=1=22(1 4 7)(-1-2)/2  gsup
A€lt;—1t5,ta/21

t1—1s oo
'fdr]r]“ Iam:x G33(t1_ }“7 1‘) - awzw Gas(tz- }“7 T)l
ts/2 — o0

+ ME?|h| f dr v(-1-92(1 4 7)-1=22  gup
w2 A€lt;—1s,t2/21

'fdrlazm Gaa(ti— Ay 7) — 00 Gos(t,— 4, 7‘)]

- 00

< ME2{|p[1—*4(=*)2 4 |p|t{1=*)2}  sup
Aelty—ty, /2]

[oe]

: f (L 4 [1]2) Pns Gaslts— Ay 7) — Buse Gag(ta— 4, 7)]

-—0c0
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(2.178) & [ B (tyy tay @ + h) — By(ty, by )|

}h
ta/2+(ti—ts)
<MK2|h|1—“fdt{(t1— T)(—3+")/2 + (t,— 1)“3’2+°‘}X'r(‘1—”‘)’2(1 + T)(——l—a)lz

ts/2
/24 (t—1t2)

+ ME:?|h| f dr(ty— 7)~¥2 = 1=202(1 | 7)(~1-o)2
ta/2

I (—1+a)/2
< a4+ i et 4 a5 4 )

A (—1+a)/2 —1/2+¢ t, —1/2+a i —1/2 £\~ 12
)7 ) )T ) O

Repeating the previous argument, we obtain

(2.179) |h| | Ba(ty, tay ® + h) — Ey(ty, ts, @)|
ts/2
<MK“’fd'r|hl1 afg(=8+®)N2 4 p=32+e} sup [|B(h— 4, @) — B(t,— A, @) |«
; A€eln,ta/2]
ta/2
-+ MKzf de|h|z=%2 sup ||B(t,— 4, ¥) — B(ta— A @)«
A€ln,tq/2]

<MK2{lhl1—at(—1+a)12+ lhll—-oc (-1+e)i2 | |h|1—at2—1/2+a + lhll-—an—1/2+zx
+ [ty 2 4 [lp=12}x sup [|B(h— 4, @) — Blt:— 4, 2)lls

A€l0, t5/2]

<ME:(1 + t22) sup [|B(ti— 4, #) — B(ta— 4, @)l provided n = h*< 2,
A€l0,14/2] Z

By (2.173), (2.174). (2.176) to (2.179), we conclude that

1
(2.180)  lim
ot o< 2erz T
e<t,<h <L

: HamJu(tn @ + h) — 0up 15ty @ + h) — 0puJ15(try ) + 0ueJ15(t2) w)” =0.
On the other hand

1
2.181 lim su
( ) lts—t->0 e/2<I|;»I I0E
e<t,<h<L

" ammJls(tUw + h) - azz’]ls(tzy &z + h’) - aszzs(tu .’17) + azm Jlﬁ(t27 .’L‘) "

2\ .
<2 (E) Hm || 0nd 15ty @) — QoI 15(Eas @) | =o0.

|t1—ta|—>0
ety <{H,<L
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Since ¢, L were chosen arbitrarily, (2.180) and (2.181) yield
Ozad15(t, @) € C((0, 00); AL*) .

Now let us summarize what we have obtained in Theorem 1.13 and
Lemmas 2.3 to 2.20.

ProposITION 2.21. Suppose D(t, x), Z(t, @), ¥(t, x) and 5(t, x) are defined
by (2.26) to (2.29). Then we have:

(1) @, ) e 0([0’ 00); L1)7 (0, 2) = (), aw@(ty x) € 0([07 ©0); ‘/K))
0. W(t, x) € 0((0, ©0); Ll), 0:0,W(t, ) € C((O, ©0); (/K>)

(2.182)  |@(¢, @)| < (uM, + M,K2)(1 4 )™z for all t>0,
(2.183) [0, (¢, @)| < (uM, + M,K?)(1 + t)~™2 for all >0,
(2.184) [0, %(t, )| <(uM, + M,E?)(1 + t)~™2, for all t>0,

(2.185)  [0:0,%(t, )| < (uMy + M, K2)(t~2 4 t=/2)(1 +t)7"2, for all t>0,

where u is the bound for the size of initial data (see Theorem 1.13) and M,, M,
are constants independent of u, K and t.

(L) Z(t, @) € O([0, 00); L), (0, @) = 0, 8,2(t, @) € C([0, oo); L)
0z 2(t, @) € C((0, 00); M)
(2.186) |z(t, )| <uM,+ M,K:, for all t > 0,
(2.187) [0, 2(t, )| <(uM, + M,K?)(1 + 1)~ 22 for all t>0,
(2.188) 0.2 2(t, @)|| < (uMy + M, E2)t™ Y31 4 6)~*2, for all t> 0.
(ILI) 3¢, %) € C([0, 00); L), (0, x) = (@), 3,%(t, x) € C((0, co); L),
020 0(t, @) € O((0, 00); )
(2.189) |3(t, @)| <puM, + M,K?, for all t>0,
(2.190) [0, 9(t, x)| < (uM, + M, K2)(1 + t)~Y2, for all t>0,
(2.191) |04, (2, @) || < (uMy + M, K%~ Y2(1 + ™%, for all t>0.
(IV)  0(t, #) € C([0, 00); L), §(0, ) = By(), 8.8(t,x) 0((0, c0); L),
002 O(t, @) € 0((0, 00); AL>)
(2.192) |0t )| <pM, + M,K:, for all t>0,
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(2.193) [0, 6(¢, @) < (uM, + M,E2)(1 + )12, for all t>0,
(2.194) |2, 0(t, )| < (uM; + M,K?*t~ Y21 4 t)~*2, for all t>0,

(2.195) 12, 6(t, @)|lo < (M, + M, K}t =21 4 4)=*2  for all t>0.

From this proposition and Equations (2.30), we derive

ProrosITION 2.22. It holds that
(2.196) 0:W(t, x) + 0,2(t, @) = 0,9(t, ) in D*((0, co) XR) ,

{ 0, 5(t, @) € 0((0, c0); L)

(2.197)
[0:3(t, @) | < My(uM, + M,E*t~ Y, for all t>0,
0.0(t, x) € 0((0, co0); L")

(2.198) _
[0:0(t, )| < My(uM, + MIE®)t Y2, for all t>0,

(2.199)  ||0.0(t, ) — @0, 9(¢t, @) | < My(uM, + M,K*) ¢t~ V2(1 + 1)~*2,
for all t>0,
where M, is a constant independent of u, My, M,, K and t.

These two propositions complete our proof that (@(t, »), (¢, »), ¥(t, z),
6(t, )) € x, provided that

(2.200) ul + M)A + My)<3K,
(2.201) 14+ M)yM,K<1.
(Step III).

We shall prove that T is a contraction. Let (@, %;, 9,, 0,) = T(w,, z;, v, 0,),
for (w,,#;,v:,0,)€y, ©t=1,2. Then, we need the following expressions:

v t
(2.202)  @y(1, @) — Bylty ) = — f Goalt — 7, @) % {04(7, @) — 037, @)} d
t/2
t/2

+feXp [—a(t—7)] [{P (wy + 21, 0,) + aw, + az, + bol}
0

— {p('wz + 2,, 0,) + aw, 4 az, + bez}] (T, @) dr,
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where

O',-(t, ./I;') = p(w1 + %iy ei)ﬁc—pu(wi + E2T) ai)amzi——po(wi + Ziy 01)810, + aamwi 9
1=1,2.
¢
(2.203) 2t 2) —Z(t, ) = —|Gpe(t — 71, @)
t/2
* [{pu(wl + 2, 6,) + a’}ale — {pu(wz + 25, 0,) + a}amze
+ {po(w1 + 2y, 0,) + b} 0,0, — {Po(wz + 2, 6;) + b} azez](fy z)dv
t/2
“J‘Hs(t— T, T) * [{P(wl + 21, 0,) + aw, + a2z, + b01}
0

—{p(w; + 2., 0,) + aw, + az, 4 b0,} (7, 2) dv

11

Ppo(wy + 24, 0;)
—|Gu—7, x) * [{m 6+ 6,) + d} 0,7,
0

Po(w, + 22, 0s)
—{m (0 + 6:) + d} 30,712] (7, 2) dr

3

+ | Gy(t — 7, @) * [

0

1

es(10s 1 7, o) (0. 02)2] (v, 2)dr

1
_—  (3,0,)2—
eo(wy + 21, 0,) (6 1)

eo(w, + 24, 0,)

1
‘{m—} 3”"2] (v, @) dv

(2.204) By (t, @) — Ty(2, @)
t
= —|Gpl—7, 2)* [az{p(wl + 21, 0,) + aw, 4 az, + bel}
0

—0 {p Wy + %, 0,) + aw, 4 az, + bez}](’: z)dv

po(w; + 24, 0;)
_ f wlt—1, @ [{ o0 @ + 6,) + d} 2,0,

t
it — 7, 2) % [{——1— — e} 3.0,
(1)

Po(w; + 25 02)
_{m 6+ 6,) + d} 3w2] (7, x)dr
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t
1 1
#oute—m el =

0

(azvm} (v, @)

t

1
+6" 23(t_ T,y w)* [{60(’1,01 + 21, 01) ——0} amzel

1
B {m - 0} Oaa 92] (v, @) dt

(2.208)  6,(¢, ) — B,(t, @)

[
= —“fgsz(t" T, &) * [3x{P(w1 + 2y, 0,) + aw, 4 az, 4 b01}
0

- ax{p(wz + 25, 0,) 4+ aw, + az, + b@z}](r, xr)dr

13
Po(wy + 21, 61)
—_ G%(t—- T, $) * [{m (6 -+ 01) + d} 8101

po(wﬂ + zz, 02)
—{m (0 +6) + d} aa:'vz] (z, ) dt

1

t
1
+!Gs3(t — T, -’17) * {m (a:c ’01)2——- m (am ’02) } (T, .’L‘) dt

t
1
+fG33(t — T, W) * [{m —_— C} am 61
1]

1
—{m — 6} aa:a: 02] (T, x) dr.

For convenience, let @, denote (w;, 2, v;, 0,), © = 1, 2, and recall that the
metric d(-, -) was defined by (2.18). For technical details of proofs of the
following lemmas, the reader should go back to the proofs in (Step II)

LeEMMA 2.23. It holds that

(2.208) | @y(t, @) — By(t, )| < MEA(D,, D,)(1 + )™, for all t>0,

(2.207)  ||0.1B (¢, ®) — QuWy(t, )| < MEKA(Dy, D,)(1 + 1)~™2, for all t>0,



418 JONG UHN KIM

(2.208)  ||0.y(t, @) — 0, Wy(2, @) | < MEA(Dy, D)L + 8)~™2, for all t>0,
(2.209)  ||0:0,%,(t, #)— 0,0, Wy(t, @) | < MEA(D,, D) (¢~ V2 t=*2) (1 +1)~™2,

for all t>0,
where M is a constant independent of K, ®,, D, and t.

ProOF. Denote by J,(t,x), J,(t, ) the first and second integral on the
right-hand side of (2.202), respectively. We can prove above inequalities
by the same procedure as in Lemmas 2.3, 2.5, and hence, it suffices to
provide estimates for essential objects which occur in the process of proof.
For J,(t, r), we need:

(2.210) [{Pu(wre + 216, O16) + @} o wie— {Pu(Wse + 256, Ose) + @} O, wse|
< M0z 0] {18210, — Ba 00| + [[n21— Bua]| + 0.6, — 8204}

+ M{[Bawa]| + [[0u2e]l + [|0a0s]} 0201 — 8o 0y

< MEd(D,, B,)(1 +t)"1=™2  for all t>0,

where Wie = W;% Qey Rie = %% Qe 0,'5: 6,‘* Qe 7 = 1, 2,

(2.211) || M, (t, 2)]|

<(g+7r+s+12MKEt+d(D;, D,)(1 + )2, for all >0,
(2.212) [0, M oy (t, )|
<(g+r+s+ 1P MESd(Dy, D) (1712 4 t-2)(1 +1)=™/2, for all >0,

where

M,

ars

t
(t, @) 20, Gralt — 7, @) % ({003 ), 24 65— (0§'), 2,08 (7, @) dr .
t/2

For jz(t, ), we need:

(2.213)  |{p(w,+ 2, 6,) + aw, + az, + b6}
- {p(wz + 23, 0,) + aw, + az, 4 boz} ”
< MKd(D,, D,)(1 + t)-22, for all >0,

(2.214) ”ax{p(wl + 21, 01) + aw, 4 az, + bol}

- aa:{p(wz + 22y 0p) + aw, + az, + b02} ”
< MKd(D,, D) + 1)1, for all t>0.
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LeEMMA 2.24. It holds that

(2.215) |22, @) — Zo(t, @) | < MEd(Dy, Dy), for all t>0,
(2.216) 0= 2:(¢, @) — 0. 2%,(2, @) | < MEA(D,, D,)(1 + t)-1/2, for all t>0,
(2.217) 022 Za(t, @) — 0,0 Za(t, @)|| < MEA(Dy, Dy)t-V2(1 + t)~%/2,
for all t>0.
PRrROOF. Let us denote the five integrals of (2.203) by .73(t, x), Jd(t, x),
.75(t, x), Js(t, x) and J,(¢, #) in sequence. To get the above estimates, we

go through the same process as in Lemmas 2.7 to 2.11 with the following
estimates. For J,(t, ), we need:

(2.218)  [[{pulews + 21, 0:) + a} 821 + {powy + 21, 6:) + b} 0.0,
— {Pulws + 25, 0o) + @} 0.2 — {Po(tw, + 2, 02) + b} 0,0,
<MKd(D,, D)1 + )1, forallt>0.

(2.219)  [[{pu(ws + 21, 61) + a} 0oz + {po(w; + 21, 61) + b} 0.0
— {Pu(ws + 24, 0) + @} 32,— {Po(w, + 23, 03) + b} 0.0,]]
< MEd(D,, D,)t-1/2(1 + t)-1-=/2 for all t>0.

For J,(t, x), we use (2.213) and (2.214). For Ji(t, «), we need:
t2

J'Gn(t — 7, @) * {(w, + 2) 0,0, — (w, + 25) %, 0, }(7, @) dv

0

(2.220)

<MKUP,, D,) ,

for all {>0, which can be obtained like the proof of (2.59).

12
(2.221) u fGla(t — 1, @) % {0,0,0,— 0,0,0,}(7, ¥)dv
0

t/2

< me(t — T, T)* % {010:6,— 0,0:0,}(, ) dv
(1}
o 1 1
+ I J.G‘n(t — T, L) * {01 (8, "=y 6101) —0, (a, V=2 Oz 02)} (7, x)dr
0

<MKd(D,, P,),
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which follows from

sup tV3(1 4 ¢)*2|0,60, — do, v, — 9,0, + Ao, v, | <d(Dy, D,) .
t>0

(2.222) S Gul, + 2)000,0— S agi, + 2)90; 2,1,

2<a+r 2<q+r

<ME*d(®,, D)1 + t)-32 for all t> 0.

po(w; + 2, 0,)
Po(w, + 2,5, ;)
—{————eo(wz o0+ 0) + d} 8.0,
< MEd(D,, D,)(1 + 1)1, for all t>0.
Po(wy, + 24, 0,)
(2.224) 3m [{m (6 + 01) —I_ d} aac'vl]

Po(w, + 25, 0,)
—% [{m 0+ 6:) + d} a,%]

<MEY®D,, B,)t-12(1 + t)-1-=)2  for all t>0.

For Jy(t,x) and J,(t, x), we need:

1 1
2.225 —— (0,0)— ——————— (0,0,)?
( ) eo(wy, + 24, 6,) (0.) eo(wy + 25, 0s) (0. 2)
S MEA(Dy, Dy)t~12(1 + t)(-1-»/2 for all ¢ > 0.
(2.226) o {—1——- (0, )2} —0 {———1——— (R )2}
) * | es(w, + 2, 0) 7 ! ? eo(wy + 25, 0,) * ° :
< MEd(D,, D,)t—1(1 + ¢)~*, for all t>0.
1 1
2.22 ———————— — ¢ Oy — { ————— — ¢} O
(2.227) {ee(wl + 2, 6,) 0} 0, {eo(w2 + 25, 0,) 0} 0,

<MEA(D,, Dy)t~12(1 + t)(-1-2)2, for all £>0.
LEMMA 2.25. It holds that
(2.228) |l’l71(t, @) — Ty(t, w)[[ < MEKd(D,, D,), for all t>0,

(2.229) 0. 8y(t, @) — 3, Bt @) | < MEA(Dy, B)(1 + t)2,  for all t>0,

(2.280)  [Bua it ) — Dua Bu(t, @) | < MEA(Dy, o) t-2(1 + t)l2
for all t>0.
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Proor. Define
t

2.231)  Qorelt, @) = Os0 f Gaalt — 7, @) % {0, (w321 0%) — B, (wle} 0)} (x, @) dv
t/2

and
t/2

(2.232)  Ropi(t, @) = 0,0 | Gua(t — 7, ) % {0,(w?2]05) — 0, (wiz503)} (7, %) dv
0

Then, we have

(2.233) || @urslt, @) | < (g + 7 + 8)2 MEtr+o-1d(Dy, Dy)t-3(1 + 1)/,
for all t >0, ¢ +r +s>2, ¢>1.
(2.234) | @orslt, )| <(r + 8)2(r + s — 1) ME™+s-2d(Py, By)t~22(1 + t)*/2,
for all t >0, r + 8>2.
(2.238) ||Ronilt, @)|| <(g + 7 + ) MEw+-1d(D,, B,)t-/2(1 + t)~/2,

for allt>0, g +7r +8>2.

These inequalities combined with (2.213), (2.214), (2.222) to (2.227) and the
inequalities analogous to (2.220), (2.221) will yield (2.228), (2.229) and (2.230)
by the same procedure as in Lemmas 2.12, 2.14.

LEMMA 2.26. It holds that

(2.236) | 0.(¢, ) — (¢, @) < MEd(D,, Dy), for all t>0,
(2.237)  ||0. 0.(¢, @) — 0. 0:(t, )| < MEA(D,, D)1 + t)~V2, for all t>0,
(2.238)  [|0.. Ou(t, @) — 8,0 Ba(t, @) | < MEA(Dy, By)1-V2(1 + t)-22,

for all t>0,
(2.239) 1920 01(f, #) — 00 Oa(ty @)l a < MEA(Dy, By) 11221 + )~/2

for all t>10.

ProoF. In addition to the inequalities used in the proof of Lemma 2.25,
we need only the following inequality:

(2.240) i

1 1
T aax’: _y— — oz 02t
{e"(wl + 21, 01) 0} 6.t @) {60(?02 + 25, 0,) 6} O 0a(ty @) .
< MEQ(D,, §,)t—1-92(1 + p)(—1-2)2 for all >0,
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which is easily seen from Lemma 2.19. Repetition of the arguments in
the proof of Lemmas 2.15 to 2.20 gives (2.236) to (2.239).

LevMmA 2.27. It holds that

(2.241) |8, E(t, @) — 8. 5(t, @) < MEA(Py, By)(L + )2,  for all t>0,
(2.242)  ||2,,(t, @) — 8, Bult, x)| < MEA(D,, By)t-1'2, for all >0,
(2.243) |8, 0,(t, x) — 8, 0u(t, )| < MEA(®D,, By)t-12, for all t>0,

(2.244) |3, 6,(t, @) — d0, B, (t, ) — 2, 0(2, @) + 0, By(t, )|
< MEKYD,, D,)¢-2(1 +t)~*2, for all t>0.

Proor. The assertions follow immediately from the above lemmas and
the equations:

(W, + 2y — Wy— 23); = (D1 — Pa)s

B —Bo)e = @@y + Zi— By — F)s + 00— r)s + (1 — B)uo
—{p(w, + 2, 6,) + aw, + az, + b6,
— p(wy + 2,, 0,) — aw, — az,— bb,},

(6, — Bs) = A(@— D)o + 0(6— br)ee

_{pﬂ(wl + 2, 0,)
es(w, + 24, 0,)

{pﬂ(’wz + 25, 0,)

eo(w; + 23, 0,)
1 1

— (0t — ——

+ eo(wy + 21, 0,) (0:21) eo(wy + 25, 0,)

1 1
. S, [ e —1 A .
+{30(w1+z1, 0,) °} Oues {eo(w2+zz,ez) ”'} ee s

From Lemmas 2.23 to 2.27, we deduce:

(2.245) 6 + 6,) + d} 0,01
(6 + 0.) + d} 0,0,

(0. v,)?

PRrOPOSITION 2.28. T 48 a contraction if
(2.246) M,K<1,

where M, is the sum of all M which appear in Lemmas 2.23 to 2.27 plus
three times M in (2.209).
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Now we are in position to conclude the proof of our main theorem.
First choose K, such that (2.19), (2.201), (2.246) and

(2.247) 0 < K < min(f, @)

hold. Then T is a contraction from yx into itself if u > 0 is so small that
(2.200) holds, and the unique fixed point of T is a solution of (0.11), (0.7)
by setting v = w + 2, which is easily seen from (2.30). Our proof is com-
pleted by the following lemma which implies that this solution is also a
solution to (0.6).

LeMMA 2.29. Let (u,v,0) be the solution mentioned above. Then,

(2.248) O.e(u,0) = e,(u,0)0,u + es(u, 6)0,0,
(2.249) 04(3v?) = 90,0 = — 00, P(, 0) + 10,0,
(2.250) 0.{vp(u, 0)} = (0.v)p(u, 0) + v0.p(x, ),
(2.251) 0,(v0,0) = (0,)% + 00,7 ,

(2.252) eultty 0)3,u = {(B + 6)po(u, ) — p(w, 0)} 3,0

hold in D*((0, oo) X R).

ProoF. First of all, we note that e,(u,0), e(u,0)e C((0, c0); L),
»(u, 0) € C((0, 00); L N BY) and w, 0 € C((0, 00); o), which follow from
the properties of y and the fact that Wtic C,. Suppose ¢ is any given
positive number and define

#as(t, @) =f@a(t — 1) u(T, ) * gs(®)dr ,
olt, 2) = oalt — 7) 0(z, 2) * eo(a) Iz ,
Balt, @) =[ 0ot — ) 0(z, @) * go(0) v ,

where 0 < d<e. Then, we see that
lo(t, ) € C°(R?) N CY(R; L*N BY),
Do(t, ) € C*(R*) N C(R; Wh) N CHR; M),
bo(t, ) € C=(R?) N O(R; Wh1) N CY(R; LY,
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and
we(t, ) - u(t,x) in L*, 0, @s(t, ©) — O, u(t, x) weak % in M,
0, fs(t, ) — 0 u(t, ) in L1, Po(t, ) - v(t,2) in CoN Wot,
0, Ds(t, ¢) — 0, 0(¢, x) , OzaDs(ty ) = 0,,0(t, ) Weak % in G,

bs(t, x) — O(t, ®) in Con Wi, 0,04(t, %) - 0,0(t,®) in L1,
for each t€[2¢, 00) as § — 0. Hence, it holds that

le(s, bs) — e(u, 0| —-o,
eu(@is, 05) 0,016 + eoliis, 05)0,05— ey(u, 0)8,u + es(u,0)0,0 in L,

#—>* in L', Ts0, P — v0,v weak % in G,

o p(@s, Gs) — vp(u, 0) (02 ) p(ils, Os) > (0a0)p(u, 0) in L,
B50,p (s, Os) — v0,p(u,0) weak % in A, D00, P6 — v0,v in L1,
(0,Ts)2 — (0,v)2 in L1, D5 0yy Do —> ¥0,, v Weak % in b,

for each t e [2¢, c0), from which (2.248), (2.250), (2.251) and the first part
of (2.249) follow, since ¢ was arbitrarily chosen. Using the fact that

ve 0((0,00); Co) y, — 0.p(%, 0) + 0,00 € C((0, 00); M)
the second part of (2.249) follows from the equation:
0,0 = —0,p(u, 0) + 0,0 in D*((0, 00) X R) .

Finally, (2.252) is an immediate consequence of (0.9).

REMARK 2.30. It has not been proved that the solution we obtained
above is unique, which is still open. However, the solution has an interesting
feature: if the initial data have jump discontinuities, then the discontinuities
of v, 0 vanish instantaneously while the strength of jump discontinuity
of  vanishes at least as fast as the inverse of a polynomial.

3. — Appendix.
[A1] We shall prove that the expression (2.36) is valid. First note that

we CY((0,00); LM BY), ze CY((0, 00); L'N BV) N C((0, co); Wh) ,
be Cl((oy 00); Ll) N C((O, 00); Wl,l) ,
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from which we have

(wet), 2700 = — weti(2rf2), + (wetzr6%),€ O((0, 00); M)
and
wetizgrfee 01((0, oo); L) .
Next we define
max(t—s,1/2)

N, (t2)=— f Ghs(t — 7, @) * {weti(er0°),} (7, ®) dv ,
42
max(t—e&,t/2)
Nto)= [ Gult—,0)% @iz, o) dr.

t/2

Then N, (i, ), N, (¢, ) are well-defined and as ¢ —0,

0, N, ,(t, ) + 0,0, N, (t, &) > Mq,(t,®) in D*((0, o) X R).
Since

0¢ Gya(t, @) = 0, Gyy(t, ) in D*((0, oo) xR), Gy,(t, ) € C1((0, 00); L) .
At the same time, we see that Gy,(t, ) € O([0, 00); L) With Gy,(0, z) = 0,
0o G1a(ty @) = Hy(t,#) —exp[—at] 6(v), and  Hy(t, )€ 0((0, o0); L?)

with | Hs(t, o)| < M(¢/2 4 t/¢)-1, for all t>0. Now we can compute
0, N, (t,®) and 0,0, N, (t,x) by integration by parts which is valid from
the properties stated above. Then, letting ¢ — 0, we obtain the result.

[A2] We shall prove that (i, %, 5, §) defined by (2.26) to (2.29) satisfies
(2.30) in D*((0, 00) X R). (2.30) can be written in the form with different
notations,

U= V,
(8.1) vy = U, + bl + vy + fi(ty @)
ot = dva: + cexz + fz(t7 m) b
where
fi(t, @) € G((Oy ©0); ‘/K’)
(3.2) :
it ®)|| <M1 4 t)-*, for all t>0,
fa(t, @) € C((0, c0); L)
(3.3) .
£, @) || < Mt-Y2(1 +t)-Y2, for all t>0.
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Applying the Fourier transform, (3.1) with given initial data yields

3.4) SR H = A®) 70,8 + P, 8),
0(8)
(3.5) 20,6 = | 4@ |,
0u(6)
()
where F(t,&) = | fi(t, &) | and A(&), P(¢, &) are given by (1.2). From (3.2),
£ty )

(3.3), it follows that

- it §) € 0((0, 00); O(R) N L*)

@2 1A, &)|ze <M@ + )1, for all t>0,
ity €) € C((0, 00); Co(R))

(3.3)*
[ Fa(ty &) || o < ME-22(1 +12)-2/2,  for all t>0.

Since u,, v,, 6, € L* N BV, we have #,(£), 6,(&), 0,(&) € Co(R). Now for each
& e R, the unique solution to (3.4), (3.5) is given by

t
(3.6) P(t, §) = Ot, ) (0, §) +[Gt— 7, ) Pz, v
0

We recall that Q,(t, &) € C((0, 00); C(R) N L*) and ||G(t, &)|| = < M, for all
t>0,4,j=1,2,3. Hence, it is obvious that ¥(t, £) given by (3.6) satisfies

—f }o?(t,s)%(t)w(é)dtdf f}o (&) (2, &) p(t) p(&) dt d
0

—o0 0 — 0o

+[ [P, 090 9@ atae,

—0o0 0

for all e C2((0,00)) and y of the Schwartz space in R. Therefore
FoY(, £) satisfies (3.1) in D*((0, c0) X ). But F1Y(t, &) is precisely
(® + %, ¥, 0) given by (2.26) to (2.29).
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