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Remarks about Signorini’s Problem in Linear Elasticity.

DAVID KINDERLEHRER

Assume given an elastic body in its natural configuration occupying a
region Q2 of n-dimensional space R*. The body is then subjected to assigned
body and surface forces in such a manner that, for example, it must remain
on or above a portion I" of the boundary of £, 92. Under these circum-
stances, we are asked to find the equilibrium configuration of the body,
which means we are asked to determine the displacement vector arising
from the imposition of the forces with respect to the constraint on I
This is a typical example of Signorini’s problem in (linear) elastostatics [22].
The existence of a solution and its uniqueness properties have been inve-
stigated by Fichera[4]. They are also a consequence of a theorem of Lions
and Stampacchia [16] and the problem is discussed at some length in the
book of Duvaut and Lions [3].

Here our attention is directed to the smoothness of the solution and the
nature of the subset of I' in contact with the body in the equilibrium
configuration. This subset we call the set of coincidence. We confine our-
selves to the case where I' is a smooth finitely connected » — 1 sub-
manifold of 02. Special attention will be devoted to the case of plane
elasticity. Here we show that the displacement vector is continuous in Q
and continuously differentiable in 2 except perhaps near oI" (Theorems 3.5
and 4.2). More generally we are able to prove that the solution is con-
tinuous in dimension n < 4 except near o' (Theorem 3.6).

As part of our endeavor, we prove that the body is in equilibrium in
its deformed state. This means that the equations expressing the balance
of forces and moments are valid and may be understood in the eclassical
sense. We also show that the coincidence set has positive (» — 1) dimen-
sional measure. Returning to the study of plane elasticity we show that
the coincidence set congists of a finite number of intervals and isolated
points under suitable hypotheses (Section 6).

Pervenuto alla Redazione il 4 Novembre 1980 ed in forma definitiva il 7 Mag-
gio 1981.
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From the physical standpoint, the problem described above is that of
a body occupying £ impressed on a rigid support or punch conforming
perfectly to I'. It is one topic in the theory of contact mechanics (cf.[3]
or J.J. Kalker [10]). Or, for example, Villaggio has studied the problem
of an elastic body on a soft foundation [24]. Many such questions are
within the purview of our method, the well known Hertz problem being
another such instance.

The analog for a single equation, the boundary obstacle problem or the
thin obstacle problem, was first considered by H. Lewy[14]. We have
also found [15] very useful. Our method may be adopted to study the
smoothness of solutions of this problem as well [11]. Our reference for
the subject of elliptic systems has been Agmon, Douglis and Nirenberg [1].

1. — Complementarity conditions

In this first section we shall define the Signorini problem and give a
brief variational analysis of it. Our principal aim is the statement of the
complementarity conditions or natural boundary conditions, e.g., (1.11)-(1.13),
which will play a role in our regularity proof. Let £ c R® be a bounded
region whose boundary of2 is smooth and contains two smooth (finitely
connected and open) m —1 dimensional manifolds I" and I such that
QR=Tul"=rul"and I'NnI"=9¢. By H*(Q) we denote the Sobo-
lev space of distributions in £ whose derivatives through order m are in
L*£2). Abusing notation, we also let H™*(2) stand for (H™*(2))", the
n-fold product of H™*(2). Also, H™(2) = H™*(Q2) and HJ(£2) is the closure
of (L) in H™-norm.

Let us review a few of the notions of the theory of linear elasticity.
Let a;() € C°(Q) satisfy

(1.1) a”hk(x) Eiighk g “0’6'2 for 5 € R”l with 51']' = Eii

and e Q for some o,>0. Here |£[*= Y &, and the usual summation
convention is intended on the left side of (1.1). For the a,;, to represent
elastic coefficients the symmetry conditions (1.2) are frequently imposed:

(1.2) @ 5n1(%) = @5(0) = @isn(®) o zef.

The linearized strain and stress tensors of u = (..., u*) € HY(Q2) are
given by

(1.3) €is = &4s(U) = %(u;,"{_ u{,‘) ’ 1= 'i) ]§ n,
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and

(1.4) 05 = 045(U) = @ijne&ne(®) 1=, j=n.

From (1.2), the stress matrix ¢ = (0,;) is symmetric.

For a point € 2 and a unit vector & € R", the vector o(u(x)) & is the
force per unit area applied at = to the hyperplane whose normal is £&. The
equations (1.4) are Hooke’s Law.

Define the bilinear form

a(u, £) =f0',~5(“) &45(8) dw
Il

(1.5) , u,CeHYD)

=faijhk enn(®) €45(C) dw
0

and note that in view of (1.2),

(1.6) a(u, §) =|ou(W) s de,  u,leHY(Q).
Q

In equilibrium with respect to body forces fi, ..., f. the displacement u
is a solution of the equations

1.7 Au=f in Q or

0 0 N . .
o, 0:;(u) = (Au), 5, (@izne ) = ¥ in Q,1<i<n

The conditions (1.1) and (1.2) ensure that (1.7) is an elliptic system in as
much as for any &, 7 € R»,

aijhkfifh"]ﬂ?k = ‘l‘amk(fi?]i -+ fﬂ?i)(fh"]k -+ fk'ﬁh)
= ioto z (&:ms + &ma)?

5
= Sa(EPIP + (7))

=S LRI

It is important to keep in mind, however, that the definiteness condition
of (1.1) holds only for symmetric tensors & = (£;;) € R*.
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Given f,, ..., f, € L*2) and ¢, ..., g, € L*(I") we define the distribution
(of active body and surface forces)

(1.8) IO =[flido+[gr0as,  CeHYQ),
Q r’

where dS denotes the element of surface area on 92. With » = (v, ..., v,)
the outward directed normal on 02 let

(1.9) K={v=(v,..,meH(R): vv=0"=<0 on I'}.

The Signorini problem we consider here is the variational inequality
PrOBLEM 1.1. Find ue K: a(u,v—u) =<T,v—u) for all ve K.

The displacement « which resolves Problem 1.1 has least energy
v) = }a(v, v) — T, v> for ve K.

For example, the reader may wish to recall that in the case of a homo-
geneous isotropic material, after suitable normalization,

e = (00 —1) 0,5 0n + (0in 0 + 041 05n) ) 1=24,j,hk=n,
(1.10) ;5 = (ot — 1) 6,‘;-‘3),;, + 28,',' 9 1 __S__ ’i, j é n,

(Au);=—Aw' —a S uk,,, 1=i=n
A

where the real constant « is chosen so that (1.1) holds. For instance, o« > 0
for n = 2 and o > % when n = 3 ([13], p. 16), however the system of (1.10)
is elliptic if « > —1 in any dimension.

Let us derive the complementarity conditions or natural boundary con-
ditions associated to Problem 1.1 which we mentioned earlier. Assuming
that « € H2(L2), an integration by parts yields that

a(ty §) = —|0us(u)e,C* d 4 |0uj(u)v;La8,  Le HY(Q).

Q 8

First choosing ¢ € Hy(2) so that u £ (€ K we obtain that Au = f in Q.
Next choosing ¢ so that { =0 on I, thus again % 4 € K, we obtain

0V =4 on I, 1=isn.
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Setting this information in the variational inequality,

J.a”(u) v;(vi —u)dS = 0 for veK.
r

For {=(C%,...,C") let us write { = {;+ {,» where {,; is the tangential
component of { on I' and ¢, = {-». Thus,

fo‘,'j(u) v;(Vr — uz) dS +f6ii(u) V;v:i(vy — ) A8 2 0,
r r

and since v; is arbitrary, the first integral vanishes, or

() v;T;, =0 on I" whenever 7. =0 on I'.

Finally,

fai,(u) V;v:(0y — uy))dS = 0 for veK.
r

Whenever {-»=0 on I, v =u + (€ K. This yields that o;(u)v;»; <0
on I. On the other hand we may choose { = 0 so

_f[o'ij(u) Vi 'Vj] UydS =0 .
r

But each factor in the integrand is negative (non positive), so the integrand
vanishes identically.
Summarizing, if € H2(£2) is a solution of Problem 1.1, then

(1.11) Au=f in Q

0= on I, 1<ign

[uh 'V;,,][O'” V; 1"] =0

(1.12) —0;Yiv:; =0 on I' and
——’uh’l’h 2 0
(1.13) 05T ¥;=0 on I' for any © with t-v=0 on I'.

Observe that (1.11)-(1.13) are valid if we assume only that « € H2(2 N B,(x))
for some B,(x), r> 0, whenever ze Q —I'NT".

40 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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To briefly summarize the existence and uniqueness theory of Problem 1.1,
let A denote the set of infinitesimal affine transformations
{(x)=c+ Bxr, xeR", where
ceR* and B=(b;) is a constant matrix
with  b;4b,,=0, 1=4,j=n.

It is elementary to check that a({, ) = 0 if and only if { e A. The result
of [4],[16] is that a solution of Problem 1.1 exists provided that

(1.14) I, t><0 for every e AN K with — ¢ K.
Also, if u, u* are two solutions, then u* = u 4 5 where (T,7n) =0. A
converse also holds, namely, given a solution « of Problem 1.1 and n € £ N K
with —ne A N K, then « 4 n is also a solution.

For technical reasons it will be helpful to consider a variational inequality
slightly more general than Problem 1.1. Suppose that

Gijnry Qijny Dinky Ain € CW(Q—) ) 14§, k=n,

and that for some &, > 0 there is a C > 0, depending also on £2, such that

(1.15) & Enmine = oo|E[2 N2 &,neR" ze Q,
and
(1.15") (9. 780) = Clag(v, v) + |[v]3) » ©v€HNR),

— h 1
a,(v, v) _fa’iikh Uy, vxjdw .
Q2

This coerciveness inequality reduces to Korn’s inequality when (1.1)
holds. Some general conditions pertaining to coerciveness may be found
in [5]. We define, for u, { € H{(Q),

(116)  a(u, ) = [{(@umd, + ainu) 2, + bl L'+ anw T do
Q

Also suppose that I, I and I are mutually disjoint smooth, finitely
connected submanifolds of 902 satisfying U I U I'" = Q. Let f; e L¥Q)
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and g;, ¢' € H(2), 1=49=mn, be given, and set
(1.17) K={vecH (Q):v»<0 on I and v'=¢‘ on I, 1< i< n}

(1.18) IO =[titaw+[gia8, CeHYQ).
Q I’

It may be that I, I'", or both are empty but we always suppose that

I'= 0. We also suppose that K # @, a hypothesis made necessary by the
introduction of I".

Our more general variational inequality is
PrOBLEM 1.2. To find ueK: a(u,v—u)=<{T,v—u) for veK.

Above, a(-, -), K, and T are given by (1.16), (1.17), and (1.18).
Analogous to our discussion of the Signorini problem, we set

(1.19) 0i; = 04(%) = @i Up,+ au®, 1=4, j=mn,
and

a h h ] <
(1.20) (Au); = “'55;0’1’5(“) + bink U, + Ginw 1sisn.

The matrix (o;;) is not necessarily symmetric nor does it generally represent
stresses determined by a linear Hooke’s law.

Complementarity conditions associated with Problem 1.2 may be derived
in the same fashion as (1.11)-(1.13). An integration by parts, assuming
that » € H2(f2), gives that

a(u, &) = f {— a-i- 01 (0) - b 2, + ain u} tiiw + [ow)v, L1 .
Q

29
Thus
(1.21) Au=f in Q

[oiviv][w] =0
(1.22) —0ouviv; =0 on I

— Uty =0
(1.23) 0:47;T;=0 on I' whenever 7,v,=0 on I’
(1.24) 0:iVi=4¢; on r’, 1 é i § n

(1.25) ut = @t S onl", 1=ZhZm.
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Consider the special case when there is an open subset I,cI'N
N {x: ®, = 0}. Then (1.22), (1.23) may be written, assuming v = —e, =
= (0,...,0,—1) on I,

U Opy = 0
(1.26) —0p=0, w*=0 onl,
Oun=0, 1=u=n-—1.

If IycI'" N {&: x, = 0}, then (1.24) may be written
(1.27) —Gim=g:iy, onl,, i=1,..,n,

again with v = —e,.

If we H*(2 NU) in a neighborhood U of z,€ 212, one establishes that
the conditions (1.21) and (1.22)-(1.25) appropriate to 02 N U hold almost
everywhere (and in the sense of distributions). In particular if I, cC
c{z, =0} N I'NTU then u € H(I,) and on the set I, = {x € I';: u"(x) = 0}
we know that u; =0 a.e. on I,, u=1,...,,m—1. Thus the first equation
of (1.26) leads to

(1.28) o, =0 on I, 1Spusn—1.

Xpinn T

We shall exploit this relation in our proof of regularity.

2. — Local formulation and integrability of the solution.

The object of this section is to show that a solution of the variational
inequality Problem 1.2 is in H? except perhaps near points of oI"U 8" U
U ol c 92. The solution may fail to be in H*(Q) even if 92 is unloaded
near oI, that is, even if g, = 0 on I"" near oI" and "N o' = @. A simple
example is noted at the conclusion of this section. By Sobolev’s lemma
we then deduce that the solution % is continuous in 2 U I for n = 2, 3.

Problem 1.2 admits a convenient local formulation in a new domain
Gr={yeR":y,>0, ly|< R} with I'UI" c{y,= 0} and where the signi-
ficant constraint of K is

v™y) =0 for ye I
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This will simplify our computations here and in § 3. Given x,€ 082, let U
be a neighborhood of z,e R* with smooth boundary oU and set

K,={eHQNU): vy, <0 on I'NTU and
vi=wu'on (RNU)—T'VIl", i=1,..,n}

where % is a given solution of Problem 1.2. Clearly, % is a solution of
(2.1) ap(uy, v —u) = (T, v—u), for all v e K,

where the subscript 0 indicates that the integrations are restricted to 2 N U
and I"NU.

Now we shall straighten the portion 62 N U of 22 and then alter the
solution to obtain the simplified constraint. After a rigid motion we may
suppose z, = 0 € 022 and the exterior normal to 2 at 2, =0 is » = —e,.
Here and in the sequel, ¢; denotes the unit vector in the direction of the
2~axis, 1 < 7 < n. Suppose that 022 is described by 02: z, = @(2'), |¢'| small,
near z = 0, with ¢(0) = ¢,,(0) =0, u =1, ..., —1, and set

Yu=1Ys, 1s=p=n—1,
(2.2) [r| small.
Yo = T — (@)

For R > 0 sufficiently small, G = {y € R": [y|< R, y,> 0} is the image
of UN 2 under (2.2) for some smooth neighborhood U of 0.
Under these circumstances, let 7,(y), ..., T.(y) denote a frame of smooth

orthonormal vectors in G satisfying

2.3) 7,(y', 0) is tangent to 22 NU, 1S u=n—1,
— 7.(y’y 0) = »(x) is the outward normal to 82 N T .

For any vector function v(w) = (v!(®), ..., v"(®)), ® € 2 N U, define #(y) by

v@) = STy, oveH(@AT), or
1

(2.4) V@) = STaly)#y)  where

7,(v) = (Tu(y)’ '--7Tnz(?/)) .
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‘We may calculate a variational inequality for di(y) directly from (2.1).
Note especially that

(y) = 2 (y) 7a(y) F(y) = — »(@) v(x)

1

80 %9, <0 on I'NU if and only if #*(y’, 0)= 0 for y = (y', 0) in the image
of I.
After an elementary computation, we find that for any v, {€ HY(U N 2),

ao(v, £) = @(#,¢)  with
(2.5) a0 = [{@umh+ Gon®) By + G+ Gt I} dy
Gr

where @;;5:(0) = @4;:(0) and all the coefficients smooth. In particular, for
R sufficiently small, the coerciveness inequality, that for some C,> 0,

(2.6) 19 Zxm = Col@0(0; 0) + [0 — ¢lZagn) s v € HY(GR)

for any ¢ e R», is valid, cf. (1.15').

Finally suppose that « = 0 eI’ and that X c {y, = 0} is the image of
I'NU and 2'c {y, = 0} is the image of I'"N U with respect to the change
of variables (2.2). Let

2.7) K={#ecH(Gy): % =0 on X, # =1 on aGz—2 U, 1<i<n}.

Then for suitable functions f; € L*(@;) and §; € HY(Gx)
2.8) aek:ala,v—a) ;ff’,.(af — @) dy +fg,.(ﬁi —aYdy for 5eK.
Gr P '

Thus if % is a solution of Problem 1.2, for each x, € 02 we may find a
smooth linear combination # of # which is the solution of a wvariational
inequality, namely (2.8), whose bilinear form given by (2.5) has the same
expression as (1.16) in a domain G with convex set given by (2.7). Con-
sequently in our discussion of the smoothness of the solution we may sup-
pose without loss in generality that

u 18 a solution of Problem 1.2 with
Q=0Gq; for some R>0,
rorcf{e,=0, and

(2.9) K= {ve H(Gp): v =0 on I' and v;=u’ on
a—T U, i=1,..,0}.
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LeMMA 2.1. Let u be a solution of the variational imequality
ueK: a(u,v—u)=<(T,v—u) forvekK

where K is given by (2.9) and a(-, ) and T are defined by (1.16) and (1.18).
Let xoe 'V I'. Then '

u € H2(Gr N By(,))

for some o > 0.
Recall that I'y I'', and I'” are open in 0Gz. Before proving the lemma
observe that for any vector A= (41,..., 4*) e R»

@ inhn Ai ﬂ-h = Qijnx li 69’1: Z-h 6lm g 2] M |27
thus the system of equations (cf. (1.20))
— Qijnx u:,z, = Qjjnka, ’“2,, + (@4n ’uh)z,— binx ’“2,,"‘ agsut 4+ fis i=1,..,n,

may be solved for (ul, ,...,uZ,) in terms of the right hand side and u} 2y
1=su=n—1,1=<h, j=<n. Indeed, for a constant C depending on the

operator A,

n

n n—1
210)  SHhLPSO 3 (3l P+ bR+ W+ AP
1 1

hj=1 ‘u=

PrOOF OF THE LEMMA. Our proof is based on a standard difference
quotient technique, cf. Nirenberg[21], Frehse[6], to show that uﬁw €
€ L*(Gg N By(w,)). Then (2.10) is applied.

Confining our attention to the case z, € I', we suppose that G = G, = @G
and z, = 0. Choose ¢ so small that

{£.=0, [o'|<4e}c T, e<t,
and let

0s(#) = u(®) + &(D_ym*D;u)(®), €>0,

where 7 € C;(Bye), B, = B,(0), 0=79=<1, and =1 on B, and

D,w(z) = % (w(@ + tey) — w(x)) , D_,w(x) = il— (w(w) — w(x — tes)), t>0,
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for a fixed y<<n. Thus

€

vs(®) = (1 - (n(®)? + n(@x — teu)’)) w(z) +

€

th @) u(@ + teu) + (@ — teu) u(w — teu)} .
Let = (¢',0)eI" and consider o}(2’,0). If n(z) %0 and ¢= p, then
| + te,|< |¢| 4+ t < 39, 80 # 4 te,€ B,, N oG, c I. Hence w"(z + te,) = 0.
Similarly, n(@ — te,)*u"( —te,) = 0 for ¢ < ¢. Thus for each ¢ < g, v}(®) = 0

on I" when ¢< t3/2, or

vee K  for e<13/2.

Now we follow a well established procedure, briefly recounted below.
More precise estimates of a similar nature will be given in detail in the
next section. Set v = v, in the variational inequality. Since g, = 0 for
|#'| < 4p, i.e., in the support of v, — u, we see that

a(u, D_,(n*D,u)) %ff.-(D_, n*D,u)dx .
é

After a change of variables we obtain that
fﬁa inre Dy u:,‘D,u;‘,,dm
’ = ’ f(D,(a,.,,,k u3,) Dett*(n*) 2, + 1° Dy @isnp iz (@ + tey) Dyug) da;‘ +

é

+ ’ J.(Dt(am“k)("lzpt u)e, + bini e (D_sn* Dy %) 4 asnu®(n* D, u‘))) d;,;, +
’ -+ lJlff(D_tn’D,u‘)de .
é

We use (2.6) in this fashion. Set v =#D,u. Then

1
oA (D, uk) dz < ay(nD,u, nD.u) + |n*| D ut|® do +J.(D‘ u'n,,) dr
o
q (2] 3

= |n%aine Dtu:th u,,,d:v +faijhk ﬂ;ﬂx,Dt urDyuide +
G q

+ |sine(e, D u? 4 ﬂz,Dt u') dw"i‘f’?zIDt uhlzdw .
[
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Keeping in mind that
1
1D Lw]laey = Clw, |z » for we HY(@),

we find that for some constant C

[ Srpadyao=c[ S (bl + it + ) do
G

h,ik @0 Bse

where the Young’s Inequality |ab|= ea® 4 (2/¢)b? has been used. Now we
may let ¢t >0 to conclude that nul, € IXG), u<n; k,h=1,...,n. In
view of (2.10), u € H*(G N B,).

When x, €I the same argument applies noting that g; € H¥(I"”). The
lemma follows. Q.E.D.

THEOREM 2.2. Let w be a solution of Problem 1.2 with
feeL*(2), g¢g.€HYQ) and ¢‘cHQ), 1i<n.
Set Qs = {x e Q: dist. (@, 0"V "V 8I"") > 6} for 6> 0. Then
u € H*(£25) for each 6 >0

and the complementarity conditions (1.22)-(1.25) are valid on I'UIT" VI,

Proor. This is an immediate consequence of the lemma. We know that
we H} (2). If ®,e I’V TI" then the conclusion of the lemma holds in a
neighborhood By(xz,) N 2 since u is a smooth linear function of @. If
zo€ I, it follows in an analogous manner that we H?(22 N By(w,)), some
o >0, since ¢*ec H*Q). Q.E.D.

From Sobolev’s inequality we conclude

COROLLARY 2.3. Let u be a solution of Problem 1.2 with f,c L¥Q),
g:.€ HY(Q), and ¢' € H¥2), 1< i < n.

(i) If n =2, then we C"}Q2,) N H"*(Q,) for 0<i<1, 1= s5< oo,

(ii) If n =3, then ue C*YQ,) N H(Q,),
where Q4 is defined in Theorem 2.2.

A solution of Problem 1.2 or Problem 1.1 may fail to lie in H2(Q2) even
in the case of a single equation and g =90. To see this let
Q= {z=(m,m): |r|<1, 5> 0} c R,
I'=(-1,0, I"=(0,1), F”:{|:v|=1, “/'z>0}y
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and
u(@) = — Res* = —ptcos6/2, 2=, + iw, = pexp[if],
where (a, b) denotes the segment {(#;,0): a <&, <b} of the real axis.

So u(x) is harmonic and u(x) = 0 for 2, < 0, 2, = 0. By the Cauchy-
Riemann equations

0 0 0 0 ifez, < 0
— = —— _— F — 1 ’ e
avu(wl,O) a%u(wl,O) ey Imz { %lwll_} if 3 <0, wr,=0.
Hence € HY(Q):

—Adu=0

u%—?-t———o

v on I

u=0, oufoy =0

ou ,

520 on I’

= — Co 2 r
u = 85 on I,

It is easy to verify that w is the solution of the variational inequality

PrROBLEM 2.4.

ueK: fu%(v—u)%dw_z_o for veK,

Q

where

K={UEH1(Q):1J§0 on I' and 'v=——cosg on F”}.

3. — Continuity of the first derivatives in two dimensions.

‘We shall prove that the second derivatives of the solution of Problem 2.1
obey a growth condition which implies continuity of its first derivatives
in the two dimensional case. Our method exploits the complementarity
conditions to obtain a certain inequality to which Widman’s hole filling
device may be applied, cf. [9],[25]. The conclusion then follows by a version
of Morrey’s lemma ([18], p. 79) when n = 2. In a brief appendix to this
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section some elementary technical facts are noted for the reader’s con-
venience.
We employ the notations

G () = {: |x —wy| <7, ,> 0} CR*  for @, = (2, 0),
G,.———G,.(O), G=0G,.

In the course of the proof, ¢ or const. refers to a constant independent
of v and r. The summation convention is understood with respect to
iy by k=1,...,m and A, u=1,..,n—1, here as in the previous sections.

Our conclusions will follow from the local integral estimate formulated
below.

THEOREM 3.1. Let u be a solution of Problem 1.2 in G where

I'={«,0): |#'|<1}co@  and
fie L*(R2), i=1,..,n,

then, for each 6, 0 < 8<%, there are M >0 and A, 0 < A<1, such that

(3.1) f W Far < M for 2,6y,
G 0 By(2)

and r = 26.

Since we are pursuing a local analysis, the regularity properties of the
surface forces g, have not been explicitly mentioned and are not relevant.
However we remind the reader that g; € HY(@) according to the hypotheses
of Problem 1.2. In the interest of brevity we shall not determine the precise
dependence of M and A on the various parameters.

The principal step in the proof of the theorem is to show that for
constants C,, O, and f, 0 < f =1, depending only on 4, &, [u]mq,_,»
and [|f;]lp=)»

(3.2) J.[uﬁmlzdw_é_ c, f Wt Pdw 4+ 01, r<45.

(7]
Gr(zo) Gap(9)— G ()

This will imply (3.1) when xz,€I. The estimate (3.2) follows in turn from
(3.3) and (3.4) by applying a version of Poincaré’s inequality. A companion
estimate to (3.2) is available for balls B,.(%,), %, € G, and r suitably restricted.
Combining this with the case for x, € I, we shall obtain (3.1).
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LemMA 3.2. With the hypotheses of Theorem 3.1 set

» ..
Oi; = Qyijen Uy, + aut, 1=y, j=mn,

and for each x, € I', let (¢;;) be an n X n constant matriz with ¢;, = 0,1 =1, ..., n.
Then there are Oy, Cy > 0 such that

1
(3.3) f ot < 02{;; [ [ luz,xklﬁdw} + G, Fr)
Gr(2o) Gar(20)—Gr(o) Gar(20) — Gr(,)

and

1
64 [arasafl [ (oo + o+ [l e +
Gr(20) Gar(2e) — Gp(zo) Gar(2e)—Gr(zo)
+ Cs F(r)

where
(3.5) By = [ (W' + WP+ o) a4 [l Pde
Gar(2o) Qar(%)

The use of the coerciveness inequality (2.6) leads us to an unfortunate
circumlocution in the course of our estimates. We isolate this step now
as a technical observation.

TECHNICAL OBSERVATION 3.3. Let v = (v, ..., v") € HY{@), n € CJ(B,,),
0=%n=1,n=1 on B,, and |5,|<2/r. Then for a constant C > 0,

i . h .
(3.6) Gf (o < 0 { ana,,,,,, ; wjdm—l— f Yedw 41 Gf (¢4, da

The proof of (3.6) is delayed to the appendix.

Proor or 3.3. We may suppose that , = 0 and G = 0. Observe first
that whenever { € H{G), { =0 on |z|=1,

(3.7) a(uy £) = f foull, + barid, + anu) I do

'“f{(o'w Cij é-m, bine um, + a'.hu C‘} dz

for any constant matrix (e;;) with ¢;, =0, 1<4i=mn.
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Let ne 07 (B,,), B,= {|z|< g}, satisfy 0=9=<1, =1 on B, and
[7s| = 2/r. For a given y, 1=pu<n—1,t>0 and ¢> 0 set

vi(@) = w(@) + en(@)*D_,Dyu(@), wEG,

where

Dyw(x) == (w(@ + tey) — w(w)) and D_,w(x)= %— (w(z) —w(x — tey)) .

1
t
It is easy to check that for ¢ sufficiently small,

@) = (1—2 ) unizy = 0 I, 0 £
v3x) ={1— —tT—u(w)= , zely, 0<e< }t?

80 vs€ K for ¢ small, e >0. Setting v = v, in the variational inequality
and using (3.7) we obtain that

(3.8) J‘{(U’u —¢y)(n*D_, D, ui)c, + (bans ’“:, + agur)n*D_, D, ui} do
G

gff,.n”D_,D,u‘dw .
[ed

Consider the first term on the left in (3.8). Expanding and transposing
the D_, we see that

[(4— o) D_i D,u),,do =

G

[0 — 04) D_Dtit, + (47)., (01 — e) Do Dyui} do =
[ed

f{— Dt(nz(dii — cii)) D, u:c, + (nz)m,(o'w —e¢;)D_y D, ’“i} do
[e]

Since oy;, uj,€ HY(@,) by Lemma 2.1, we may let ¢ — 0 in (3.8) to obtain
that for each u, 1= pu=n—1,

I,= f{(nz(o.” - cia’))z,‘ ’“:u,,z,— (na)xj(oij — Ci;) “;,,z,,} dw
@

= f(bihk “2, + apu®—1)) 7’ “zﬂx,, dw
G

—n—1

¢
< [ edade 4 2 et + 100 + 00 do
G
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for any £> 0. Summing on u,

f{ﬂz Asjnk “:,,z,c u::,,:c; + nz[aia‘hkz,, u:k + (@isn “h)x,.]} ’“:m +
@

+ {[(772):,, u.f:,,mj - (n”)x, '“:,,m,,] (04— cii)} da

= qu
: c
< ofttuta)tds + S [+ 0+ 1) 0.
G

G

We apply Young’s Inequality in the second and third terms recalling
that

2
Supp 7,CB;,— B, and  |n|= =

For new constants ¢ > 0, ¢ = C(¢) we obtain

6.9 [romitauintos s [, —erant

G Gar— Gy
+o f nt (it [+ ) do e fwu:m)*dw.
G G

In (3.9) we apply the technical observation (3.6) for each u with
V=, = (%, ..., %y,). This gives that

[ontarars s [ou—curds + ofaras + 0re) + e[ o)t ao.
G Glr“ar Glr—Gr G

The conclusion now follows by choosing ¢ sufficiently small and noting that
n=1 on B,. The estimate (2.10) is then employed to account for the
remaining second derivatives.

PrOOF OF (3.4). On this occasion we choose

ve(@) = w'(¢) + en(@)*D_, D, u' ()
re@
v5(®) = w(®) + eD_i(n*D,u")(x)

with the notations as before. As in the proof of Lemma 2.1, one checks
that

va(z) = 0 for xel, ¢>0 small,
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80 v, € K for small ¢ > 0. Writing v, = w + &, by (3.7) and the variational
inequality

(3.10) % a(u, v —us) = a(u, {)
=f(0'ij — ¢y) C;,da’ +j(bihk u2k+ a;ut) L de
I @
=f{°'u — ) Ci, + (s — Cns) C;,} dw +f(b¢mc uh, + anu®) $ida
@ @
= J‘f idw .
@
In particular,
[(0n— ewn t2,80 = [ (00 — 00 D_m* Dy ur)., 4o

G G

= —[DiontrDiun). o
Q

Here we may let t — 0, again because o;;, uf,’ € HY(Gg,). The terms involv-
ing 0,,—¢,,, i.e., {* for A< m, may be treated exactly as in the proof of (3.3),
80 we may let ¢ —0 in (3.10). This gives for each u=1,...,n—1.

(3.11) 11, =J‘{772(GM— %)z,‘“im - (nz)x,(%- — ) “ium..} dw 'f‘fanixu(nz Uz, ), A0
23 q
éfnz(blhk ui‘k + a0t — 1) ’“i,,xud‘” +
23
G, + a0 — )0 o),
q
We first calculate that

(312) [y, o) 0 = [0, (7 0, + 07),,05)
G G

2 h 2| h h n
=f{’7 @it W Yoy T M [ Ptz Yerre T (i, W), ] Uiy +
¢

+ (1]2 )x;animu} u;u do.
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Observe that for any 0 < e < ¢,

(3.13)

f(n2)x,<rm,, U, d
Q

e LR
G

G

C
<o [rfttatao+ < [in s ao + Ge[s(ut + ) .
Q@ G

G

The terms involving 2 ,in (3.10) are treated exactly as in the proof of (3.3)
(viz. the passage to (3.9)). Summing (3.11) on x and using (3.13) to con-
trol (3.12), we deduce, analogous to (3.9), that

(o}
(3.14) fﬂzamk Ugon U, 00 = 3 f{(%— —ex)* + (uz,)} do +

Gar— Gr

o[ £ 1+ 1) an e f il )

G G

where the term involving f.(n?),u;, on the right is treated analogously
to (3.13).

The desired estimate follows from (3.14) by employing the technical
observation (3.6) and (2.10) precisely as in the proof of (3.3).

PROOF OF ESTIMATE (3.2). We apply the Poincaré type inequality of

Lemma 3.7 to (3.3) or (3.4). According to (1.28),
(3.15) Uy, Oin=0o0n I 1=Su=n-—1.
Assuming as before that G, = G and 2, = 0, for each r < 44, one of two
cases occurs:

(i) meas,_,{(@',0): 0py =0} N T, = } meas,_, T,
or

(ii) meas, ,{(«',0): uz, =0, u=1,..,n—1} N T, = } meas, , T,

T,={@,0):r< |p|<2r}.

Suppose that for a given r, 0 < r < 44, (i) holds. Then we consider (3.3).
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Keeping in mind that ¢;, =0,
oi.de < Cr® J. |Ganz|? A2

Gr— Gy Gar— Gy

g C’rz f |(annhkuzk + anhkuh)m[2dw
Gzr_Gr

< const.r? f [z, |* A 4 const.rzf(]u:k]2 + [ut?) de .
Gy —G, Gy

Now 0,,=0 on I', 1< u=mn—1, 50 again we obtain

f o>, dx < const. r? f u} ., > dx + const.r? f (ol 24 [utP) dw .
Gy — Gy Gy — Gy Gyr—Gy

Finally, if j < n, the ordinary Poincaré inequality may be used since the
¢;; may be chosen to our convenience. Thus from (3.3) we obtain the estimate

(3.16) f Wl Pde < (14 0)C, f b, Pde 4 (00, + C,) F(r) .

Gr Gar—Gy

Now u € H*(Gyy) and f, € L*(@), thus by the Sobolev and Hélder ine-
qualities,

n
F(r) < 00)[ulngp(meas Gy~ + 00" 5 [fil 20+ P ulica
1
= 0,73,
where 1/2* =1 —1/n if » > 2 and 2* is any finite number if » = 2. This
gives (3.2).

If on the other hand (ii) holds, we turn to (3.4) applying our variation
of Poincaré’s lemma to the term

f [ug, [>dx

Gar— Gr

and the ordinary Poincaré inequality to the remaining terms. Again (3.16)
and thus (3.2) follows.

PrOOF oF THEOREM 3.1. Adding
CO f qukx,lzdx
Gr(@o)

41 - Ann. Scuola Norm. Sup. Pisa Cl. Sci.
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to both sides of (3.2) and dividing by 1 4 C,, we obtain, for a different C,,

(3.17) f|u£j,k|2dw < 6f|u2,,k|2dw + O, r<46,
Gr(,) Gar(ao)
C,
6= ita, <1.

It is well known that (3.1) follows from (3.17) by iteration. Indeed,
if w(r), r < 44, is an increasing function which satisfies

(3.18) o(r) £ 0w@2r) + Cr*f,  r< 46, for a fixed 6 <1
then
(3.19) w(r) < K(w(46) + 0) (g)%‘, r<28,

where K and « < § depend only on 0 and g (cf. Stampacchia [23] or [12],
p. 81).
Thus we obtain for some M, and 4,

(3.1)' f Wb, Fde < M3, wyel |n,|<1—88,
Gr(o)
and r < 26.

By the argument just given for x,e I' we may establish a similar ine-
quality for z, € G. This is

24
(3.20) f [l [ dw < N? (g) , 0<r=2d, @€ Gy,

By(%0)

4d = dist. (z,, 0G) =<1 — 89, where 0 < A =<1 and

(3.21) N%2=N? |ul . [Pde + F(2d)}
L, }
Py = [ (b P+ WP+ ) do o [ i, [do,

Byr(%,) By ()

for some constant N, > 0. To prove this, one merely notes that for z,e G
and r sufficiently small,

o f(dii —c¢y)dx +f|u2m|2dw + F(r)} ’

B(,) Bar(xo) — Bp(wo) Bip() — Br(@o)

(3.22) wb Pdn< Cy |2
Tk
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for an arbitrary n Xn matrix of constants (c;;), which is analogous to (3.3).
One now applies the Poincaré inequality and the hole filling technique
from which (3.20) follows with the estimate of (3.21).

To complete the proof of Theorem 3.1 we combine (3.20) and (3.1) for
the case x, € I. This is elementary but involves the examination of several
cases. Let x,€G,_,; and r=24 and suppose first that xy,=dist.(z,, 0G)=4d.

Case 1. 2,, < 26 and x,, <r. Then
B, (%) NG C Gz,(x.',) ’ wtl: = (%19 ++-y Zon—1, 0)
whence

[ ofdos [ e, Pao< aen.

XT3
B,(z,)n G Gar(20)

Case 2. r=o,, <46 = 26 and d < §/2. Here we have that

B,(w,) C Ggylwy)  and  8d < 26;
so applying (3.21),

N2< N2Cd*  for some C>0.
Thus

24
J‘I“:J’kladm =fi“:1=xlgd$ é -N: Od“ ((,rl) = .N: Gf“ .

Bx)n @ B,(x,)

Case 3. r= &,, = 4d and d = ¢/2. Now we have that

B.(z,) c G and

Sl
IA
ol b0

80,

B2 22 2
|%20,* A < N (5) r2d,
By(,) G

where we may take,

W= [ 1 fde+ FGA—80)},

Gl—ld

for example.
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Finally suppose that %y, > 4d = dist.(x,, 0G). The set of such points
in @,_g, satisfy @y, > 3(1 — |#[?). For any such z,, 4d=80 or d = 24,
and thus

[ o dn= [ [ Pae < Ni20)72r

@40 5%k
G n B(2) B,(2,)

This establishes (3.1) with

22
W — max (221 w2, ON°, N (%) ) Q.E.D.

We now study the two dimensional problem

LEMMA 3.4. Let n = 2. Let u be a solution of Problem 1.2 in G where
I'={(,0): |,]<1} and fiel®(@, h=1,2.

Then u e CYG U I') for some 1> 0.

Proor. This is an immediate consequence of Morrey’s growth lemma,
[18] p. 79, or more properly, a slight variant of it. ’

THEOREM 3.5. Let n = 2. Let u be a solutibn of Problem 1.2 in 2 where
fie L*(2), g¢g,€ H"(R), and ¢'cH>>Q), i=1,2.

Set

Q, = {we 2: dist.(x, o' U 2" U BF”)>§}, 0>0.
Then

we CYMQ,)  for each >0 and some. A= A(6) >0 .

ProoF. Given x,e 'V I"U I, we may assume after local transfor-
mations that x, = 0 and that u is a solution of Problem 1.2 in G with the
interval (—1,1) corresponding to an arc of 8Q. If z,el, then ue C'*
near ¥, by the preceding lemma. The same method applies to points x, €
elmul”. ,

Suppose x, € I'’, for example. After changing variables as indicated, so
I''c (—1,1) near z,,

a(u, v—u) gffi('vi——u")dw +jgi(vi—u‘)dwl, vekK.
G I
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For any (e H{G) with { =0 for |r|= }dist(0, oI"), we may write

a(u, 0) = [{(0— ) £, + (oo, + an o) O} do —[ .05 do
Q Q

where ¢, = —g; and ¢;, is arbitrary.
Now choose as a test function

ve = u + eD_,(n*(D;u — ¢)) , zed, ce Rz,

and proceed as before. Q.E.D.

THEOREM 3.6. Let n < 4. Let u be a solution of Problem 1.2 in 2 where
fie L*(2), i=1,...,n. Then

we O QuUIT) for some pu>0.

ProOF. As before, given a point z,e ' we may assume that x, =0
and that w is a solution of Problem 1.2 in @ with I'= {jr|< 1, », = 0}.
Thus Theorem 3.1 may be applied. The condition (3.1) implies that
u;,€ L*(Gg), R=1—164, for s=4(2—1)/1—2)>4 when n=4 by a
theorem of Meyers[17] or Campanato[2]. TUtilizing Sobolev’s inequality
we obtain that

ue " @N By, upu=1—4/8. QED.

Although we have adopted the technique of Morrey spaces to deduce
this last result, it is also possible to employ Gehring’s «reverse Holder
inequality », Gehring [7] or Giaquinta and Modica [8], Prop. 5.1. Here one
argues directly from the inequalities (3.3), (3.4) and (3.22) and concludes
that

u € H»*(Qy) for some s> 2 and R=1—16¢.

Appendiz.
LeEMMA 3.7. Let { € H(G,,— @G,) and suppose that for 6 >0

meas,_, {#': {(¢', 0) = 0} = dr"1.
Then
[aosor [ o

Gar— Gy Gar—Gy

where C = C(4).
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LEMMA 3.8. Let ¢ € HYG,,). Then

(i) [pasrn(gawtm( [ ca)
Gar Gar G3r—Gy
and
(ii) f fdw < K, j 22 da +K2(fcdw')2,
Gar—Gy Gar—G, Ty

where T} = {(#,0): r< |&'| < 27, ®,_, > 0} and K,,..., K, depend only on
the dimension, n.
The proofs of these statements are elementary.

PrOOF OF TECHNICAL OBSERVATION 3.3. Apply the coerciveness inequa-
lity (2.6) to w = n(v — ¢) where
¢ = (meas (Gy, — @,)) ! f vide .
Glr_gr

To the term involving |w|3. e, , apply Lemma 3.8 (i).

4. — The global continuity of the solution in two dimensions.

According to Theorem 2.2, a solution of Problem 1.2 in H%(Q,) N C**(2,)
for any A, 0 < A< 1, in the two dimensional case. Indeed, it is even in
C*(2,) by Theorem 3.5. However it is not necessarily in the class H*(R),
a8 the example of Problem 2.4 illustrates. Nonetheless, the Dirichlet integral
of the solution satisfies a growth condition which implies continuity in £.

THEOREM 4.1. Let u be a solution of Problem 1.2 in Q2 c R* where
fieL*(R2), g, H>(Q), and ¢, H>>Q), 1=1,2.
Then there are 6 >0, M >0, and 4> 0 such that

(4.1) f [ub Pde < M2r**  for r< ¢ and @, Q.
020 B,(2,)

ProOF. The proof is merely a simplified version of that of Theorem 3.1.
Given x, e I', suppose that z, = 0 and that, after local transformations, a
portion Q2 N B, gy(%,) contains Ggy(w,) = Gy, with (— 84, 85) correspond-
ing to an arc of 0%.
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We may suppose that the segment (0,88)cl, 0el' N I''. We now
briefly describe the derivation of the estimate analogous to (3.3), (3.4). Let
neCy(By)y, 0=n=1, n=1 on B, and |,|<2/r, as usual, and set

v=u—_=1u—nu—c)
where ¢ = (¢, ¢*) € R?* with ¢ = 0. Thus
v () = (1 — n(x)?) u¥(x) 4+ c*n(x)* = 0 for xel’

so v € K. Setting this v in the variational inequality gives
(4.2) a(u, ) < [ful*dm + [g.24dz,
G r

After some elementary manipulations, we find that for any ¢ > 0, there is
a O = C(¢) > 0 such that

43 [ramuduio = eomt) s+ aw 0+ 3 [ —erastonn
Q G Gy —@Q,

where

Fy(r) =f(|u“ 24 |[ub— ) do .
Gar

Turning to the right hand side of (4.2), let us choose

2r
c":%fu"(x,,O)dw, h=1,2,

r

80 in particular ¢* = 0 since (0,8d) c I" and
le*| < r M gy,  Te=(—2r,—7) U (r,2r), h=1,2.
Thus
| [ — ) am,
o

< [lgalfo — |z
Ty

= 93l pary llw* — lzeczn
= 94l 2z @] I zcz)
<227t 193]l =@ [ et "L‘(Tr)

< 0g) o 4l
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since u € HY(G). Also,

U f,.:hdazl < or 4; f (uh — )2 ds .

Thus, after applying Poincaré’s Inequality in the form of Lemma 3.7 (ii),
a(u, §) < Or¥||u]| gy + Or*.

Placing this in (4.3) and again using Poincaré’s inequality leads to the
estimate

(4.4) f (w2 )2 dw < C, f () dw + Cprt, r<45.
Gr

G:r“‘Gr
Thus
w(r) =f(u2k)2dw, r<48
Gr

satisfies (3.18). The conclusion follows in this case.
The other case is when 0eI'N I". The argument here follows the
same lines with

(4.5) o(r) = (@) — (@) = u(®) — n(@)*(u(x) — p(w)) zed,
as the test variation. Here it is important to note that we may assume that
QX2,0) =0 for ¢ = (z,,0) eI’

since @*(0) << 0 implies that the convex K is empty so no solution of Pro-
blem 1.2 exists. Note that the estimate (4.1) also holds for w,e I N I,
which may be shown by taking »(x) as in (4.5).

Once again an estimate is available for points z, € G. Specifically we
have

24
(4.6) f|u2k|’dw <N (g) . 0<r=d, mpe Gy,
By ()

4d = dist.(z,, 0G =< 1 — 84, for some A, 0 < A= 1, with an appraisal for N
similar to (3.21) where u;‘jxk is replaced by u:,. Combining (4.1) in the case
%y = (@19, 0) With (4.6) we obtain (4.1) for any z,€G,_g. The theorem
follows.
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THEOREM 4.2. Let u be a solution of Problem 1.2 in Q2 c R* where

fie L=(2), ¢.€ H->(2), and ¢‘cH>*Q), 1=1,2.
Then

we C¥"Q)  for some 1> 0.

Proor. The proof follows from Morrey’s lemma [18], p. 79.

5. — First applications.

Can any information of a mechanical nature be derived from our ma-
thematical analysis of the Signorini problem, Problem 1.1%? Let us illustrate
how our integrability lemma, Lemma 2.1, or Theorem 2.2 may be used
to verify that the deformed body is in equilibrium and retains substantial
contact with its rigid support. Let £ and I' be as in § 1 and let » be a
solution of Problem 1.1. The set

(5.1) I={&el:uv=0}

which does not undergo normal displacement under the imposition of the
forces T, is called the set of coincidence of . It is defined up to a set of
measure zero in I" (and for » < 4 is a closed subset of I.) The normal pres-
sure, defined on 942 except for x € oI" by virtue of Theorem 2.2, is given by

(5.2) gy = ay(u) = a;(u)v;v; xe o2 — ol

where » is the outward normal to 2. Moreover, o, € L (02 — oI'), that

is, o, is square integrable on compact subsets of 02 — oI. Recall that
oy, =0 on I' by (1.12).

THEOREM 5.1. Let u be a solution of Problem 1.1 and let I and oy be
defined by (5.1) and (5.2). Then oy LNI') and

(5.3) [oue a8 =[oc ) as = a(u, 0) — T, &
I r

for any &= (L ..., (") € CXQ).

In general, o, does not belong to L?(I') as the examples of sections 2
and 6 suggest.
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Proor. This is elementary. For the sake of clarity we first show that

(5.4) f oC )8 = a(u, &) — (T, &y,  CeCyd).

r

Let ¢ € CY(Q) vanish in a neighborhood of oI in . In this case we may
integrate by parts in a(u, ¢) and (5.4) follows immediately.

For 0 <r<1 let n(r) be a scalar valued Lipschitz funection in R#
satisfying

77,(@') =

’

1 dist. (z, oI") = 2r
0 dist. (z, o) = r
0=9=1, [7es| = KJr, and 5, =<7y, for p=r.

Since oI" is a compact » —2 dimensional manifold,

2
[7re() |2 doe < % meas {z € R*: r < dist. (%, 0I") < 2r}
R» Ke
é 'F 1‘2 O é Co

for some constants C, C,.
Now choose ¢ € C}(£2) so that { =» on 92 and set ¢ = #,¢ in (5.4).
Recalling that g, < 0 on I, we see that

— ov(ln,¥) = — 17,00 increases to —oy as r —0 on I'.

Meanwhile in (5.4) we have

fn,o.ds = [(0:5() & e, @ + [00s(u) & 7 d— Ty 0 8 -
r 2 2

Now u, € L¥2) so
l faii(u) C"Imd‘”l = 0” anHL’(R") " Uy " L*(supp#rzn Q)
2
é OCOII“:&"L’(B“DDW:”Q) -0

as r - 0. Since 7, — 1 pointwise a.e., by the monotone convergence theo-
rem oy € LYI") and

f 08 = | osy(u) L& dw — < T, £ .

Ir Q
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For an arbitrary ¢ e C*(£), (5.4) is an easy consequence of the bounded
convergence theorem and the preceeding argument, using, of course, that
oy, LVI').

Finally, 6, =0 in I'—1I by the complementarity conditions, which
demonstrates (5.3). Q.E.D.

COROLLARY 5.2 (Balance of forces). Let u be a solution of Problem 1.1
and let I and o, be defined by (5.1) and (5.2). Then

(5.5) [oemas+<z,0r =0

I

for any affine rigid motion { and
(5.6) meas, ;1> 0.

ProOF. For any affine rigid motion, a(u, {) = 0, so (5.5) holds. Accord-
ing to the existence hypothesis (1.14), thereis an ne £ N K with (T, n) <0.
Thus

fm(n-v)dS =—<(T,7>>0

I

which implies (5.6). Q.E.D.

A particular consequence of the corollary is that the body, known to
be an equilibrium in its deformed state, cannot be supported by a stress
distribution on the boundary oI of its rigid support. For otherwise I c oI'
but meas, ;o= 0 < meas,_,I, or (5.6) could not hold.

A situation of special interest is when I is contained in a plane, say,

I'c {», =0} and Y=,
in agreement with our conventions in § 1. In this case oy = o,.(%). Let
F,=(T,e>, i=1,..,n,
be the external force in the ¢-th direction. It follows from (5.5) that

(5.7) Fy,=0, u=1,..,n—1, and F,=|0um(u)dz’'<< 0,
I

since e,€ K and —e¢,¢ K. Analogous expressions hold for the various
moments.
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6. — The coincidence set in Signorini’s problem.

Our efforts here will concern the simplest case, plane elasticity for a
homogeneous isotropic body with I" a segment of the x;-axis. In this section
it will be convenient to use complex notation. Let 2 c R? be a domain with
smooth boundary and assume that

61) I'=(—¢,0)cl'=(—¢8&con{x,=0} for some §>c¢>0

where (a, b) stands for the interval (a, b) of the real axis. Suppose that
» = (0, —1) is the outward pointing unit normal to 2 on I Let o> 0
be given and introduce the stress tensor, bilinear form, and corresponding
second order operator

Uhk=(“_1)6hk5ii+2€hk, 1§h, k=2,

(6.2) a(v, 0) = [on(v) &3, da and
o

(Av)y = —Av* —a > v¥, h=1,2.
nPr ! ’
k

Let us summarize our information about the solution of Problem 1.1.
The distribution of surface and body forces

<T,c:>=ff,.chdx+fghchds, te HYQ),
0 r

is assumed to satisfy the condition
(6.3) I, > <0 whenever (e ANK, — (¢ ANK,
where K is the convex gset of admissible functions
K={veHY(Q):v*=0 on I'}
and s is the collection of infinitesimal affine motions (cf. (1.14)). With
these hypotheses, i.e. (6.1)-(6.3), let % be a solution of the Signorini problem.
ProBLEM 6.1. € K: a(u,v—u) =T, v—u) for ve K.
Provided that f, € L*(f2) and g,€ H>*(Q), h =1, 2, we know that

u € 0%*(Q) for some A >0 and
u e HY(Q;) N C¥*(Q2y) for each >0  where
A=A6)>0 and  Qy={2€:z—ec|>0 and |z ¢|> d}.
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The complementarity conditions are valid; those of interest may be written

(Au)h = (Ghlx, + Ghzx,) = fh in Q, h= 1, 2

— 05,20, ut=0

(6.4) U2 0y = 0 on I'
02 =10
—0n=0 and —o0p=24, on '—T.

In addition

(6.5) Ug Oy = 0 on I,
The coincidence set

(6.6) I={zel u¥z) =0}

is a relatively closed non empty subset of I" by Corollary 5.2.
To facilitate our investigation, introduce the complex valued functions

w(2) = 032 + o + i%(u:l — u;,) ’
(6.7) wW*(2) = Oy — 043 + 200y, , =, +ir,e Q2

% =2a/l+ «a

which satisfy w, w* € L*(2) N HY(Q;) N C**(Q;) for any 6> 0.

LEMMA 6.2. Let u be a solution of Problem 6.1 with f, = f, =0 in 02
and define w, w* by (6.7). Then

(i) w(z) is holomorphic in 2 and

(ii) there is a holomorphic gy(z) such that
w*(2) = F2w'(2) + @o(2) -

In other words, the system of (6.4) may be written

()= o))
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ProoF. The proof of (i) is a rearrangement of the equations in (6.4).
To prove (ii) note that

0

0 0 .
5;@0—_—-255(0'11—'—0'22):25%%0* in Q.

(6.8)

In fact, Au = 0 in £, thus

ow* .
2 3 = 0’0, — 0110, — 20122, 4(0220, — Or10,+ 2612z,)

= O90, + O110,— i(o'zzz.‘*‘ O11s,)

0
=2 'é—z-(dzg + 0'11) .

The first equality in (6.8) follows since Rew = 0y, -+ 05, The assertion (ii)
now follows by integration. Q.E.D.
In view of the lemma

(6.9) f) = }aw'(2) + @o2), 2€R,

is holomorphic in £2. In addition, since z2=2 on I, we deduce that
formally

(6.10) f(z) = w*(z)  for ee I'— T,

oI'= {—¢, ¢}. Consequently, although w* is not holomorphic in £, its

boundary values on I°— I" coincide with those of a holomorphic function.
This is the property of w* which we shall exploit.

THEOREM 6.3. Let u be a solution of Problem 5.1 under the hypotheses
(6.1)-(6.3). Suppose that

(6.11) fa=0 in Q and g=0 on I'for h=1,2,

and set
I={zel: u¥z)=0}.

Then I is the union of a finite number of intervals and finitely many isolated
points.

LEMMA 6.4. With the hypotheses of the theorem, define f(z) by (6.9). Then
f(2) is analytically extensible into a full neighborhood of T in the z-plane.
Assuming this lemma we give a proof of the theorem.
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PrOOF. Due to (6.11), and (6.4), the shear stress
0, =0 on ['—or
o u = —u; on ['— 2l Thus
w(2) = oy + Oz + 2inug, on I'—ar while
Oy = Ops— f on ['—or.

Recall that w is continuous in 2 — oI" and fe (2 U I') so the statements
above make sense. Combining these gives for ¢(2) = }(w(z) + f(2)),

(6.12) q(2) = }(w(2) + f(2) = o3 + iwul, ~ zel—al.

Thus, o0y 1+ ixu; is the boundary value of an analytic function.
According to the complementarity conditions (6.5) and (6.11),

U303, =0 on I’ and 033=0 on I'—T
80 we have in particular that
Img(2)® = 2xu} 6, =0  on I'—ar.

Thus ¢(#)* admits an analytic extension into a neighborhood U of I in the
#-plane, indeed,

q(2)* = q(2)? for Imz2<< 0,

with possible isolated singularities at z = ¢, —e¢.
Since w e L2(2) and f is smooth near I" by Lemma 6.4, ¢(2)? € LY{(Q).
Thus the singularities of ¢(2)? are at worst poles of first order, so

(6.13) D(2) = — (2 —0)(2¢ + ¢) ()

is holomorphic in the neighborhood U of I" and real valued on I. In par-
ticular, Re @(2) is a real analytic function of 2 = @, on a segment contain-
ing T, say I, so it has only finitely many zeros there. Indeed we may
express I" as the union of disjoint open intervals I't, ..., I3, I'y, ..., Iy,
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and a finite number of points a,, ..., a,, such that

{eelRed(x) >0} =I7V..UTl},
{eelReDP()< 0} =I7U..UI,,
ReP(a;) =0, ji=1..,m.
Since u; = 0 on I, (cf. (6.5)),

Re®(z) = (* —2%) 03, = 0 on I
thus
Icltu..UTlfu{a,...6..
On the other hand, u2(z) >0 in I'— I and %%c,, = 0 on I imply o, = 0
on I'—1I. Thus
I''cl, s=1,..,k, or

Irrv..vrjfcicrfv..vrvfae,..,a,}. QE.D.

This proof was motivated by H. Lewy’s theorem [15].

Proor or LEMMA 6.4. First we justify (6.10). Since w* is continuous
any z,e I'— oI, it will suffice to show that

(6.14) lim (f(z) —w*()) =0 2 el'—or.

2—>%,

Let ¢ be holomorphic in B,(z) for some z€ 2, r> 0 so

_ 1 o(?)
(p(z)—f&m}ft—zdt’ o<r.
0Bo(2)

Thus

2n

2nolp(e) | <[lp)|ds,  e<r.

0

Integrating and applying the Schwarz inequality, we obtain the elementary
estimate

1
(6.15) rlp)| = VA lollz(B.) -
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Thus for z€ £2 and near z,,
[(2) — w*(2) = }(2 — 2) w'(2) = imw'(2)
so by (6.15),
1
F(2) — w*(z)| = \-/—ﬁllw'llp(sz,(z)) -0

as @, = Imz — 0, since w' e L*(L2,). This gives (6.14).

Hence f(2) is continuous in QU I'— {¢, — ¢} and by virtue of (6.11)
is real valued on I'— {¢, — ¢}. Hence we may extend f to a neighborhood
U of I' as a holomorphic function in U which may admit isolated singu-

larities at the points 2 = — ¢, ¢. To show that these singularities areremov-
able, we shall prove that for 2 =¢ (or — ¢),

fe L¥Ts), Ta={ze!2:

arg(z—e>—g-l<g, |z|<«s}

for a 6 > 0. In view of this, the Laurent expansion of f at 2 = ¢ admits
no negative powers, so f is holomorphic in a neighborhood of z = ¢. The
estimate of Theorem 4.1 will serve us here.

In general, suppose that ¢ is holomorphic in B,(2) for some p> 0.
Then, analogous to (6.15),

(6.16) 219" ()| = Cllo] (zoa) = O 0l9] r(zoe) -

Now for each z=c¢ -+ rexp[il]e T,;, 6 small B,,(z)c 2 so (5.18) may be
applied to w with ¢ = r/2. Furthermore, since B,(z) C G;,;(¢), by Theorem 4.1,

lolp@wm= 0, r=é.
Thus for some A > 0,
@)= Cprttt o or ' ()| < Cye—o'%, 2€T,.
Consequently

[ 1) — wr@) e = [l @) do
Ts Ts
8

< M|r¥-ldr < co.

0

42 - Adnn. Scuola Norm. Sup. Pisa Cl. Sci.
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Since w* € L*(2), we conclude that fe L3*T;). Thus ¢, — ¢ are removable
singularities. Q.E.D.

Poles may indeed occur in ¢(?)® at 2 =¢, 2 =—c¢ or both. This is
equivalent to the presence of infinite stress points or the failure of the
solution to lie in H2*(£2). However when a pole arises at z = ¢, say, the
stress tensor there has a prescribed singularity. From the formulas w, w*
of Lemma 6.2,

=9 -
(6.47) w(2) q(.z) 1(2) ve Q.
wh(2) = — i2y(2¢' () — f'(2)) + f(2)

If q(2)% has a first order pole as z = ¢, that is, for an 4 %0,

A

Z2—C

(2)* = + Do) ,

Dy(2) holomorphic in a neighborhood of ¢,

then

q(z):\/;;_cqo(z) near z=c¢, 2z€L

where ¢, is holomorphic near 2z = ¢ and ¢,(¢) % 0. On the other hand f(2)
is holomorphic near z = ¢; thus, we have

COROLLARY 6.5. With the hypotheses of Theorem 6.3, the stress tensor
(one) is continuous on I’ with the possible exception of z = ¢, — ¢. If the stress
tensor fails to be continuous at z = ¢, say, then

low| < Mg —el*, 2€Q, [¢—c| small,

for some M > 0.

In Corollary 5.2 we showed that the coincidence set, or contact set,
of a Signorini problem is not empty provided (6.3) is satisfied. We then
devoted considerable effort to its analysis, leaving open the possibility
that the noncoincidence set might be empty. When it is, that is, when
I = T, there seems to be little more to say. Let us offer now two examples,
one with I = I" and the other with I properly contained in I'. According
to (6.17) it is sufficient to specify the functions ¢(z) and f(z) provided that
we fix u*z) at some point.

Let £ be any smooth domain in the z-plane whose boundary contains
the segment "= (—1,1) with » = (0, —1) the outward directed normal to
Qon I Let 0<e¢<1 and set I'= (—e¢,¢).
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EXAMPLE 6.6. Set

e —

—— ze 2,

S0

Oy + 2inu;, = q(2) = — ;< 0 for zel',

o — 27|

Le., for —c<<z<ec. Here V22 —¢? for real ¢, denotes the branch holo-
morphic in the complex plane slit along (— ¢, ¢) which behaves like z for
large values of |¢|. Thus in the expression above, for «zeI'» we intend

lim ¢(z + i¢) , —c<z<ec.
&—>0+
Note in particular that 4/22 —¢* = — |2 — ¢2|t for 2 << — ¢ (and real.)

Let f be a holomorphic function in 2, smooth in 2, which is real valned
on I. From the above, u? = const — 0 on I" and take u*(0) = 0. In this
case I =T

ExAMPLE 6.7. Let 0 < a< ¢ and set

q(z)=\% 22 —a?, e Q.

In this case

_ . |ar—e2t
Oz + 200ul, = q(2) = — iz prampet i Rkl =Za, zel’

is imaginary whereas

22—qg2lt
m —c<<e<—a
q(2) =
22—q2it
—_ m a<<z<ce

which is negative.

Again we choose f to be an arbitrary holomorphic in £, smooth in £,
and real valued on I'. Fix u?(c) = 0 and, say, w*(0) = 0.

In this case, it follows that

I=(—¢alVla,c)cTI.
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As a — 0, q tends to a function much like the ¢ of the first example. As
a — ¢, ¢(2) = q,(¢) - — 42, which is imaginary on the real axis. In this
case F, =0 so the applied forces are equilibrated. '

Although these examples have infinite stress at z = ¢, — ¢, examples
assigned with finite stress may be found in the same way.

The questions of plane elastostatics have been discussed by Muskhelish-
vili [19], [20] from the viewpoint of integral equations. A typical contact
problem in this theory is the problem of the indentation of an elastic body,
usually a half plane, by a rigid stamp. However the technique of [19] is
to assume that I consists of a connected interval and then to solve equations
for its endpoints. Our example 5.7 is the solution of such a problem. In
general, once the solution is obtained in this fashion, one must check a poste-
riori that

—o’h;cv;,kaO on I'.

The author would like to thank Professor John Athanosopoulos for his
assistance in constructing the examples.
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