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A Class of Second-Order Evolution Equations
with Double Characteristics.

ANTONIO GILIOLI (*)

Introduction.

Given an abstract Hilbert space H and an unbounded, selfadjoint positive
definite operator A on H, which has a bounded inverse A~1, we study in this
paper evolution operators of the form

1) P=(0,—a(t,A)A)(0:—b(t, A)A) +e(t, A) A,

where 0, means 0/ot and where the coefficients a(t, A), b(?, A) and ¢(t, 4)
are power series with respect to 4-1, with coefficients in C(J), for some open
set J on the real line. These power series are assumed to be convergent in
L(H; H), as well as each of their #-derivatives, uniformly with respect to ¢
on compact subsets of J. When the leading coefficients a,(¢) and b,(?) of the
power series a(?, A) and b(f, A) vanish simultaneously (we always assume
that this happens for t=0), we are in the case of double characteristics.

The study of local solvability and hypoellipticity of such operators was
completely made by F. Tréves, in this same abstract set up, under the
further condition

(2) a,(0)=15,(0)=0 and Real’(0)-Red{’(0)<0,

where f®(#) denotes the first derivative of f(?).

The best possible hypoelliptic property of these operators, now in the
pseudodifferential form, was studied by F. Tréves and B. de Monvel. For
this, they associated to every operator P satisfying (1) and (2) the number

(0)

= 20) — 5P 0) (when Reag’(0)>0),

3) le
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and it turned out that P only loses one derivative if and only if I, is not an
integer >0.

Here we again study operators in the abstract set up, constructing a
scale of Sobolev spaces JC° but considering the following condition, more
general than (2), as well as the corresponding definition of /, and hypoelliptic

property:

(4) forsome odd positiveinteger k, Rea®(0)-Redb®(0) <0, Real(0)=
= RebP(0)=0 for all p<k—1, and Red?(0)=0 forall p<k—2.

(5) = P @) (when Rea®(0)> 0)
T ag?(0)—b5°(0) ° )
(6) there is an open set J containing 0 such that, given any real number s,
any open subset J' of J and any distribution # in J',
Pucly (J') implies welet¥®+1(g").

oc
The main result of this article is the following

THEOREM. Let P satisfy (1), (4) and (5), and let P* be the adjoint of P.
The following conditions are equivalent:

(7) P satisfies (6);
(8) P* satisfies (6);
(9) whatever the integer m>0, 1,5 m(k +1) and I, m(k 1) +1

A more precise statement is given in chapter 7, using the spaces *J*™
constructed in chapter 4

The novelty in this article is the kind of simple concatenations that we
use, which incidentally precludes the use of Hermite operators, employed
by Monvel-Tréves in their work

0. — Notations.

Throughout this article, we will closely follow the notations of [3]
Like there, A will denote a linear operator, densely defined in a Hilbert
space H, which is unbounded, but is selfadjoint, positive definite and has
a bounded inverse A-!. (We may think of A as being, for instance,
(1—4,)° on R" or a selfadjoint extension of |D,|).
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We will consider differential operators on the real line (where the variable
is denoted by ¢ and is usually referred to as the time), of the following kind:

(0.1) P= ¢t A) A,

r+ism

where the 7’s are real numbers >0, the j’s are integers >0, and the sum
is a finite one. The coefficients ¢, (¢, A) belong to the ring Q,(J) defined
as follows: J is a given open subset of the real line; the elements of Q ,(J)
are the series in the nonnegative powers of A-%, with coefficients in C®(J),
which converge in L(H ; H) (the Banach space of bounded linear operators
on H), as well as each one of their t-derivatives, uniformly with respect to ¢
on compact subsets of J.

The operators of the kind (0.1) form a ring which we denote by T ,(J).
The operator given in (0.1) is said to be of order less than or equal to the
nonnegative real number m.

We will use the scale of «Sobolev spaces » H¢ (for se R) «on the va-
riables x », defined by A: if >0, Hs is the space of elements % of H such
that A*ue H, equipped with the norm |u|,= |4°%|,, where ||, denotes
the norm in H = H® if s<<0, H* is the completion of H for the norm
l|s= | 4*u|,. The inner product in H* will be denoted by (, ),. Whatever
se€R, meR, A" is an isomorphism (for the Hilbert space structures) of H*
onto H* ™,

By H® we denote the intersection of the spaces H*, equipped with the
projective limit topology, and by H~* their union, with the inductive limit
topology. Since, for each se R, H* and H—* can be regarded as the dual of
each other, so can H” and H~“: with their topologies, they are the strong
dual of each other.

Let J be an open subset of the real line. We denote by C°(J; H®) the
space of C® functions in J valued in H®. It is the intersection of the spaces
C’(J ; H*) (of the j-continuously differentiable functions defined in J and
valued in H*) as the nonnegative integers j, k¥ tend to -+ co. We equip
C*(J; H*) with its natural C® topology. If K is any compact subset of J,
we denote by C;(K; H”) the subspace of C*(J; H”) consisting of the func-
tions which vanish identically outside K. It is a closed linear subspace of
C=(J; H®), hence a Fréchet space, and we denote by 0 (J; H*) the induc-
tive limit of C(K; H”) as K ranges over all compact subsets of J.

We will denote by D'(J; H~*) the dual of C;(J; H®), and refer to it as
the space of distributions in J valued in H~*. The «local structure theorem »
is valid in D'(J; H~=): if u is any distribution in J valued in H~* and if J’
is any relatively compact open subset of J, we can find a finite set {f,,}
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(j +k< M) of continuous functions in J, valued in H, such that

(0.2) w= > Aoff,, inJ’'.

itk<M

Observe that the differential operators Pe T ,(J) define continuous linear
mappings of C®(J; H®) (resp. OF(J; H®), resp. D'(J; H™ ™)) into itself.

For the sake of completeness, we recall some definitions and results
stated in [3].

DErFINITION 0.1. Let ¢, be any point of the open set J. We say that P
is locally solvable at t, if there is an open neighbourhood J' of ¢,, contained
in J, such that, to every fe 07 (J'; H®), thereis u e D'(J'; H~ ) satisfying
Pu=1fin J'. We say that P is locally solvable in a subset § of J if P is
locally solvable at every point of S.

DEFINITION 0.2. We say that P is hypoelliptic in J if given any open
subset J' of J and any distribution u e D'(J; H™ =), the following condition
is verified:

(0.3) PueC®J'; H®) implies wueC®(J';H®).

DErFINITION 0.3. We denote by P* the formal adjoint of Pe T (J),
i.e., the operator defined by

(0.4) f (P*u, v)odt = f (u, Po)odt, Vu,veC>(J;H®).

PropoSITION 0.1. If P is hypoelliptic in the open subset J, of J, then P*
is locally solvadble in oJ,.

PROPOSITION 0.2. Let X be the differential operator 0,— a(t, A) A, where

a(t, A) e Q(J) (thus, we may write a(t, 4) = a,(t) A"‘i), and suppose that
there is am integer p>0 such that =0

(0.5) Rea®(0)#£0, Rea@0)=0 if ¢g<p.

Then, X is hypoelliptic at t=0 if and only if the following condition is
satisfied:

(0.6) either p is even or, if p is odd, Rea®(0)> 0.
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ProrosITION 0.3. Let X be as in Prop. 0.2, satisfying also (0.5). Then,
X is locally solvable at t = 0 if and only if the following condition is satisfied:

(0.7) either p is even or, if p is odd, Real(0)< 0.

Propositions 0.1, 0.2, and 0.3 are respectively Corollaries 1.1.2, 1.3.1
and 1.2.1 of [3].

1. — The «Sobolev » spaces J:.

We will denote by S(R; H®) the space of all functions we C*(R; H®)
such that, for all pairs of polynomials P and @ in the variable ¢, and with
complex coefficients, P(?)Q(0,)u(f) remains in a bounded subset of H® as ¢
varies over R, i.e., such that

(1.1) VseR, sup |P(#)Q(0,) u(t)|, < oo .

We equip S(R; H”) with its natural topology (i.e., we take as a basis
of continuous seminorms the expressions in (1.1)).

We define the integral of a continuous function valued in a locally convex
vector space as the limit of Riemann sums. Then, if v e S(B; H”), we may
form its Fourier transform 4 by

(1.2) (r) = J' exp [ itr]u(t)dt, VreR.
R

It can be checked at once that #(r)e H® for every te€R; and that
i€ S(R; H*). Moreover, the Fourier transform is a continuous linear map
from S(R; H®)into itself, and it can be verified that its inverse is given by
the usual formula:

(1.3) w(t) = (27) f exp [itr]d(r)dr, WteR,

which shows that the Fourier transform is an isomorphism from S(R; H®)
onto itself.

Asg usually, except for a multiplicative constant, the Fourier transform
can be extended as an isometry of L*(R; H) onto itself. We have precisely:

(1.4) [1a13dr = 2a jue 134s.
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We denote by 8'(R; H™ =) the dual of S(R; H®), and we refer to it as the
space of tempered distributions on R, valuedin H~=. Since O7 (R; H*) is dense
in S(R; H®), we can identify S'(R; H™®) (as a set) with a subspace of
D'(R; H~®). The transposition of the Fourier transform gives an iso-
morphism from 8'(R; H™®) onto itself, which extends the initial one, and
will be also called Fourier transform.

The operator 1} 72+ A2, defined in a subspace of L*(R; H) with values
in L*(R; H), which assigns to each v in its domain of definition the element w
in L*(R; H) given by w(z)= v(t) + 7%v(7) + A%(v(7)), is obviously densely
defined in L*(R; H), selfadjoint and positive definite, and its inverse is con-
tinuous with norm <1. Hence, we may consider its powers (14 72} 4%)
for any seR.

We should remark that sometimes A is considered as a function from a
subspace of H into H, sometimes as a function from a subspace of L*(R; H)
into itself, as in the expression 14 72+ A% This will never produce any
confusion, since it will be clear from the context what is meant by A.

Let us consider a spectral resolution of the operator A (considered in H):

(1.5) A= f AdE(Y).
Then, for every ve L*(R; H), we have both

(1.6) (1 72 + A2)20)(7) = f (1 + 72 + 222 dB(A)o(T),
and

W) IO+ AP0y = [[L 47 4 2P Al B o(v) 2 dv.

We will use the scale of « Sobolev » spaces ¢, not to be confused with Hs,
for se R, «on all the variables ¢ and #» defined by (1 — 92 + A%?* (or, in
the Fourier transform side, by (1+4 7>+ A%)?): if s>0, Je is the space of
elements v € L*(R; H) such that (14 724 A%*24 e L*R; H), equipped with
the norm [jull} = (27) 7| (1 4 7* + 4%)*24|%s 5.5 Remark that due to (1.6),
we have J¢°= L*R; H), with Il llo= | |pg.m- If §<0, ¥°is the comple-
tion of L*(R; H) for the norm [lull} = (27)7*|(14 t°4 A*)*?d|}: 5.z The
inner product in J¢* will be denoted by (( , )),, in order to distinguish it from
the inner product in H®. Whatever s, me R, (1— 0} + A*™?2is an isomor-
phism (for the Hilbert space structures) of J°* onto J&*~™.

As in section 0, we may define the spaces £® and J~*, and since, for
each se R, ¥’ and J~° can be regarded as the dual of each other, so can J*
and J~°.
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REMARK 1.1. An equivalent definition of the spaces ¢ se R, is the
following: J€ is the space of tempered distributions » on R, valued in H ™%,

A

such that its Fourier transform 4 is a measurable function and
[10 + 7 + a3=a@) Rdr < oo

DerINITION 1.1. Let K be a compact subset of R. Then we call
J¢(K) = {u € J* [suppu is a subset of K}, with the topology induced by J€°.
By suppu we will always mean the support of .

DEFINITION 1.2. Let J be an open subset of B. Then we call JC(J)
the inductive limit of the spaces J¢i(K), as K ranges over all compact sub-
sets of J.

DEFINITION 1.3. Let J be an open subset of B. Then we call ¥ (J) =
={ueD'(J; H ®)|Vpe C7(J), we have guecX’}, with the coarsest locally
convex topology which renders all the maps % —gu from J (J) into ¥*
continuous.

We remark that C7(J; H*) is dense in J}(J) and J¢; (J) and that JE} (J)
is a Fréchet space which is the dual of JE}(J).

These spaces have the usual properties of the Sobolev spaces. The norm
of Je* is equivalent to the following one: [lull, = [(z* +A4%)*2%| s 5.4y, Which
it is easy to check, for s>0, to be also equivalent to

Naully = [(I7]* + A% 8] zacim -
Another fact is:
(1.8) Vs,reR, r>0, if A"ueX®, then uecJ’;
from which it follows immediately:
(1.8") Vs, reR, r>0, if A"uel] (J), then uwed (J).
Moreover, due to the way the spaces H* were defined, we have:
(1.9) YueD'(R; H-®), VreR, suppu=suppATu.
This in connection with (1.8) gives:
(1.8") Vs,reR, r>0, if A"uele}(J), then weIyJ).

13 - Annali della Scuola Norm. Sup. di Pisa
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We give below a list of important properties of these spaces and operators,
leaving their proofs to the reader. We just mention that (1.12) should be
first verified for J¢¢ and then apply (1.9) and (1.8').

(1.10) Vs,reR, r>0, we have continuous injections

TSR, HAT) > R)  and RIT) >R

oc
(111) VYs,reR, r>0,VYmeZ,, A"0] is a continuous operator from J* into

Je==m, from 3} (J) into Jj"""(J) and from JE(J) into J"(J).

loc

(1.12) VseR, YmeZ,,

u e’ iff both ¢j*u and A™u belong to J° ™,
ueJi(J) » » x,-™J),
ue e (J) » » X ™).

Moreover, the norm of X+ is equivalent to
oy wll,_,, 4 MA™ull,_,, .

(1.13) VseR, YmeZ,, uec X iff there are v, w in X**™such that u= 0}"v +
+ Amw. Moreover, there is C >0 (independent of %) such that v
and w may be chosen satisfying [[vllsim =+ l[0llsm< Clliull,.

(1.14) VseR, YmeZ, , ucX’(J) iff there are v, w in J:*™J) such that
u = 0j'v + A™w. Moreover, if K =suppw and J' is any open sub-
set of J containing K, we may choose v and w so that both suppv
and suppw are contained in J'.

We end this section with a proposition which is essential for sec-
tions 4 and 5.

ProprosITION 1.1. Let a and r be real numbers, a >0 andr>0, andlet k
be a positive integer. Then:

a) If 0,u and [t|*A"w both belong to L*(R; H®), then for every real
number b such that 0<b<a, we have [tP A"V Dy e TXR; HY). Moreover,
there is a constant C>0 (depending only on a, b and r) such that
[1EP AT+ Dy 12 O( |0, u]|% + | [t1*ATu|2), where || means here the norm of
L*}R; He).
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b) If o,u and t*Au both belong to JCi(R), then
PueJestUtVE+(R)  for j=0,1,..., k.

¢) Same as b), substituting J for B and ¥, for I7.

Although these are well known facts, we give the proof of this proposi-
tion in the Appendix.

2. — Statement of the main theorem.

Let J be an open subset of the real line, containing the origin. We will
study a second order evolution operator of the form

(2.1) P=(9,—a(t, A)A)(9,—b(t, A)A) +e(t, 4) A

where a(t, 4), b(t, A) and ¢(f, A) are elements of Q,(J).

As remarked in [3], there is no gain of generality in considering operators
of the form P+ d(t, A)o, instead of P.

We will systematically use the notation

(2.2) X=0,—a(t, A)A, Y=20,—b(t,A)A
(2.3) 8(t, A)=a(t, A)—b(t, 4).

We will further restrict the class of operators of the kind (2.1) which
we propose to study. The restricting conditions will bear on the leading coef-
ficients a,(?), b,(t) and ¢,(?) of the power series (in 4-1) a(t, A), b(t, 4) and
¢(t, A). Let us assume that a,(f) and by(¢) do not vanish of infinite order at
t=0. Then we can write ay(t)= at™ 4 tm+1f(t), by(f) = bt» 4 t=t1g(t), with
ab# 0. We will further assume that m = n, which will be denoted by &,
and that (Rea)(Rebd) 0. We will also assume that c,(f) = et*~! + *A(t),
without restrictions on the complex number ec.

If we assume that k is even, then it can be proved that the operator P
is both locally solvable and hypoelliptic at t= 0.

Let us assume that k is odd, and (Rea)(Reb)>0: if Rea>0 and
Reb >0, then both X and Y are hypoelliptic but not locally solvable at
t=0, and it can be proved that the same happens to P. If Rea<<0 and
Reb < 0, then both X and Y are locally solvable but not hypoelliptic at
t= 0, and it can be proved that the same happens to P.
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Moreover, in all the cases above, the degree of regularity of P can be
studied, whenever P is hypoelliptic.

We are then left with the case: k¥ odd, (Rea)(Reb)<<0. We may
even assume that Rea> 0, Reb < 0, since there is no gain by also con-
gidering the case Rea <0, Reb> 0, which can be reduced to the previous
one by commutation of X and Y and a convenient change of e¢(f, 4).

We will then assume that the operator P given by (2.1) satisfies the
following conditions:

(2.4)  @o(3) = at* - t:+1f(2), bo(t) = bt* 4-t++1g(t), ¢,(t) = ct*~! +¢*h(t), where
f, 9, he C°(J) and a, b, ¢ are complex numbers.

(2.5) Rea>0, Reb< 0, and k is an odd integer.

Case (2.5) corresponds to the case when X and Y have «conflicting
influences », when (cf. Prop. 0.2 and 0.3):

(2.6) X is not locally solvable but is hypoelliptic at =0, Y is locally
solvable but not hypoelliptic at ¢= 0.

It is then immediate that
(2.7) If P= XY, then Pis neither locally solvable nor hypoelliptic at t= 0.

We will also use the following notations (the one on I,, by analogy
with [2]):

(2.8) 0=a—b (hence, Red>0)
(2.9) lp=c/d.

From now on J, will be the greatest open interval containing the origin
and contained in J, such that Re {a,(f)/t*} and Re{b,(t)/t*} never vanish
in J,.

We are interested in the validity of the following hypoellipticity property:

(2.10) Given any real number s, any open subset J’ of J, and any distri-
bution % in J’,

Puele (J') implies weleit¥®+(J"),

The following is the main theorem of this paper:
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THEOREM 2.1. Let P be an operator in J satisfying (2.1), (2.4) and (2.5).
The following are then equivalent:

(2.11) P satisfies (2.10),
(2.12) P* satisfies (2.10),
(2.13) whatever the integer m>0, lpo7#= m(k +1) and 1, m(k +1) 4+ 1.

It is well known that property (2.10) has various implications, among
them, that P is hypoelliptic and P* is locally solvable in J,.

REMARK 2.1. There is an easy generalization of Th. 2.1, obtained replacing
in its statement condition (2.4) by

(2.4') there are real numbers «, &;, ..., o,_, such that ¢,(t) = et*~* +t*n(t);
k—1 k—1

ag(t) =1 ot +at* + 1 f(t); bo(t) =1 Y ot +bt* +1¥+1g(¢); where

i=0 i=0

f, g9, he C*(J) and a, b, ¢ are complex numbers.

Let P satisfy (2.1), (2.4') and (2.5) and set

t
(2.14) B(t) = zf (kfa,tf) at,
=0
0

(2.15) U(t)=exp{f()4}.

Itisimmediately checked that w — U(f)u defines an automorphism of
D'(J; H™®), (resp. of C®(J; H®); resp. of C(J; H®)). This is, in fact, an
isometric automorphism of L*(R; H), and it can be checked that it is an
automorphism of J¢; (J), whatever the real number s and the open subset J
of the real line.

Since we have, with the obvious notation, PU = UP, where d,(t) = at* +
H-trH1f(2), bo(t) = bt* - 1++1g(t), &y(t) = ¢o(t), it is evident that, the theorem
being true for P, it must be also true for the more general operator P.

3. — A subelliptic estimate.

‘We keep the notations of section 2.

THEOREM 3.1. Let P be a differential operator defined on J, satisfying (2.1),
(2.4) and (2.5). Assume also that P satisfies the following condition:

(3.1) Rel,< —k/2.
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Then, for suitable constants Cy, C,>0 and all pe C7(J; H®), we have:

(32)  [(Ipd3+ 1 Apl2) de< 0[P, 91| + 0 il(oul3 + I dg13) at,

provided only that J be bounded.

Proor. Throughout the proof, we will omit the subscript 0 in the nota-
tion for the norm and the inner product of H. We will set:

(3.3) X=0,—atr4, ¥V=0,—btrA, P=ZXY¥ 414,
with the constants a, b, ¢ given by (2.4). Observe that we have
P— P=t1f,(t, A) AB, + t++1g,(t, A) A* +fo(t, A) 0, + t*go(t, A) A +h(t, A),

where f,(t, A), g;(t, A) (j=0, 1) and h(t, A) all belong to Q,(J). Therefore:

64 [[(P— P}y p)at|<
<0 [1(1od 17 40] + 1 Apl*) @t +

+[(lgdlol + #4119l +Io1*) @t} <
<20, [tl(Ip.l® + 149 |?) &t +

+ef(lgul® + 1#4p]*) @t + (0, + €, [lglar,

where ¢ is a positive number which we are soon going to choose. We note that

(3.5) [lplrat=—2Re[tp., pat, Vpeorw; H),
whence
(3.6) fllqvllzdt<4ftzll¢tilzdt, Voe O2(J; H®),

hence, if J is bounded (with |¢|<M, VieJ), we have:

(3.7) [lolra<an[lpdea, Vpeorw;HE=).
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If we take (3.7) into account, (3.4) yields:
68 |[(®- Pl o)a<
<e[(Ipul? -+ I dg | dt +
+ (0 + Oy [Hl(lgel® + 12 4p]?) @t

which has the following implication: it suffices to prove (3.2) with P sub-
gtituted for P and then choose £¢= (20,)"t. This yields at once (3.2) for
P itself, after some increasing of ¢, and C,. In other words, we may
assume that

(3.9) P=XY Jet+14, X=0,—attA, Y=0,—0b*4,
remembering that, by (2.5), Rea>0, Reb<<0 (hence Red>0). We will get:
(3.10) Xt+= 0,4 att4 .

Note that — X+ = X*, the adjoint of X. We have:

(3.11) Re {5 [®e, ) dt} — _TRe {5 [(¥g, X+g) dt} +Re (0d) [#-3(4g, 9 a1,
(312)  [(Tg, X*g)at=[(lp:|* — abl=Ag]?)as +

+[{a(@s, t-49) — b Ap, g0} at,
whence:

Ro 5[ (g, Xrp)dt] = (Reo) I dt — Re (abd) |- Ag]*dt +
+19]*[Re (g, t* Ag) dt + Re(i8{a + b)) [Tm (p., t*Ag) dt =
= (Bed) [ |g:l*dt — Re (ab3) [ Ao dt —

— {(3)j2}[# (49, ) @t —Im (8{a +8}) [Im (g, t+dg) at
If we combine this with (3.11), we get:

(3.13)  (Re(od) +RI3[*/2) [t-2(4p, ) dt — Re {5 f (P, q))dt} —
= f {(Red)| @] — 2 Im {5(a +b)/2} Im (g,, t* Agp) —
— Re (abd) |tx Ap|2}dt.



200 ANTONIO GILIOLI
Since Red >0 and, as it was easily proved in [3], we have:

(3.14) — (Red) Re (abd) — {Im §(a +b)/2}* =
— (Rea)(Rebd)|6]2>0,

it follows that, for some constant ¢ > 0, we have:
(38.18)  Of(lgd® + |- Ap]?)dt<
(Re (¢8) +klo[/2) (-3 4g, ¢) dt — Re {5 [Py, ¢) dt} .
Recalling that P satisfies (3.1), i.e., that Re(cd) +%|0]?/2<0, we get:
(3.16) 0 [(loel® + 140l) < | [Py, 1],
which finally gives us (3.2).

CoroLLARY 3.1. Same hypothesis as in Th. 3.1, in particular (3.1). Let
us choose T, >0 such that J' = )— T,, T,( is contained in J, and such that
T,<(20,), where C, is the constant in (3.2). Then, for every ¢ O (J'; H®),
we have:

(3.17) U + 17 4912) at <20, [(Po, g),dt

7
where C, is the same constant as in (3.2).

COROLLARY 3.2. Same hypothesis as im Cor. 3.1. There is a constant
C > 0 such that, for every o€ Cy (J'; H®) we have:

k
@18)  [(leds+ 3 1400 Dg ) <0 [Py, gy

Proor. Apply Prop. 1.1a).

Let X=0,—a(t, A)A, as before, with a,(t)= at* +1*+f(¢), and Rea>0,
and consider the operator X+X. If we call Y=X+=0, 4 a(, A) A, we
have X+X=YX=XY +e¢(t, A)4, where c(t, A)= —a.(t, A) —a,(t, A),
hence ¢ = — k(a +a). In the present situation, d = @ 4+ @, therefore con-
dition (3.1) is automatically verified, and we derive from Corollary 3.2:

COROLLARY 3.3. Let X = 0,— a(t, A) A be defined on J and suppose that

(3.19) ay(t) = at® - t¥+1f(t), where fe C°(J), k is an odd integer, and Rea > 0.
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Then, there is an open interval J' containing 0 and contained in J, and & con-
stant Cy> 0 such that, for every o e C7(J'; H*), we have:

k

(3.20) Ul + 3 14590400 2) st< 0, [ | Xp[3a

i=0

REMARK 3.1. In the case of the operator P (as in (8.3)) which is defined

on the whole real line, we proved (3.16) under the only restriction that J

be bounded. Hence, (3.17) and therefore also (3.18) is automatically verified,

for every bounded open set J. A similar remark applies to X: (3.20) holds
for every bounded open set oJ.

4. — The spaces *Jesm,

The spaces “J¢i(J) will be defined in such a way as to have *J:0(J) =
= 3} .(J), and if m is a nonnegative integer, u belongs to *J™(J) if and
only if both 9,4 and t*A4u belong to *¥; ™~(J). Thanks to Prop. 1.1,
we can give another definition, easier to handle. We begin by defining the
class of operators *N%?. By Z, we will always denote the set of non-

negative integers.

DEFINITION 4.1. Let d,peR, with kpeZ,. We will denote by *N?%?
(or ¥N%2(J), if J need to be specified), the linear space of differential oper-
ators B of the form
(4.1) B= Y B,t"9,

(/k) +B<v
a,BeZs

where B,; is a differential operator of order less than or equal to

d— (kp —« +p)/(k +1) on J. (Here and in what follows, B, ,;is understood

as being of the form (0.1), which greatly simplifies the exposition. Never-

theless, we will need the results of Prop. 4.1 also in the case B, is a more

general kind of operator, as for instance (1 — 07 + A%)9% with ¢ belonging to

R. This, however, will be only needed in the proof of Th. 5.1, parts 3) and 4).)
We give below some of the trivial properties of these spaces:

(4.2) B is a differential operator of order <d iff Be*N?%°,
(4.3) If Be*N%? then the order of B is <d.

(4.4) EN9? iy contained in *N¥? if d<d’; *N°* is contained in *N%—(1/R
it p¢Z,; ENT™ ig contained in *N%? if meZ,.

(4.5) *N9? i contained in *NHIEFDITER yic 7z

(4.6) 1°0f e FNPlkB,
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Let B= B,t*0{c*N%?, with order of B, less than or equal to

d — (kp — « +B)/(k +1), and suppose B,, = E0y', where Fisindependent of 9,
m

i.e., E is a finite sum of terms like ¢,(t, 4)A". Then, B= > He,t* ™*gf*i
i=0

(where we make the convention that #*~™*% is identically zero if «—m +4i <0,

and ¢, is some constant). If we call ;= He, t*~™* 9}* then F,e*N%»*i,

and F;= F > "*19]*% with F,, independent of 6,. In general, given any

Be*N%, we can find an integer m>0 and F,e*N***% i=0,1, ..., m, such

that B=F, +F, +... +F,, and each F, can be written in the form (4.1),

with F,, independent of 0;. This remark simplifies the proof of the next

proposition.

We will denote by [B, C] the difference BC — CB; by Z[k the set of
real numbers of the form m/k, where m € Z; and by Z, [k the set of non-
negative numbers belonging to Z/k.

Since the following proposition is not difficult to prove, we will only give
a sketch of the proof.

PrOPOSITION 4.1. Let Be*N*?, B'e*N4* and O=[B,B']. Then:
(4.7) BB' € N+ 2+ qng B*e kN,

(4.8) a) If p=p'=0, then Ce*NI+¥~10,
b) If p+p'#0, 0<p<1 and 0<p'<<l, then Ce*Nd+d—1o+2' =M,
¢) If pp’=0 and either p>1 or p'>1, then:
¢,) If p,p'€Z,, then CerNI+d—1v+s'=1
¢;) If p¢Z or p'¢ Z, then CerNI+d—1+WUETDIo+2' =1 Mope pre-
cisely, C =D + B, with

De kNd+d’—1.p+p'—1 and Ee kNd+d'—1m+m'—(llk) .

d) If pp'# 0 and either p>1 or p'>1, then:
d)) If p¢Z or p'¢Z, then CetN+d—1otr—1=()

dy) If p,p' €Z, then CekNd+¥—1+WE+D2+9'=1 " Iope precisely,
C=D +E, with De kNd+d'—l.w+p’—1—(llk) and B e kJ{)d+d'—1m+p’—l_

SKETCH OF THE PROOF OF (4.8). One should first prove that [p(t, 4)t* 6‘,’ ,
w(t, A)’3] is: a) 0 if f=0=0; b) an element of *NF+0-1(x+n/B)+f+3-1
if x=9=0 (orif y=0=0 or if a=pf=0) and § +J>1; ¢) an element
of FNATI-L(atB+6+0-1-(H) jf o 4 9>1 (and B +6>1).
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DEFINITION 4.2. Let s€ R and me Z,[/k. We will denote by *¥}% (or
kyesm(J) if the open set J must be specified) the space of distributions

loc

ueD'(J; H-*) having the following property:
(4.9) VBe*N*(J), with p<m, BueJei ¢ n—olEk+Di ),

We give below some of the properties of the spaces *J€:™ (with m>0),
and the proof of (4.12), which is not so easy to verify.
(4.10) Fxerl = jes

Toc 7~ “loc*

(4.11) Let ueD'(J; H™®). Then, u ¥} if and only if, for all «, f€ Z,,

oc

with (afk) +B<m, t*0fueJei, Fm—xtAktn),

4.12) Let %Eﬂ)’(J;H ) and meZ,. Then ue"J@" if and only if
+ ’ Toc
(t"A)“Bﬁue s—(k n+u+ﬂ)l(k+1)’ for all « eZ, with « —I— <m.
11 oc ’ +

(413) Let weD'(J;H™ ) and meZ,: Then, we*¥ ;™ if and only if
¢t 9y e Jeg Wm—a+ BN+ for all o, fe Z, With o« +B<m.

PrOOF OF (4.12). The «only if » part is true by (4.11). To prove the
«if » part, we have, by (4.11) to prove that

(4.14) =ty e Joi km—ha—i+PVEAD  if o j BeZ,, a+(j/k) +Pp<m and
0<j<k.

We will prove (4.14) by induction on «. Let first =0, so that
(j/k) +B<m. If j=0, there is nothing to prove. If js=0, then we must
have 8 +1<m, hence by hypothesis both t*49°% and &*'u belong to
Jeg_(km+1+A)/(k+1)_ Then, by Prop. 1.1¢), (4.14) is satisfied when =0, 0<j<k
and feZ, with « 4 (j/k) +p<m.

Suppose that (4.14) has already been proved for all a<n —1, 0<j<k,
and feZ,, with « 4 (j/k) +B<m, and let us prove the same when c«=n
(if n<m). Let then n 4 (j/k) +-f<m. If j=0, instead of a=n, j=0
(and that fixed B), we may take « =n —1 and j = k: this case was already
inductively proved. If j% 0, then we must have n +1 +fg<m. We have
already inductively proved (cases (n, k, f +1) and (n—1,%k—1, f)) that
both t*"06+1y and #*"~19%4 belong to Jei *m—in+1+ANk+1) hence

(4.15) (1" 0fu) = " 0f *lu - knt* 1 0 w € Jej (b En 14 AR

Consider now the property

(4.16) {en+1) gn+l-r afu GJef;;(km+"+1+ﬂ_r(k+l»l(k+l) , with re Z+’ r<n.
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If (4.16) is true when r = n, then by (4.15) and Prop. 1l.1¢), we will
have proved (4.14) for a=mn, 0<j<k, feZ, with o + (j/k) +B<m, and
the proof of (4.12) will be ended. The proof of (4.16) is by induction on 7.
We know by hypothesis that it is true for r= 0. Suppose it is true for
r=p, i.e., that t* A" A" Pu) € Jeg, km+n+1+p-sEk+1)IE+]) gnd let us prove
it for r=p +1 (if p +1<n). By (4.15) we get

at(tlmAn—p a?u) EJefO; (m+n+1+p—p(k+1))/(k+1) ,

hence, by Prop. 1.1¢), we must have (4.16) for r=p +1. Thus (4.12) is
proved.

The space *J¢i™(J) carries a natural topology: the coarsest locally convex
one which renders all the mappings « — Bu into J&i 4~ Hm—2/Ek+1(J) with B
as in (4.9), continuous. It coincides with the coarsest locally convex one
which renders all the mappings u —>#*0fu into &5 *m—=+Ak+1( ) con-
tinuous.

With this topology, *3€;™(J) is a Fréchet space. If then K is an arbitrary
compact subset of J, we denote by *JC;™(K) the closed linear subspace of
kjesm(J) consisting of the distributions vanishing outside K, and by *Ji™(J)
the inductive limit of the Fréchet spaces *Je¢™(K), as K ranges over all com-
pact subsets of J. Remark that O2(J; H®) is dense in both *J¢™ and *¥5™,
the inclusion map being continuous. This enables us to identify (as sets)

their respective duals with subspaces of D'(J; H™ ).

DEFINITION 4.3. Let s and m be as in Def. 4.2. We denote by
k¥e:-™J) the dual of *3e;*™(J).

We can of course construct as before ¥J¢¢~™(K) and *J¢&~™(J). All the
spaces 3¢ and *JC¢™ contain CP(J; H®) as a dense subset, and they are
all reflexive, for all real s and all me Z/k.

PROPOSITION 4.2. Let Be*N%. Then: a) For every real s, B defines a
continuous linear map from *JCm into ¥365.“™?, provided that either: i) m —p >0
or ii) m<O0 or iii) meZ; b) For every real s and acZ, (and m e Z[k), the
operator « multiplication by t*» defines a continuous linear map from *ieim

into Beym= ),

Proor: The proof of a)i) is easy, applying (4.7) and the definition of
the spaces *¥¢i™. The case a)ii) is got by duality of a)i) (which is true also

for ¥J¢¢™). Remark that a) i) and a)ii) is all that we need to prove Prop. 4.3,
hence we may now assume that Prop. 4.3 was already proved.
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b) Is a consequence of a)i) and a)ii) if either m — (a/k)>0 or m<O0.
Suppose that m>0 and m — («/k)<0, and call = Fkm: then feZ,,
0 < B < a, hence the operator #* is the composition of t*~# with . Since
s kgenm > kJes0 and *P: ¥Jesd — *Jerm—™ are continuous, so also is their
composition.

Let us go back to a)iii). By ii), we may assume me Z, and m>1. The
easy proof is by induction on m. Since we proved already a)iii) to be true
when m = 0, only the inductive step must be proved. Suppose a)iii) is true
for m = n —1, and let us prove it for m = n (where ne Z,, n>1). We apply
a decomposition similar to the case b), remarking that, if Be*N%? with

p>1 (in the case p <1 we have n — p >0, which case is covered by a)i)),
k—1

then we may write B= B, 0, + B,t* + > E, where B, € *N**~1 B, e*N%*~1,
i=0

B, ek Na-(=0lk+D0 By the inductive hypothesis, B,: *Jei 11 —kjes dn—»

and B,: *Jein—1 ki 4"? are continuous, and so are 0,: FJein —*ei- 11

and ¢*: ¥Jein — kjein—1, Hence, B,0, and B,t* are both continuous maps

from *yein into "Jefo',;‘f'""’. Finally, #:*jesn —kjesn—0m and B,: ¥jepn—0m
— kjes—d+(p=iik+1)n=G/k) are continuous, as well as (by Prop. 4.3) the in-
clusion maps from Fjef d+Ur=dk+Dn=Gk) jnto Ejes—dn—2; hence, for each j,
E;t': k3ein —*3e; 4" ig continuous.

ProrosiTION 4.3. Let s,s'€ R; m, m'e Z[k satisfy
(4.18) s'<s;  s—km'[(k+1)<s—Fkm[(k +1).

. . . . ! ’
Then, we have a continuous injection *IE:m —*3e5.™,

PROOF. One should first prove that *Jeim —jesm™ if ¢'<s; *JeLm — *yesm
if m<m', and that always *Jeim — kjes Ek+Dm=1k  The first two facts are
easily checked. As for the last one, it is enough to remark that I e*N
which is contained in *NY®+DUk (¢f (4.5)), and apply Prop. 4.2, cases a)i)
and a)ii), which cover all possible values of m. An iteration of these three

facts gives the whole result.

COROLLARY 4.1. If m>0, then: Je (J) —FIeam(J) — Jei ™/ ®+ (). If
m<O0, then: JE&_*tmE+I(J) —kgeem(J) — &5 (J).

Let K be a compact subset of J: the spaces JC(K), *J¢i™(K) are nor-
mable (in fact, they can be equipped with a Hilbert space structure). Let
us select in each of them a norm, ||, and [|,,, (from now on, we will always
denote the norm of J€* by | |,, since that of H® will not appear in the sequel),

submitted to the sole requirement that they define the topologies of the
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spaces. For instance, when m>0, we may take

[l im T/k)+25< [ Bfu” f—(km—a+ﬁ)/(k+1> .
L <
afeZy "

If me Z,, we may take |u|},= pZ ntkaafu”z?—(km—ka+ﬂ)/(k+l) or even |u|7,=
a+p<m

= > [(FA)*Fu|Z s arpys1y 88 (412), (4.13) and an easy application of
a+p<m
the open mapping theorem shows.

ProposITION 4.3'. Suppose that
(4.18") s’<s; s—km'[(k+1)<s—Ekm[(k+1).

Then, the injection *J3™(K)—*3i™(K) is compact and, given any real
number s, (arbitrary close to — o), and any &> 0, there is C > 0 such that,
for all we*¥®:™K), we have

(4.19) |l g <elwlom 4 Clul,, -

The easiest way to prove the above proposition is by using the analogous
properties of the spaces J¢* and the description of *3*™. We give below
other properties of the spaces ¥J*™: (4.20), (4.21) and (4.24) are got by
duality respectively of (4.11), (4.12) and (4.22); moreover, (4.23) can be
easily got from (4.22). We will therefore prove only (4.22).

(4.20) Let meZ, [k, and we D'(J; H~*). Then, w3l ™(J) if and only if
there are f,;€ Jeptkm=*+AI+D (for o, B € Z, with («/k) + f<m), such
that w= 3 0(",5); u€*¥j;™(J) iff there are g,,eJej, *m-*+AE+D,
with «, § as before, such that u = zt“af’gaﬂ. The summation is in
both cases over all «, € Z, such that (a/k) +pf<m.

(4.21) Let meZ,, and ueD'(J; H™®). Then, we*¥};™J) iff there are
up E R Emt et DI+ (for o, feZ, with (xfk) +B<m) such that
u= 3 (t*4)*0g,.

(a/k)+B<m

(4.22) Let m,jeZ,, 1<j<k—1, and ueD'(J; H~*). Then, ue*jeLm+ik

iff ue kJe]sO; 1Y(k+1)m+(G—1)k and tue kJeisézbﬂi—l)/k.

(4.23) Let m, j and w be as in (4.22). Then, we*¥imt/* iff f'ue
e kges U=+ for =0, 1, ..., j.

(4.24) Let m, j, u be as in (4.22), with m>1. Then, u € 3™+ iff there
are v € FJes-m Uk ang o € kJeg Yk D m Uk gyuch that u = tv +w.
oc
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PrOOF OF (4.22). The «only if » part is true by Props. 4.2 and 4.3.
By (4.11), in order to prove that ue*Jim+i it is enough to show that

(4.25) t*0fu e Je5 Em+i=+PIk+D) tor all «, fe Z, such that («/k) +B<m +j/k.

Since u € kJei VE+Dm+G-1/k (4 11) implies that (4.25) is true when («/k) +
-+ B<m + (j — 1)/[k, so it remains to show that (4.25) is true when «/k 4=
= m - j[k. If this last relation holds, we must have a>1 (since 1<j<k—1
and feZ,). Since tuec*iimti-Dk we have by (4.11):

-1 af(tu) e Jelso—c(km-l-:i—a+ﬁ)/(k+ 1) R

because (¢ —1)/k +pf=m + (j—1)/k. But t*710%(tu) = t*0%u 4 pt*~ 106 1u,
and since we already know that $*~100~1 uegey (m+i—a+th/+1) it follows
that (4.25) is satisfied also in the case a/k +f= m -+ j/k.

PRrROPOSITION 4.4. Let me Z[k be such that either m>1 or m<0, and let
uecD'(J; H=*). Then:

i) we*3eLm iff both d,u and t* Awu belong to *Ji ™1, (iff O,u *Fei1m1
and tFy e¥Jeim—1),

ii) wekJes-™ iff there are v, w both in *JL1~™*1, such that u = 0p +t*dw.

Moreover, the «if » part of i) is true without restrictions on m.

The complete proof of Prop. 4.4 will be only given in the next section.
Here we will limit ourselves to the case m>1, which will be needed in the
proof of the general case, and also in some proofs of the next section.

PrOOF (for m>1): We will limit ourselves to the proof of i), since ii)
follows by duality. The «only if » part of i) is true by Prop. 4.2 (if m>1
or m<0). We have to prove that, if #*Au and 0,u are both in *Jgi-1m~1
then we*¥eim if m>1. We do that first in the case meZ,, m>1: availing

oC

ourselves of (4.12), we see that we need to show that
(4.26)  (t*A)*0Pu eJes emtethI®k+) - for o, feZ, With a -+f<m.

Since 9, ¥ ™!, we get (4.26) when f>1 by (4.12). Since t*Aue

0oC
e*¥e1m1 we get (4.26) when f=0 and a>1, by (4.12). Hence, it only
remains to show that (4.26) holds when o= = 0. Now, since both t*Au
and 0, are in Jei *m+DE+D it follows by Prop. 1.1c) that (4.26) is satis-
fied when a=g=0.
In order to finish the proof, we have to show that the «if » part of i)

is true when m=n +j/k, with n,jeZ_, n>1, 0<j<k—1. The proof is
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by induction on j. When j= 0, it was just proved. Suppose proved for
j=p and let us prove it for j=p +1 (if p +1<k—1). By (4.22), in
order to show that w e*Jesn+ @+ it is enough to prove that: a) tu e Jegn*7/*
and b) ue ey UE+Dn+ok  Qince tk Au and 0,u are both in je tn-1 @k
we have: ¢) t**1 Ay and t0,u are both in JEi 1n—1+2/k. ) gt Ay and O,u
are both in ¥jeg 1—1Ek+Da—1+2/k By ) and theinductive hypothesis we get b),
which implies by Prop. 4.3 that we®3S *"~'*?%. From this, from ¢) and
the inductive hypothesis, we get a). Q.E.D.

In the light of this section, we may rewrite (3.18) as |¢|3,< C|(P, ®)o,ls
from which we derive:

(4.27) ol <ClPol_1-1, Ve G2 (J'; H).
The expression (3.20) can be rewritten as:

(4.28) lplia< VOl Xplog, Vo O (' H).
Hence, we may state the following

REMARK 4.1. Corollaries 3.2 and 3.3, and Remark 3.1 remain true if we
substitute everywhere (4.27) for (3.18) and (4.28) for (3.20).

5. — A class of stable estimates.

Property (2.10) will be obtained via an estimate involving the *3*™ norms.
In the present section, we wish to investigate the interrelation between the
estimate in question and local existence and regularity results, and also the
dependence of such results on the indices s and m.

Throughout the section, £ will be an open set of R, containing the origin;
J will denote an open bounded subset of R, containing the origin and with
its closure J contained in £, and k will be a fixed odd integer.

Let us list the three types of properties we are interested in. They will
apply to an operator Pe*N%?(Q), where peZ,, p>1 and P is of the
form (0.1), i.e., it is not of the more general kind mentioned after Def. 4.1
(in sections 2 and 3 we had p = 2, but for our present purposes this limita-
tion is unnecessary).

We begin by the property which is closest to (2.10):

(6.1),,, YueD'(J;H "), Puckii™J) implies ue*¥ i+ *7(J).

loc
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Here s is any real number, m any belonging to Z/k. Note that if (5.1),,,
holds for a family of open sets J; contained in J, which covers J (i.e., with
the union of all the J,; equal to J), then it holds for J itself. The converse
(that if it holds for J it then holds for all open sets J’ contained in J) is not
immediately apparent but will result from the forthcoming argument (at
least for most of the values of m).

The next property is the estimate we have alluded to:

(5.2),,, To every 0e C2(J), to every s'e R, and to every compact subset
K of 2, there is a constant ¢ > 0 such that, for all p € O2(K; H®),

(5'2l)s.m "0(]9 "3+d.m+1)< C( "Pe(p "s.m + ”‘P”s’) *

In applying (5.2') one usually chooses s’ close to — co. It is clear that,
if (5.2),,, holds, it also holds when we replace J by anyone of its open sub-
sets. The converse is not so evident.

We come now to the third property, which is relative to the (local) ex-
istence of solutions to the inhomogeneous adjoint equation (solutions modulo
arbitrarily regular functions):

(5.3),,, LetfeC>(J),s" €Rbegiven arbitrarily. To every ge*Je :~¢™7(J),
there is fe*¥;*~™(J) such that

(5.3'), O(P*f — g)e R (J).

Remark that such property is equivalent to the one we get by giving
geri 4 =m=2(J) instead of ¥I i+ "m7(J).

It will be shown that (5.3),,, holds for J only if it holds for every open
subset of J and that, if there is a family J; of open subsets of J which covers J,
and (5.3),,, holds for each J;, then it also holds for J. This will be a con-
sequence of the first part of Th. 5.1.

We will denote by 8 the set of meZ[k such that either m>0 or
m+p<0 or meZ. We remember that P e*N9?, where p is a positive in-
teger.

THEOREM 5.1. a) If (5.),, s true for some je{l1,2,3} and for some
(80 Mmy) € R XS, it is true for all such §'s and all (s, m,) with s€ R. b) If
my € Z and hypothesis of a) is verified, then (5.j),,, ts true for all such j’s and
all (s, m)e Rx8. ¢) Moreover, if hypothesis of b) is verified, (5.1),,, is true
for all (s, m)e R xZ|k, such that m>—1 or m<—p +1. In the case p =2,
this covers all the possible values of m.

14 - Annali della Scuola Norm. Sup. di Pisa
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Proor. 1) For a fived pair (s, m)e Rx8, (6.1),,, implies (5.2),,,.

Let us denote momentarily by E the intersection of the spaces J€¢(K)
and *Jeiidm+2(J), It is clear that B can be equipped with a natural Fréchet
space topology: the coarsest locally convex one which renders continuous
the injection in J€:’(K) and also all the mappings f—0f from FE into
ket am+2(J), as O ranges over 07 (J). We equip now F with a second topology
(which we denote by 7). Since meS, we know by Prop. 4.2a) that
P(*3estam+2(J)) is contained in ¥Jeim(J), so we may talk about the coarsest
topology on E which renders continuous the injection in J(’,:'(K ) and also all
the mappings f —0Pf from E into *J¢i™(J), as 0 ranges over C7(J). The
topology 7, is metrizable and (5.1),,, implies that it is complete. Since it
is obviously coarser than the natural topology on E, it is identical to it, by
the open mapping theorem. We derive at once from this that, to every
6,e C>(J), there is 0, C7(J) and a constant C'> 0such that, for all fe K,

(54) ||01f"5+d.m+1)< Cl( l[esz"s.m + "f”s') .

Let us take f=0¢p, pe C7(K; H®), 0 C; (J), and choose §, identically 1
in a neighborhood of supp6: (5.2') follows at once.

2) For a ficed pair (s, m)eRXZ[k, (5.2)
Here there is no restriction at all on m.
First we show that (5.2),, implies (5.3),,,.
Let 0, s' and g be given as in (5.8). Let 0,€ C°(J) be real and

equal to 1 in a neighborhood of suppf. We apply (5.2') with §'= —s"
(and where (,) is the inner product on J°):

is equivalent to (5.3)sm-

am

(8.8)  |(69, 9)| = 1(6.9, 0,00)|< C110,00,14ms»< C(I1PO,0p|,, + 100] _, ) =
= C(|0,Pbp|,,, + 10p]_,),

which shows that the antilinear functional ¢ — (69, ¢) is continuous (say
on CP(J; H®)) for the seminorm in the last member of (5.5), and therefore,
by the Hahn-Banach theorem, it is equal to an antilinear functional
@ —> (0P*0,f,, @) + (6h, ), where f, €l s~™J) and hel(J). If we set
f=0.f,, we get (5.3').

Next we show that (5.3) implies (5.2) for each (s, m).

Let K be an arbitrary compact subset of £, K’ another compact subset
of Q, containing the union of K with J. Let us denote by F the space
0°(K;H®) equipped with the single seminorm ¢ — (|Pbgl,,, + [®]_,)
where 6 € C7 (J) is given. Consider then the sesquilinear functional, defined
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on ¥je-*~4~m=»(K')x F, which sends the pair (g, ¢) in the complex number
given by the inner product (g, 0p). It follows at once from (5.3),, that it
is separately continuous; but on the product of a Fréchet space with a
metrizable space, any separately continuous sesquilinear functional is con-
tinuous, hence, for a suitable constant ¢ >0,

‘(97 O(Pl < Cng"—s—d.—-m—y( "Potpnsm + ”‘P"—a”) .

Taking s'= —s’, we get at once (5.2').
Before continuing the proof of the theorem, we need the following

PrOPOSITION 5.1. If (5.2),, ,,, %8 true, it remains true after we have replaced P
by P — R, where R is an arbitrary element of *N*~2~1 provided that either:
i) m>0 or ii) m +p—1<0 or iii) meZ. In particular, this happens if
me8. A similar statement holds if Re*N°?, with &> 0.

Proor. Use Propositions 4.2 and 4.3'.

3) If (5.2),, ,, holds for some (s, my) € R X8, (5.2),m holds for all s€R.

Let ¢ be an arbitrary real number and @ an elliptic operator of order ¢ in £

(for example, @ = (1— 0} +A4%"). Setting R=P—Q1PQ, (4.8)c) im-

plies that R € *N4~1?=1 hence we may apply Prop. 5.1. It suffices then
to observe that (5.2), ,, for @-'PQisequivalentto (5.2), ,,, for P.

4) For a fized mye 8, if (5.2),,, holds for all s, so does (5.1),,,,

Let 7, 0, and 0 belong to C; (J), with 0, equal to 1 in a neighbourhood J'
of supp#, 0 equal to 1 in a neighbourhood J” of supp 6,, and let J” be an
open neighbourhood of supp 0, whose closure is compact and contained in J.
Let weD'(J; H™®) be such that Pue*ji™J). If the real number ¢ is suf-

loc

ficiently close to — co, we have e ¥yt 4™ +2(J") (easy consequence of (0.2)

and Corollary 4.1). Consider now, for ¢>0, the operator
B, =nexp[—e(1— 0 +A4%)]10,.

When ¢>0, B:ve C7(J; H®), whatever veJ;° (J); we also have B,= gl
and if v €¥Jei™(J), then B,v converges to nv in *3i™(J"). We will say then
that « B, converges to nI» in *N*°, Now,

(5.6) P(0Beu) = BeP(0u) — [Be, Pl(6u) + P[0, B:]u .

By the choice of 6, and 0, we have [0, Bs]= 0 and Be.P(0u)= B:0Pu),
and since we know that Pwe*Xi™(J), it follows that B.P(6u) converges
to nPu=nP(0u) in *}>™(J"). As for [Be, P](6u), we observe (cf. (4.8)c)
that « [B,, P] converges to [B,, P]in *N4=1?=1, and therefore, by Prop. 4.2
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(and since m, € 8), [Be, P](6u) converges to [nI, P](fw) in ¥3eI 1™ +1(J™), which
is contained in *Jegtuk+Dm( ),

Hence, we see that P(0B,u) converges to P(nu) in *JJ™(J"), where
o'=inf(s,0 +1/(k +1)). We apply (5.2') to ¢ = Bew, with K = J”, and ¢’
substituted for s (and with s’ sufficiently close to — oo). We conclude,
taking the limit as & —0, that 7w belongs to *JeFém+?(J), By iterating
this reasoning, we eventually reach the stage where ¢'=s.

REMARK 5.1. This ends the proof of part a) of the theorem. Remark
that this implies, in particular, that if (5.j), ,, (With m,€8) holds for J,
then it holds for every open subset of J, and conversely, if it holds for a
family J; of open subsets of J which covers J, then it also holds for J.

) If (5.1),,,, holds for all s, then so does (5.1),, .1 of mo +1/k¢Z
and if either my +1>0 or my +peZ,.

Let ueD'(J; H™®) be such that Pue*J;mtV¥(J): then, tPu *Jeim(J)
and Pue®jej &+ Dme(J), From this last fact we derive, by (5.1),_1/x+1)my
that wekjestd—1k+Dmets(J)  On the other hand, by (4.8)d), [P, t]e *N4-17~1
hence [P, t]u e k3e;  HE+Dmet1(J) which is contained in ¥3e5m(J), if m, +1>0
or m, +p<0 or myeZ. Then, P(tu)=tPu [P, t]uc*¥m(J), which yields,
by means of (5.1),,,, tu € R4 +?(J).

We have shown that, if m, +1>0 or my€ Z, then u etJestd-1k+Dmeta(y)
and tue*¥ e dmtr(J), If we assume that m,+1/k¢Z and my,+p>0,
then by (4.22) we get wefJeiid™+?+Vk(J), which ends the proof of 5).

6) If (5.1),,, holds for all s, then so does (5.1),,, .1, of m€S.

First, we restrict ourselves to the case m,>—p.

Let we®D'(J; H™®) be such that Pue*Jim*t!(J). Since *Jeim+Y(J)
is contained in L F*TVm(]), we derive by (5.1),_y@inm, thab
wekjes - i+ Dmeta( ) Since Pue*ieimetl(J), we have 0,Pu eIl ™ (J),
if my,>0 or my<—1. On the other hand, [P, 9,]e*N+¥k+Dr Ty (4.8)d),
which yields [P, 0,]u € *3€i ™ (J) if m,eS. Hence, Po,u= 0,Pu +[P,d,]Jue
e*3e; ™ (J), which gives by (5.1),_,,,: 0,u € JLEI"1™*(T), if moeS. We
can similarly prove that t*u e*Jeii4™*?(J), if m,€ 8.

If we also assume that m,>—p, then by Prop. 4.4 (the case already
proved) we have % e*Je;dmet2+1(J),

In order to remove the restriction my>—p, we must settle a certain
number of particular cases of the general result we are seeking. We state

the first of them:

(6.7) If P= P* and m,e8l, then (5.1),, holds for all s if and only if
(5.1),_p,—p holds for all s.
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ProoFr OF (5.7). Let us call m; = — m,— p. Remarking that, if m,e 8
then m, €8 and m,= — m, —p, we see that it is enough to prove (5.7)
in one direction: if (5.1),, holds for all s, then (5.1),,, holds for all s.

We already know that, for me S8, (5.1),, and (5.3),,, are equivalent.
In particular, we see that (5.3),, holds for all s, and that it is enough to
prove that (5.3),, holds for all s.

Let 0 C(J), ge*¥e;*~%~m™~2J) and s"€ R be given arbitrarily, with s
sufficiently close to - oo, and let us take 0,, 0, 0;°(J), with 0, equal to 1
in neighbourhood J' of supp 0, 6, equal to 1 in a neighbourhood J” of supp 6, .
If we take a real number » such that »<0 and »<k(m, —m,)/(k + 1), we
have ¥3€;*~%~™~?(J) contained in*3¢; *~9*+"~"~2(J), hence, applying (5.3),_,
with 0, substituted for 6, we see that there is f, €*3€;**"~™(J) such that
0,(Pf,—g) eJ(i':'(J ) (which implies 6(Pf,—g) € J@‘;’(J )). Since s” is sufficiently near
to 4 oo, and gerJe;*~*"™=¥(J), we get 0,Pf, € I ST m(J) = ke s~ dme
(J), hence Pf, ¥ 2~%m(J"). Since (5.1)_,_;,, holds for J,hence for J”
(cf. Remark 5.1), we have f, e *™*?(J") = *¥Je ™ (J"). Setting f=0,f,
we have then fe*3;*~™(J), and remarking that 0Pf,=0P(0,f,) = 0Pf, we
finally get 6(Pf— g) €3 (J), which proves (5.3),,, .

We will apply (5.7) to the operator § defined as follows: if we call
X=0,—tA4 and X+=— X*=10, 4 t*A, then §= X+X. It is clear that
§ = §* e *N°2%2, Moreover, by the choice of X and T and Remark 4.1, (4.27)is
satisfied for any bounded open set oJ, i.e., (5.2)_,,_, holds for § on these
same sets.

LEMMA 5.1. When P= 9, (5.)),, s true for all je{1,2,3} and all
(s, m)e Rx 8. Moreover, (5.1),,, is true for all (s, m)eRxXZ[k.

ProoF. As we already saw, (5.2)_,_, holds for . Hence, by part a),
(5.1), _, holds for all s. Since in this case p= 2,—1 € § and —1 >—p, aniterative
application of 6) (in the case already proved) shows that (5.1),, holds for
all s and all integers greater or equal to —1. Applying successively 5), we
get (5.1),,, for all s and all m € Z/k with m>—1. When m>0, then me §
and the corresponding m,= —m —2 runs over all meZ[/k with m<—2,
hence by (5.7) we get (5.1),, for all s and all m<—2. All m such that
—3<m<—2 are in 8, hence 6) gives (5.1),,for—2<m<—1 and all s.
Then, (5.1),, holds for all real s and all meZ[/k. When me 8, then by
part a), (5.2),, and (5.3),, also hold.

END OF PROOF OF PROPOSITION 4.4. Let meZ[k be arbitrary and
suppose that 0,4 and t*Aw belong to *3&-*™1(J). Then Xu e*¥,; 1" 1(J),
hence Fu= X+Xuec*¥; 2" 2J) if m —2>0 or m —1<0, so by lemma 5.1
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we have uc*Xj(J). Hence, 0,u and t* Aw in *J¢5 ™~ (J) imply u € *Iexm(J)
if m>2 or m<1. But for m>1 it was already proved in section 4, so this
happens for all me Z/k.

But now that we know that Prop. 4.4 is true without restrictions on m,
the same reasoning of the beginning of 6) gives 6) without the restriction
m>—p (but only the restriction m e S). This completes the proof of 6).

We come now to the last stage of the proof of Th. 5.1:

7) If (5.1),,, holds for all s and some my€ Z, it holds for all me 8,
and also for m>—1 or m<—p +1.

When P is selfadjoint, the proof is similar to that of Lemma 5.1, and
we leave it to the reader.

For the operator X used to define ¥, (4.28) holds, i.e., (5.2),, holds.
By part a) and by 6), (5.2),,, then holds for all s and all meZ,. An easy
induction then shows that, for every meZ,, (5.2),,, holds for all s and
all mye Z_, for the operator X=g*Nmm,

For a general operator Pe*N%*? we may as well assume that (5.2), .
holds for some integer m>0. Setting M = P*X+)»X=P, and thanks
to (6.2),, Which holds for X™, we may rewrite (5.2),,,, (for P) in the form:

(5.8) 10@[3%: + a5 < O(|(MOp, b9)| + [@]3) ,

which by Cauchy-Schwartz implies at once that (5.2)_,, 4 _,,_, holds for M;
the same is therefore true of (5.1), _,,_, for all s. Since M is selfadjoint and
—m—pe€Z, 7) is true for M, i.e., (5.1),, is true for ne S, or n>—1 or
n<—2p—2m +1. Remark that M e*N+im+m hence ne S, if and
only if n>0 or n<—2p—2m or neZ.

Let now uwe D'(J; H~*) be such that Pu e *Jej:™(J). We derive from this
(remarking that P*(X+)™X™ekNd+2mot+am) that My erjel d—2mm—v=2m(J)
if my—p—2m>0 or m,<0 or m,eZ.

Then, applying (5.1) ,, _, s, When true for M, we get u € *Jif 4™ *2(J),
ifbesides the earlier restrictions for m, we also have: either m,>p +2m —1
or my<—9p-+1 or meZ.

Hence, we have proved (5.1), ,, for P if either m,>p +2m or m;<—p +1
or m,€Z. Application of 5) now gives (5.1), , for all m,>—1.

The proof of Theorem 5.1 is complete.

REMARK 5.2. Suppose that both P and P* satisfy anyone of the con-
ditions (5.j),, (j=1,2,3) with meZ. Then, whatever se R, me S, the
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following stronger version of (5.3),,, is valid:

(6.9),,, Given any open set J' whose closure is compact and contained
in J, and any ge*J s~%""?(J), there is fe ¥, ™) such that

P*¥f—gig C* in J'.

This follows by exploitation of a priori estimates such as (5.2) (or (5.4))
and standard Fréchet space techniques.

REMARK 5.3. If P is an operator of the form (2.1), satisfying (2.4) and (2.5)
and also Rel,<—Fk/2, then (by Remark 4.1 and Th. 5.1) there is some
open neighbourhood J' of 0 such that (5.5),,, holds on J' for all (s, m) e B X 8
and all je{1,2,3}. Moreover, (5.1),, holds on J' for all (s, m)€R X Z/k.

In the case of the operators considered in Remark 3.1, the same happens
for every bounded open set J.

REMARK 5.4. The anomalies which appeared in sections 4 and 5 are all
due to the fact that 0,(*J€%™) is not contained in*J{ " !if0<m<1. If
instead of Def. 4.3 we would define the spaces *¥¢:-™(J) inductively as the
set of distributions % on J that can be written as 0,0 4+ t*Aw, with v and w
in ¥3e8+1—m+1(J), then probably all these anomalies would disappear. This,
however, would require more work, and the results of sections 4 and 5 suf-
fice to our purposes.

6. — Study of the hypoellipticity of a particular class of operators.

In this section, we present a complete study (except for the proof)
of the hypoellipticity of operators of the form (2.1), satisfying (2.4) and (2.5)
and also a very restrictive condition. If we write a(t, 4) Ea t) A~

zb o(t, A)= D ¢,t) A% then we will require:
=0 i=0

(6.1) Whatever the integer ¢>0, there are complex numbers a;, b;, ¢;
such that a;(f) = a,t%, b,(t) = b;t*, ¢;(t) = c,t* 1.

With this notation, a,, b,, ¢ coincide respectively with @, b, ¢ in the
notation (2.4). We call now:

a(d)=aA™", bA)=IbA™¢, od)=cAE.
=0 i=0

=0
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Since a(t, A), b(t, A) and c(¢, A) belong to Q,(J), the same happens to
a(4), b(4) and ¢(4). Remark that we have:

a(t, A)=tra(4), b(t, A)=tb(4), o(t, A) = t-10(4).

We keep the notation of section 2, particularly X = 0,—a(t, 4)4,
Y=0,—b(t A)A, 6, A)=a(t, A)—b(t, A). Then, é (or J,) is a, — b, and
lp=¢,/0,. In the case (6.1) holds, we also call 6(4)= a(4)—b(4), hence
o(t, A) =t*6(4).

The main result of this section is then the following:

THEOREM 6.1. Let P be an operator of the form (2.1), satisfying (2.4),
(2.5) and (6.1). Then, the following two properties are equivalent:

(6.2) P is hypoelliptic at t= 0;

(6.3) whatever the integer m >0, none of the power series ¢(A) — m(k + 1)6(4)
and o(A) — (m(k +1) +1)0(A) are identically zero.

COROLLARY 6.1. Let P satisfy the hypothesis of Th. 6.1 and assume also
that a;=b;= ¢;,= 0 for all i>1. If for some integer m >0 we have I, = m(k 41)
or lp=m(k +1) +1, then P is not hypoelliptic at t= 0.

It should be remarked that, when (6.1) holds, then (6.2) and (6.3) are
also equivalent to the property of P being locally solvable at t= 0. Although
the proof of this fact is very easy (at least in what we will soon call the
convergent case), we wish to concentrate the attention on hypoellipticity.

As a matter of fact, only Corollary 6.1 will be used in the proof of Th. 2.1
and in the sequel. There are two reasons why we give the more general result
which is embodied in Th. 6.1. The first one is to show that when I, assumes
one of the critical values m(k +1) or m(k +1) +1, where m is a non-
negative integer, then P may be either hypoelliptic or not at ¢ = 0, depending
on the lower order terms. The second is to provide a better comparison of
the technique of application of the next Lemma 6.1 (which was already
used, in a similar context, in [3]) in the proof of Th. 6.1, and the method
of proof of Th. 7.1 (which is a stronger version of Th. 2.1).

Since Red, > 0, we may consider d(4)=¢(4)/6(4) as a formal power
geries. We will prove Th. 6.1 only when d(4) is a convergent power series.
This case is enough to get Corollary 6.1 and to show the existence of hypo-
elliptic operators whose I, assume some critical value. The complete proof
of Th. 6.1 could be done with the same technique of using approximating
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operators Py, for P, where Py = (0,— t*a,(A4)A)(0,— b (A)A) +t*1ey(4) A,

N
where ay(4)= > a,47% and similarly for by(4) and cy(4), as it was done
i=0
in [3], section (IL.7).
Let F and F be abelian groups, F being a subgroup of E. Let P,Q, U, V
be four endomorphisms of E, each one of which maps F into itself. We will

make the hypothesis that:
(6.4) UP=QV.
LEMMA 6.1. Suppose that (6.4) holds and also that
(6.5) F contains the intersection of V-(F) and P-1(F).

Then, if F contains Q~1(F), F must also contain P-1(F).
Note that if F contains P-Y(F), then F = P-(F).

PrOOF. Let u € E be such that Pu—=fe F. Then QVu= UPu= UfeF,
and therefore, if F contains @-(¥), we must have VueF, i.e., v belongs
to the intersection of V-1(¥#) and P-(F), which is F.

REMARK 6.1. Usually the easiest way to show that (6.5) is verified is
to show (if possible) that there are two other endomorphisms of F, T and 8,
which map F into itself, such that the endomorphism W= TV 4 8P satis-
fies the condition: « F contains W—(F) ».

We will always apply Lemma 6.1 taking some bounded open set J con-
taining the origin, and F= D'(J; H~ %), F being the set of functions in
C*(J; H®) which can be extended as a O function in a neighborhood of J.
Then, if P is of the form (2.1), defined on J;, and J is relatively compact
in J,, P must map F into itself.

As a first application of Lemma 6.1, we give:

PROPOSITION 6.1. Suppose (2.4) and (2.5) hold for a(t, A) and b(t, A),
and assume that 6(t, A) is divisible by t (i.e., that d,(0) = a,(0) —b,(0) =0
for every integer i>0). Then, the operator XY + (6(¢, A)[t)A is not hypo-
elliptic at t=0. In particular, if (6.1) also holds, then XY t+-16(A)A is
not hypoelliptic at t=0. '

PROOF. Wehave (1X 42)Y= (XY +(8(t, 4)[t) A)t. Calling U=tX +2,
P=Y,Q=XY+(d(t, A)[t) A, V=t, relation (6.4) holds. Moreover, setting
T=Y, S=—1t, we have TV 4+ 8P = Yt{—tY =1, which clearly satisfies
the condition: « F contains I-'(F)» Hence, by Remark 6.1, relation (6.5)
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holds. If we assume that, for some open neighbourhood J, of 0, F contains
Q~YZF), then F should contain P-1(F) by Lemma 6.1. But this is impossible,
gince P= Y is not hypoelliptic at {= 0. Since, whatever the neighbour-
hood J, of 0, F does not contain @-1(F), @ cannot be hypoelliptic at
t=0. QE.D.

In the proof of Th. 6.1, we will call P(o(A)) the operator
XY 4t+1¢(A) A, for X and Y fixed.

PrOOF OF TH. 6.1. a) (6.2) implies (6.3). (This is the part needed for
Corollary 6.1).

Recalling that XY and XY +#-15(4)A are not hypoelliptic at =0,
it is enough to prove that, if P(c¢(4)) is hypoelliptic at = 0, so must be
P(e(A)— (k +1)0(4)). We assume that d(4)=c¢(4)/0(4) is a convergent
series and apply Lemma 6.1, as in the proof of Prop. 6.1. We start remarking
that the following identity holds, as can be easily verified by direct compu-
tation:

(6.6)  (tX +d(4) +1)P(e(4) — (k +1)5(4)) = P(e(4))(tX +d(4) —1).

In order to verify (6.5), we use Remark 6.1. In this case, V=1X
+d(A)—1, P= XY+ (¢(A) — (k +1)0(4))**A. A simple computation
shows that YV—tP=d(4)X and td(A) X —d(A4)V=d(A)(I—d(A)), hence:

(6.7) (tY —d(4))V — 2P = d(A)(I — d(4)).

Let us call ¢(A) the second member of (6.7): e(4) is identically zero
if and only if either d(4) =0 or d(4)=1I (i.e., ¢(4) =0 or ¢(4d)=0d(4)).
Therefore, if ¢(4)s 0 and ¢(4) % d(4), we may write e¢(4) in the form
¢(A) = ad—(I + A-1g(A)), where «a is a complex number different from
zero and g(4)e@,(J) is independent of ¢. Then, (6.7) gives:

AN (1Y — d(A))V — AP =T + A-1g(4).

If we now take a real number r sufficiently close to — oo, the oper-
ator R=P —rdét*14(I 4 A-1g(A)) will be such that I<—k/2, hence by
Remark 5.3, R is hypoelliptic at t= 0. Since

R= —réo 1+ 1A (tY — d(A)) V + (I +réa1tt-1A+142) P,
Remark 6.1 gives (6.5).

This proves that, if ¢(4)#0, ¢(4)=#(4) and P(c¢(4)) is hypoelliptic
at t= 0, so must be P(¢(4)— (k +1)6(4)). Since P(0) and P(6(4)) are



A CLASS OF SECOND-ORDER EVOLUTION EQUATIONS ETC. 219

not hypoelliptic at t =0, as it was already seen, we have in fact proved
the following: «if P(¢(4)) is hypoelliptic at ¢=0, then so must be
P(o(A) — (k +1)8(4)) »

b) (6.3) implies (6.2).
Let us consider the following assertion:

(6.8), (6.3) implies (6.2) if Rel,<(J —1)(k +1).

We will prove b) by proving (6.8), for every integer J>0. When J =10
we have Rel,<—(k +1)<—¥k/2, hence, by Remark 5.3, (6.8), holds. In
order to prove that (6.8), implies (6.8),,,, it is enough to prove (remarking
that I, =1, — (k +1), with P, and P, as in (6.9)) that:

(6.9) If ¢(A)#0, ¢(4d)#06(4) and P,= P(¢(A)— (k +1)6(4)) is hypoel-
liptic at ¢t=0, then so must be P,= P(c(4)).

We again apply Lemma 6.1, this time using the following identity:
(6.10) (¢Y—d(A) +2)P(e(4d))= P(e(4d)— (k +1)0(4))(tX —d(4)).

In this case, V=tY—d(4), P=XY 4 t*1¢(A4)4, and we have:
(6.11) XV —tP=(I—d(4))Y; ¢((I—d(4))¥)— (I—d(4))V =

= d(4)(I— d(4))

hence
(6.12) (tX +d(A)—1)V —t*P=d(4)(I —d(4)).

Continuing as in the proof of a), we see that (6.5) is verified, provided

that d(A4)=0 and d(4)=# I, i.e., that ¢(4)#0 and ¢(4)%d(4). Hence,
by Lemma 6.1, (6.9) holds. Q.E.D.

7. — Proof of the main theorem.

Same notation as in the preceding section. All the operators considered
in this section satisfy (2.1): they all belong to *N°*2, and therefore the set 8
introduced on section b is the same for all of them: a number m € Z/k belongs
to 8 if and only if either m>0 or m<—2 or m= —1.

If P is an operator of the form (2.1) defined on J and satisfying (2.4),
itis natural to call the operator P = (0,— ay(t) 4)(0,— by(t) A) +-ct*-1 A as
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the «k-principal part of P », since P—Pe*N11 a5 it is easy to see, and
there is no term in P belonging to *N1i. To every such operator P, we
will also connect (as in section 3) the operator P = (8, — at* A)(0,— bt*A) +
—+et*-1 A, which we will call the «strong k-principal part of P ». We recall
(cf. section 3), that

P — P =111, A) Ad, +t2++1g,(t, A)A® +fo(t, A)0, +1g(t, A)A +h(t, A),

where f,(t, A), g:(t, A), for 1 = 1, 2, and h(¢, A) all belong to Q ,(J). Let us call
R, = t1f,(t, 4) A0,, By =1t**+1g,(t, A) A* By=1{o(t, 4)0,+1*g,(t, A) A + h(¢, A)
Then, R,e*N11, but the same does not happen to R, or R,. In fact, for
no &> 0 is it true that R, or R, belong to *N?>~*% Nevertheless, R, and R,
both belong to *N°22+1/k which is a proper subspace of *N22. Remark
that, unlike P, P is defined on the whole real line.

Throughout this section, it will be always assumed that P satisfies (2.1),
(2.4), and that (Rea)(Reb)# 0 (and k is a nonnegative integer), and J, will
always denote the greatest open interval (containing 0 and contained in the
domain of definition J, of P) such that Re (a(t)/t*) and Re(b,(t)/t*) never
vanigsh on J;.

We consider the following properties, that may hold or not in some open
set J contained in J, (they are all related to (2.10) and (5.) for j=1, 2, 3):

(7.1),; Let weD'(J; H™ ™). If Puclk](J), then ueetZ®+1 ().

(7.2)gmsg  (5.9)sm holds for P on J.

(7.3) There is an open neighbourhood J of 0, contained in J;, and
there is s€ R such that (7.1),; holds for P.

(7.4) For every open set J contained in J, and every seR, (7.1),,
holds for P.

(7.5) There is an open neighbourhood J of 0, contained in J,, there is
(s, m)e Rx Z, and there is je{1, 2, 3} such that (7.2),,,, holds
for P.

(7.6) For every open set J relatively compact in J;, for every

(s, m)e Rx 8, and every je{1, 2, 3}, (7.2),,,;, holds for P. Also,
for every (s, m)e RXZ[k and every open set J contained in J,,
(7.2),m1.y holds for P.

Of course, (7.6) implies (7.5), and (7.4) implies (7.3). Next we present
two easy propositions. The first one shows that (7.5) and (7.6) for P are
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equivalent to (7.5) and (7.6) for its strong k-principal part P. The second
shows that (7.3) and (7.4) are equivalent to (7.5) and (7.6).

ProPOSITION 7.1. Let P be an operator satisfying (2.1) and (2.4) (but
not necessarily (2.5)), and let P be its strong k-principal part. Then, the fol-
lowing conditions are equivalent:

a) (7.5) holds for P;
b) (7.6) holds for P;
¢) (7.5) holds for P;
d) (7.6) holds for P (remark that, for 13, J,= R).

Proor. Of course b) implies a), and d) implies ¢). If a) holds, then by
Th. 5.1 we may as well assume that j=1. Let K be a compact neigh-
bourhood of 0, contained in J. Then on the open set J;, — K the operator P
is elliptic (with the obvious meaning), so (7.2),,.,-x holds for P. This
together with (7.2),,,, implies (7.2),,,;. Applying Th. 5.1 with
Remark 5.1, we get b). Similarly, ¢) implies d). It is enough now to show
that b) implies ¢), since the same argument also shows that d) implies a).

The idea is to apply Prop. 5.1. This could be done if we had the
k-principal part P of P instead of P in condition ¢). We have trivially:
b) implies that (7.5) holds for P for the same sets J contained in J,.

However, the terms R, and R, of the difference P — P are not in *N11
or in *N27%2 for £> 0, so Prop. 5.1 cannot be applied. In fact, we should
not expect to be able to apply it: if P satisfies (7.6) (with J, = R) we should
not expect P to be also hypoelliptic on the whole real line, even if it were
everywhere defined, but any application of Prop. 5.1 would yield hypoel-
lipticity on the same sets. What we may hope to achieve is a result similar
to Prop. 5.1, provided that we allow J to be shrinked.

Let R=1tU, where Ue*N*2 We will prove that:

(7.7) If (5.2),, holds for P and the open neighbourhood J of 0, then (5.2),,
also holds for P — R, on a possibly smaller neighborhood J’ of 0.

Of course, if (7.7) is true, this finishes the proof that b) implies ¢). To
prove (7.7) it is clearly enough to prove:

(7.8) Givenany &> 0, thereis an¢'> 0 such that, forall pe C2((— &', &'); H®),
we have:

(7.8') |Rploo<e]@]se-
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Now, we trivially have:
(7.9) ltploo<elgloo if peC((—ee); HT).

Since the operator U:*JExE(J) —*30(J) is continuous, taking a fixed
open set J” relatively compact in J, such that 0eJ”, there is a constant
0> 0 such that |Uplee<C|@|s:.2, for every pe C2(J"; H®).

Hence, denoting by J” the intersection of J” and (—¢/C,¢/C), we have
for every ¢ e C(J"; H™):

[Rplo.o= [tU@loo<(e/O)| Uplon<el@la.es
as desired. Q.E.D.

PROPOSITION 7.2. Let P be an operator of the form (2.1), satisfying (2.4)
and (2.8). Then, conditions (7.3), (7.4), (7.5) and (7.6) are all equivalent.
Moreover, we also have:

(7.10) If ueD'(J; H™ ) is such that Pue*JeLm™(J) but u ¢ *Ii 2™ +%(J), then
w ¢ *Jest2-im+2—ik+ Dk Ty whatever the integer j>O.

Proor. By Prop. 7.1, we know that (7.5) is equivalent to (7.6), and
it is evident that (7.4) implies (7.3). A trivial consequence of the inclusion
kgest22(J) — Jegt 2+ J) is that (7.6) implies (7.4). It remains to prove (7.10)
and that (7.3) implies (7.5).

From (7.10) we easily derive that (7.3) implies (7.5): by hypothesis (7.1), ;
holds for some s and some J, with 0€J; in order to prove (7.5) it suffices
to prove (7.2),,,, With the same s and same J. Suppose that (7.1),; holds
but not (7.2),,,,: then, there would be some weD'(J; H™ "), such that
Puelel (J), ueIy Z®D(J) but u¢*igi*%(J). By (7.10) we would derive
(with j=2 and m=0) that wu¢®es ¥ J). But JLL*E+D(T) —*5ps2¥(J)
(cf. Corollary 4.1) so we should have wu¢Jeit¥*+1(J), which gives a con-
tradiction.

This shows that it suffices to prove (7.10). We begin by claiming:

(711) If ueD'(J; H™ =) is such that Pue®iim™(J) and t*~'Aue*3im(J),
then we*JeLt2m+2(J).

In fact, if « is a real number sufficiently close to -+ oo, the operator
P,= P — «dt*-1 4 is such that Relp < — k/2, hence by Remark 5.3, P, sat-
isfies (5.1),,.. Since the hypothesis of (7.11) implies that Puekiimd), it
also implies that we*Ji 2™ *%(J), and (7.11) is proved.
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If uekyeytim+2-G+k(J) then t*~! Aue*¥eim(J), so (7.11) may be rewrit-
ten as:

(7.12) If weD'(J; H™™) is such that Pue*Jin(J) but w¢ K >"+3(J),
then u ¢ kJefo“; 1.m+2—(k+1)lk( J).

Remark that (7.12) is (7.10) for j=1, and that (7.10) is trivial for
j=0. From (7.12) we get inductively (7.10): suppose (7.10) proved for j
and let us prove it for j 1. Assume that Pue*Ji™(J) but u ¢ *Je-2m+%(J):
then, by the inductive hypothesis, u ¢ *Jest2-m+2—ik+Dk(J)  Since Pue
e*Jesm(J), which is contained in *Jei im—ik+tVR(J), if we apply (7.12)
with s—j substituted for s and m —j(k 4+1)/k substituted for m, we
get (7.10) for j 4 1.

REMARK 7.1. We only used (2.5) to prove (7.11) and thereby (7.12).
Of course such requirement can be weakened: we only need that, given
a(t, A) and b(t, A), there exists at least one ¢(f, A) such that P(c(t, 4))
satisfies (5.1). Then, an assertion similar to (7.11) can be proved, hence (7.12).
For instance, if Rea> 0, Reb>0 and k is an odd integer, then XY tri-
vially satisfies (5.1). Hence, Prop. 7.2 is also true when Rea > 0, Reb> 0
and % is an odd integer.

COROLLARY 7.1. Same hypothesis of Prop. 7.2. If we denote by a), b), ¢),
and d) respectively the conditions (7.3), (7.4), (7.5) and (7.6) when Pis
substituted for P, then the following eight conditions are all equivalent:
(7.8), (7.4), (7.5), (7.6), a), b), ¢) and d).

We will prove a more precise version of Th. 2.1, namely:

THEOREM 7.1. Let P be an operator defined on J, satisfying (2.1), (2.4)
and (2.5). Then, the following conditions are equivalent:

a,) (7.3) for P; a,) (7.4) for P; a,) (7.5) for P; a,) (7.6) for P;

b)) (71.8) for P*; b,) (7.4) for P*; b;) (7.5) for P*; b,) (7.6) for P*;

¢) whatever the integer m>0, Iy~ m(k +1) and 1,5 m(k +1) +1;

d) whatever (s, m)€ R XS, whatever the open set J' relatively compact in J,,
the operator P defines an isomorphism from *3€5-2m+2(J")[C*(J'; H®) onto
"3iea(J)[0° (5 H®);

e) same as d), but for P*.
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ProoF. Remark first that it is enough to prove that a,) implies ¢) and ¢)
implies a,). In fact, since lP.———i;,, if a,) implies ¢), then b,) implies ¢),
and if ¢) implies a,), then ¢) implies b,). By Prop. 7.2, conditions a,), a,),
a;) and a,) are equivalent; conditions b,), b,), b;) and b,) are equivalent;
and it is trivial that d) implies a;), and ¢) implies b,).

We would then have a;), ¢) and b,) equivalent for ¢ =1, 2, 3, 4.

We also have: «a,) implies ¢) ». In fact, it is already known now that
@,) implies b,), and if both a,) and b,) hold, then by Remark 5.2, we get (5.9),,,
for all (s, m)e R xS and all J' relatively compact in J,. The open mapping
theorem now gives ¢). Similarly, we get d).

Let us then prove that a,) implies ¢) and that ¢) implies a,).

a,) implies ¢)

From a,) and Corollary 7.1, we have (7.4) holding for P, which implies
that P is hypoelliptic (on the whole real line). By Corollary 6.1, and the
remark that I3 =10, we get ¢).

¢) implies a,)

Since ¢) for P is the same as ¢) for P and a,) for P is equivalent to a,)
for P (by Corollary 7.1), it is enough to prove that ¢) implies a,) for P.

Let us fix the constants & and b, and consider the operator P(c)=
= (0, — at* A)(0, — bt*A) +ct* 1A, (we call X = 0,—att A, Y = 0,— bt* 4, as
usually). In order to prove that ¢) implies a,) for P(c), it is enough to prove
that, for every integer j>0, we have:

(7.13), ¢) implies a,) if Relp,<(j—1)(k+1).

When j=0, we have Relp,<—(k +1)<—k/2, hence, by Remark 5.3
(and Corollary 7.1), (7.13), holds. Remarking that lp,_ 1 1)s) = Upe— (K +1),
in order to prove that (7.13); implies (7.13),,, it is enough to show that, if

c#0, ¢ 6 and P(¢c— (k 1)) satisfies a,), then P(c) also satisfies a,), or,
gince a;) is equivalent to a,), that

(7.14) If ¢5£0, ¢# 6 and P(c— (k +1)0) satisfies a,), then P(c) satis-
fies a;).

We use the following particular case of (6.10):

(1.15) Ple— (k +1)8)(tY — ¢0) = (1Y — ¢/ +2) P(c).
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We will show that (5.1),, holds for P(c), if m>5.
Let ueD'(J; H-®) be such that

(7.16) P(c)ue*Ii™d).
Since (1Y — ¢/6 +2)e*N11+1k we have
(tY —¢[6 +2) P(e)u e Hp M= * V() ,

(because m>5). Since by hypothesis P(¢— (k +1)8) satisfies (5.1),,, for
all (s, m)e RxZ[k, we get from (7.15):

(7.17) (tY — ¢/d)u e*gepttm 1=k J)

In our case, (6.12) gives:

(7.18) (tX +¢/0 —1)(tY — ¢[0) — t*P(c) = (¢[6)(1 — ¢[d) .

Since (X +¢/0 —1)e*N11+k and ¢2e*N02/%, (7.16) and (7.17) yield,
thanks to (7.18): (¢/d)(L— ¢/d)u e ¥Lm—¥¥(J), and since we are assuming
¢# 0 and ¢+ J, we get:

(7.19) u eFIeLm—2k(T)

Now we use the trivial remark:

(7.20) P(e— (k +1)8)= P(e) — (k +1)0t*1 A

From (7.19) and (7.16) we conclude, thanks to (7.20), that

P(e— (k +1)6)uekiey = 1-V5(J),
and since P(c— (k +1)0) satisfies (5.1), we get:
(7.21) u ekgepF 1 m =1k )

Applying once more (7.20), with (7.16) and (7.21), we get P(¢— (k +1)0)ue
e*¥eim™J), hence by (5.1), wek¥it*m+%J). Q.E.D.

REMARK 7.2. If we apply the full strength of the proof of Prop. 7.1,
we get in fact a much more general result than Th. 7.1: there is no reason
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to restrict ourselves to operators P satisfying (2.1): we may add to it any
operator in *N°?~*2 with £ > 0 or any operator of the form tU, with U € ¥N22
(for instance: td(t, 4) 07, with d(t, 4) e Q,(J), or e(t, A) A", with r<2), that
properties (7.3) and (7.5) remain unchanged, if I, is not any critical value.

REMARK 7.3. Remembering Remark 2.1, we get a further obvious gener-
alization of Th. 7.1.

Appendix

We give here the proof of Proposition 1.1.
a) We prove first the following statement:
(A1) If 9, and |t|*A"uboth belong to L*(R; H*), then so does [t|*~ D2 A2y,

Moreover, there is a constant ¢ >0 such that (if || denotes the
norm in IX(R; H')) |[f 2 A" u|?< C(|o,u]® + | "4 u]?).

In fact, for every ¢ e C;(R; H”) we have:

2[Re (g, tlo4rg),dt = (¢, Itl“A'q?)s]o —af(p, 4= A7p),dt
0

0

and
0 0 0
2[Re(ps, e 47p)dt = (g, [t 470)|  +a(9, =2 47g),dt,
so that
a’f(?” !tla_lA"P)s dt = — 2f(t/,tl) Re (‘Pt, [t]“A"zp), dat,
hence

af e aregltat<2 (g [tore).|at<
R R

[1gd. il aro | at< [Igaza + | |l=are |2at,

which yields (A.1).
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By iteration of (A.1) we get the following result:

(A.2) If 0,u and [¢|*A"u both belong to L*(R;H®), and m, is the first
nonnegative integer such that (¢-+1)/2™—1<0 (hence my>1), then
for all integers m such that 0 <m<m,, [t|*TV2"~1A"%"y belongs to
L*(R; H®). Moreover:

(A.3) There is C>0 (depending on a, m, * and s) such that
[Ilti(a+1)12”‘—1Ar/2"‘uH2<0( I 3;“”2 + ”ltlaAru “2) ,

where || denotes again the norm of L*R; H®).

In order to prove a), it is enough to show that (A.3) is true for all real m
satisfying 0 <m<m,. This can be done by an interpolation argument, using
the fact that ¢(s)= |||, is a logarithmically convex function, for all u
in H™®. Let 0<m<m, and let us take Areal such that 4 4 (1—2)(1/2™)=1/2".
Then, 0 <A<1 and:

(f”'tlaAfu ”fdt)l' (f |||t|(a+1)/2"‘u—1Ar/2"'ou”?dt)l—l>
J'( ”ItlaAru ”33 |||t|(a+1)/2"‘o—1Ar/2"'ou ”3(1——1)) dt —
[l o2 pug2t 252, )

| LR i ]

which ends the proof of a).

b) Remark that, since t*Au has compact support, so does Au, hence
by (1.9) so does u. Since 0,u €JC}(R), we must then have u e J(R), as we
easily realize, remarking that « = 0;'(0,u). Here, 0, 'v is defined for distri-
butions » which vanish in some halfline ¢ <4?,, as the integration from — co
to t, i.e., 0, 'v is the convolution of » with the Heaviside function.

Since # and 0,u both belong to Ji(R), we must then have 9, u)=
= t'0,u + ' u € I(R).

We prove b) first in the case s>0. Then J° is contained in L*R; H®),
so that 9,u and t*Aw both belong to L*R; H®) and therefore, by a),
P ATy e TX(R; HY), hence A*H0+D®+1(¢iy) ¢ J0(R), when j =0, 1, ..., k.
This, together with at(tfu)eJeg(R), immediately implies that

tiu = Jea+(5+ D/(k+ 1)(R)
e .
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Let us now consider any real s, and let p be a positive integer such that
8 +p>0. We apply (1.14): since 0,u € X}(R), there are v and w in J&}**(R)
such that 9,u= 0?» + A”w. Hence, applying 9; ' to both members, we get

(A.4) w=07"'v 4+ 0; ' A%w

Remark that, since 4 and 97~ 'v» have compact support, so does 9; * Aw,
and therefore also o;'w. Let us call h=0;'w: then w=0h, s0
0,heJ:*?(R), which implies, as we saw in the beginning, that ke JC*?(R)
and 0,(t*h) e JeI+7(R).

From (A.4) we get t*Au=1*A0""'v 40, A?*'w. Since by hypothesis
t* Au € J(R), and so does t*A07~'v, the above equality yields (remembering
that 9; 'w= h):

(A.5) £ A?*1h c JeY(R) .

Since 9,(t*h) €Je:*?(R), (A.5) implies, as it is easy to see, that #*he
eJe:t?+Y(R), hence, t*AheJ:t?(R). But 0,h = wek:*?(R), and we can use
the case s3>0 to get: t'heJest?+UtDEk+I(R) for j=0,1,..., k. Going back
to (A.4), we have w= 0’ 'v + A”h, hence, for j=0,1,...,k, we have:
fu=19 af_l’v —]—A”(tjh) eJe;+(5+1)l(k+1)(R)_

¢) Let 0,u and t*Au both belong to J& (J). We start claiming that
=i Aue e i(J) for j=0,1, ..., k. In fact, this is true for j= 0, and if it
is true for some j <<k, then 8 (te~7 Aw) JG,“““’ ). Since

Bu(t9 Au) = -1 Ad,u + (k — )10+ Au,

and $#7A0,u e ¥t V(J) (because 0,u eI (J )) the statement is true also
for j +1. In particular, we have then AueJe %), which together with
o,u e e (J), implies that u e Jei **1(J).

We claim now that ueJes *t1+&+1(J), for j=0,1,..., k% In fact, we
already know this for = 0. Suppose it is true for some j < k* (which im-
plies that s —k +1 +j/(k +1)<s); then, if pe C2(J), we have 0(pu)=
= @0,u + (0,p)u e Jer~*+1HIEI(R) gince Ouele,(J). But we also have
t* Agu eJG:(R), hence by b), pueJei F+H1+U+DIE+I( R Since pe O (J) is ar-
bitrary, the statement is true for j +1. In particular, when j= k* we get
u eJﬁfJg"("“)(J).

Finally, we show that #u€JetU+VE+1(J) for j=0,1,...,k The case
j=0 was just proved. Let g€ C>(J): then 0,(pu)= po,u + (0,p)u € X(R)
(using the case j=0). But we also have t*ApueJ(R), hence by b),
PoueJetUt+(R)  Since @eCP(J) is arbitrary, that means that
fue Je,ao-:(n 1)/(k+1)(J)_ Q.E.D.
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