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Characterizations of the Ranges
of Some Nonlinear Operators
and Applications to Boundary Value Problems.

H. BREZIS (*) - L. NIRENBERG (*¥) (***)

dedicated to Jean Leray

Introduction.

This paper is concerned with techniques for attacking nonlinear partial
differential equations, in particular, boundary value problems for semilinear
equations.

One of the basic tools for treating such problems is the Leray-Schauder
degree theory, in particular the Schauder fixed point theorem. This theory
works within the category of compact operators. When compactness is not
available, monotone operators have proved to be useful in treating certain
classes of equations. By now there is a rich literature on this subject and
its applications (see [Bré-2], [Bro-1] which also contain many further refer-
ences). Depending on the applications in mind various attempts have been
made to combine monotone operator theory with topological methods in case
there is also some compactness (see Browder [Bro-1], Leray, Lions [Le-Li]).
This paper may be regarded as a contribution in that direction though the
only topological tool we use is the Schauder fixed point theorem.

Our paper is in some sense the outgrowth of two others: [La-La] by
Landesman, Lazer and [Br-Ha] by Brézis, Haraux. [La-La] is concerned
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'with the Dirichlet problem for a function u(x) in a bounded domain Q
in R" with smooth boundary 20:

1) Lu 4 gu) = f(®) in 2, u =0 on 00,

where L is a second order linear elliptic operator.. Assuming g to be
bounded [La-La] presents sufficient conditions on g and f which are almost
necessary for the existence of a solution. The results have been extended
in various directions by quite a number of authors (see Williams [W],
Hess [He-1-2], Fuéik, Kudera, Netas[F-K-N], Nirenberg[N-1-2], De
Figueiredo [DeF-1-2], Kazdan, Warner [K-W], Dancer [Da-1-2]) where fur-
ther references may be found: They seek sufficient conditions for solvability
of nonlinear equations like (1) which are also close to being necessary.

In this paper we develop some general methods for attacking equations
in a Hilbert space (with scalar product (,) and norm | |) of the form

(2) Au+ Bu=feH

where A is usually a linear operator: D(A)c H — H, and B is a nonlinear
map of H into H. These are then applied to semilinear boundary value prob-
lems. The papers cited above also treat equations of the form (2) (some
in more general frameworks). We have tried to present results of sufficient
generality so as to include many of the cited extensions of [La-La). Some
of the known results are however not contained here. In particular there
are stronger results in case (2) arises from a variational problem, see for
instance Ahmad, Lazer, Paul [A-L-P], Rabinowitz [Ra-3].

If A represents an elliptic partial differential operator under suitable
boundary conditions then A-1, if it exists, is compact, and one may rewrite (2)
in the form % 4+ A—*Bu = A~'f. The more interesting case however is
that in which N= N(A) = ker 4 0. For A elliptic, N is finite dimen-
sional. In case A is self adjoint one also has

(3) R(A) = N(A)*.

We will seldom require 4 to be self adjoint but we will always suppose that (3)
holds (see however Remark I.2); then we have the orthogonal decomposi-
tion:

H=H1®H2=P1H@P2Ha H1=R(A)7 H2=N(A)7

and A-1: H, — H, is then compact.
In characterizing the range R(A 4+ B) of A 4+ B most of the abstract
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results take the form

(4) E(4 + B) ~ E(4) + R(B)

or more generally,

") R(A -+ B) ~ R(A) + conv R(B)

‘where «conv » denotes the convex hull, and § ~ T means the sets S and 7
have the same interiors and the same closures. In this respect our results
are natural extensions of those of Brézis, Haraux [Br-Ha] which are con-
cerned with relation (4) for 4, B monotone. (It is not true in general
that (4) holds for all monotone operators even in finite dimensions. For
instance, in the plane, if 4 — — B — the operation of clockwise rotation
by 7/2 then R(A + B) =0 so that (4) does not hold.) In [Br-Ha] are presented
various sufficient conditions for (4), together with applications to boundary
value problems. Here we do not assume that 4 is monotone but we require,
for instance as in Theorem I.1, that A-1: R(4) — R(A) is compact. In fact
(and this is important in the applications to hyperbolic problems) we usually
do not assume that N(A) = H, is finite dimensional but we still require com-
pactness of A~1: R(A) — R(A).

Our method of proof of solvability of (2) for fe Int R(A) -+ conv R(B)
begins in a rather customary manner. With the aid of results for maximal
monotone operators, and the Schauder fixed point theorem, we solve Ve > 0

8P2ug+.Aug+Bue=f,

where P, is the orthogonal projection onto H,. Then, with the aid of (es-
sentially) energy estimates we obtain bounds for |u.| independent of s—the
most difficult part being the estimate of |P,u|. In obtaining the bounds
for all solutions . we adapt an argument of [Br-Ha] which makes use of the
principle of uniform boundedness. The corresponding bounds for |u.| are
therefore not obtained constructively; we have no knowledge of their size,
just of their existence. Our view is that the techniques and tricks in the
proofs are perhaps of more interest than any of the particular results—which
have been devised for certain applications and admit many variations.
The abstract results are presented in Chapters I-III, the applications
in IV, V; we now give a brief description of the results. In Chapter I we
treat nonlinear terms B which are monotone and, in our main result of the
chapter, Theorem 1.10, we permit 4 to have a nonlinear, monotone com-
ponent 4,. A is not required to be monotone; its degree of non-monotonicity
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is measured in some sense by a positive number o < co which, in case A is
linear, is defined as the largest positive constant « such that

(5) (4w, u)>——§ |[Au|? Vue D(4);

monotonicity corresponds to « = oco. The nonlinear terms we allow are not
only to be monotone but are required to satisfy restrictive growth condi-
tions as |u| — oo (depending on «). For example, a simple case of the basic
condition (1.14) is: for some positive y < «,

(6) (Bu — Bw, u)>% |Bu|t — C(w), Vu, we H

where C(w) is independent of . This is automatically satisfied if R(B) is
bounded; it implies in turn that |Bu| = O(|u|) as |u| > co. We say that a
nonlinear operator B is bounded if it is bounded on bounded sets.

In order to give the reader some initial idea of the main result (which
is somewhat technical) we begin, in § 1.1, with a special case, Theorem I.1,
which, though simple, still has interesting applications. In I.2 we present
one—for the nonlinear wave equation

e — Uy, + (@, 8, %) = 0

for which we seek solutions periodic in time. The main result is presented
in 1.3 together with a first variant Theorem I.14 and another in I.5. In I.4
we drop the compactness assumption on A-%, and replace it by a kind of
Lipschitz condition (1.28).

Chapter IT introduces a device which is useful in determining whether a
given fe H belongs to the interior or closure of R(A4) 4- conv R(B)—in par-
ticular when dim H, < co. This is the recession function of B:

(M) J5(v) = lim inf (B(tu), u) ,

{—>+ o0
uU—>v

which is defined for any B, not merely monotone. Various properties of J 5
are described, in particular (Proposition I1.3): if B = 9y is the gradient of
a convex function ¢ then

(8) Jp(u) = lim (B(tu), u)

t—>+ oo
= Ix@)(u) = sup (¢, u)
defin peR(B)
p(tu)

= lim ~—,
t—>+ o0 t
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Then, in II.2 the recession function is used to investigate B(4) 4 conv R(B).
For example, (Cor. I1.7) if A is linear with N(4) = H, finite dimensional,
and B is monotone and satisfies (6), even in a weaker form, then, for
given fe H,

(9) fe R(A + B) <> J5(v)>(f, v) VweN(4),
(10) feInt R(A 4 B) < Jz(v) > (f,v) VYveN(A4), v£0.

Our methods for treating (2) apply also to non-monotone B, as we show
in Chapter ITI assuming usually that A is linear and dim N(4) < co—prov-
ided we require a condition like (6). We establish the arrows < in (9)
and (10) in a number of cases, Theorems ITI1.1-2 and their corollaries. The
results in Chapter IIT do not rely on those of Chapter 1.

In Section ITI1.3 we consider a particular class of nonlinear operators B
of the form

Bu = g(z, u(x)) .

Here H = L*(2) where Q is a bounded domain in R" with smooth bound-
ary 08Q; set
g.(x) = liminf g(x, w), ¢ ()= limsup g(, u).

U—>+ oo U—>— 00

If g has small linear growth as |u| — oo we present sufficient conditions on f
to be in the closure or interior of R(4 4 B). These are like the right-hand
sides of (9) and (10), except that J(v) is replaced by

fg+” +J.g—'0 .

[v>0] v<0]

(For convenience we usually omit the element of volume dx in the integrals.)
In case A is monotone, i.e. « = 4 oo, we also permit g to have arbitrary
growth in u, in one direction, i.e. we require

ug(@, w) > — c(@)|u| —d  with ¢(x) e L®, d(x)e L,

¢, d>0. Under some additional conditions we obtain (Th'm. III1.6) a solu-
tion u e L1(2) of

Au + gz, u) = f(@)
where 4 is the closure of A in L!x L.

In Appendix A we collect a number of useful facts about monotone oper-
ators and gradients of convex functions. In particular, Proposition A.4



230 H. BREZIS - L. NIRENBERG

relates condition (6) with the growth of B as |u| — co, while Proposition A.5
deals with a modified kind of Lipschitz condition as used in section I.4. In
Appendix B we describe without application, or proof, since it is somewhat
tedious, a still more general form of Theorem I.10 which includes both mono-
tone and non-monotone nonlinearities.

Turning to the applications, Chapter IV presents several applications to
semilinear elliptic boundary value problems

Lu + g(@,u) = f@) in Q

in which wu(x) may represent a vector (u!,...,#")(z). L is a linear elliptic
system. For simplicity we have confined ourselves only to the Dirichlet
problem, supposing « has zero Dirichlet data on 902. It will be clear that
the results may be extended in various directions. To describe one result
(see Theorem IV.8), consider the system

Ao + Jo + ¢, = E@) e C(2)
—Aw — hw + ¢, = n(@)e C°(2)

v=w=0 on 002

where ¢ is the convex function
(v, w) = [1 4 a2v® 4 b2o* 4 c2w? | dwt]?

and a, b, ¢, d are constants, d > 0. Here 1, is the first eigenvalue of — 4
and A is some other eigenvalue; let A4 be the eigenvalue of — A just preceding 4.
Then there is a solution (:;) € 0°(2) of the system provided

(@) 0 <b< HA—4),
or

(d) b =0 and af]v| >f§v Voe N4 + 4), v£0.

In Chapter V we treat parabolic and hyperbolic equations confining
ourselves to simple model problems. For parabolic equations of the form

us— A4+ gz, t,u) =0 in 2, u =10 on 92

we treat the initial boundary value problems as well as others. Section V.2
takes up a semilinear hyperbolic equation (with dissipation) in n-dimensions
for which we find solutions which are periodic in time, with prescribed period.

Further bibliographical remarks, in addition to those in the text, are
made after Appendix B.



CHARACTERIZATIONS OF THE RANGES OF SOME NONLINEAR OPERATORS ETC. 231

CHAPTER 1 Monotone nonlinearities.

CHAPTER II The recession funection.

CaaPTER III Nonmonotone operators B.

CrapreErR IV Elliptic equations.

CHAPTER V Parabolic and hyperbolic applications.

APPENDIX A  Some properties of monotone operators and gradients of convex
functions.

APPENDIX B More general form of the main result.
BIBLIOGRAPHICAL REMARKS.
BIBLIOGRAPHY.

CHAPTER I

MONOTONE NONLINEARITIES

I.1. Simple versions of the main result and some corollaries.
I.2. Applications to nonlinear wave equations.

I.3. The main result.

I.4. A «noncompact» variant of the main result.

I.5. Another variant.

In I.1 we describe—without proof—simple versions of our main result
and ‘we derive some corollaries. Their use is illustrated in 1.2 where we solve
nonlinear wave equations with periodic boundary conditions. Most of our
applications are presented in Chapters IV and V. In I.4 we consider a variant
of the main result, in which the compactness assumption is replaced by a
Lipschitz condition. In contrast with most other proofs in the paper, the
proof does not rely on the Schauder fixed point theorem. Another variant
is given in I.5.

I.1. Simple versions of the main result and some corollaries.

Throughout the paper the following class of linear operators will play
an important role. Let H be-a real Hilbert space.

ProPERTY I. Let D(A)c H — H be a closed linear operator with dense
domain and closed range. Assume that

N(A) = N(4*) (or equivalently R(4) = N(4)').
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A is therefore a one-one map of D(4) N R(A) onto R(A4). Assume further-
more that the inverse

A': R(A) —- R(4) is compact .

Operators A satisfying all these conditions will be said to have Properiy I.
H has an orthogonal decomposition H = R(4) @ N(4). For ue H

we set u = u, -+ 4, = Pyu + P,u or sometimes u = Zl with u, € R(4),
2

u, € N(A). Since there is' a positive constant o, such that o|u,|<|du|,
ueD(A), we have

1
(Au, u)>— [Au||uy|>— o |[Au]*  weD(4).
0
Throughout the paper we denote by « the largest positive constant such that
1
(Au, u)>——& [Au]2  YueD4).

(We have a = -+ oo iff (Au, u)>0 Yue D(4).)
In case A = A* then « is the first positive eigenvalue of — A.
Assume B: H — H is a (nonlinear) operator satisfying

For some positive constant y < «,

(1.1) 1
(Bu — Buw, u)>-}; [Bu]*— C(w), Vu, weH

where C(w) depends only on w.

This artificial looking hypothesis should be viewed as an assumption
about the behavior of B at infinity and not as a coerciveness assumption.
It implies

. | Bu|
lim sup <y

lul—>c0 I |

and, conversely, it can often be derived from the behavior of B at infinity.
This is true in particular for gradients of convex functions (see Appendix A,
Propositions A.1, A.4, A.5, A.6). Note also that any monotone operator with
bounded range satisfies (1.1) since (Bu — Bw, u)> (Bu — Bw, w).

THEOREM 1.1. Suppose A has Property I. Let B be a monotone demicon-
tinuous (i.e. B is continuous from strong H into weak H) operator satisfying (1.1).
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Then
R(A 4+ B) =~ R(A) + conv R(B)

(conv denotes convex hull).

THEOREM I1.1'. Suppose A has Property I and for some r >0, A + rI
is invertible. Let B be a monotone demicontinuous operator such that

|Bu —ru|

1.1 lim 0.

lul—>oc0 ||

Then A -+ B is onlo.

We omit the proofs—Theorem I.1 and I.1’ are special cases of The-
orem I.10—and proceed with some consequences. [To derive Theorem I.1’
from Theorem 1.10 take S = rI on H, and note that (1.14) holds since

(Bu — Bw, v — v) = (Bu— ru + ru — Bw, u — v)

>riulz— C(v, w)|u| — |Bu — rulju — v|
1
% [ufs — (0, 0) > |Bu — ruf: — (0, 0,)
for any y > 0. Finally (1.1') implies that B is onto, since B~* maps bounded

sets into bounded sets.] We study in I.5 the case where N(A -+ rI)+# {0}.

COorROLLARY 1.2. Under the assumptions of Theorem 1.1, if H,c R(B)
(which is the case when |Bu| — oo as |u| — o), then A + B is onto.

CorOLLARY I.3. Assume A has Property I. Suppose B is demicontinuous
and B = 0y is the Gateaux derivative of a convex continuous function v, that is

) —
(Bu, v) = lir? p( + vt) £1C) , uyveH.
Assume
lim sup ———leI <Z.
ol—>oc0 lv] "2
Then

R(A + B) ~ R(A) + conv R(B).

Corollary 1.3 follows from Theorem I.1 and Proposition A.4.
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CoROLLARY I.4. Assume A has Property I. Suppose B is demicontinuous
and B = oy, y convex. Assume
p(v) «

1.2 lim su <-.
) Jol—>c0 P [v]* "4

Assume furthermore that for some R >0 and 6 >0
(1.3) p(v) — p(0)>6, VveN(4), |v|=R.
Then there is a solution we H of

Auw + Bu =0.

In particular if lim y(v)/|v]| = + oo, then A 4+ B is onto.
vend)
Proor. Assumption (1.2) implies (1.1) (see Appendix A, Proposition A.1).
Since y is convex we see from (1.3) that

zp(v)—w(O))ég—l for v € N(4) with jv|>R.

Hence

w(v)>%—0 for all ve N(4).

Thus for any fe H with |f| < d/R, the convex function y(v) — (f, v) has a
minimum on N(4) which is achieved at a point v,.

Consequently Bv,— fe N(A)* = R(4) which means fe R(4) -+ R(B).
Thus 0€Int[R(A4) + R(B)] = Int[R(4 + B)]. q.e.d.

A more general form of this is given in Corollary I.15.

COROLLARY I.5. Assume A has Property I. Suppose B is monotone demi-
continuous, B = oy, B is onto and

[

. |Bo|
lim sup ol < 00

lv]—>00 I I

Then e, > 0 such that for 0 << |e] << &,
A+ eB is onlo.

Corollary I.5 follows from Corollary I.3.
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REMARK I.1. In solving equations of the form
(1.4) Au; + eBu; = 0

one usually performs a bifurcation analysis about a solution u,e N(4)
satisfying Bu,€ N(A)*. Under our conditions, all solutions of (1.4) satisfy
|ue| < constant for |¢| small. Through a suitable sequence &, — 0, . there-
fore converges weakly to some u,€ N(A) satisfying Bu,e N(4)+. This will
be clear from the estimates occurring in the proof of Theorem I.10.

If we strengthen condition (1.1) we also obtain a uniqueness result.

COROLLARY 1.6. Assume A has Property I. Suppose B is onto, and satisfies

1
(1.5) (Bu — Bw, u—w)>; |Bw — Bw|*, VYu,weH

with y < a.
Then Yfe H there exists a solution of

(1.6) Au + Bu = f,

and the solution is unique mod N(A). If furthermore B is one-one the solution
8 unique.

Proor. Note first that (1.5) implies (1.1) with any 9’ > y. So existence
of a solution # follows from Corollary I.2. If w is another solution of (1.6),
then by (1.5) we have

1 1 1
— |Bu — Bw|*<= |Au — Aw|>*<= |Bu — Bw|*.
y 3 o

Since y < a, the desired result follows.

REMARK 1.2. The condition R(A4) = N(4)* can often be achieved by a
change of scalar product: Let A: D(4) c H — H be a closed linear operator
with dense domain and closed range. Assume that H = R(4) @ N(4)—a
direct sum not necessarily orthogonal. Any %€ H can be uniquely decom-
posed as w = u, -+ w, with u,€ R(4) and u,c N(4). If we define on H
the new scalar product

{uy ) = (g, 1) 4 (%, ;)
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then R(A) and N(A) become orthogonal. The conclusion of Theorem I.1
holds provided B is a monotone operator relative to <, > and satisfies (1.1)
with respect to (, >. In general the conclusion of Theorem I.1 is false if we
assume only that H = R(4) ® N(4) (in place of R(4)= N(4)) and
that B satisfies the monotonicity assumption as well as (1.1) with respect
to the original scalar product (,). Indeed in H = R? set

(-0 #0-Co)

where g is a continuous nondecreasing function on R such that |g|< M. B is
monotone and in fact B = oy (with y(»,y) = G(x + y), G¢'= g). Here

R(A) + R(B) = { ; H yeR(g)} while R(A 4 B) is the graph of the func-

tion g((I + ¢)%); thus R(4 + B) is «much smaller » than R(4) 4 R(B).

REMARK 1.3. Suppose A satisfies Property I. Let y be a nonconvexr C*
function on H such that B = oy has bounded range and u(v) — - oo a8
[v] > o0, ve N(4). Itisnatural toraise the question whether 0 € R(A 4 B).
The answer is positive when A* = A and (for simplicity) dim H < oo
(see [A-L-P]). The answer is negative in general. Here is an example.
In H ~ R? set

@ Y
Aly)=|—=], w(z, ¥, 2) = h(x) cos z + h(y) sin z 4 f(2)
2 0

‘where:
f(t) is a smooth function satisfying

If®)|<%, and () - + oo as [t] - oo,

k(t) is a smooth odd function satisfying 0<h(t)<%, h(t) = /2 for 0<i<1
and h(t) = constantfort>2. Clearly Bisbounded on R®and (0,0, 2) - -} co
as [z[ —> oo.
b
CrAiM. The equation Aw 4+ Bw = 0 has no solution. Suppose v = {y
2z
is a solution. The first two equations state

Y+ }i(w) cosz =0
—x+ h(y)sineg=0.
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These imply @* + y*<} and hence h(z) = h(y) = 4, h(») = #/2, h(y) = y/2.
Thus

x=4isinz, y=—4}cosz.
Inserting these values in the third equation we find
— }sin?z— leos?z 4 f(z) =0
contradicting the fact that |f|<%.
To conclude this section we describe a result (without proof) in which 41

is not compact. It is a special case of Theorem I1.16 of Section I.4.

THEOREM 1.7. Assume A satisfies all the conditions of Property I except
the condition that A~' is compact. Assume B: H — H is demicontinuous,

B = 0y, p convex and satisfies
(Bu — Bw, u — w)<yplu — w|*, VYu,weH with y <.
Then

R(A + B) = R(4) + conv R(B) .

REMARK I.4. In Theorem 1.7, that B = 0y cannot be replaced by the
condition that B is merely monotone, even if we assume

|Bu — Bw|<ylu —w|, Vu, we H with y <a.

Indeed in H = R? consider

— 1 0 0 ¢
A:( ), Bz( ),s#().
0 0 — & &2

Here B is monotone, one-one and onto. But 4 + B is singular for every ¢
while |Bu|<y|u| for some y < a =1 if |¢| is small.

L.2. Applications to nonlinear wave equations.

To illustrate the results of 1.1 we present a simple application to a non-
linear wave equation in one space variable. We seek solutions which are
periodic in time.
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Consider the equation
®.7) s — Ugr + (@, 8, u) = 0
in Q: 0<z<zm, 0<t<2x with the boundary conditions
(1.8) u(0, ) = u(n,?t) =0,
for which we wish to find solutions periodic in ¢ of period 27; g is assumed
periodic of period 2z in #. (We may replace (1.8) by periodicity conditions
in x, period z, and obtain similar results.)
We assume ¢ is measurable in (z, f), continuous in %, furthermore either g

or — ¢ is nondecreasing as a funection of u and satisfies in our first applica-
tion a.e. (,t), Vu

(1.9) ﬂl“l — hy(x, 1) < |g(w, 2, w)| <p|u| + ka2, t)

where > 0, hy, h,e L. Assume y<<3 or y<<1 according as g or — g is
nondecreasing.

THEOREM 1.8. Under these conditions the problem possesses at least one
solution in L2. Furthermore if ge C* and L g,>c> 0, then there is a C*
solution.

In general if g is smooth, solutions need not be smooth, nor unique. For
instance any function of the form

u=p(+ z)—plt—x)

with p e L®, sup |p|<k/2 is a solution in case g = 0 for |u|<k. Under ad-
ditional hypotheses on g we can get a uniqueness result:

THEOREM 1.9. In Theorem 1.8 if we add the condition
(1.10) lg(, ¢, u) — g(x, t, )| <y|lu —v| a.e. (x,t), Yu, v

with y < 3 or y < 1 respectively.
Then the solution of (1.7) is unique mod N(A). If, furthermore, g is strictly
monotone in u for every (x,1), then the solution is unique.
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This contains Theorem II in DeSimon-Torelli [DeS-T] (see also Mawhin
[M-2]) as a very special case. Note that in Theorem I.8 we obtain existence
without assuming any Lipschitz condition on g.

Theorems I.8 and I.9 hold in fact for any period 7T which is a rational
multiple of & (then the range of 02/0t2 — 02/0x? is closed). This fact as well
as other existence results for equations of this form will be presented in another
paper devoted to periodic solutions for hyperbolic equations under various
growth conditions on the nonlinearities [Br-N].

We give a brief description of the proof without carrying out all details.

Proor or THEOREMS 1.8 AND 1.9. Let H = L*Q), A= -+ (02/0t> — 02/0x?)
with the boundary and periodicity conditions, where we choose the -4 (resp.—)
sign if g is nondecreasing (resp. nonincreasing) in u. Using Fourier series,
in fact a sine series (in «) expansion for u = Y ay sin jwe™, a,, = a;_;,

i<o0
s0 Au = £ Y (j2 — k®)a, sin jue™, as in [Ra-1], one sees easily that
i<o
k
H,= N(A) is spanned by functions of the form sin jx cos jt, sin jz sin jt,
j >0, that H, = H,, and that A4 satisfies condition I with x =3 or a =1
respectively.

We apply Corollary I.2. Using the left-hand inequality of (1.9) one
sees that |Bu| — oo as |u| — co. Assumption (1.1) follows from the right-
hand inequality in (1.9) and Proposition A.6. Therefore A + B is onto.
Theorem I.9 follows from Corollary 1.6, since (1.10) implies (1.5).

To see that 4 € C° in Theorem I.8 under the additional conditions on ¢
we rely on known regularity results (see for example [Ra-1] §3): namely
if v = wu, + 4, u, € R(A4), u,e N(A) then

(i) If u, € H* (i.e. has square integrable derivatives up to order k),
then u, e H**1,

(ii) If u, e H* then w, e H*, k= 10,1, 2, ....

Repeated application of this yields the regularity result. Q.e.d.

REMARK 1.5. If (1.9) (or (1.10)) holds with y = 3 or 1 respectively, there
need not be a solution of (1.7); for example the equations

Uyg — Uy + 3u = sinxsin2¢ and %,y — Uy, — 4 = Sinx
have no solutions satisfying the boundary and periodicity conditions.

We have used Theorem I.1 in proving Theorems 1.8 and 1.9 and because
of that we had to restrict y to be small in (1.9). Let us suppose however



240 H. BREZIS - L. NIRENBERG

that g satisfies (1.9) with » > 0 and some y. For certain functions g (for
convenience, assume g is nondecreasing in #) we may still solve (1.7)—with the
aid of Theorem I.1'.

Consider g of the form

g(a:, l,u) = ru + g(my 1y )

with some positive constant r about which we suppose r £ k2 — j2 for all

integers j > 0 and k.
Assume V6 > 0 Jhy(w, t) € L* such that

(1.9 |§(@, t, w)| <Olul + hy(@,?) .

THEOREM 1.8'. Under these conditions on g, (1.7) possesses at least one solu-
tion in L. Furthermore if ge C* and g,>¢> 0 then there is a C* solution.

Proor. As before we take A = (0%/0t* — 02/ox?), B = ¢ and we apply
now Theorem I.1'. This proves the existence. That u is in C* under the
additional conditions follows as in the proof of Theorem I.8.

Before leaving equation (1.7) we take up one more case. Consider again g
(nondecreasing in #) of the form ¢ = ru -+ §(x, ¢, v) with » > 0 but sup-
pose now that r = k* — j2 for some integers j> 0 and k. In this case r is
an integer, and the set X of pairs of integers j > 0, %, for which r = k2 — j2,
is finite. With A = 02/0t? — 02/0x* as before, let H, = N(A4), and let H,
be the space spanned by the funections sin jx cos k¢, sin jzsin kt for §, k
belonging to the set X'; H, is finite dimensional.

Finally let H, be the orthogonal complement in H = L, of H, @ H,.
Denote by A; the restrictions of A to the respective invariant subspaces H,,
j=1,2,3. Clearly 4, =0, and 4, = —rl.

Concerning § we now suppose Vé > 0 dh,(z,?) € L* such that

(L.9) 9@, 1, w)| <6lul + hy@, )
and
(1.9™) uf(x, t, u) > — o(x, t)|u| — d(x,t) for ce L2, de L.
Set

§. (@, t) = lim inf §(w, ¢, w) , J_(@,t) = lim sup §(x, t, u) .

U—>+ o y—>— 0
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THEOREM 1.8". Let g satisfy the preceding conditions and suppose

27 7 2n 7
[ [g0a0ar +[ [gvamat>0, WoeH, =1,
0 0 ' 00
[v>01 [v<0]

then (1.7) has a solution in L2. Furthermore if g€ C° and g,>¢> 0 then it
is wn C=.

Proor. The proof makes use of a variant of Theorem I.1, Theorem I.20
of section 1.5. It also uses Prop. I1.4 of Chapter II. Setting Bu = g(z, ¢, u)
we see that Theorem I1.20 with 8 = rP,, gives the desired result provided
(1.33), (1.34) and (1.36) hold. Clearly (1.33) holds in view of (1.9”). In our
case the operator N of that theorem is simply

Nu = §(x, t, u) + rPyu .

Thus (1.9”) implies (1.34). Finally for B = § we see that Jy(v)>J3(v) and
consequently (1.36) holds in virtue of Prop. II.4 (which uses (1.9”)). The
regularity of the solution under the additional hypotheses is proved as
before. Q.e.d.

Theorem I.8” is related to Theorem III.4 in [Ra-3].

1I.3. The main result.

In this section we prove Theorem I.1 in a much more general form; in
particular A may be nonlinear. H is a Hilbert space with an orthogonal

decomposition H = H, @ H,. For an element we H, we denote its de-
composition by % = 4, + 4, = P,u -+ P,u or sometimes write u = (Zl)
2

CONDITIONS:

(1.11) 8:H, — H, is a demicontinuous operator with |Su|<ru|+ O, and
A, is an operator: D(A4,)c H, — H, satisfying: 4, = 4, + 8 is
one-to-one, onto; /1'1_ 1 is assumed to be continuous from weak H,
to strong H, and

-~ 1
(49, u)>— p |[dult—C VYueD4,),
aolu| < |Ayu| + € Yu € D(4,)
for some constants «, o, > 0 and C.

16 - Adnnali della Scuola Norm. Sup. di Pisa
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(1.12) A, is a maximal monotone operator:

D4,)cH,—>H,  with 0eD(4,), 4,0=0.

Ay D(4,)
e ()= (2)
A4, D(4,)

(1.13) B: H — H is monotone demicontinuous and B(0) = 0.

‘We write
Cl(“))
Bu = .
2(%)
(1.14) For some positive y < a, and some v < ai(y~'—a~!)— 7, for every

v,we H and every 6 > 0, there exist %(d) and C(v, w) such that
Vue H

Set

(Bu — Bw, v — v)>y |Byw — Su,|* — T|uy |2 — C(v, w)(6|us| + %(9)) .

THEOREM 1.10. Under the conditions (1.11)-(1.14),
R(A + B) =~ R(A) + conv R(B).

REMARK I.6. In Appendix A we present some conditions under which (1.14)
holds with § =0, v = 6 = 0. Since (Bu — Bw, u — v)> (Bu — Bw, w — )
‘we observe then (with the help of Proposition A.2 in Appendix A) that (1.14)
holds for any 8 and any 7, for any y > 0, in case

[Byul® |Bau|
lim =
lulsoo | [Ua]? + [wa] © |ug|? 4 |us

for some p < 2.
REMARK I.7. In the situation of Theorem I.1 we take H, = R(4),
Hz .N(A), .A]_— AID(A)“R(A)’ Az-— 0

The conclusion of Theorem I.10 tells when the equation Au + Bu = f
is solvable or almost solvable. Our method of proof conmsts in treating an
approximate equation: for ¢ > 0

(1.15) eu,, + Aus 4+ Bus = f.
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With the aid of the Schauder fixed point theorem we first show that (1.15)
has a solution for any fe H. Next, for certain f, we establish bounds for |u.|,
|4,%| ete. independent of ¢. Finally we carry out a limit process as ¢ — 0
using a variant of Minty’s trick.

LEMMA 1.11. For every f € H and & > 0 there exists a solution w. of (1.15).

Proor. There are several steps.

Step 1. For fized u,ec H,, there exists a unique solution u, = ¢(u,) of
(1.16) gty + Agty + By(u; + ) = f5 .

A, is maximal monotone and B,(u, + u,) is monotone demicontinuous in u,.
Their sum is therefore still maximal monotone (see for example [Bré-2]
Corollaire 2.7). Hence (1.16) has a unique solution for each fixed u, (see [Bré-2]
Proposition 2.2).

Step 2. We claim that Vu, e H,
1
(1.17) (Byu — Su,, “1)>-}; |Byw — Suy|* — (v + 7)|wy|* — C

where 4 = %, + ¢(u,), and hence
(1.18) |Byu| < C(Jus| + 1)

where C is independent of %, but may depend on e.
This is based on (1.14) with v = w =0 and 6 = 1: with u, = ¢(u,),

~ Bu— Sl < (B, )+ ehal* + ] + €
<(Bywy ;) + (fa—&us — Agug, ) + Tlug|? + |us| + C
< (Bruy uy) + Tl —euy|? 4 Cluy| + C

since A4, is monotone. This yields (1.17), from which (1.18) follows easily.
Step 3. @ is continuous from H, into H, in the strong topologies. Indeed
let u;, — u,; we have
EUyn + AUy -+ By(Uin + Uzn) = fo
euy + Ayu, 4 By(u, 4 w) =f,.
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Subtracting and taking the sealar product with u,, — %, we find using the
monotonicity of A,

&lthan — Up|® + (Bain + Uan) — Bo(thy + %)y tan — %;) <O
or, adding an obvious term to both sides,
&|Ugn — Us|? + (Bthn — Bu,y Uy — ) <(Byty — Bythy Win — ;) .
Since B is monotone we find
&|Ugn — Up|2< | Bity — Bru||Uyn — U] .

The desired result follows with the aid of (1.18).

Step 4. Conclusion of the proof of the lemma. To solve (1.15) we have
to find a solution u, of

Au, 4 Bl(u’l + ‘P(ul)) =h
or

J1u1 + By(u, + ) = fl + Su,,
i.e.
Uy = “Il—l[fl + Su, — B, (u, + ¢(w,))] = Tu, .

We shall prove that 7' has a fixed point.

We show first that T is continuous in the strong topologies: If u,, — u,
then u;, + @(u1,) — %, + @(u,) by Step 3. Because B is demicontinuous
B, (%:n + @(u;,)) converges weakly to B,(u; + ¢(u,)). The conclusion fol-
lows from the assumption on A7

We note further from our assumptions that 11'1_ ! maps bounded sets into
precompact sets and hence 7T is a compact operator (here we use (1.18)).

Finally we shall verify that

(1.19) Tul 75 lul ’ U € Hl, |u1| == R, V}.}l

provided R is large enough.

From (1.19) it follows by the Schauder fixed point theorem (applied
to P,T where P is the projection on the ball of radius R) that T has a
fixed point with norm < R.
Suppose Tu, = Au, with 1>1, i.e.

ﬁl(l’”fl) + Bl(’“l -+ (P(ul)) =fi+ Su,.
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Taking the scalar product with iu; we find using (1.11) and (1.17)
|B1u—Su1|2<A|f1||ul| + = |A1(lul)]2 C+ (z + r)A|w|2 + AC

where % = 4, + @(u,).
Therefore for any v'> 7 + 7,

%[Blu— Suy2<= |A,(Aug)[2 -+ v A%fuy|2 + O(7)

A
RIMH RIK

)2 + 5 (12w | + €) + 0(x')
<ol ()| + C(o)

for any o> 1/a + (7 + 7)oy ® (choosing 7'— (v + r) small). Finally
1
" | Byt — S|P < o|Bytt — Su, — f4|2 + C

and since o'+ (v 4+ r)eg?<y~! this yields a bound for |Byu — Su,|,
|4,(Au,)| and then for |u,|. The lemma is proved.

LeMMA 1.12. Under the hypothesis of Theorem I1.10, for

f€ R(A) -} conv R(B)
we have
EUe >0 as e—0.
Proor. Write
f= Av+ %tiBwi, t,>0, Dt,=1.
By (1.14) 1

(Bue — 3 t;Bw;, e — v) > ” |B1ue— 8 Uge|? — T|thge|2 — Ofthge| —

where O is independent of ¢, but may depend on v, wy, ..., w,,y, 0.
Replacing Bu, by its expression determined from (1.15), and f— ¢,Bw,
by Av, we fiind

(— Aue + Av — ety Us — v) + T|Uye]® + 6|u2~|> |Bythe — Stty¢|2 —
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Hence by monotonicity of 4, and by (1.11)

1 & 1
(L20) = |Byte— Swel* + gluael’ <7 [ytel* + C|A e +

+ TlUge|? + Olthes| + C + (Uye — 01,y Sthye + A,0) .
Looking at the H, component of (1.15) we have

‘/Iluls + Byus — S8u;e = fo

and so
| A 46| < |Bywte — Suy,| + €,

aolulsl < IBlucg —_ Sulsl + 0 .

Inserting these inequalities in (1.20) and recalling that «=*4- (7 +r)ay 2< y ™!

we find V6> 0
€
3 [#16]2 < B|use| + C(6) .
This implies that ¢|u,,| — 0 as ¢ — 0, for otherwise, for some sequence ¢, — 0
$ea|Uy, |>0>0

and so |u,, | = co. But then if we take 6 < ¢ we find e<d + C(0)/|u,, | — 9,
contradiction.

LeMMA 1.13. Under the assumptions of Theorem I.10, if
feInt[R(A) 4 conv R(B)]
then |ue|, |Bite|, |A,%,,| are bounded independent of .

ProOF. As in [Br-Ha] we use the principle of uniform boundedness but
the argument is a bit trickier. For any ke H with |h|<< some small number
we may write

N
f+h=A’v+zt§Bw" ti>0’ zt‘=1,
1

v, w;, t; and N depend on h. C(h) will be used to denote various constants
depending on k but independent of .
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We have
Euze —I" Aue + B’u«g— (.A’U + zt;Bw,» -_— h) == 0 .

Taking scalar product with w; — v we find, since A, is monotone,
(1.21)  (Ry ue) + (Bue— 3, 8, Bw;y e — 0) < — (Ay%ye — A, 0, Uye — v,) + C(h)
<;1( | Ay + C)| Ayuge] + Ch) + (tye — vy, Sthye + A,0)
<% |[dyue|® + Clhy o'y ') + 7' |Uyge|?

for any a'<a, r'>7r.
From (1.14) we see that V6> 0

121) (b we) + 3 [Bytte— Sl < [t + (5 + el
+ C(h)(6|u28| + k(ts)) + C(hy o'y 7') .

Using (1.11) and (1.15) we see that for any fixed o> 1/x -+ (v 4 r)/a2,
by choosing «' close to o« and ' close to r, -

1.22) (b ue) + (%— q) IBytte — Sttt < (B[tine| + K(8)) C(R) -
We claim that
(1.23) |ue] <C independent of .
Suppose not; then for a sequence &, — 0,
[the | = o0
By (1.22) V6 > 0 3k(6) such that
(1.24) (B, ue,) < (8|ue | + %(3)) C(h) .

For r > 0 set w(r) = Iénﬁ {or + k(0)} so that lim w(r)/r = 0. Since (h, u:)<
<l r—>+ 00

<w(|%e]) C(h) we see by the principle of uniform boundedness that
|ue,|/w(|ue,|) < C, a contradiction.

Thus (1.23) is proved.

Choosing b = 0 in (1.22) we find

|Biwe|<C independent of ¢.
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For (1.15) we obtain the desired estimate for |A u,|. Lemma I.13 is
proved. Note that the proof gives no information at all about the size of the
bound for |u.|, just its existence.

We are now in a position to complete the

Proor or THEOREM 1.10.
(i) To prove R(A -+ B) = R(A) -+ conv R(B) we need only show that
if f e R(A) 4 conv R(B) then f e R(A - B). This follows immediately from
Lemma I1.12 for our solution u. of (1.15).

(ii) To prove that R(4 4 B) and R(4) + conv R(B) have the same
interior, it suffices to show that any fe Int (R(4) + conv R(B)) belongs to
R(A 4- B). Consider our solution u. of (1.15). We will study the passage
to the limit in (1.15) as ¢ — 0. For a suitable sequence ¢, —-0 we may
assert in view of the bounds of Lemma 1.13 and the fact that fff 1is con-
tinuous from weak H, to strong H, that

g, — Wy Uy, —> Uy,  Ayu, — 4w, .

Set w = u; -+ u,.
For any & = &, + & with & e H,, & € D(4,) we have, by monotonicity,

(Bug" — B¢, e, — £)>0
i.e.
(f — enthy,, — Au, — BE, ue — £)>0.

Using the monotonicity of 4, we find
(f — BE, e, — &) > enlthy, y Uy, — &) + (Aathy, s Uy, — &) + (4,8, 4, — &)
and going to the limit as ¢, — 0,
(1.25) (f — B, u— &) > (Ayuy, uy — &) + (4osy u, — &) -
(@) Set & = u,; then we find
(f: — Ba(uy + &) — A28y us — £) >0

Since the map &, - A,&, -+ B,(u; + &) is maximal monotone, it follows
that

(1.26) fo = Asu, + Byu .
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(b) If we now set & = u, in (1.25) we obtain
(fl — By(&, + up), u, — 51) > (A%, uy — &) .

Now use the Minty trick: for w,e H, and t positive, set & = u, — tw,.
After dividing by ¢ we find

(fr — Buw — tw,) — Ayug, wy) >0.

Letting ¢ — 0 and using the fact that w, is arbirary in #, we may conclude
that

fl—B1%~A1u= 0.
This together with (1.26) shows that

Au + Bu = f. g
Theorem I.10 is proved.
One can present many variants of Theorem I.10 by slight modifications
of the hypotheses. For example here is a result in which we weaken the con-
ditions on B but strengthen those on A.

THEOREM 1.14. Assume (1.11)-(1.13). Assume furthermore that A, satisfies

(1.27) (4w — A0, 4 — w)>— C(v,w), u,v,we D(4,).
In place of (1.14) assume for some positive y<<a, T<< oyt —al)—r
and Y6 >0

(Bu — Buw, u)% Byw — Sus* — thus]t — O(w) (O] + (),  Vui, w
where C(w) depends only on w, k(0) only on 6. Then
R(A + B) ~ R(A) ++ conv R(B) .

ProOF. Weindicate the modifications needed in the proof of Theorem I.10.
These occur only in the proofs of Lemmas I.12 and I.13.
In the proof of Lemma 1.12 we have now

1
(Bu: — > t,Bw,, ue) >;’- | By e — Sthy|® — T|Use|® — O|tty,| — C
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where C is independent of ¢ but may depend on w,, ..., w,, », 6. Then we find

1
(Av — Uge — Aue, us)>; | Bytte — Stse|® — T|Use|2 — O|thge| — C .

Hence we obtain
1 1
5 |Byw — Suye|? + elu,£|2<; [dyuse|* + Cluge] + € + (r + 7)|thge|® - 8]uge]

since (4,u, — A,v,u,,)>C by (1.27). This is similar to (1.20) and we pro-
ceed as before.
Turning to Lemma I.13 we have, to begin with,

(8’“26 + Au‘" + Bu’e — Av— z ts‘Bwi + h, ue) =0.
Hence

1
(hy we) + (AstUge — Agv, Uge) <E |111’u1812 + Ch)|uy| 4 C + r|uye|?
— (Bue— Y t; Bw,, ue) .
By (1.27) and (1.11) we find

1
(hy we) <= [Ayuse|t + OB)|Aytue| + C(B) + rluge| — (Bue— 3 ¢ Bw;, ue).
Hence, as before for any a'<< «, 7> 17

1 1 ,

(hy ue) + ; | By we — S’“elz<; 't‘L’“wlz + 7 |uge|?
+ O(0)(Sluze| + k(0)) + C(h, &', 7).
This is like (1.21’) and the proof of Lemma I.13 proceeds as before. We con-

sider Theorem I.14 proved.
Using Theorem I.10 we may prove a more general form of Cor. 1.4:

CoROLLARY 1.15. Let A satisfy conditions (1.11), (1.12) with 8 = 0, and
let B be demicontinuous, B = oy, y convex. Assume that for some positive
constant o < /4,

Cp(uy -+ u)<olu|t 4+ Cwy), Vu,eH,, u,€ H,.
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Assume furthermore that for some R>0, 6 >0
p(u) — p(0)>0  for u,€ Hy, |us| = R.
Then there is a solution we H of

Au 4+ Bu=0.
In particular if
lim Plh) _ + o

ug€H, luzl -
|ug|—>00

then A -+ B is onlo.

ProoF. Proposition A.1 implies (1.14) with § =0, 6 = 0 for some
y < a. Then just follow the proof of Corollary I.4.

L4. A «noncompact » variant of the main result.

We consider A, as in Theorem I.10, with slight modifications. As before
H = H,® H, is an orthogonal decomposition.

CONDITIONS

(1.28) A,: D(A,)c H, — H, is one-one and onto, A, 1 is demicontinuous
and Yu,u'e D(4,) and some x> 0:

(Ayu— Au'y u— u’)>—al‘ |[Aju— Au']2.

THEOREM 1.16. Assume A, satisfies (1.28), A, satisfies (1.12) and set

2 B2
vex continuous, and

A= (j‘) Assume B = (B‘): H — H is demicontinuous, B = 0y, y con-

(1.29) (Byu — Byw, u — w)<ylu —w|?, y<a, Yu,weH.

Then
R(A 4+ B) ~ R(A) 4 conv R(B).

Furthermore if Aw + Bu = Au' 4 Bu' then u, = u, and Bu = Bu/'.
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REMARK 1.8. Assumption (1.29) holds if

|B;w — Byw|<ylu —w| VYu,weH,
or if
(Bu — Bw, u — w)<y|lu —w|>? VYu,weH

(which is equivalent to |Bw — Bw|<y|w — w| Vu, w by Prop. A.5 and the
remark following it).

COROLLARY 1.17. Under the assumptions of Theorem 1.16, A -} B is onto
if B is onto, A -+ B is one-one if B is one-one.

Proor. If B is onto then Int[R(4 4 B)] = Int[R(4)+ conv R(B)]= H.
Suppose » and »' are two solutions of ’

Auw + Bu=f.
We deduce from (1.29) (see Prop. A.5) that
(Bu— Bu'y u — ') >3—1/ | By — Byu'|?
and therefore, by (1.28),
% 1By u— Blu’[2<§ 1Ay, — Ayul]?.

Thus

1 e 1 /
;I-Al U — Ay “1|2<a I(Al'“q — A4, “1)!2

and so A,u, = A,u,, Bju = B,u’. Since 4, is one-one, u, = u;. We also
have (Bu — Bu',w — ') = 0, which yields Bw = Bu' (see Proposition 2
in [Bré-B]). In case B is one-one it follows that u = w'.

CorOLLARY I1.18. Let A be as in Theorem I1.16. Assume B: H — H is
demicontinuous, B = oy, ¢ convex and

njw — w|2< (Bu — Bw, u — w)<yplw — w|* VYu,weH

with n > 0 and y < a. Then A 4+ B is one-one and onto.
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REMARK 1.9. If A is linear and satisfies all the conditions of property I
in Section 1.1 except that A-*is compact, then it satisfies the condition of
Theorem 1.16 if we set A, = 4|, 4z, 42 = 0; We obtain Theorem I.7.
In case A is also self adjoint and B is in C* then Cor. 1.18 coincides with a
result of Mawhin [M-4].

In the proof of Theorem I1.16 we shall use

LeEMMA 1.19. Under the assumptions of Theorem 1.16, for every &> 0
and fe H, the equation

(1.30) ey + Au + Bu = f

has a solution.

Proor. Set A, = ¢P, + A, so that A, is one-one onto and Vv,v'e H
- , 1 / 1 /
(A7 — A7, 0 —0')> — z |o, — 012 + - |vy — vg]?.

In addition A4;! is demicontinuous. Equation (1.30) can be written as

w = A7Yf— Bu) where Bu= A,u, + Bu
or

Mo+ A7'w20.
with

v=f— Bu, My = — B(f—v).
M is a maximal monotone operator (since BB is) and by Proposition A.5,
(1.29) implies

1
(Mv— Mv'yv— v’)>)—’ |vy— 12 Vo, v'e D(M)

(more precisely we have

1
(h—h'yv— '0’)>?—)|vl — |2 Vhe Mo, Vh'e Mv’).
Set N = M + A;'; N satisfies

1 1 1

(Nv— Nv',v— v’)>(}—,-—;) [v, — o4 + " [v,— w2 0lv— |2 (6> 0).
Therefore N is monotone; in fact N is maximal monotone since N + AI =
=M+ (AI + A') is onto for A>1/x (M is maximal monotone and
(1/a)I + A" is monotone demicontinuous). Consequently N is one-one onto.
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Proor or THEOREM I.16. Since B = oy and satisfies (1.29) it follows
from Prop. A.5 that

(1.31) (Bu — Bw, 4 — v) >)% | B, |2 — C(v, w)
' Vu,vwe H, some y'< .
Suppose first fe R(4) + conv B(B) and write

f=A4v4 3 t,Bw;, t,>0, >t;=1.
We deduce from (1.31) that
(1.32) (Bu—f + Av,u—v)>% |Biu]t*—C VYueH.
Let u, be the solution of
(1.30") ew,, + Au, + Bu,=f.
Setting 4 = u, in (1.32), using the monotonicity of 4,, and (1.28), we find
= fuls + 5 [Byeft < [ Ayt — Ayoift 4 €

or
E ltge]? + 5 | Aytse— FlP < [Aytye — Ay0r]2 + C.
2 2 j"/ 1 1 a 1
Since y'< « we see that
elu,|*<C, |4,u,|<C.
It follows that su,e —0, and fe R(A -+ B), proving that
R(4) + conv R(B)c R(4 + B).

Suppose now that some ball of radius r > 0 about f lies in R(A4) 4
-+ conv R(B). For any he H, |h| < r, we split

f+h= Av(h) + 3 t,(h)-Buwh), t(h)>0, 3 t(h) =1.

We deduce from (1.32) that for our solution u, of (1.30)

(Bu, — f— h + Av(h), ue— o(h)) > yl Byudft — C(h)
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or, as before,

1 2 1 2

5 1Bute]t o+ (b, ) < [Asthe — AyosB)[* + OB
i.e.

5 Mt — hf* - (b 0 < | Asthe — dyos W] + O

Hence
(h,u,)<C(h), VheH with |b|<r.

and by the principle of uniform boundedness
|u|<C.

Finally, we have for ¢, ¢'> 0, by Prop. A.5,

1
)—’ |Blue -_ Blu,g'l2< (Bus _— B’“/g" 'ug - ue)
= — (AUe — Athery Ue — Uer) — (EUe — E' Ugr y Ug — Uer)

1
<z |4 %3 — A thyer]? + Cle +&') .

Therefore

1 1
; | Ay thye — A1“15'|2<; |4y er — Ayuye|* + O +¢')

which implies that A, u, converges strongly as & — 0. Consequently
Uy, — U,. Suppose u, — u, and set » = u, + u,. We have 4,4, — 4,u,
and we may now foll(;W the argument for passing to the limit as ¢, — 0 in
the proof of Theorem I.10 and conclude that A + Bu = f. We have proved
that Int [R(A) + conv R(B)]c R(4A + B). In the proof of Cor. 1.17 we al-
ready established the last assertion of Theorem 1.16; the theorem is there-
fore proved.

I.5. Another variant.

In condition (1.11) of Theorem I.10 we required 4, -+ S to be invertible.
With the aid of the recession function borrowed from the next chapter we
will treat a case in which this condition is modified. For simplicity we replace
condition (1.14) by a much more restrictive hypothesis.
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Consider a Hilbert space H with an orthogonal decomposition
H=H, ®H,®H,;= P,H® P,H® P,H

where H, is finite dimensional. Let S: H, -~ H, and A,: D(A,)c H, — H,
be operators satisfying conditions (1.11), and let A4,: D(A4,)c H, — H, be
as in (1.12). Let A; be a continuous mapping of H; into H;. Set

4,
A=|A4,
Ay
B,
B =|{B,): H—»> H is monotone demicontinuous, B(0) = 0, satisfying: for
B,

some constants ¢ > 0, V6 > 0, 3C, such that
(1.33) (Batt, 4s) > o[ta]? — Sluft — €

Furthermore we suppose the operator

Nu = Bu— Su, + Asu
satisfies

|Nw — Byu| o

1.34
(1.34) ]

as |u| = oc.
We wish to solve
(1.35) Aw -+ Bu = f

and we shall make use of the recession function (defined in (7) of the in-
troduction) of the operator N.

THEOREM 1.20. Let A and B satisfy the preceding conditions. If
(1.36) Iy > (f,v) VveH;, v+#0
then (1.35) has a solution.
The proof is similar to that of Theorem 1.10 but much simpler in detail

because of the strong hypotheses (1.33), (1.34). First we prove the analogue
of Lemma I.11.
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LeEMMA 1.21. For every f€ H and ¢ > 0 there exists a solution w = w, of
(1.37) e(uy + u;) + Au + Bu = f.

PROOF. Asin Steps 1-3 of the proof of Lemma I.11 (it is even simpler here)
one sees that for fixed u,e H,, u;e H; there exists a unique solution
Uy = @(u; + us) of

&, + Ay, + By(uy + uy + %) = f .
Taking scalar product with %, we find, since A, is monotone,
els|* + (Bay ) = (2, %s) -
and it follows from (1.33) that ¥ > 0, 3k, independent of ¢ such that
(1.38) |wy| < Olu| + Ky .
To solve (1.37) we wish to solve

Ayu, + Bl(’“q + Uy + (w4 ’“'3)) =h
ey + Aju; + BS(ul + us + @(us + ’“'3)) =1

or

uy = A7 — Bits + us + ) + Su] = To(ws + ws)

Uy = & fy — Azus — By(uy 4 Uy + @)] = Ts(u, + u5) -
The map T'=1T,+4 T;: H,® H; —~ H, ® H, is continuous in the strong topo-
logies and compact (here we use the fact that H, is finite dimensional). By
(1.34) and (1.38) we see that |T(u, + us)|/|us + us| =0 as |u, + us| - co.
Using the Schauder fixed point theorem we infer that 7 has a fixed point.

The lemma is proved.
Next we obtain estimates for the solution u, as in Lemma I.13.

LEMMA 1.22. If (1.36) holds, then

lue‘ ’ |B1ue| ’ lAlulel

are bounded independent of e.

17 - Annali della Scuola Norm. Sup. di Pisa
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Proor. Equation (1.37) takes the form

(1.37), “Ilule + B,u, — Sum = f1
(1.37), eu,, —+ A,w, + B,u,=f,
(1.37), &g, + Aauss'l" Bsus = fa .

Using (1.34) and (1.37), we see that |fLuh[ < C and hence |u,|<C for some
constants C independent of e. Here we have also used the conditions (1.11).
It follows again from (1.37), that |B,u|<OC.

Now suppose |«,| is not bounded. Then for some sequence of ¢’s we would
have ¢, = |u,| = co and so from (1.38),

’Ds=%f—>”UEH3, o] =1.
€

If we now take the scalar product of (1.37) with v, we find, using the mono-
tonicity of 4, and (1.33)

8("“’23]2 + l’”’selz) (21’“16, Uge)
te + te + (N(twe)y e) < (fay Ve) .

Letting ¢ — 0 through the sequence, we find, in view of the bounds for
[uy], |4 %], and the definition (7) of J,,

Jy(0)<(f, v)

which contradicts (1.36). Therefore we must have |u,| < C and the lemma is
proved.

Proor or THEOREM I.20. We have only to carry out a limit process
in (1.57) as ¢ — 0. This proceeds exactly as in part (ii) of the proof of The-
orem L.10. For a suitable sequence &, —0 we find w,, — u,, %, — %,
A u, — Aiu, u,, —>u,, and we obtain the analogue of (1.25): for § = &, +
+ & + &y &1 Hy, € D(A,) and u = Uy + 4, + g,

(f — BE, u — &) > (Ayty, g — &) + (Ao, %y — &) + (AsUs, us — &)«

We then just follow the remainder of the proof of Theorem I.10.
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CHAPTER II

THE RECESSION FUNCTION

II.1. . Definition, examples, elementary properties.
I1.2. How to determine R(A 4+ B) using the recession function.

In Chapter I we have studied geometrical properties of R(A -} B). It
is not always easy in a specific problem to decide whether a given f belongs
to R(4) + R(B) (or to R(A) -+ conv R(B)). We introduce in Chapter II
a new tool: the recession function of a nonlinear operator. It provides a con-
venient way of checking whether fe R(A) + conv R(B) or fe Int[R(4) +
-+ conv R(B)]. Hence it leads to a simple analytic description of R(4 + B)
which is especially useful when dealing with the solvability of nonlinear par-
tial differential equations. The recession function also plays an important
role ‘when B is not monotone; in that case we no longer have R(4A -+ B) ~
~ R(A) + R(B); nevertheless we can give sufficient conditions for f to lie
in R(4 + B) (or Int R(A 4+ B)), expressed in terms of the recession func-
tion of B.

IL1. Definition, examples, elementary properties.

Let H be a Hilbert space and let B be a nonlinear map from H into H.
For w € H we define the recession function

Js(w) = lim inf (B(tv), v) .
t—>+ o0

The term «recession function » has been used previously in convex analysis
(see [Ro]) to denote lim (tw)/t, where p is a convex function. As we shall
t—>+ o0

see, (Proposition I1.3), the two quantities coincide when B is the gradient of y.

PropositioN II.1. Jz is a lower semicontinuous function from H into
[— o0, + o] and Js(Au) = AJx(w) YA >0 and uec H.

Proor. It is clear that Jj is positively homogeneous of order 1. We show
now that for each ke[— co, + o) the set

B = {ue HlJs(u) <k}
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is closed. Let u, € E be a sequence such that w, — u. Since Jz(u,) <k, for
every n there exists ¢, >n and u, such that

|, — w,| <1/n and (B(t,u.),w,)<k -+ 1/n

(resp. (B, u,), u,',) < —n in case k = — oo). Therefore ¢, — -+ oo, u, - u
and thus Jz(u)<k.

REMARK II.1. Clearly Js(u)< liminf (B(tw), »). In particular J5(0) is
t—> oo

either 0 or — oo, since Jp is positively homogeneous.

REMARK 11.2. When B is monotone lim (B(tu), u) exists (possibly 4 oo).
Indeed if ¢> s, we have e

(t — 8)(B(tuw) — B(su), w) >0
and thus the function ¢ (B(tu), ) is nondecreasing.

PRrOPOSITION I1.2. Assume B is monotone and sublinear i.e. lim |Bw|/|v| = 0.
Then for each we H fol=>co

J 5(u) = liin (B(tw), w) = Ikm)(%)
where
I%p)(u) = sup (p, ) = sup (@, u)
@ER(B) peconv R(B)

denotes the support function of conv R(B).

In particular, Js is convexr; in addition, if R(B) is bounded, then Jp is con-
tinuous.

Proor. From the monotonicity of B we have
@.1) (B(tv)—Bm,v-—%”)>o VoeH, VoeH, t>0.

Since B is sublinear, for each 6 > 0 there is a ¢, such that| Bw|<d|w| 4 C,

for all w e H (we use here the fact that B is bounded on bounded sets, see

Appendix A, Proposition A.2). It follows that lim |B(tv)|/¢ = 0 uniformly
t—>+ oo

a8 v remains bounded. Passing to the liminf in (2.1) as » —wu and
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t — 4 oo we find

Jp(u)>(Bx,u) VzeH, VueH.
Therefore

JIp>Ip) -

On the other hand we always have

(B(tw), w) < I g)(u)
and therefore
(2.2) J(w) < lim (B(tu), w) < Ixm)(u) .
t—+ oo

ProposITION II.3. Assume B satisfies
(2.3) (Bu — Bo,u)>C(v) VYueH, VveH
where C(v) is independent of wu.
(Assumption (2.3) holds for example when B = 0y is a gradient of a

convex function with C(v) = (BO — Bwv,v)). Then, for each we H

Ta(w) = lm (B(w), w) = Thn(w)

In addition if B c 0y with vy convex continuous on H, then for each u e H

Jp(u) = lim w_(:zi) .

t—>+ co

Proor. From (2.3) we have

(B(tv) — B, v)>%@ VeeH, VYveH, V>0

and consequently
Js(w)>(Br,w) VrxeH, YueH.
Hence
J () > Iy (u) -

On the other hand we always have

Jp(u) < lim inf (B(tu), %) < lim sup (B(tu), u) < k) (%) .
t—>+ oo

t—>+ oo
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Assume now that B c 0y (the subdifferential 9y of y is a multivalued opera-
tor and we assume that B is a section of oyp).
We have

p(tu) — p(x)> (Ba,tu —x) VeeH, Yue H, Vt>0.
Thus
lim M>(Bm, u) VYxeH,VuecH
{—>+ o
(recall that the function # — (y(tu) — (0))/t is nondecreasing and so
lim p(tu)/t exists). Consequently
t—+ o0

. tu
lim %)>I§(B)(u) .

t—>+ o0

On the other hand

(0) — y(tu) > — (B(tu), tw) Yud H, V¢>0
and therefore

lim 1p_(t@< lim (B(tu), u) . Q.E.D.

t—+ o0 t—>+ o0

REMARK I1.3. In generalif Bis monotone, but not sublinear or a gradient,
it may happen that lim (B(tu), u) < I}5)(u). Consider for example in
t—>+ oo

H = R?, B a rotation by + n/2. Then (B(tu), ) =0 while

0 if u=20

I‘ (u)= .
R®) {-[—oo it w0

An example.
Let H = L*(Q), 2 a measure space. Let g(x, »): 2 X R—> R be measur-
able in # and continuous in . Assume for a.e. z€ Q2 and all v e R:

(2.4) |g(@, w)| <a|u| 4 b(x) with ae R, be L?,
(2.5) u-g(x, w)>— o(x)|u| — d(x) with ¢ e L?, de L.
Set

g.(x) = lim inf g(x, u), ¢_(») = lim sup g(x, )

u—>+ oo U—>— 00

(so that — e(x)<g,(2) < 4+ oo, — co<g_(z)<e(®)).



CHARACTERIZATIONS OF THE RANGES OF SOME NONLINEAR OPERATORS ETC. 263

PrOPOSITION II.4. Set (Bu)(®) = g(», w(x)) for we H. Then for each
we H

(2.6) To(t) > [g,(2)u@) do + [9_(@)u(2) da .

[u>0] [u<0]

REMARK II.4. The right-hand side in (2.6) can be written as (dropping
the volume element dx, as we often do)

[@. + o +[tg-— oyu—[elu

[u>0] [u<<0]

and thus belongs to (— oo, 4 co).

Proor. Let v, € L2, t, - + oo be such that v, — » in L?, f (@, taVn) V0 —>
— Jg(w). Extracting a subsequence we can always assume that v, —u
a.e. and that |v,|<h, Vn, for some fixed function he L. We have

120, g(2, £, 0,) > — (@) 1,|v,] — d(x)
and so

d(z)

'v,.g(x, tn'vn)>_‘ c(m)l’vnl - t—>_ k

where k is a fixed integrable function. We write

J.'vng(w, 120 =J.'vng(w7 ta¥s) + | 0ng(®@, 8.0s) + |V09(@, 1,05)

[u>0] [u<0] [u=0]1

and note that

on [#> 0]: liminfv,g(z, t,0,)>ug, (@),

n—>+ oo

on [u<0]: liminfwv,g(x,t,v,)>ug_(x),
1>+ oo
and
d(»)
t,

f V(@ 104) >f— c(@)|va| —
[u=0] [u=0]

We conclude by Fatou’s lemma that

Jp(u)> f9+“ ‘I‘fg—'”’ .

[u>0] [u<0]
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I1.2, How to determine R(A -+ B) using the recession function.

ProrosiTION I1.5. Let N be a closed subspace of H and let B be a non-
linear map in H. The following conditions are equivalent

@2.7) It >(f,0) VoeXd,

(2.8) fe N+ + conv R(B) .
REMARK II.5. Using (2.2) we see that

(2.9) Jz)>(f,v) YveN, v£0

implies (2.8). It is equivalent to (2.8) in case B is monotone sublinear (Pro-
position II.2) or when B = 0y (Proposition II.3).

REMARK II.6. When B is monotone demicontinuous then

N+ 4 conv R(B) = N+ 4 R(B) = R(Py+ + B)

(where P,. denotes the orthogonal projection on N*1).
This follows from Theorem 4 in [Br-Ha) since 4 = P,. is a gradient of
a convex function.

Proor. (2.7) = (2.8).
Suppose by contradiction, that f¢ N+ - conv R(B). By the Hahn-
Banach theorem there exist £ € H and « € R such that

(& f>a>(E g+ h) VYgeNt, YVheR(B).
It follows, since N* is a linear space that

(&9)=0 Vge N+
i.e. £eN. In addition

Iz () = sup (§,h)<a< (§])
heR(B)
—a contradiction.

(2.8) = (2.7).
It suffices to show that (2.7) holds for fe Nt - conv R(B). But, if
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ve N we find

Ix@)(v) = sup (h,0)>(f,v).
heconv R(B)

PRrOPOSITION I1.6. Let N be a finite dimensional subspace of H and let B
be a nonlinear map in H. The following are equivalent

(2.10) Ing®) > (fv) YoeN,v#0,
(2.11) f € Int (N* 4 conv R(B)) .

Proor. (2.10) = (2.11).
Since I ) (v) — (f, v) is lower semicontinuous, it is bounded below by a

positive ¢, on {ve N, |v| = 1}. Thus
‘Z;‘l(B)(/O)> (f, v) + 00!"7] Voe N .

Therefore it suffices to prove that fe N+ 4 conv R(B), or, equivalently,
that Pyfe Py conv R(B) (Py denotes the orthogonal projection on N). Sup-
pose by contradiction that Pyf¢ Py conv R(B). Applying the Hahn-Banach
theorem in N, we find 3£ € N, £+ 0 such that

& N> k) VheR(B)
(we are using here the assumption dim N < oo). Thus

(&, )> I (€)
—a contradiction.
(2.11) = (2.10).
Let f,eInt[N* 4 conv R(B)]; since a ball B(f,,r) is contained in
N+ 4 conv R(B), we have as in the proof of Proposition IL.5

It () > (f + r2,v) VveN, Voe H, |o|<1.

Hence

I} 5)(@) > (fo, ©) +7jv] VoeN.
REMARK I1.7. When dim N = oo, the assumption

It ®) > (f,v) +rlv]  VYoeN, (r>0),
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does not imply in general that
fe N+ + conv R(B) .
Indeed, the conclusion would lead to
feInt (N* 4 conv R(B)) .
But it may well happen that N+ 4 conv R(B) has an empty interior. For

example we may have N = H, conv R(B) is dense but conv R(B) has an
empty interior; in this case

0 if v=0

Ihp(v) =
am)(v) {+oo it v£0.

Combining Propositions I1.5 and I1.6 with the results of Chapter I leads
to some interesting applications. We mention only one simple example:

CoROLLARY IL.7. Let A: D(A)c H — H be a linear operator satisfying
Property I of §1.1. Let B: H — H be a monotone demicontinuous operator

satisfying

(2.12) (Bu — Bw, u)>% |Bulz— C(w); VueH, VweH

with y < a. Given fe H, the following conditions are equivalent
(2.13) JIs(®) > (f, v) | Yve N(4),

(2.14) \ jeRA + B).

In addition if dim N(A4) < oo, the following are equivalent

(2.13") Js(0) > (f,v) VoeN(), v#£0,
(2.14") feInt[R(4 - B)].

Proor. (2.13) = (2.14).
It follows from Proposition I1.3 that

I} 5 ®)>(f,v) VYveN(4).
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Applying Proposition I1.5 with N = N(A4) we see that

fe N(A)* 4+ conv R(B) = R(A) + conv B(B).

By Theorem 1.1 we know that R(4) + conv R(B) = R(A -4 B).

(2.14) = (2.13).
This follows again from Propositions I1.3 and IL.5.
To prove that (2.13') <= (2.14') we use Proposition 11.6 instead of II.5.

ExXAMPLE II.1. Let H = L*(2) and let A: D(A)c H -~ H be a linear
operator satisfying Property I. Let g(z, u): 2 X R — R be measurable in x,
and continuous nondecreasing in wu.

Set Bu = g(x, ). Assume for a.e. x€ Q2 and all ue R

(2.15) |g(x, )| <plw| + bx) with y<e«, and be L2.
Set g, (®) = lim g(x, u) (possibly + co).
u—>+ o0
CorOLLARY IL.8. Given fe L2, the following conditions are equivalent

216)  [g,(0)0@) do + [g_@)0(@)do> f f@)o@)dw  VYve N(A),

[v>0] v<0]

(2.17) jeR(A + B).

In addition if dim N(A) < oo, the following are equivalent

(2.16") Jg+(mv(mdw+fg~w)vm)dw>ff(w z)de VYve N(4), v£0,

[v>0] [v<0]

(2.17) feInt R(A 1 B).

Proor. We apply Corollary I1.7. We know (see Proposition A.6)
that (2.15) implies that (2.12) holds provided p is replaced by any 9> y.
It follows from Proposition II.3 that Jyz(v) = lim (B(tv),v) and the mono-

t—> 4 oo

tone convergence theorem implies that for every ve H

Ja(v) = [9,(0)v(a)do + [g_(0)v(0) do;

[v>01 [v<0]

the integral makes sense in (— oo, + oo] since

g9, (@)>g(x,0)ecL? and g¢g_(r)<g(x,0)ecL?.
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CHAPTER III
NONMONOTONE OPERATORS B

ITI.1. Abstract theory for nonmonotone B.

II1.2. Au+g(w,u)=f in Q.

I11.3. Au+ g(x,u)=f, A monotone, g strongly nonlinear.
I11.4. Au+ g(x, w)=f for systems.

In Section I1.2 we have seen that for some classes of monotone oper-
ators B the condition Jz(v)>(f,v) Yoe N(4), v#0 (resp. Jz(v) > (f, v)
Voe N(4), v+ 0) is equivalent to fe R(A + B) (resp. feInt[R(4 + B)]).
In case B is not monotone, it is no longer true in general that R(4 4+ B) ~
~ R(4) + R(B). However we shall prove for a large class of nonmonotone
operators B that the condition Jp(v)> (f, v) Yve N(4), v # 0 (resp. Jp(v) >
> (f,v) Yve N(A), v+ 0) is still a sufficient condition for f to lie in
R(A + B) (resp. Int[R(A + B)]). In Section III.2-4 this is applied to
H = L* of a measure space and B of the form Bwu = g(x, w) for u(x)ec H.
In this chapter we do not use the results of Chapter I.

IIL1. Abstract theory for nonmonotone B.

In a Hilbert space H let A: D(A)c H — H Dbe a linear operator satisfying
Property I with, in addition, dim N(4) < co. In other words 4 is a linear
densely defined closed operator such that N(4A) = N(4*) (*) and

(3.1) {we D(A); |u|<1 and |4Au|<1} is compact .

[Clearly (3.1) implies that dim N(4)< oo. It also implies that R(A) is
closed and A-1: R(4) - N(A4)* is compact. Indeed if f,e R(4) is such
that f, —f, let u,e N(4)* with Aw, = f,. Then w, is bounded; otherwise
Un = Un[|U,| wWould satisfy v, —v with ve N(4) N N(4)* and [v| =1,
a contradiction. Hence u, —>u and Aw = f, i.e., fe R(4).]

(*) Throughout this chapter one should always keep Remark I.2. in mind—in
case H has a direct sum decomposition H = R(4)@ N(4) which is not orthogonal.
See the example added in proofs.
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THEOREM IIL.1. Assume B is demicontinuous and satisfies
1
(3.2) (B, 'v)>; |Bv|2— M|v|— C, Vy>0,VveH

where C, depends only on y, and M is independent of y and v.
Let f€ H be such that

(3.3) Js()=>(f,v) VYveN(4), v#0,

then fe R(A 4+ B).
In addition if

(3.4) Je(®) > (f,v) VYoeN(), v£0
then feInt[R(A + B)].

REMARK IIL.1. One might ask whether in Theorem III.1 the condi-
tion (3.4) may be replaced by the weaker one:

(3.4 feInt[R(4) + R(B)].
This is not the case, as the following example with H = R? shows:
wm=1  fw)+ 3p(w) =}.

Here 8 is a (™ nondecreasing function: R — R with B(r) =0 for r< 0,
B(r)=2 for r > 1. We have

1 0 0 1
S S el PR B o]
0 0 Blu) +  B(us) 3

and N(A) is spanned by ((1)) This example satisfies all the conditions

of Theorem IIT.1—with (3.4') in place of (3.4)—but it has no solution as
one easily sees.

Theorem ITE.1 is an immediate consequence of our next result in which H
has an orthogonal decomposition H = H, @ H, with H, = R(4), H, = N(4).
For an element ue H we write w = u, + 4, = P,u 4+ P,u or sometimes

“— (Z:)-
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THEOREM III.2. Assume A has Property I with dim N(4A)< oco. Let

B: H — H be demicontinuous and bounded (i.e. B maps bounded sets into
bounded sets). Assume for a given fe H, Vue H

(3.5) (Bu—f, u)% [Bujs — ulu] — C(jus| 4 1)

for some positive constants y << a, u and C. Suppose
(3.6) J(v) > (f, v). Yve N(4), v 0
then dist(f, R(A + B)) <py|e. Suppose
(3.7) JIs(®) > (f, v) + clv] VveN(4), v#£0
with ¢,> 0 and y < a(1 + u/c,)™?, then feInt[R(A 4+ B)].
ProoOF. Given &> 0 we shall prove that for every fe H the equation
3.8) eu, + Au + Bu = f

has a solution and then let ¢ — 0.

Stép 1. (3.8) has a solution.

Set A, = ¢P, + A, A, is one-one onto H and A; ' is continuous from
weak H into strong H. Equation (3.8) is equivalent to

uw=A7Y(f— Bu) =Tu.

We shall verify that
(3.9) Tuw#Aiuw VueH, [uj=R, YA>1
provided R is large enough. The Schauder fixed point theorem will then

imply that 7 has a fixed point with norm < R as in Step 4 in the proof of
Lemma I.11. Suppose Tu = Aw with 1>1, i.e.

eduy, + AAu + Bu=f.

Taking the scalar product of this with % and using (3.5) we find

efinf + 5 Buf <, [ 4wl + ] + Offu] +1).
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Finally we use the fact that

(3.10) ] <= |4l
22

and A4Aw = f — B,u, to conclude that |[Bu|<C, |A(Au)|<C, |u,| <O, |u,|< O
(where ¢ may depend on ¢). Choosing R large encugh we see that (3.9) is
proved.

Step 2. For u, a solution of (3.8) we study now the behavior of u_ as
e — 0. Taking the scalar product of (3.8) with u, we find using (3.5)

1 1
eluzslz’l‘; IB“€|2<O—‘ [Ate]® + pefttge] + O(|thge| + 1)

1 1
<2 [Auelt + plug] + O(|4ue] +1) <2 [Buelt + plae] + ©
where we fix o’ in y < o'<< a; hence

(3.11) o fti]? + (71—,_ %) Buel* < pltne] + C .

Using (3.8) again we have

312) ol + (Bue, w)— (f, w) < [Auafs < [Budft + €.
Combining (3.11) and (3.12) we obtain

613) 2 el + (5 ) [(Be, w) — (f, wl < + 0

If for a sequence &, — 0, |u,, | remains bounded, it follows from (3.11) that
|Bu,,| remains bounded as well as |Au, |, |, |. We conclude (extracting
another subsequence) that u, — u and that u satisfies

Au + Bu = f.
In what follows we may therefore assume that |u, | —co as & —0.
From (3.11) and the inequalities |u, | < C|4u,|< C(|Bw,| 4+ 1) we deduce that

lim |u,|/|u,,| = 0. We may extract a sequence ¢, — 0 such that
&e—>0

Ue n

[Use, |

—>

with ve N(4) and |v| = 1.
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Dividing (3.13) by |u,,| and passing to the limit we obtain

R =

1.. 1 1
= lim sup &,|Use,| + (——- —,) [Js(v) — (f, v)]< .
Y y «
If (3.6) holds we conclude that
lim sup 8,.]u23,,|<%;,—’ for every o' with y<oa'<a

and so dist(f, R(A + B)) <uy/e.
If (3.7) holds we have

(,17_0%)00<% for every «' with y<a'<

i.e. y>a(l 4+ u/c)t, —a contradiction.

This means that when (3.7) holds there must be some sequence &, — 0
such that |u,, |<C and consequently fe R(4 + B). Clearly (3.5) and (3.7)
are stable under small perturbations of f so that in fact f € Int [R(4 + B)].

Condition (1.14) in our main result Theorem I.10 of Chapter I is in some
sense weaker than (3.5) in that we permitted an additional term — 7|u,|?
on the right-hand side. In fact we may include such a term here; it is easy
to see that the proof of Theorem III.2 yields the following sharper form:

THEOREM IIL.2'. Let A, B be as in Theorem II1.2 except that in place
of (3.5) we assume

3.5)  (Bu—f, u)% Bul®— plu|— C— tlw|*  for all uec H,

for some positive constants y <o, p and C, and some T < oj(y~*—al).
Then (3.6) implies

. oY T 13 T\

dist(f, R(4 + B))<‘%(1 —%’;;) ,

0
while (3.7) implies fe Int [R(A 4 B)] provided
g T\
7<0£(1 + co+“g) )

Next we describe a corollary which is useful when dealing with an equa-
tion of the form

Au + Bu + Qu = f
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where B is, for example, a gradient of a convex function, and @ is a per-
turbation « going to zero at infinity. » It bears some relation to Theorem I.1
(here B need not be monotone, but dim N(4) < o).

CorROLLARY II1.3. Assume A has Property I with dim N(A) <oco. Sup-
pose B, Q: H — H are demicontinuous, B is bounded and R(Q) is bounded.
Assume further Yu, we H, V0 >0

(3.14) (Bu— Buw, u)>%|Bu[2 — Olu| — C(8, w)(Jus| + 1)  for some y <.

Finally assume that Yu € H, lim (Q(t2), 2) = 0. Then

t—+ oo
2—>U

R(A) 4 conv R(B)c R(A + B + Q)
and
Int [R(4) + conv R(B)]cInt[R(4 + B 4 @)].

In particular,
Jp()>(f,v) YveN(4), v£0

implies fe R(A + B + @), and
Je(®) > (f,v) YoeN(), v£0
implies fe Int [R(A + B 4 Q)].

Proor. Let fe R(A) 4+ conv R(B), so that f can be written f= Av 4
+ > t;Bw,;, t,>0, > ¢, =1. It follows from (3.14) that Yue H, V6> 0

(3.15) (Bu—f, u>>§ |Bujs — 8Ju] — O(d)(jw] + 1) -

On the other hand Yue H, V6 > 0 we have
(3.16) (Quy w)> — d|u| — C@)(]ud +1).

Indeed, suppose the contrary, then there exists J, > 0 and a sequence u,
such that
(Qttny ) < — Go[thn]| — n(|thsa + 1) -

18 - Annali della Scuola Norm. Sup. di Pisa
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In particular

el + 1< fu

and thus lim |u,] = oo, lm |u,.|/|4.] = 0.
fn—>oco
Extracting a subsequence we may assume that u./|u.| —ve N(A).

Therefore 0,< |(Qu%n, %n/|%|)] =0, a contradiction.
Combining (3.15) and (3.16) we find Yue H, Y6 > 0

(317)  (Bu+ Qu—1f,uw)> }5}_ 1Bu + Qul* — 28u| — C(8)(|] + 1)

with y < y'<< a.
Clearly (3.17) implies Vé > 0

Tara(®)> (f, v) — 20]o]  Voe N(4)
i.e.
JIp10(0) > (f, v) Vve N(4).

Therefore Theorem III.2 applies and we may conclude that f e R(A 4+ B + Q).
In case feInt[R(4) 4+ conv R(B)], we find

Jpa(®)>(f,0) + 6lv| VveN(4), ¢,>0.

Theorem III.2 yields fe Int[R(4 4+ B 4+ Q)].
‘We conclude with a simple consequence of Theorem III.2.

CorOLLARY III.4. Assume A has Property I with dim N(4) << co. Let
B: H — H be demicontinuous and bounded. Assume Yuc H

(Bu, u>>-:; |Bujs — p(fu] + 1)

for some positive constants vy and u. Suppose
Je() >0 VYveN4), v£0.

Then there ewists A, > 0 such that for every A with 0 << |i] < A, the equation
Au 4 ABu = 0 has a solution.

ProoF. Clearly AB satisfies (3.5) with f = 0 and Ay in place of y, Au in
place of u. Since J,, = AJz we see that (3.7) holds with A¢, in place of ¢,.
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Finally, we have Ay < a(l 4+ u/c,)* provided 4> 0 is small enough. Re-
placing A by — A we may handle the case 1< 0.

1.2, Au- g(x, »)=f(x) in Q.

We now restrict ourselves to a special H = L*Q), 2 a o-finite measure
space, and B of special form. Let A: D(A)c H - H be a linear operator
satisfying Property I with dim N(4)< co. Let g(x, u): 2XR — R be
measurable in #, and continuous in u. Set

(Bu)(x) = g(z, uw(x))

g, (x) = liminf g(x, ), g_(x) = lim sup g(x, u) .

u—>+ 0o Y—>— 00
Assume
(3.18) u-g(x, u)> — c(@)|u| — dx)
YueR, ae. €, ce L2, de L, ¢>0, d>0
and

(3.19) |g(x, w)|<y|u| + b(z) VueR, ae. xef, be L? with y<a.
‘We shall sometimes assume

(3.20) J_@)<g,@®) ae zeR
or
(3.21)  |g(x, w)|<ylu| +-b,®) Vy>0, VueR, ae. xe2, b eL*.

CoroLLARY IIL.5. Assume (3.18), (3.19) and that one of the assump-
tions (3.20) or (3.21) holds. Let fe L2 If

(3.22) fg+v +fg_v>ffv Voe N(4), v+ 0
[v>0] [v<0]
then fe R(4 + B).
If
(3.23) jg+v —l-fg_v >ffv Yoe N(A), v=£0
[v>0] [v<0]

then feInt[R(A 4+ B)].
If g is independent of z, (3.22) clearly implies g_<g,.
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REMARK III.2. Since g, (respectively g_) can take the value + oo (re-
spect. — co), assumptions (3.22) and (3.23) have to be verified only for the
funections v € N(4), v+ 0, such that v<0 a.e. on [g, = 4 o] and v>0
a.e. on [g_ = — co]. In case, say, g, = - oo, assumption (3.22) on f
should read

fg_v>ffv Voe N(4), v£0, v<0 a.e.

(respectively for (3.23), fg_v >ffv Voe N(4), v# 0, v<0 a.e.)

In many instances the set {ve N(4), v 0, v<0 a.e.} is empty; we can
conclude then that R(4A 4 B) = H (since any fe L* satisfies (3.23)). This
is true for example when Aw = — Au — Au, D(A)= H>*N H} and A+ 1,
(4, denotes the first eigenvalue of — A with zero Dirichlet data).

Without carrying out the proof, we remark, in addition, that if (3.18),
(3.19) hold, and a stronger form of (3.23):

(3.23") J@m+pﬁ>ﬁw+% Yoe N(4), o] =1,

[v>0] [v<01
for some ¢, > (|f|zs + le|zs) (a/y — 1), then feInt[R(A + B)].

PrOOF OF COROLLARY IIL.5. It follows from (3.18) and (3.19) that
1
(3.24) w-gla, w)> 5 lg(o, Wt — o@)u| — @)

Yue R, a.e. z€ 2, for some y'< «, c€ L2, de L.
Indeed we have

u-g(x, u) = ug(@, ) + clu| + d—clu| —d
= |ug(®, u) + clu| + d| — clu| —d
> |ullg(@, w)| — 2¢|u| — 2d

> % (19(, )] — B)lg(@, u)] — 2efu] — 24

which yields (3.24).
‘When we agsume (3.21) the conclusion follows directly from Theorem ITI.1.
Turning now to the case where (3.20) holds, we shall prove that (3.5)
is satisfied for some y < o and all g > 0, so that we can apply Theorem III.2
to prove Cor. ITL.5.



CHARACTERIZATIONS OF THE RANGES OF SOME NONLINEAR OPERATORS ETC. 277

We fix a function 0 € L* such that |0, =1, 6 > 0 a.e. on 2 and, more
precisely, 6(x)>0,>0 on 2, where 2 = U 2, and meas 2, < oo.

Given u > 0, any f satisfying (3.22) can be split as

f=h,+1i,
with h, € L2, j,e R(A) and
g —ub<hu<g, + pud ae. on Q.
Indeed set
K=+{heL? g_—ub<h<g, 4+ uf a.e. on Q}.

Note that K == 0 since g, > — ¢ and g_<c¢ and thus max{g, — ¢} € K. We
wish to show that P,fe P, K.

Suppose the contrary that P,f¢ P, K. Applying Hahn-Banach in N(4)
we find £e N(4), &+ 0, such that

(f,§)>(, &) VheK.

In particular

(1, &)> [(@, + u0)E + [(g_ — u0)& > 15 + u[0le]

[£>0] [§<0]

—a contradiction.
‘We have

(3.25) (Bu — f, u) = (Bu — hu, %) — (ju, w) > (B — hu, ) — Cultsy] .

We now split

(Bu — hy, ) =f(Bu— hy)u +f(Bu — h)u.

N2, Q,
On O\ 2, we use (3.24) to find
1
[Bu—maus [imu—[ el + mudiui— .
2\ 2, N2, O\ 2,

Fixing n large enough (depending on u) so that

[l + 1hal) < o2,
A2,
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yields

1
 (3:26) [@u—tius [iBup—pu—c.
2\ 2, 4 (AN

We now consider j (Bw — hy)u. Since h,—2ub<g, —ub<g, — ub,
Q

on 2,, we find by api;lying Egorov’s theorem to the sequence g,(z) =
= Inf g(, u), that V6 >0, 3E c 2, with meas E < §, and there exists R
u=k

such that

g, u)>hy—2u0 ae. z€ Q\F for u>R.

Similarly we may assume

9@, u)<hy+2u0 a.e. zxel\F for u<—R.

Hence

(9@, u) — bp)u> — 2ublu| a.e. 2z Q\F, for [u|>R.
Consequently a.e. x € 2,\E, for |u|>R,
(9(@, u) — hu) u> |g(@, w) — hy|[u] — 4p6|u]
> 19(0, %) — Ml 0] — b) — 4u0]u]
> lota, ]2 — 4ubju| — &
with y <y'< « and d'e L*.

By (3.19) a similar inequality holds for a.e. #€ 2\ and |u|<R, so that
in fact we find for a.e. xe Q,\FK, Yue R,

N 1
(3.27) (g, u) — hy) u>;; lg(, w)|> — 4ublu| — d’ .
Finally we write

f(Bu— h)u =f(Bu — h)u -I—f(Bu— hu)t .
Qn

2. \E E

We estimate the first integral using (3.27) and the second integral using (3.24)
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so that

[ —myus [iBuie— supui— oro)

Q. \E 2, \E

1
f(Bu— h)u>; ﬁBup—f(m + [Ba]) [u] — C(3).
B E E
Choosing 4 > 0 so small that meas E < § impliesJ'(lcl + |hul)? < u? we find
E
1
[@u—nausZ [ —ppui .
E 4 E

Thus we obtain

(3.28) f(Bu — h,,)u>}7 f[BuP — Buju|— C.
Qn 4 Q,
The desired result follows by combining (3.25), (3.26) and (3.28).

IIL.3. Au+ g(», u) =f, A monotone, g strongly nonlinear.

Let H = L*£2) and suppose A:D(A)c H - H has Property I with
dim N(4) < co and o = -+ oo, i.e. (Au,u)>0 Yue D(A). If g(x, u) satis-
fies (3.18) and

lg(@, w)| <yplu| + b(xr) a.e. xel, YueR
for some y < oo, then, as we know by Theorem III.2,

(3.22) = fe R(4 + B)
(3.23) = fe Int [R(4 + B)].

When « = 4+ oo, we may use a different technique to handle «strongly »
nonlinear equations—that is ¢g(x, w) growing faster than linearly in wu.
Assume now that meas. Q< oo and

(3.29) A:D(A)c H — H is a linear maximal monotone operator. Thus H
has an orthogonal decomposition H = R(4) @ N(4); we write

U=y + Uy, u € R(A), u, € N(A).
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(3.30) The set {ue D(4); |lu|,<1, |Au|,<1, (Au,u)<1} is relatively
compact in L' (and therefore dim N(4)< oo).

(3.31) There is a constant C such that |u|,<C(|Au|, + (Au, u))
VYu e D(A).

(3.32) g(z, u): 2 xR - R is measurable in #, continuous in 4 and YR > 0

hz(z) = sup |g(z, )| € Lv(Q),
lul<R

(3.33) wu-g(x,u)>—cluj—d ae xe2, YueR
with ¢>0, d>0, ce L®, de L.

THEOREM III.6. Assume (3.29)-(3.33) hold. Let fe L> be such that (3.23)
holds. Then there exists w e L with g(z, w) € L*, u-g(x, w) € L', which is a solu-
tion of

Au + g, v) = f(@)

where A denotes the closure of A in L'x I3

REMARK ITI.3. If we strengthen (3.31) to
(3.31') o]l ze < C () Aw|| 12 + (Au, w)})  Vue D(4),
we may take fe L? instead of L*, and assume (3.33) with ¢ € L (instead of
c€ L®). In addition the solution w lies in L2 and satisfies Au + glw,u) =f
where 4 denotes the closure of 4 in L2 x L (the proof is essentially the same
as the proof of Theorem III.6). (3.31') holds if R(A) is closed in L2 and

(Au, w — v) > — O(v) Yu, v € D(A), by Proposition A.7 (for example, 4 = A*
or A trimonotone).

Proor or THEOREM III.6. Set g,(z, u) = T.g{x, v) where

n Z2>n
T,z = ¢z if l<n n > 0 integer
—n if z<—n

Clearly (3.33) implies

U-gn(@, u)>—clu| —d a.e vef, VueR.
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There exists u, € D(A) solution of
1
(3'35) ﬁ Up + Aun + gn(m’ u’n) = f(ﬁ)

the existence follows from the Schauder fixed point theorem applied in L

to the equation

U = (,;'1,'/'1 + A)_l(.f’— ga(®, u))) .
Multiplying (3.35) by wu, yields
30 o o Ay )+ (e 0y ) < ol

On the other hand, by (3.33) we have
U gy u) > |u||ga(®, )] — 2¢|u| — 2d a.e. e 2, YuecR.
Therefore

i Jos + [lonte, wal< (1l + 1)

Splitting f [%n]|lgn(2, w,)| into f + j we see using (3.32) that VR >0

[ual<R Jun|>R

HEES [l0.65, w1 <Ol + o).
Thus

1 R
2 [+ B[ lawl <o + 0R) + 3 s
and since ||u,|,.<C|w,|,. We obtain YR >0

R| Au,| 1< Ol ]| 1 + C(R)
that is

(3.37) [ Aw,| . <e|w,): + Cle) VYe>0.
Going back to (3.36) we find

(3.38) (Aw,, u,) < C|u,|, + C.
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Combining (3.37) and (3.38) and using (3.31) leads to
(3.39) (%] 2 <el|%,]lz2 + Cle)  Ve>0.

CLAIM. |4y, [, remains bounded as n — co. If not let |u,, [, — oo
and set v, = u,/|%y,||;:- It follows from (3.39) that », —0 in L'; next
Dy, —> 0 in N(A) with |];, = 1. Finally setting ?, = [luy,|,, we find

f Vufn(®, 8,0,) < f;fv,, .

Passing to the limit as in the proof of Proposition IT.4 yields

f g0+ f go< ffv
[v>0] [v<0]
—a contradiction.

Therefore ||u,,| ;. remains bounded, as well as |u,,| ., | A%, ., (Au,, u,),
|9.(x, w,)| ;. and ||%,g,@, »,)|... It follows from (3.30) that w, — w in Lt
and thus g, (z, %, ) — g(z, u) a.e.

We shall deduce from Vitali’s convergence theorem that g, (@, u.) —
— g(x, ) in L. We have only to verify that the integrals f gn(®, u,) are
uniformly absolutely continuous. By (3.32)

|gn (@, )| <hg(®) 4 % |ga(@y w)] VER>0, ae. 22, VuecR

and so

flyn(w) “n)|<fhn(m) + }R'flu“”g”(w’ u")l <fhx($) + .%< €
E E o

provided meas. F < ¢ (first fix R large enough so that O/R < ¢/2 and then §
so small that [hy(@) < &/2 for meas. B < 6).
E

The conclusion follows directly.
Thus we find Au + g(x, ) = f. Q.E.D.

IIl.4. Au - g(@,u)=f for systems.

Corollary III.5 admits a partial extension to systems. Set H = (L?*?,
u(@) = (wi(@), u*(®), ..., u¥(x)) and let 4: D(4)c (L)Y — (L*)¥ be a linear
operator having Property I with dim N(4)< co. Let g(z, w): 2 xR¥ —~ R¥
be measurable in # and continuous in u. Set (Bu)(x) = g(«, »(x)). In place
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of g, we consider now the recession function J, of g, that is J,: 2 x R¥— R¥

is defined by
J,(@, £) = lim inf g(z, ) 9.

t—>4 oo
n—>§

Assume for some fived ¢ e L* and for every y >0

1
(3.40) wgla, w) > lg(o, Wl — o@)ful — d,(2)

a.e. v, VueRY, dye L.
If fe (L*)" is such that

(3.41) fJ,(w, v(x)) do > fffv Voe N(), v#0
[v#0]
then
feR(4 + B);
if in addition
(3.42) J.J,(w, v(x)) do >ffv Yve N(4), v# 0
then [v#0]

feInt[R(4 + B)].

ProoF. We apply Theorem III.1. Note that as in the proof of Pro-
position II.4, (3.40) implies

J5(v) > fJ,(a;, v(@))de VYveH
w#0]

(the integral f J,(®, v(x)) de makes sense in (— oo, -+ co] since J,(, v(x)) >
[v#0]
> — c(®)|o(x)| a.e. zE .Q).
Example I11.1. Suppose G(x, u): 2 X R¥ — Ris measurable in x, convex C*
in u. Set g(x,w) = D, G(x, u): 2XRY -~ R¥. Assume Y0 >0

(3.43) |g9(=, u)| <Olu| + hy(®) a.e. xe 2, Yue RY with h,e L?

then (3.40) holds (see e.g. the proof of Proposition A.4 with w = 0). In this
case it is in fact sufficient to assume that (3.43) holds for some 0 < a/2
(apply Corollary II.7).

In case o« = -+ co we may also handle «strongly nonlinear » systems.
For example Theorem III.6 can be generalized as follows (here we assume
meas. £ < oo).
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THEOREM III. 6'. Assume A: D(A)c (L)Y — (L) is a linear maximal
monotone operator satisfying (3.29)-(3.31). Assume g(z, u): @ XRY — R¥ is
measurable in x, continuous in w and satisfies

(3.44) For some fized ce L* and for every R >0
u-g(x, u) > Rlg(x, u)| — clu] — d,(x) a.e ze, VueR", d, e L.

Let fe (L®)¥ be such that (3.42) holds, then there exists w e (L)~ such that
|g(x, )| € L2, u-g(x, w) € L', solution of the system

Au + glo, w) = f(@)

where A denotes the closure of A in L1 x L.
We omit the proof. It is quite similar to the proof of Theorem III.6.

REMARK IIL4. Suppose G(z,u): 2xR¥ > R is measurable in =,
convex C'in u. Set g(x, u)= D, G(r, w). Assume g(z,0) e (L*)¥ and VR >0

he(x) = sup |g(x, u)| € L*

lul<R

then it is easy to check that (3.44) holds (proceed as in the proof of Propo-
sition A.4).

REMARK IIL.5. If we strengthen (3.31) asin Remark I11.3, then we may
take fe L? and c¢e L? in Theorem III.6'.

CHAPTER IV

ELLIPTIC EQUATIONS

IV.1. L monotone; resonance at the first eigenvalue.

IV.2. Resonance at the first eigenvalue for second order equations.
IV.3. Resonance at any eigenvalue for self adjoint L.

IV.4. Elliptic systems.

In this chapter we shall apply our abstract results (except in Theorem IV.4)
to semilinear elliptic equations of the form

Lu + g(x, u) = f.
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In IV.1-3 we treat several scalar equations; it is clear that many variants
and refinements of these models can be given. In the last section we treat
elliptic systems.

In the scalar case we take L to be a strongly elliptic operator of order 2m
with coefficients in C°(Q) though it is clear from the proofs that little regularity
is required when dealing with generalized solutions. For simplicity we con-
fine ourselves to zero Dirichlet data, but many other boundary conditions
could be imposed. As usual we denote by Hj the H™ closure of C°(2). We
may consider L as an unbounded linear operator L: D(L)c H — H where
D(L) = H*" N Hy. Clearly L is closed, R(L) is closed, N(L) is finite dimen-
sional.

In Section IV.1 we assume that L satisfies

(4.1) (Lu,u)>0 VYueD(L).

Therefore L is maximal monotone (since AI -+ L is onto for large positive 4,
by Garding’s inequality). Also we have R(L) = N(L)* and thus L has
property I of I.1 with « = 4 oo. Zero is therefore the first eigenvalue of L
when N(L) = {0}.

We treat nonlinearities of the form Bu = g(x, u(x)) where g: 2 xR — R
is measurable in x, continuous in %; set

g.(@)}=lim inf g(z, ), g¢_(x) = lim sup g(z, ) .

U—>+ 00 >—>—

In IV.1 we consider two cases, g has at most linear growth in %, or g has
unlimited but one sided growth (for example g(x, u)>0 for »>0, g<0 for
%<0, but no other growth condition is imposed on g). In the second case
we obtain only weak solutions and the results are related to those of Mec-
Kenna, Rauch [McK-R] and De Figueiredo, Gossez [DeF-G].

In IV.2 a different method based on sub and supersolutions yields the
existence of smooth solutions for second order equations. In IV.3 we treat
non-monotone self adjoint L, for example L = — Au — A, u, with 1, an
eigenvalue of — A other than the first one.

Finally in IV.4 we treat some special elliptic systems for pairs of scalars

U = (:)u)’ for example with linear part of the form

+ 442 0 ) ( 0 ——A-—},I)
or .
( 0 + 44 ul 4+ I 0
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For the nonlinear term B = g(x, u) we take a gradient operator or a mono-
tone operator which is o(ju[?). Four different types of examples are presented.
IV.1. L monotone; resonance at the first eigenvalue.

Assume

4.2) |g(x, u)| <Olu| 4 b(x) ae. ze, YueR
for some 6 >0 and b e L2,

4.3) wu-g(x, u) > — o(x)|u| — d(x) a.e. 2€Q, YueR
with ce L2, de L%, ¢>0, d>0.

ProproSITION IV.1. Assume (4.1)-(4.3). Let fe L2

If
(4.4) fg+v +fg_v>ffv VYo e N(L), v+ 0
[v>0] [v<0]
then fe R(L -+ B).
If
(4.5) jg+v —}-fg_'v >f;f1) Yoe N(L), v+# 0
[v>0] [v<0]

then fe Int[R(L 4 B)].
In addition if b € L™, f € C°, g € C™ then the solution w of Lu + Bu = fis .

Proor. In the proof of Cor. IIL.5 we have seen that (3.18), (3.19),
i.e. (4.3), (4.2), imply (3.24); existence therefore follows from Theorem III.2.
The proof of the regularity of the solution is a standard bootstrap argument.
Let we H*™ N H™ be a solution of Lu + Bu=1f. If m>n/4 it follows
that « is Holder continuous. Then all (z,u) derivatives of g are bounded.
Continuing in this way we find easily with the aid of the Schauder esti-
mates that we C°. If m < n/4, it follows from the Sobolev inequalities
that w e L” for 1/p = % — 2m/n (if m = n/4, uwe L?, Yp < oo). From (4.2)
we deduce that g(x, ) € L?. By the elliptic regularity theory we infer that
w e H®™?, Applying Sobolev once more we find that either  is Hélder con-
tinuous or belongs to L? with 1/¢ = 1/p — 2m/n = } — 4m/n. Continuing
this way we see that « is continuous and then as before « is necessarily in C*.
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We now drop the growth restriction (4.2) and prove the existence of
generalized solutions.
Assume

’

(4.6) VR> 0, sup|g(x, w)| el

lul<R

PROPOSITION IV.2. Assume (4.1), (4.3), (4.6). Let fe L2 If (4.5) holds,
then there exists a weak solution we Hy, of Lu ++ Bu = f with u-g(x, w) € L*
(so that g(w, w) € L1).

Proor. It relies on Theorem III.6 (or more precisely Remark III.3).
Here we have in fact

(4.7) )% < C[(Zu, w) +|Lu|Z]  Vue D(L) N R(L).
Indeed by Garding’s inequality

||| gm < O[(Zwty w)t + ||u|s] Vue D(L),
and (4.7) then follows provided we can show that
(4.8) |2 < O((Lu, w) + |Lu|}) VYue D(L) N R(L)

for some constant C. Assume (4.8) does not hold. Then there is a sequence
w, € D(L) N R(L) with
[#p|po=1 and (Lm,,u,) + |Lu,)% —0.

n) “n

In virtue of Garding’s inequality above we see that
[#,||gn<C  independent of = .

Consequently a subsequence, still denoted by w,., converges strongly in L2
to some function u e Hy' and since |Lwu,|,. — 0 we see that e N(L), i.e.
% | R(L). But we R(L) and |u|,. = 1-contradiction; (4.8) is proved and
so is (4.7).

REMARK IV.1. Using (4.7) it is not difficult (via the same proof as in -
Theorem III.6) to verify that we need only assume fe L? and ¢e L? (c oc-
curs in (4.3)) where p is such that H"c L* (i.e. p =1 for m > n/2, p>1
arbitrary for m = n/2, and p = 2n/(n 4+ 2m) for m < n/2).
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CoroLLARY IV.3. Assume mow that g(w,w) is mon decreasing in w,
9(®,0) =0, g(-,u)e L, Yue R and for some constant C, |g(x, — u)|<
<Clg(z, u)| a.e. z€ 2, Yue R (for example ¢ may be odd in w). Then the
operator Au = Lu -+ Bu with

D(A) = {u e Hy; ug(w, w) € L', Lu + g(x, w) € L2}

is maximal monotone in H. Here Lu is meant in the distribution sense; for
u € D(A) we see that g(x, u) € L* and hence Lu € L.

PROOF. A is monotone, i.e. Yu, ve D(A)

(L — Lo, w — v) + [ [g(@, w) — g@, )] — v)>0.
0

By hypothesis, the first term is non-negative and we have only to verify
that the integral is well defined—which is easy to do using the conditions
on g since |g(x, u)-v|<max(g(z, u)-u, g(x,v)-v, |g(x, —v)v]). To prove
that 4 is maximal, it suffices to show that given any fe L? we can solve

u + Lu + g@,u) = f.

We are reduced to Proposition IV.2 with 7 + L in place of L. Since
N(I + L) = {0}, (4.5) holds for any fe I* Q.e.d.

REMARK IV.2. Assume g is C°. If g has a «mild » polynomial growth,
it is a straightforward bootstrap argument (as in the proof of Proposition IV.1)
to show that fe C° implies w € C*. In the general case we don’t know any
regularity result, and in fact we believe that the solution need not be smooth
except when L is of second order—see the next section.

IV.2. Resonance at the first eigenvalue for second order equations,

In this section we consider L of second order and permit g to have un-
limited but one sided growth in #. Here we make use of sub and super-
solutions of the equation and consequently we can treat the most general
elliptic second order operator

Mu = — 3 au,, + 3 du, + au
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with coefficients in C*(2); a” is positive definite. We consider Dirichlet
boundary conditions # = 0 on 0. The first eigenvalue 4, of M (i.e. with
smallest real part) is real and, as is well known, the eigenspace is spanned
by a function v, > 0 in Q. Let w, > 0 be the corresponding eigenfunction
for the adjoint operator M* — 4,. Writing M — A, = L, we wish to solve

(4.9) Lu 4+ g(z, ) = f®), % =0 on 09Q.

Since we may add a constant to 1, we may assume a(x) >0 in 2; then 1, > 0.
Assume

(4.10)  u-g@,u)>—c(x)|u] ae xe, VueR

with ¢e L?, p >», ¢>0, v = max(1, n/2) .

(4.11) VR> 0, suplgx,u)elr p>vw.

lul<R

THEOREM IV.4. Assume (4.10), (4.11). Let fe L® be such that

(4.12) J' 9.0, > J. fw, > f g1,

then there exists a solution we C N H} of (4.9). Furthermore if ge C> and
fe C>, there is a solution u e C®.

Condition (4.12) is very close to conditions §, in Kazdan, Warner [K-W];
consequently the theorem is almost contained in their Theorem 2.5.

Proor. By considering g(x, ») — f(x) we may always assume that f = 0.
We will construct a supersolution % >0, i.e. u will satisfy

Lu + g@,u)>0 in 2, u>0 on 0Q2.
Let
hj(x) = Inf g(x,u) j=1,2,..

u€eC(2)
u=jv,

Clearly h,; is an increasing sequence and as j — oo, h;(®) — g.(®) a.e. in Q
so that fh,.w1 —>fg+w1. Fix k so large that fhkw1>0. Since — e<h,<
<g(z, kv,) we have h, e L.
Setting
B — Shiw,
Jwy

19 - dnnali della Scuola Norm. Sup. di Pisa
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we find
i) h, > 0,

ii) there exists a solution u,e H; N C (since p > v) of
Lty = — hy + by .
For @ = u, + ¢ + pv,, with £ >0, u> 0 to be chosen, we have
L= —hy + by + (@ — A)e.

Now choose ¢ = Zk/ll' and then u so large that %> kp, (this is always possible
since 4, + ¢ >0 on a neighborhood of 02). Thus Lu -+ g(x, w)>— Iy +
~+ ae + h,>0. Similarly we construct a subsolution % <0.

The existence of a solution w of (4.9) with u<wu<w is quite standard.
We sketch a proof: Set

w(x) if uw(@)<r
T(@,ry=1{r if u(x)<r<u(x)
u(w) if r<u(x).
Using the Schauder fixed point theorem we see that there exists a solution
we HyN H>® (80 u is continuous) of
(4.13) Mu + f(x, T(2, w(®)) =0 in 2, =0 on 02,
‘where

f@,r) = — hr + g(@, 7).

We claim that w(x) <7(z). Suppose u > % somewhere. In the set 2 where
the function w = w — % is positive, w is a generalized solution of

- Z a'iiwm:cj + z a’iwh = (Lﬂ + g9(=, —d)) —aw<0 in Q’ w=100ndQ.

By the generalized form of the maximum principle, see for instance The-
orem 2 in Littman [Li], it follows that w<0 in @, i.e. v <% in Q. Similarly
u>u and therefore (4.13) leads to (4.9). In case g and f are in C*® one shows
in the usual way that we C*.

REMARK IV.3. The proof of Theorem IV.4 does not rely on our abstract
results. If we restrict ourselves to a self adjoint case, say to M = — 4,



CHARACTERIZATIONS OF THE RANGES OF SOME NONLINEAR OPERATORS ETC. 291
‘we can give an alternative proof of the theorem. First we apply Proposi-
tion IV.2 to obtain the existence of a generalized solution u e H} of (4.9)

such that ug(xr, u) € L. Next, a bootstrap argument yields # € C. Indeed,
multiplying (4.9) by |«|* 2x we obtain

(=i (3o) < [Calul + e s

(the integration is justified by a truncation of the function |u|® u).

Noting that
ou 2 0
2 a/2
i ) = Lo ]

and using Sobolev’s inequality we find

230 < O [ (haful + lei) gt

where

Thus for r = ¢2*/2,
lulgr < Oy flul e + o] el z ™)

(provided ¢<p). Starting with ¢ = 2 we end up with 4 € L*. Finally we
multiply (4.9) by (# — k)*, k>0 and obtain

f]grad (w — k)+]2<f(ll|u| + le])(uw — k).

Since ,|u| 4 |¢|] € L* and p >» we may proceed as in Stampacchia [Sta],
Chap. 4, to conclude that u e L®. The second method is more involved
than the first one, but it shows that every generalized solution is smooth pro-
vided all the data are smooth.

REMARK IV.4. As a direct consequence of Theorem IV.4 we obtain
the following. Assume (4.10) (4.11) and that fe L?, p >». Let u(z) e C(2)
with u<2, in Q, us 4,. Then there exists a sotution u € Hy N H>® of

Mu—pu+g@,u)=Ff in 2, =0 on 092.
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Indeed we write the equation as
Mu — A+ §l@,w) = f

where § = g + (4, — p)u, so that now f g, w, =+ oo and (4.12) therefore
holds for §.

IV.3. Resonance at any eigenvalue for self adjoint L.

We assume now that 4+ L or — L is a (scalar) self adjoint elliptic operator
of order 2m with zero Dirichlet boundary condition. Thus L can be viewed
as a self adjoint (unbounded) operator L: D(L)c H — H where H = L*(£2)
and D(L) = H*(2) N Hy(2). Clearly L is closed R(L) = N(L)*, N(L) is
finite dimensional and L—1: R(L) — R(L) is compact (in other words L has
Property I).

We denote by o« the largest positive constant such that (Lwu,u)>
> — (1/er)| Lu|?, Yu € D(L) and we assume that o < 4 oo (the case o = + oo,
i.e. (Lw,u)>0, Yu e D(L), has been considered in previous sections).

Example (a). Lu = — Aw— A, D(L) = H* N H; for some A > 1, (the
first eigenvalue of — A), then « = A — 4 where A is the nearest eigenvalue
of — A strictly less than A.

Example (b). Lu = Au + Aw, D(L) = H* N H}, 1 real, then a = 1— 1

where 1 is the nearest eigenvalue of — A strictly greater than A.
Let g(x, u): 2 xR — R be measurable in # and continuous in u. Set

(Bu)(z) = g(2, u(x)), g, (2) = lim inf g(=, u), g_(v) = lim sup g(z, u) .

%—>+ oo U—>— 00
Assume
(4.14) g, w)| < plu| + bx) ae 2z, VueR, y<a, be L2,

(4.15)  u-g(x,u)>— c(@)|u] — d(x) ae. xzcf, VuecR, ce L%, de L.

Given f e L2 our purpose is to solve Lu + Bu = f. We prove «roughly » that

(4.16) jgﬂ; —!—fg_'o>ffv Yve N(L), v# 0

[v>0] [v<0]
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implies f € R(L 4+ B) and

(4.17) fg+v +J'g_v >_[fv Yoe N(L), v 0
[v>0] [v<0]
implies fe Int[R(L 4 B)].
Unfortunately we have not been able to establish a result of this generality.
‘What we prove is that the conclusions hold if we add one of the following
conditions:

(4.18)  |g(w, w)|<ylu| + b (x) ae weL, YuecR, Vy>0, b eL>.
(419) g (r)<g,(x) ae.in Q.

THEOREM IV.5. Assume (4.14) and (4.15) and one of the condi-

tions (4.18) or (4.19). Then (4.16) implies f € R(L + B), and (4.17) implies
feInt[R(L + B)]. In addition when fe C® and gc C®, then ue C*.

Proor. The existence part is a straightforward consequence of Corol-
lary IIT.5. Regularity is proved as in Proposition IV.1.

COROLLARY IV.6. Assume (4.14) and (4.15) as well as one of the condi-
tions (4.18) or (4.19).

Assume in addition that there exists w, € L such that g(z, w,(x)) € N(L)*
and

(4.20) g9.(@) > g(x, ue(w)) , g_(®) < g2, up(®)) a.e. on Q.

Then there exists w € D(L) solution of Lu -+ Bu = 0; furthermore if ge C%,
then u € C.

Proor. We apply Theorem IV.5. We have Vvoe N(L), v~ 0

f 9. +fg_v =f(g+ — 9@, uy)) v + f (9- — 9(@, u))v>0.

[v>0] [v<0] [v>0] [v<0]

REMARK IV.5. In case L satisfies a unique continuation property, meaning
that v= 0 is the only v € N(L) which vanishes on a set of positive measure,
then the result of Corollary IV.6 holds with (4.20) replaced by
(4.20') 9.(x) > g(w, w(@)) ,  g_(®) < g(@, uo(w))

a.e. on some set F c 2 of positive measure.
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Example: Bu = g(v, w) = a(x)g,(%) with >0, ac L, a = 0, g, continuous
nondecreasing in u, g;(4& o0) = + oo, |g(@, w)|<ylu| + 0, Vue R, y< a.
Then L 4 Bis onto L2. Cor. IV.6 contains (essentially) Theorem 2 of Berger,
Schechter [B-S].

IV4. Elliptic systems.
For elliptic systems of the form

Au + g(@,u) = f(@) in 2

under suitable boundary conditions, with 4 an elliptic operator acting on
u = (ul, ..., w"), it is clear that we may find suitable extensions of the results
of Sections IV.1 and IV.3 for functions ¢ satisfying (3.40), (3.41) and (3.42).
We may simply apply Cor. II1.5 as adapted for systems at the end of § ITI.2,
as well as Theorem IIL.6’ and the related remarks.

Rather than restate these results for systems we shall take up some
others—confining ourselves to rather simple systems for a pair of scalar func-

tions u = Z . It will be clear that these, in turn, permit a great variety
of extensions and modifications.

Example IV.1. Assume -+ L or — L, + M or — M are scalar, strongly
elliptic, operators having Property I in L*(Q) with D(L)=D(M)= H*"NH}.
(They might even have different orders.)

Set 4(°)=(Z") so that 4 has Property I in H = (L%} with
w Mw

D)= (H*™ N H™? and o= min(a;,a,) (where (Lw,v)>— (1/o;)|Lv[?,
Yv e D(L), (Mw, w)> — (1/ay)| Mw|?* Yw € D(M)).

Set B (”) = (%) ‘where
w

w

(v, w) =f(1 + a0 + b2t + c2w? } d*wt)ide
Q

and a, b, ¢, d are nonnegative constants, i.e.

__a*v + 2b*® ctw -+ 2d:w?
PETIE T T

Assume

(4.21) max(h, d) < }a.
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THEOREM IV.7. There exists a solution w = (:;) e D(4) of

Au 4+ Bu=f= (é)
n
in each of the following cases:

(4.22) >0 and d>0,

4.23) >0, d=0 and ghﬂ>ﬁw Vwe N(M), w0,
4.24) b=0, d>0 mdcwm>ﬁv Vo e N(L), » %0,
4.28) b=0, d=0

and
f\ﬂz%* + 02w2>j£v +nqw VoeN(L), Ywe N(M), (:;)# 0.
Furthermore v, we 0 if & ne C®.
Example. Iv = Av + v, Mw = — Aw — uw so that o= Min(1— 4,

@ — u); see examples (a) and (b) in §IV.3 (We set u = — oo in case u<hy,
the first eigenvalue of — A).

ProoF. We have ¢(u)<pluz-+ C for any ¢> max(h, d). By Proposi-
tion A.1 we see that B = Op satisfies (2.12) with y < «. We may there-
fore apply Corollary IL1.7. NotethatJ,(u) = lim @(tw)/t (see Proposition I1.3)

t— + oo

and thus for w = (2) # 0 we find

if b>0,d>0
+ o or b=0,d> 0, w# 0
or b>0,d=0, v#0,
Ialu) = af vl if =0, d>0, w=0,
efwl if b>0,d=0,v=0,
[Va ol + e?lw]p it =0, d=0.

The smoothness of # is proved as in Proposition IV.1.
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REMARK IV.6. Let
Qw, v, w) = (Q(w’ o w)): 2%xR? > R?

(2, v, W)
be measurable in #, continuous in », w and such that

SuRP’ (IQ(af'a v, w)| + |r(z, v, ’w)l) elL*.

V,WE:

Assume
lim g(z, tv, tw) =0 a.e. x€2, VveR, v£0, YweR
t— 4 oo
lim r(z, tv,tw) =0 a.e. z€ 2, VveR, Ywe R, w=%0.
i—>+ o0

Then the equation Au -+ Bu 4+ Qu = f has a solution provided one of the
conditions (4.22)-(4.25) holds. It suffices to apply Corollary ITT.3.

Example IV.2.

We discuss now an example where B still has linear growth—but not
small with respect to one of the unknowns.

L and M are the same as in Example IV.1 and we assume in addition
(Mw, w)>0 Ywe D(M) so that « = o, (since o, = 4 o0).

Assume B is the same as in Example IV.1, but in place of (4.21) we
assume only

(4.26) b< ta

(and no assumption about d).

THEOREM IV.8. There exists a solution u — (:;) e D(4) of

Au-l—Bu:f:(f;)

provided one of the conditions (4.22)-(4.25) holds.

H, = {(g), ve R(L)}

H,— {(Z)), veN() and we Lz}

Proor. Set

8o that H = (ZL?)? has an orthogonal decomposition H = H; @ H,.
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Clearly A; = Ly gy 18 one-one onto with compact inverse, while
v ]

w|  \Mw
On the other hand we have Ye> 0

A, is maximal monotone.

pu)<(d 4 &2+ C(w) VYueH
and in particular
p(u) < (b 4 &)|u® + Cl(w,) VueH
which implies (see Proposition A.1) that
(Bu — Bw, u— v) |B1u| — O, w) Yu,v,weH

for some y < .
Thus Theorem I.10 applies and we find

R(A + B) =~ R(A) +} conv R(B).
Finally we conclude with the help of Propositions II.5 and II1.6 that

Js(u) > (fyu) VueN(4), uz*0=feR(A+ B)
Je(u)> (fyu) VYueN(A), wus*0=fecInt[R(A4 4 B)].

REMARK IV.7. In Theorem IV.8 M need not be linear. For example
suppose M is a (nonlinear) maximal monotone operator in IL® with

MO = 0. Assume d>0 and 0<b< }« then the equation Au + Bu = f
is solvable provided (4.22) or (4.24) holds.

Proor. Theorem I.10 still applies and we find
R(A -+ B) =~ R(A) + conv R(B).

If b > 0 we have ¢(u)>6|u|* Yuec H and some 6 > 0. Thus B is onto and so
A -+ B is onto.
We consider now the case b = 0. By assumption

aﬂv[ >f§'v Yoe N(L), v#£ 0
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and so
af|v| —f§v>cof|v| Yve N(L), some ¢, >0 .

Let @ — ¢, < a'< a so that
a'f|v| ——ffv)c(; o]  VoeN(I)

with ¢y = a'— a 4 ¢, > 0.
On the other hand we have Vve L2, Ywe L?

(v, w)>a’f|v| -+ (5f|w|2 for some 6> 0.

Thus for any 5 e L?

<p(v,w)—f§v—fnw>c;f|v]+g w—C VYveN(L), Ywe L.

Minimizing ¢(v, w) — f Ev — fmv over N(L)xL? we see that

B (NI
fz(n)E( . )+R(B>cR(A)+R(B>

and in fact feInt[R(4) 4 R(B)] q.e.d.

Example IV.3.

We discuss now an elliptic system of the form Aw 4+ Bu — f where B
is still monotone—but is not a gradient operator.
Let ¢(v, w) be a O function satisfying ¢,,>0, ¢,,<0 and

2
lim 9L A lpal o
tol+ 1wl [0] =+ [0]
Set B (”) = ( "”’).
w — Quw
v Lo
Assume A wl =\ 3w
c L? — L* has Property I with dim N(L) <+ oo, and M: D(M)c L? — L? is
a linear maximal monotone operator with closed range, and dim N (M)< -} oo.

: D(A)cH —H, H = (L*)?* where L: D(L)cC

THEOREM IV.9. Let fe€ H be such that

lim (B(tu), ) > (f, ) VYueN(4), u=x0.

t—>+ oo

Then the equation Au -+ Bu = f is solvable.
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ProorF. We use the same orthogonal decomposition H = H, @ H, as
in the proof of Theorem IV.8. B is monotone since the 'quadratic form

associated with ( z”” (;“") is positive semidefinite.
— Fowy T Yuw

On the other hand Ve >0 we have
l@o|? + ol <e(lv] + |w]) + C, VoeR, YweR.

Thus in particular we find

lim lBlu|2 + IBZ/“’! —

lul—>co ||
ueH

0

and therefore Theorem I.10 yields R(4 4 B) =~ R(A) + conv R(B) (see
Remark 1.6). Also Jy(u) = I} 5 (w)= lim (B(tw), w) by Proposition II.2.
t—>+ oo

From Proposition I1.6 we conclude that

Bhm@) > (u)  Vue N(4), u#0
implies
feInt[R(A) + conv R(B)].
Example IV 4.

Assume -+ L or — L is a strongly elliptic operator of order 2m, L: D(L) C
c L? — L* with D(L) = H*™ N HY. Let g,h: R >R be continuous non-
decreasing functions.

THEOREM IV.10. Let f = (f;) € (L>)? be such that

g.v —I—fg_'v >J§'o Vv € N(L*), v~ 0

w>0l <ol
(4.27)
hyw —I—fh_'w >J’nw Ywe N(L), w=£0.
[w>0] [w<0]
Then there exists a solution w = (:;) € (L2)? of the system
Lw +g() =&
—I*v + bw) =19

with vg(v) € L', wh(w) € L, where L and L* denote the L' x L* closures of L
and L*.
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Proor. We apply Theorem III.6' with

[ Lw
A():( ) D(A) = (H*™» N Hp)?.

w — L*v

Clearly A is maximal monotone; indeed A* = — A so that {Aw,u) =
= (A*u,uy = 0. Hence A is maximal monotone since A is closed and
A, A* are monotone (see [Bré-1]).

We rely on the following known facts

a) The sets
{ve D(I*); |v| <1, |L*o| <1}
and
{we D(L); |w|,<1, |Lw|,<1}

are relatively compact in L*.

b) L* has orthogonal decompositions:
L2=R(LY® N(L*) and H=R(I*)@® N(L).

Set v = vpg) + Ve W = Wegey + Wy
Then we have
””R(L)”L1 <C|L*v|, Vve D(I*)

w<C|Lw|,, VYweD().

| Wr(L*)

Properties (3.30)-(3.31) follow from a) and b).

Ezample. Given Ae R, & 7€ L™, there exist ve L* and we L* solu-
tions of the system

—Aw— 2w+ o5 =& on Q
(4.28) Av +2Av +wi=95n on Q2
v=w=20 on 0Q.
System (4.28) can also be solved by a different method. Indeed let V and W

be reflexive Banach spaces. Let A: D(A)c W— V' be a linear densely
defined closed operator. Let A*: D(A*)c V—> W' be its adjoint. Set

v Aw
A():( ):D(A)CVXW—>V’><W’
w — A*v
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where D(4) = D(A*) = D(A*) x D(A). Clearly A* = — A so that (Au, u) =
= (A*u, uy) = 0, Yue D(A). It follows (see [Bré-1]) that A is maximal
monotone. Thus if B is any monotone demicontinuous coercive operator
from VX W into V' x W', then A 4+ B is onto.

In particular if we choose V = L8, W = L4 Aw = — Aw — Aw with
D(A) = {we L* " W25 and v = 0 on 02} so that v = — Av — Av, with
D(A*) = {ve Lt N\ W2>*3 and v = 0 on 982}, we see that (4.28) has a unique
solution in D(A*) x D(A) (uniqueness is obvious since B is strictly monotone).

Example IV.5.

Assume - L or — L is a strongly elliptic operator of order 2m, L: D(L)c
c L? — L* with D(L) = H*" N H}.

Let g, h: R — R be continuous nondecreasing functions such that

lim g—@zlim M:O.
Ir>oe0 T Ir—>co T
THEOREM IV.11. Let f = 5 € (L?)? be such that (4.27) holds. Then there
exists u = (2}) € D(L*) x D(L) solution of the system
Lw + gv) =§
L*v 4 h(w) =19 .
v Lw .
Proor. Set H = (L2)2, A wl =\ ¥ with D(A) = D(L*) X D(L) so

that A has Property I with dim N(4)< oo.
We may apply Corollary IL.7 (here (2.12) holds with any y > 0). On the
other hand

v
Je (w) =fg+v —{-fg_v +fh+w +1h_w.
[v>01 v<0] [w>01 [w<0]
CHAPTER V

PARABOLIC AND HYPERBOLIC APPLICATIONS

V.1. Parabolic equations.
V.2. Nonlinear telegraph equations.

In the preceding section we have always taken A to be an elliptic partial
differential operator. However, our results apply equally well to parabolic
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equations and to hyperbolic time periodic equations with dissipation. A few

simple illustrations are presented here.
If V.1 we consider

w,— A, — Au + g(@, ¢, u) =0
and treat first the initial boundary value problem. We then consider the
problem of finding solutions periodic in time, assuming A is an eigenvalue
of — A, the first or some other eigenvalue. Finally we treat a parabolic
gsystem with initial and terminal conditions.

V.2 is concerned with hyperbolic equations involving dissipation, such
as the nonlinear telegraph equation

Uy — (A, — A)w + ous + g, t, w) =0, for xe 2; u =0 on Q.

We seek solutions which are periodic in time.

V.1. Parabolic equations.

Example V.I. Initial boundary value problem for a parabolic equation

%?—Au—l—g(w,t,u): 0 in Ox(0,T)=¢

(5.1) u(x,t) =0 on oQ2x(0,7)=2
u(x, 0) =0 ref.

Assume

(5.2) glx, t,u): 2x(0, T)xR — R is measurable in (, ),

continuous in # and

YR>0  Sup |g(z,t, u)| € LYQ)

lu|l<R
(5.3) u-g(x, 1, ) >— e(x, t)|u| — d(z, t)
a.e. (z,1), Yu, ce L*Q), d € L(Q) .

THEOREM V.1. There exists w e L*(0, T; H') N L=(0, T'; L*) with ug(x,t, w) €
€ LY Q) which is a generalized solution of (5.1).
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PrOOF. We apply Theorem III.6 (or rather Remark IT1.3) in H = L*Q)

with
__Ou
ot
ou

D(4A) = {u € L¥0, T'; H2 N H}), ﬁ—eLz(Q), w(x,0) =0 x¢€ Q} .

Au — Au,

Clearly A is maximal monotone, N(4) = {0}, and

(Au, w) > 6| 4]\ Iao.rmny VuED(A), some ¢ > 0.

On the other hand, the set
{ue D(A); ||u| <1, [Au] <1, (Au, w)<1}

is relatively compact in L'(Q) (see [B-H-V]). Therefore (3.30) and (3.31)
hold. Remark ITI.3 yields the existence of a generalized solution w e L*(Q).
The additional properties e L*(0, T; H;) and ue L*(0, T'; L?) are easily
established by a direet argument.

REMARK V.1. Under slightly stronger assumptions we may construct
bounded sub- and super-solutions; a bootstrap argument yields then u € C*
when all data are smooth. Assume

(5.4) YR> 0 Sup |g(x, t, u)| e L*(@) p>n-+1,

lul<R

(6.5)  u-g(wt, u)>— ez, t)ju| a.e. (z,t), VueR, ce L*(Q), p>n+ 1.

Then (5.1) has a solution e L*(Q). Indeed we construct a supersolution
#>0. Let u, be the solution of

ou

W"— Auy, = c(x,t) on Q
Uy 1) =0 on Y
Uo(2, 0) = 0 on Q.

Since c¢e I?(Q), p>n + 1, u,e C(Q). Then % = u, + u (with g chosen
large enough so that u>0) satisfies
ou

i Au - g(w, t, u) = c(@, 1) + g(x, 1, w) >0

(by (5.5)).
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Example V.2. Periodic solutions in time; resonance at A,.

Consider a simple model problem:

B du— dyu gl w) = 0 in @
(5.6) w(@,t) =0 on X
w(z, T) = u(x,0) on Q
where 1, denotes the first eigenvalue of — A with zero Dirichlet boundary
condition.

THEOREM V.2. Assume (5.2), (5.3) and

(6.7) fg+vl >0 >Ig_171 .
é Q

Then there exists a generalized solution
we L0, T; H') N L>(0, T; L?) of (5.6) with ug(x, t, u) € LYQ).

Proor. We apply again Theorem II1.6 (or rather Remark IIL.3) in
H = L*Q) with

D) = {u e 10, T; H* N HY), %eLﬁ(Q) , w@, T) = w(x,0), e Q}

so that N(A) = {i»,;; Ae R}.

REMARK V.2. Here again, as in the proof of Theorem IV.4 we may
construct bounded sub- and super-solutions under the assumptions (5.4), (5.5)
and (5.7), and thus obtain the existence of a bounded solution u for (5.6).

Example V.3. Periodic solutions; resonance at 1.

Let L be a self adjoint strongly elliptic operator of order 2m, L: D(L)C
c L? - L* with D(L) = H*™ N Hy, and let « be the largest constant such
that (Lu, w)> — (1/a)|Lu|?* Yu € D(L).

Consider the problem

%‘t_’ + Lu 4 ga,t,u) = f(@,1) inQ
(5.8) u(-,t) e HY Vie (0, T)
u(@, 0) = u(@, I) wel.
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THEOREM V.3. Assume (4.14) and (4.15) and one of the conditions (4.18)
or (4.19) (where x is replaced by (z,1)). Assume

f g.v+ fg_v>ff-'v Voe N(L), v#0.

[(x.t)€Q:v>0]1 [(x.t)eQiv<0] Q
Then (5.8) has a solution. In addition if fe C° and g€ C®, then u e C*.

ProOF. Set H = L*Q), Au = ou/dt + Lu with

ou

D(4) = {u e Ix0, T; Hm, NHY),

eL¥(2), wu(z,T)=u(z,0), meQ}
Clearly N(A) = N(A*) = N(L) (since L is self adjoint).

Also, the set {ue H; |u|g;<1, |Au|g<1} is compact in H, so that 4 has
Property I. In addition we have

(Au, u)>——i— |[Au|z VYueD(A)

(since |Au|Zuq) = [0w/0|3sq) + |Lt|3sq) and in fact « cannot be increased
since the inequality is true in particular for u € D(L) independent of ¢ (and
then it says (Lw, w)> — (1/a)|Lu|?). In other words we have proved that 4
and L have the «same «». We may therefore proceed as in the proof of
Theorem IV.5. The proof of the regularity of the solution is a standard
bootstrap argument (as in the proof of Proposition IV.1 except that we rely
now on the L” estimates for parabolic equations (see [L-S-UJ).

Example V.5. A parabolic system.
Consider the system

%—?—Aw—[—vs' =& on¢Q
ov
(5.9) Z+dv+w =y on@

v(z, t) = w(x,t) =0 on X
v(zy, T) = wx,0) =0 on Q.

Systems similar to this occur in control theory (J. L. Lions, personal com-
munication).

THEOREM V.4. Given & 7€ L*(Q) there exists ve L8(Q) and w e LY Q)
generalized solutions of the system (5.9).
The proof is similar to the one in Example IV.4 and is left to the reader.

20 - Annali della Scuola Norm. Sup. di Pisa
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V.2. Nonlinear telegraph equations.

We now apply our results to a linear hyperbolic operator A with dissi-
pation of the form

Au - uu + L'u + O'uvg

acting on time periodic (period 2x) functions u(x, t). Here L is a linear self

adjoint elliptic operator in space variables # with coefficient independent of ¢

on a compact manifold Q, or on a bounded domain 2 c R" with suitable

homogeneous boundary conditions on % (say Dirichlet boundary conditions);

o 0 is a real constant. Furthermore u(x,t) might be vector valued.
Let

<A <0< < < << <.

be the eigenvalues of L (zero may be an eigenvalue of multiplicity d) with
corresponding orthonormal (in L)) eigenfunctions ...w_,, w;, w;,....
Since we may expand 2n-time periodic functions on 2 in the form

(5.10) w(@, 1) = 3 a;w;(x) exp [ikt]  a; = @,

the action of A on such functions is easily determined. Take H = L*(2 X
X (0, 2%)), 27 time periodic. Then

(5.11) Au =Y a;(4; — k* + iok)w;(z) exp [ikt] .

Clearly N = N(A) is finite dimensional, spanned by w, (%), ..., w,(%), and
R(A) = N(4)t. Furthermore for f | N(4),

(5.12) f= z ¢;w;(w) exp [kt] ,
'we have
(5.13) Af=T 1,—1902—'"2‘?{@ w,() exp [ikt] .

Since |4;] — oo a8 |j| - oo we see that A~ is a compact operator; A satis-
fies all the conditions of Property I with o = the largest positive number
such that

oa(A; — k%) + (4, — k2?2 + o2k2>0 Vi, k
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i.e.

212
oc=inf}k2 bt o o'k
ik }'i

Ay<k?

We may then apply our results to nonlinear equations of the form
(5.14) Au + Bu= uy; + Lu + ou, + g{z, t, u) = f(z, t)

where g, f are periodic in ¢ of period 2z. We assume N = {0}; the case
= {0} was treated in a very extensive way by Prodi[P].

We describe some results for the scalar case; the extension of Cor. IIL.5
at the end of § IT1.2 may be applied to systems. In the following all condi-
tions on integration refer to £ x (0, 2z). Suppose g measurable in z, con-
tinuous in # and
(5.15) lg(, ¢, w)| <p|u| + b,(x,7), some p>0, b,e L*.

(5.16) u-g(®,t, w)>— c(x, t)|u| — d(=,t), celL? delL*.
Assume also that for

9. (2, t) = lim inf g(x, t, w) , g_(x,t) = lim sup g(, ¢, u)

u—>+ oo U—>— 00

'we have, for some ¢, > 0,

(5.17) f f g, wdadt + f f g_wdwdt> f f fwdudt
[w>0] [w<0]

+ o.,[mwpdmdt]* Vwe N .
THEOREM V.5. In each of the following cases (5.14) has a generalized solu-
tion:
(i) g_<g, and (5.15) holds with some y << a.
(i) (5.15) holds for every y > 0.

Proor. Apply Corollary IIIL.5.

Ezample V.7. Consider L = — A — b5 on a square 2:0<z;<mw, j =1,2
in the plane, acting on real functions u(x, t) which vanish on 92. The eigen-
values of L are all positive and of the form 72 - s — 5, r, s€ Z_ (positive



308 H. BREZIS - L. NIRENBERG
integers). Then N consists of functions of the form a sin 2, sin ,

-+ bsin a, 8in 22,. If 0 = 41 it is not difficult to verify that o« = 2.
Consider the corresponding nonlinear telegraph equation on the square

(5.14") gy + u,— A, u — bu + g(x,t, u) = f(x,t) w =20 on 9.

Then, in each of the following examples, the equation (5.14') has a solution:

(i) g—O’ + 0 < 0 < 2; f arbitrary in L2,
o - d ; . L
(ii) ¢ = tanh lu-}—(l_l_uz)%(l—l—smu), feN*L.

3
(iii) ¢ = ITMCW -+ sinu?, CO> }, f arbitrary in L2.

REGULARITY. It is natural to ask if the solutions in Theorem V.5 are
smooth—in case g, f, the coefficients of L and 002, are in C°. In low dimen-
sions we can show under some mild additional assumptions that they are,
and we sketch a proof—assuming zero Dirichlet boundary conditions on 90.

‘We shall suppose L of order two, but the discussion extends also to higher
order operators. We shall make use of the fact that for functions of the form

u(@) = > u;w,(x)
the H! norm in £ is equivalent to

[3 2@+ 14,1

First we investigate the regularizing properties of A-*represented by (5.13).
For f = cjw;exp [ikt]e L* we see easily from (5.13) that u = A-lf
satisfies

27

(5.18) [ [ + 3t 2 + ) dsa <o ]2
0 Q

But in fact we may assert that

(5.19) [l + 3 w2+ ) do< O3 Ve
2
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For the left hand side

3

@ 14 |A) R
2
SOZ2ll 2 e ek

1451+ k50

and the result then follows easily from the inequality

©o 2
kE (—)%Ji:%z< C(c) = constant independent of A for Ae R,
=1 _

(5.20)
whose proof we omit.

A sgimilar argument yields the following: If fe H™, m > 0 an integer,
then 4 = A-f belongs to H™ and in fact

(5.9') f S Draupdo<Olilin Vi

o lal<<m +

In Theorem V.5 our solution € L2, and hence g(z, ¢, ) € L?; » has the
form A-[f(w,t) — g(x, t, )] (mod N). Since the functions in N are C%, it
follows from the preceding that » e H({2) for each ¢.

CLAIM. For n =1 our solution ue C°(2x[0, 2x]).

Proor. Since u € HY), ¥, » is continuous in « for each ¢, and also
bounded. It follows then that g(,t, u(,?)) € H*. Applying the preceding
again we find € H? and so wu(x,t) is continuous.

We may differentiate the equation with respect to ¢ and find that wu,
satisfies

(5.21) Au, + g, +gu,=7f, u,=0 on 00.

Repeating the preceding argument we find %, is continuous in # for each ¢,
uniformly in ¢—in particular u,is bounded. It then follows that g, 4 g,u.c H*
and so u,e H2. Differentiating the equation (5.14) with respect to x we
may solve for u,., in terms of other third (and lower order) derivatives of u,
and thus conclude that u, € H2. Hence %,, u, are continuous. And so on—via
repeated differentiations of the equation, first with respect to ¢, then with
respect to x, and repeated application of this argument.

CrAtM. Under the additional hypotheses:

(5.22) 9] <C@+ |u]), |gu|<C
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our solution in Theorem V.5 belongs to C* in case n<3. The same conclusion
holds for n = 4 if in addition we require

(5.23) 1921, 19, 19l <O@+]u]), |gul<OC.

Proor. We know that w € H*. Under the new conditions on g we con-
clude that g(z, ¢, u(x, t)) € H* and hence » € H2. As before u, satisfies (5.21)
and hence by (5.19), u,, %, € L*(Q2) Vt. Then, for each i,

J. |[Lu|?de<C independent of ¢.
Q

It follows from the standard estimates up to the boundary for elliptic oper-
ators, that

f |thyq,2dT<C V.
o2
Thus

(5.24) J’ |Duf2dz<C  Vi.

For n<3 we may infer that w(z,t) is uniformly Hoélder continuous in
the x variables—in particular |u| is bounded while for » = 4 we find that
u e L*(2) Vp < oo, V¢&. Furthermore by the Sobolev inequalities we know
that for n<4 wu.(z,t) e LY(Q) VY.

Differentiating the equation (5.14) once more we find u,, satisfies

(6.25)  Auy + gy + 20, % + 9% + 9%y =Ffy %, =0 on Q.
Since u,e L* it follows that

gtt + 2gtuu’t + guuu% + gu’“'ue L2

and hence

(5.26) f (el + 3 o) dB< @ VE,

Q

As before we find [|Lu*dr<C Vt and so
c

(5.27) f i, |2dT< O V.
Q
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Again from elliptic theory we infer from the inequality || Lu| 3o, < C, V¢ (here
we’ve used (5.26-27)) that

[enrdo< 0 Ve

2

For n<3 we conclude that u, and w, are Holder continuous in z, in
particular they are bounded. And so on for n»<3.

For » = 4 we infer that « is bounded and uniformly Hélder continuous
in z; also u,, u, € L*(2) Vp < oo, Vt, and u, € L¥L), Vi. Differentiating
the equation again we find u,,= 0 on 92 and

Auy = fuo — [Guy + 3% + 3% + Guu™ + 33, %y +

+ 39y, %%, + 9,%,)€ L7 .
Hence
J‘(Iuttttla + ]’uuulz)da?< C Vt.
2

From (5.25) it follows that
f |Lurdw<C Vit
Q2

and hence by elliptic theory

[t ram< 0 V1.
Q2

Differentiating (5.21) with respect to z we find
[ Lo Zey < € Vi
and again by elliptic theory

f iy 20 < C V.
2

Differentiating (5.14) twice with respect to & variables we find

| Lu| grgy<C V¢
and hence
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It follows that w,, u, are continuous in #. And so on. We consider the
claim to be proved.

For n = 5 we can prove that the solution is in C* under a slight further
strengthening of the conditions in the case n = 4, but the proof is more
complicated. For n>6 we do not know whether solutions are necessarily
regular.

APPENDIX A.

Some properties of monotone operators and gradients of convex functions.

We have collected in this appendix some technical properties of mono-
tone operators and gradients of convex functions.

Suppose H has an orthogonal decomposition H = H, ® H,. We write
U= Uy + U, = Pyu + P,u.

ProrosiTioN A.1. Let B cC oy, v convex continuous on H. Set B, = P, B.
Assume for some 6 << o/4

p(u)<Olw,|2 + C(u,) VYueH

where C(u,) depends only on w,. Then for some y < a we have
1
(A.1) (Bw — Bw, w — 'u)>; |Byul2— C(v,w)  Vo,w, ueH.

Proor. Supposing B,u = 0, set & = B,u/|B,u|. By the convexity of y,
we have for >0
(v 4+ A8) — y(u) > (Bu, v — u) + A|B,u|
pu)  — p(w)> (Bw, u —w)
pw)  — (o) >(Bv, w—0).
Adding
p(v + A8) — p(v)> — (Bu — Bw, u — v) — C(v, w) + A|Bu]| .
Since
P(v + 28) <O, + 2£]* + CO(v,)
we find
A|Byu| < (Bu — Bw, w — v) + 04* + 240|v,| + C(v, w)
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that is

Bu——Bw,u;v) + C(v, w) 1 6a.

|Byu| — 26[1}1|<(

Minimizing the right-hand side with respect to 1> 0 yields

|Byu| — 260|v,| <2V0[(Bu — Bw, u — v) + C(v, w)]

and (A.1) follows easily. Q.e.d.

Throughout this Appendix we denote by P an orthogonal projection
operator in H.

PROPOSITION A.2. Assume B is a monotone operator and set B, = PB.
Then

sup |Byv| = sup |Byv| = p .
IWI<RE

Proor. For v € H with |v] < R we wish to show that |B,v|<u. Assuming
B,v# 0, set & = B,v/|B,v|]. Then the function 7(1) = (Bv-{— 2£), &) for
A€ R is nondecreasing. Let 0 < A, be such that |v + 1,¢| =

We have r(0)<r(4,) i.e. |Byv|<|B(v + 4,8)|<pu.

PROPOSITION A.3. Assume B is a map from H into itself and set B, — PB.
Let o> 0. The following are equivalent:

for some y < o
(A.2)
(Bu — Bw, u — v) IBI'u]2 Clo,w) VYu,v,weH
(Bu——Bw,u—v)>—C(v,w) Yu, v, we H
(A.3) and for some y < oc
(Bu — Bw, 4 — w) ]Blulz C(w) Vu,we H .

ProOF. Since (A.2) = (A.3) ftrivially, we have omnly to show that
(A.3) = (A.2). For every z€ H,

(Bw — Bw, u — (w + 2)) > — C(w, 2)
i.e. '

(Bw — Bw, 2)<(Bu — Bw, 4 — w) + C(w, 2) .
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Choosing z = (v — w)/e, with 0 < e<1 we find

(A.4) (Bu — Bw, v — w) <&(Bw — Bw, u — w) + C(e, v, w) .
On the other hand

(Buw — Bw, w — v) = (Bu — Bw, u — w) 4 (Bu — Bw, w — v)
= (1 —¢&)(Bu — Bw, w — w) + ¢(Bu — Bw, v — w) + (Bu — Bw, w — v)

> ;8‘ |Byul* — (1 — &) C(w) + (Bu— Bw, v — w) — C(e, v, w)

+ (Bu — Bw, w — v)
by (A.3) and (A.4),

=1 —= [Buul*— (1—2) () — O(e, v, ).

This yields (A.2) for an appropriate choice of .

PrOPOSITION A.4. Assume BcC oy with vy convex continuous and set
B, = PB. Assume for some aa> 0
|Byo| e

(A.5 lim su <.
) [v|—>00 p l'vl 2

Then for some y < a we have

(Bu — Bw, 4 — v)>% |Byu|*— C(v, w) Vu,v,weH.

Proor. We have, by Proposition A.2,
|Biv|<0Olv]| +-C VveH, 0<af2.

But for u = u, 4+ u,,
ld 1
p(u) — p(u,) =f;l_i p(tu, 4 u,) dt<f|Bl(W1 + u)||w |d
1] 1]

1
0
<0t + O] + 01k = ol + O] + Ol
(1]
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Therefore
(A.6) P(u)<O'|uy]® + Clws)  Vu, 0'< /s,

and the result follows from Proposition A.l.

REMARK. We do not know whether the conclusion holds if (A.5) is re-
placed by lim sup |B,v|/|v| < o.
v]—>ca

Proposition A.4 and its proof are closely related to Proposition 4 in [B-B].

PROPOSITION A.5 (*). Assume B = 0y, y convex continuous B is demi-
continuous, and set B, = PB. Assume for some y >0

(A.7) (Byu — Byw, u — w)<yplu —w|* Yu,weH.
Then
(A.8) (Bu — Bw, u — w)>% |By# — Byw|? VYu, we H

and also for any y'> 1y,

(A.9) (Bu — Bw, u — v) >7% |Byu|2 — Cp(v,w) Vu,v,weH.

REMARK. Proposition A.5 implieé in particular that for B = oy, pe (!
convex, the following are equivalent

(Bu — Bw, u — w)<y|u — w|? Vu, we H
|Bu — Bw|<y|uw— w| Yu, we H
(Bu——Bw,u—w)>% |Bu — Bw|* Vu,weH .

The equivalence of the last two conditions is due to Baillon, Haddad [Ba-Ha],
gee also Dunn [Du].

Proor: Property (A.9) follows from (A.8) since B is trimonotone (see

Proposition A.3). Thus we have only to establish (A.8). We decompose the
proof in 4 steps.

(*) We thank J. B. BaiLrLoN for some useful suggestions concerning this result.
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Step 1. Suppose M is a bounded linear operator which is self-adjoint,
positive semidefinite. Then

(PMu, w)<ylu|* VueH
implies
(Mu, u)>% |PMu|* YueH.
Proor. By Cauchy-Schwarz we have
(Mu, Pv)<(Mwu, u)}(MPv, Pv)} Vu,veH.
Choosing v = Mwu yields

|PMu|® = (Mu, PMu)< (Mu, u)}( MPMu, PMu)
= (Mu, w)}(PM(PMu), PMu) < (Mu, u)}y}|PMu|. Q.e.d.

Step 2. Assume (A.7) and furthermore dim H < oo, and wis C2. Then (A.8)
holds.

Proor. Choosing w = u — tv in (A.7), dividing by ¢* and passing to
the limit as ¢ — 0 we find

(PMv, v)<ylv|]* VYveH

where M = B'(u) is positive semidefinite and self-adjoint.
Thus by Step 1,

(Mw, v) >)1—, |PMo|2 VveH.

Finally

|Biu — Bywl* — | fPB'(w + 4 — w)) (e — w)de>
0
1
<f|PB'(w 1t — w))(w — w)|2dt
o

1
<yf(B’(w + t(w — w))(u — w), u — w)dt

0

= y(Bu — Bw, w — w) .
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Step 3. Assume (A.7) and furthermore: dim H < co and y is O,
Then (A.8) holds.

Proor. Let g, be a sequence of mollifiers on H tending to the delta
function. Set y, = p, % v, B, = 0y, = g, ¥ B. Clearly

(PBou — PB,w, w — w)<ylu—w|> VYu,weH
and thus Step 2 yields
(B,u — B,w, u—w)>)—1; |PB,w — PB,w|* VYu,weH.

As m — co the desired result follows.

Step 4. The general case.

Let X denote the finite dimensional space spanned by w, w, Bu, Bw,
Pu, Pw, PBu, PBw. Note that P(X)c X and therefore P(X')c X'. Set
Py = orthogonal projection on X. Clearly P, commutes with P. Set
@ = p|y so that ¢ is convex and

op(®) = PxBxr for ze X.
For z,y e X we find since P and P, commute
(P p(@) — P op(y), » — y) =
= (PPxBw — PPxBy, v — y) = (PBx — PBy, ® — y)<yple — y|*.
By Step 3 applied to 9p and P in X we derive Vz,ye X
1

(Op(@) — o9(y);, ©—y) > |P op(x) — P op(y)|*

i.e.
(Bx — By, x — y)>% |PPyxBx— PP, By|? .

In particular

(Bu — Bw, v — w)>%|PBu — PBw[*. Q.e.d.

ProrosITION A.6. Let Q be a measure space. Let oo>0. Assume
9@, u): 2 XR — R is measurable in x and continuous nondecreasing in u.
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Suppose
|g(x, )| <Olu| + h(x) ae. zeQ, YueR

with 0 <  and he L2,
Set (Bu)(®) = g(x, w(x)). Then for some y < «
(Bu — Bw, v — v);% |Bu|? — C(v, w)  Vu,v,we L.

ProoF. Clearly it suffices to prove that for some y < «

(Bu — Bw, u — w) >}17 |Bu|*— C(w) .

But
(Bu— B0, u—w) = [lg(0, 1) — g(0, w)]Ju — wlas
2

> [lot@, 0 gta, )] [LEEL =2 _ o] 20
Q

>% |Buj2 — C(w)|Bu| — C(w). Q.e.d.

PROPOSITION A.7. Assume A: D(A)c H — H is a linear maximal mono-
tone operator with dense domain and closed range R(A).
Assume

(A.10) (Au, w — v)>C(v) Vu,ve D(A)

(this holds for example if 4 is trimonotone).
Then there exists > 0 such that

(Au, u)>plu|®* VYue D(A)
where w, denotes the orthogonal projection of w on R(A).
PROOF. A|p4)npe4 i8 One-one and onto R(A).
A1 R(A) — R(A)
is a bounded operator and so there exists ¢ such that

[o]<Cldv] Vve D(4) N R(4).
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On the other hand (A.10) implies (see [Br-Ha] Proposition 1) that there
exigts C such that

|(Av, w)| < O(Aw, w)t[|v]z + |Av|*]} Vue D(4), Vwe D(4).
In particular for ve D(4) N R(A) we find

|(4v, u)| < C(Au, w)}|4v|,
i.e.
|(w, w)| < C(Au, w)lw| VYue D(4), Ywe R(4).
This yields
[uy| < C(Awm, u)? .

APPENDIX B.

More general form of the main result.

In Theorem I.10 the nonlinear terms 4,, B were required to be mono-
tone. We now present a more general result in which we permit additional
terms which need not be monotone but which are required to satisfy con-
ditions somewhat like those in Chapter III. The results and proofs are then
a mixture of those of Chapter IIT and of Theorem I1.10. The conditions in
the results are technical and rather complicated, and they are presented
without applications, but with the thought that they may prove useful in
later work.

The setup is the following: H is a real Hilbert space with a given ortho-
gonal decomposition

H=H®H,=P,H® P,H.
Conditions:

(i) 8: H, > H, is a demicontinuous operator with |Su|<r|u| 4 C
and A, is an operator: D(4,)c H, — H, satisfying 4, = 4, + 8
is one-one and onto; 4! is continuous from weak to strong and
Vu € D(4,):

(A w, u)>— % |[dyulr— €

o%lu| < |Ayu| + C

for some constants «, o, > 0, and C.
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(ii) M = fgl is a monotone operator mapping D(M)=H,®d S
2

into H, Sc H,, M(0) = 0 satisfying: for each u,e H, the map
uy > M,(u, + %,) is maximal monotone; for each u,e H,, M, is
demicontinuous in #%,. Furthermore

For some constant ¢, > 0, 7,>0, V6> 0, Vve H, 3k(d),
O(w), such that Vue H

(B.1)
1
S 1] < (Ma — 3o, u— o) + T+ C@)3fu] + k()
1
(iii) B = ? : H — H is a monotone demicontinuous operator with
2
B(0) = 0 satisfying
For some y,> 0, 7,>0, V6> 0, Yo, w e H, 3k(5), C(v, w)
such that
(B.2) 1

|Byw — Su,|2< (Bu — Bw, u — v) + w5|u,]* + C(v, w)(d|u| + ¥(J))
Yue H

vs

(iv) G = (g‘): H — H with G(0) = 0 satisfies
2

(B.3) ¥é >0, 30(6) such that |Gu|<d|u| + C(9).

G, is continuous from strong H, X weak H, — weak H,;

@, is continuous from strong H, X weak H, — strong H,.
Furthermore, G, is compact, while @, satisfies:
For some y, >0, 7,>0, V6 >0, V2, ve H, 3k(J), C(z,v) such that

(B.4) }Wk(au—@z,u—v)+rslu1!2+ Oz, 0)(Olul 4 (8)), Vu.

We always assume that y = y, + 9, + 9, and v =7 + 7, + 7, + 75 satisfy
1,71
. + “—3 <; .

(iv') Same as (iv) except that (B.4) is assumed to hold only forz = v = 0.
With N = M 4 G + B, we are interested in solving

(B.5) Ayu, + Nu=feH.
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THEOREM B.1. Under hypotheses (i)-(iv)
R(4, + M + G + B) ~ R(4A,) + R(M) 4+ R(G) + conv R(B).
THEOREM B.1'. Under hypotheses (i)-(iii) and (iv’),

R(A:+ M + @ + B) = R(4,) + R(M) + conv R(B).

Next we give some conditions on f so that (B.5) has a solution. Assume
that we have an orthogonal decomposition of H,:

H,=H,®H, with dimH,< co.
Conditions on f:

(v) For every he H, @ H, with [h| < r for some r > 0,
f+ he R(4,) + R(M) + R(Q) + conv R(B).
(v') For every he H,® H, with |h|<r,
f+ he R(4A,) + R(M) 4+ conv R(B) .
For ve H, recall the recession function

Jn(v) = lim inf (N (tu), u) .

t—+ oo

(vi) For every ve H,, v+ 0,
Jy(®) > (fy, ).
THEOREM B.2. Under conditions (i)-(vi),
feInt R(4, 4+ M + G + B).
THEOREM B.2'. Under conditions (i)-(iii), (iv’), (v') and (vi),
feIntR(A, 4+ M+ G+ B).

We confine ourselves to a brief sketch of the proofs which are similar to
that of Theorem I.10.

21 - Annali della Scuola Norm. Sup. di Pisa
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LEMMA B.3. For any € > 0 and any fe H there is a solution of
(B.6) EUye -+ A Us -+ Nus=f.

The proof is a bit different from that of Lemma I.11; the solution « is
obtained as a fixed point of a compact transformation T defined as follows:
For v = v, + v, define u, € H, as the solution of

ety + (My + By)(0y + %) = fo — Gy .
Then set
Uy = A;l[fl — (M 4 B,)(v, + Up) — Gl’v]

and finally define w, e H, as the solution of

ew, + (My + B,)(uy, 4 w,) = fo — Gyo .

The mapping » - w = Tv is well defined and one easily sees that a fixed
point of T is a solution of (B.6). Next one verifies that T is compact and
continuous and finally that for R sufficiently large

Tv#A VYveH, |vJ=R, Vix>1.

Then T has a fixed point in |v| < R. The proofs of these facts are similar
but more involved than the corresponding proofs for Theorem I.10.
Next by an argument similar to the proof of Lemma I.12 one proves

LeMMA B.4. Under the hypotheses (i)-(iv), if f € R(4,) + R(M) 4+ R(G) +
- conv R(B) then for any solution u. of (B.6), eue —>0 as ¢ — 0. If we
assume (i)-(iv’') we obtain the same conclusion provided fe R(A,) + R(M) +
-+ conv R(B).

Then one has the analogue of Lemma I.13 with similar proof:

LeEMMA B.5. Under conditions (i)-(vi) (or conditions (i), (ii), (iii), (iv'), (v')
and (vi)) any solution wu. of (B.6) satisfies |ue|, |Ajue|, |Miwe|, |Byte,
|G1ue| < C independent of e.

Finally, to prove Theorems B.1 (and B.1l'), the statement about. the
closures of the ranges follows immediately from Lemma B.4. The state-
ment about the interiors is precisely the assertion of Theorem B.2 (and B.2')
in the case H"= 0, in which case condition (vi) is empty.

By a passage to the limit argument as ¢ — 0, similar to the proof of The-
orem I1.10, one proves Theorems B.2, B.2'.
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BIBLIOGRAPHICAL REMARKS

Chapter I. Results concerning the almost equality R(4A + B)=~ R(4)-+ R(B),
for monotone operators 4 and B have been first proved in [Br-Ha]. Generalizations
are given by BROWDER [Bro-2], Gurra-HEess [G-H], CALVERT-GUPTA [C-G].

The decomposition device H = H, @ H, has been extensively used in bifurcation
theory and nonlinear problems at resonance i.e. equations of the form Au 4 Bu = f
where A4 is a linear noninvertible operator; we refer to the expository papers and
notes of CEsari[C] and MawnlIN [M-1], NIRENBERG [N-3] on the alternative
methods, see also OSBORN-SATHER [0-S]. For otherresults concerning time periodic
solutions of nonlinear wave equations we refer to Rapinowirz [Ra 1-3], DE S1MoN-
ToreLLI [De S-T], MawHIN [M 2-4], VEJvOoDA [V], HALE [Ha], Lovicarova [Lo]
and [Br-N] which contains an extensive bibliography.

Chapters I1I and III. Corollary II.7. and Theorem III.1. bear some similarity
with results of Fulik [F 1-2] and Fulik-KuCERA-NECAS [F-K-N]; their definition
of the weak 7-subasymptote for a nonlinear operator is related to the notion of
recession function—however the exact relationship is not clear.

The measure theory argument we use in the proof of Theorem III.6. is originally
due to STrAUSS [Str]; it has been widely applied.

Chapter IV. Nonlinear elliptic equations with resonance at the first eigenvalue
have been considered by LioNs-STAMPACCHIA [L-8], ScHATZMAN [Sch], HEss [He-1]
under the name of «semi-coercive » problems. Recent contributions include the
works of DE FiGUEIREDO [DeF-1-2], DE F1GUEIREDO-GOSSEZ [DeF-G], MCKENNA-
RavucH [McK-R] (results related to Proposition IV.2.) and KazDAN-WARNER [K-W]
(for second order equations). Since 4 is monotone, the results of [Br-Ha] can also
be applied. Nonlinear elliptic equations with resonance at any eigenvalue: the first
result goes back to LANDESMAN-LAZER [La-La] (for a simple proof, see Hess [He-2]).
Related results and generalizations have been given by many authors: L. NIREN-
BERG [N-1-2], DANCER [Da-1-2], BERGER-SCHECHTER [B-S], SCHECHTER [Sche], WiL-
LIAMS [W]. Fucik [F-2] (with an extensive bibliography), and AMBROSETTI, MAN-
cINI [A-M].

Chapter V. Resonance problems for nonlinear telegraph and parabolic equations
have also been studied by MawHIN [M-2-4].

Added in proofs. — We describe a simple example showing how the results of
Chap. IIT apply in case H = R(A) @ N(4) is a direct sum which is not orthogonal.

Let H = I?(Q) and let A: D(A)cH->H be a densely defined closed operator
with R(A) closed, dim N(4)=1 (for simplicity), {ueD(4), |u|<1 and [du|<1}
is compact and H = R(A4) @ N(4) (but not orthogonal). Assume N(4) is spanned
by v, with _fv:“;z 1 and N(4*) is spanned by w, with f'vowoz 1. Assume v,5% 0
a.e. in Q.

Let g(x, u): QX R—~>R be measurable in z, continuous in « and satisfies:

lg(x, w)| < b(zx) a.e. =, VueR with beL?,

g.(x) = lirf g(x, u) exists for a.e. =.
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If
fg—wo+ fy+wo<0< (y+wo+ f g_ W,

[96>01 [90<01 [70>01 [20<0]

then the equation Awu -+ g(x, w) = 0 has a solution. Indeed E(4) and N(4) become
orthogonal for the new scalar product

9> = ff191+ jfzyz

where
f=hHh+1t 9=+, fi.q € B(4), far G2 N(4) .

We may therefore apply Theorem III.1. Note that

J 5(vy) = lim inf (g(z, tu), u) = lim inf {g(x, tu), v,> =

t—> + oo t—>+ oo
U—>Vo U—>vy
= lim inf g(x, tu) wy = f g Wy + f g_W, .
e tve>01 {7401
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