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Remarks on Some Fourth Order Variational Inequalities

H. BREZIS (*) - G. STAMPACCHIA (**)

dedicated to Hans Lewy

1. — Introduction.

Some years ago the Authors studied the regularity of a variational in-
equality for a second order variational inequality [1], which turned out to
be useful in the solution of the elastic-plastic torsion of a bar ([2],[3]).

We recall briefly the result we obtained there:

Let K be the convex of Hy(f2)

K= {veH)R): |grad v|<1 in £}

where Q is a domain of RY satisfying suitable conditions and let f be &
funection in L?(Q). (2<p < + o).
The solution u of the variational inequality

uekK: fgradugrad(v—u)dw>ff(v—u)dw for all ve K
Q 2

belongs to H>?(Q).

The purpose of this paper is to consider an analogous problem related
to the biharmonic operator in place of the laplacian. We shall consider two
types of boundary conditions.

The variational inequalities we consider are the following

(*) Université de Paris VI.
(**) Scuola Normale Superiore di Pisa.
Pervenuto alla Redazione il 13 Settembre 1976
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(I) Let K, be the closed convex set
K, = {ve Hy Q)N H}Q): a<Av<f ae. in 2}
where, for sake of simplicity, « and f§ are two constants such that
a<<0<p(})

and Q is a bounded open set of RY. We assume that 2 is smooth; so that
in particular the bilinear form

a(u, v) =fAuAvda;
2

is coercive in H}(2) N H*(Q).
Let f be an element of H-1» (2<p < + oo0) and denote by u € K, the
solution of the variational inequality

(1.1) ueKI:fAuA(v—u)dw><f,v—u> for all ve K, .
Q
There exists one and only one solution of (1.1).
We shall prove the following

THEOREM 1. The solution u of the variational inequality (1.1) belongs to
H3»(Q), Auc H\(2). duc H"*(Q) if fe L*(Q) with p> N .

The second variational inequality we shall consider is the following
(IT) Let K, be the closed convex set
K,= {veH}Q): a<Av<p, a.e. in Q}
where again a<0<<f and Q is & bounded open set of R¥ with smooth

boundary; in particular the bilinear form a(u, v) is coercive in H3(Q).
Let f be an element of H-12(Q) and denote by u the solution of the

(*) There is no difficulty to consider two funections «(x) and f(x) instead of
constants.
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variational inequality:

(1.2) ueK;: fAuA(v—u)dw><f,v—u> for all ve K,.
Q2

There exists a unique solution to (1.2). We shall prove the following

THEOREM 2. The solution w of the variational inequality (1.2) belongs
to HY2(Q). AueH:X(R2) if fel?(Q) with p>N.

loc

2. — Proof of theorem 1.

First of all we consider a very simple variational inequality. Let F be
a function in HY (2<p <+ oo) and X, the closed convex set

Ko={Vel¥Q):a<V<p}.

The (unique) solution of the variational inequality

2.1) U € Ko: fU(V— U)dm>fF(V—~ U)dw for all VeX,
2 Q

is given by
a if F<a,
U={F if a<F<f,
g it F>f.

Thus we have the following

LEMMA 2.1. The solution of the variational inequality (2.1) is the projec-
tion of F on X, and is given by

(2.2) U= PI‘J@»F = 1oF
where T(t) is the truncation function

a fort<a
(2.2") Tt)={t for a<t<p
g for t>p
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and hence, for F e H4#?(Q) (2 <p <-+ oo), we have Uec Hw»(Q). In particular
if FeHY*(2) we have Ue H}*(2).

ProOF OF THEOREM 1. Let F be the solution of the boundary value
problem

(2.3) FeH\Q): AF=f in Q.

Since fe H-4»(Q) it follows that Fe H}*(L).
The variational inequality (1.1) may be written

fAuA(v—— u)dw>fFA(v— u) dr
2 Q

and consequently if we set U = Au, V = Av, we get

UeXy: fU(V— U)dw>JF(V—— U)aw for all Ve,
n 2

where X, is the convex set defined above. It follows from lemma 2.1 that
U=1oFeHy*(Q) 2<p<+ oo.
Therefore the function u is the solution to the boundary value problem
weH (Q): dAu=TU
and consequently due HY?(Q) and ue H*(2<p < + oo).
Thus theorem 1 is proved.
3. — Proof of theorem 2.
We begin by introducing some notation.

In addition to the convex set X, that we have already defined, we con-
sider the closed linear space X,

Ky = {VeLz(Q): f Veds =0 for all ¢e C¥{) such that A = o}
2

and we set

JC=JC|,(\JQI9&0.
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The proof of theorem 2 is based on an approximation argument by a
penality method.
Let yp(t) be the function defined by

t—a for t<a
yt)=10 for a<t<p

t—p for t>f
and set, for 1> 0:

ylt) = 7710

Let F be the solution of problem (2.3); we recall that ¥ e Hy?(R2).
We prove the following:

LEMMA 3.1. There exists a unique function U,e X, such that
(3.1) Ur+ ya(Us) — FeXt.

Moreover, as A — 0, U, converges in L2(Q) to a function U such that U e X =
=Ko N Ky, and

(3.2) fU(V— U)dw>IF(V— U)aw for all Vek.
2 2

PrROOF. Since the operator I y,— F is monotone hemicontinuous and
strongly coercive in L2({2), there exists a unique solution to the variational
inequality

U,e Xy (Uz-}—y;(Uz)—F, V— Ua)>0 for all VeX,
ie.

UieX;: (Uz—l— ya(Us) —F, ¢) =0 for all peX,

and this means that (3.1) holds.
Multiplying (3.1) by U, and integrating we have

J'U;dx +fyl(Ul) Uﬂw:fzﬂ- U, dw
2 2 2

and thus, since yi(U;) U.>0, it follows that

(3.3) 103l 2y <12 2y -
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Now let V be any function in X = X, N X,; then

[oa(0) =y V)T — V) do = [pa(U)( T3 — V) dw>0
Q Q

since yi(V)= 0. Therefore

(3.4) f(F— U2)(Us— V)dw>0.
2

By (3.3) there exists a subsequence {Ulﬂ} of U, such that
U, -~ U weakly in L¥Q).
Since liminf | U, || x> || Ullzyq), We get at the limit

J'(F— U)NU —V)do>0 for all VeXk
Q2

and (3.2) is proved.
In order to show that UeX it is enough to prove that UeX,.

Let I'(t) be a primitive of y, i.e.; I"(t)=p(t), I'(0) = 0. Since I'(?) is a
convex function, we have

— (U2) =I'(0) — I'(Ux) > y(Ua)(— Ua)
and thus

% f]’( Ul)dm<f(F— U,) Usdx < C = const. indep. of A,
2] 2

which implies
f T(Ux) dw<CA.
o2

Passing to the limit as 4 >0 we get

9]'1’(U)dm=o.

From this relation it follows that a<U <f a.e. in £, i.e.

UeX,.
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By uniqueness of the solution of (3.2) it follows that U, converges weakly
to U as A goes to 0.

In order to complete the proof of the lemma we remark, first, that by (3.4),
for any VeX

1imsupJU§dm<JFde—ngVdm +be- Vdw

and then, choosing V= U, we get
1imsupr§dx<fU2dw.
Q Q
Hence
lim U,=0U0 in L2(0).
A—>0

Now we prove the following

LEMMA 3.2. Let U be the solution of the variational inequality (1.2). There
exists a function ze L(Q2) such that Az= 0 and

U =10(F + 2)
where T is given by (2.2) and F is the solution of (2.3).

PRrOOF. a) Set

2= U;.—I—ya(U,x)—F,

where z;€ X}, Therefore [2Apde= 0 for all € D(R), indeed Ap e K.
It follows that @

Az,1=0

in the sense of distribution and thus 2,e C*(Q).

b) Since for all VeXy, ya(V)= 0 we have

f ya(U2)(Us— V) dw>0
2

i.e.

f(z,z— Us+ F)Us— V)de>0 for all VeX,.
2

24 - Annali della Scuola Norm. Sup. di Pisa
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Consequently

[e— vt F)Vdm<f(11’— Us) Urdw <3| F|2xq) -
(2} Q2

From this we deduce first that

|#2s— Us+ F|pyqy<Const  (indep. of 1)
and then that
|2]|z:@y<Const  (indep. of A)

and in particular, since Az;= 0, we have |2, g is bounded by a constant
depending only on Kcc Q.

Thus, there exists a subsequence z; converging uniformly on any compact
if Q to a function z such that

Az=0.

Moreover, by Fatou’s lemma, 2z LY(L).
On the other hand

U+ y;.(Uz) =F+ 2
and hence

(3.5) Usr= wi(F + 21)
where w; is the inverse function of - y(¢). It is easy to check that

lim wa(t) = 7(?)
A—0

uniformly on bounded intervals, and passing to the limit in (3.5), we have
(3.6) U=r1o(F+?)
and the lemma is proved.

REMARK. Since ze C*(2) and F e HY»(f2) it follows that
UeH2(Q).
ProOF OF THEOREM 2. Let 4 be the solution of the boundary value problem
(3.7 ueH)(2): du=TU in Q

where U is the function (3.6).
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From the remark above, u € H3(Q) and for { € C*(f) such that A =0,
we have

Z;_u ¢ do =fA ul dx =fUC dr=0 (v = exterior normal)
v
Q2 Q

on

since UeJX cX,. Since the trace of { on 02 is arbitrary it follows that
oulov =10 i.e. uec Hy(R2).

Let v be any function in K,, then V = dve X, and from (3.2) and (3.7)
we get

fAuA(v—u)dw>fFA(v—u)dw= {fyv—u).
Q2 Q

Since the solution of the variational inequality (1.2) is unique, theorem 2
is proved.

REMARK. Two natural questions remain open:

1) It is true that e H>?(Q) (instead of H:?(2)?

loc

2) It is true that we H2:>(Q)?

REMARK. It is clear from the representation formulas (2.2) and (3.6)
that the solutions of the variational inequalities (1.1) and (1.2) do not belong
in general to C3(Q)!

REMARK. It would be interesting to study the regularity of solutions
of variational inequalities (1.1) and (1.2) when the constraints involve
quadratic functions of the second derivatives.
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