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A Simple Proof of the Mean Fourth Power Estimate
for {(} + it) and L(} + 4, ).

K. RAMACHANDRA (¥*)

To the memory of Professor ALBERT EDWARD INGHAM

1. — Introduction.

The main object of this paper is to prove the following four well-known
theorems by a simple method.

THEOREM 1. If 3<t,<t,<...<la<T, (R>2) and t;,,—1t;>1, then
R
2 (3 + it)|* < T(log T)™.
r=1

THEOREM 2. If T>3, R>2 and T<t, <t,<..<tz<T-+ T* and also
tia—t;>1, then
R
2 LG+ i) < THlog Ty .

r=1

THEOREM 3. Let y be a character mod q (q fiwed), T>3, —T'<t,, <
<type <lyp, < T, (By>2),and t,; ,—1t ;>1. If with each y we associate such

points t,; then,

Ry .
2* 2 L+, 1)t < qT(log (¢T))>,

xmodg r=1

where % denotes the sum over primitive character mod q.

(*) Tata Institute of Fundamental Research - Bombay - 5, India.
Pervenuto alla Redazione il 16 Gennaio 1974.
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82 K. RAMACHANDRA

THEOREM 4. Let a be a positive constant satisfying 0 < a <<4. Then with
the motation of theorem 3, we have

Rx .
% > LG+ it x)|* < qT(log (¢T))*
xmodg r=1

where A is a constant depending only on a.

REMARK 1. The constants implied by <« in all these theorems are
absolute except in Theorem 4 where it may depend on a.

REMARK 2. Our method allows us to work out the generalization, of
Theorem 2 to L-gseries, corresponding to Theorems 3 and 4.

REMARK 3. In these Theorems we have not tried to get the best powers
of log T or log (¢qT).

For other remarks and Theorems see § 4 and § 5, and also the appendix.

2. — Notation.

The letters a, A, B, k denote positive constants, 6 and & denote arbitrary
but small positive constants. All the 0 and the < constants and also C,, C,, ...
depend if at all only on these constants. Finally d,(n) is the coefficient of n~*
in (C(s))", and d(n) = dy(n). The other symbols will be explained in the
body of the paper.

3. — Proof of the Theorems.

I should begin by saying that an expert in the field who looks at the
special case ¢=1 of Lemma 3 (below) will certainly be able to imagine at
once my proof of all these Theorems (1 to 4 above). However, we prove
Theorem 3, which is a generalization of Theorem 1. The method of proof
enables one to work out a proof of Theorem 2. From Theorem 3 we deduce

Theorem 4.
The crucial lemma for the proof is the following simple

LEMMA 1. Let 8= 04 it be a complex variable, ¢>1 a natural number
and a; (j=1 to N) be complex numbers. For each character y mod g put



A SIMPLE PROOF OF THE MEAN FOURTH POWER ESTIMATE, ETC. 83

N
1,8) =2 x(n)a,n™". Then

n=1
To+T .
zf [fa8)*dt < (¢T + N log N) 3 [an|*n="7,
x =
To

where T, is any real number T >3 and the constant implied by < is absolute.
We also need the sharper estimate

¥ ¥ 3
<gT 3lafn*+ (3 la,fn>)} (3 la,Pn2t=2) log .
n=1 n n

PrOOF. Lemma is trivially true for N =1. So we assume that N >2.
The sum in question is

o, )G mm)(%5) ((%)”—1) (1106%) " = 5.+ 3,

% man(mng)=1 n

where in >,, m=mn and ), is the remaining sum. We have easily
|31 < ¢T 3 |aq|*n-. Using the identity > yx(m)x(n)= @(q) ir zero ac-

x
cording as m =n (modg) and (m,q)=1 or not, and

-1 m n
< +
m—mn

log %@

we have, by symmetry,

2ol <p(@ X |anda(mn)-om(m—mn)-1|
srfio

<P lagfr>m—n| (T |a,,fm* = m — |~

and this leads to the lemma.
From Lemma 1 we deduce the following corollary.

LEMMA 2. Let q be a natural number. With each character y mod g suppose

we associate R, (>2) distinct complex numbers s, ,= o, +1it,, (r=1,2,..., R,).

Let 6,=minmin |t,,—¢, |, and 6=min(d,, (2log N~). As before, let
% r#EY

1,8)= 3 x(n)a,n"*, ¢ =mino,, and T'=maxt, —mint, 4 3. Then
n=1 Xr

D28 P <07%gT 4 Nlog N) 3 |a, n".
X r
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We also need the sharper estimate
<67%gT) Y |a,Pn"% + 6 2log N (3 |a,Pn~ %)} |a, Pn¥t =)} .

ProoF. The lemma is trivial if N = 1 and for this reason we can assume
N>2 and a,= 0. Now

1 (8, < 6-2f )P dp b

where the integral is over a disc of radius é and with centre s,,. We can
then sum up over r (observing that for fixed y the respective discs are
disjoint) and then over all characters y mod g. The lemma now follows
on applying Lemma 1.

LeMmA 3. We have firstly

E(3 + it)|* < (log (¢T))*

ltr|<(log(aT))?
and so we can suppose that |t,|>(log (¢T'))* if x is principal. Next define
(s, ) by L(s, )= y(s, x) L(1 —s, ). Let s=3%+ it and [t|> (log (¢T))? if

x 18 principal. Also, let 2< X <(qT)*. Then if w=u-+iv and ¢ a con-
stant satisfying 0 <c<3}, we have

(L(s, 2)* = 3 2w}~ exp (—n/X) —

_2—711% ((s + w, x))2(n§xx(n)d(n)n—1+a+w)['(w)xwdw _
u=—c—}

T 2mi (v(s + w, %))Z(E}(n)d(")”‘“’*"’)ﬂw)X"’dw + 0((¢T)-) .
u=—(log (eT))™*

= 8(8) — I () — I,(s) + 0((¢T)~?) say.

Proor. We start with

24400
< 1
Sam)dm)n-se X = — | (L(s + w, )2 (w) X*dw
n=1 271
2—fjoo
and move the line of integration first to = —c¢— 1, use the functional

equation for L(s, y), retain the portion n> X of the series for (L(1—s—w, 7)?
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and move the line of integration in the integral containing the portion n< X
of the series to uw= — (log (¢7T))~*. These two integrals are precisely I,(s)
and I,(s). However, when we move the line of integration to u=—c¢— 13
we encounter the pole at w= 0 of I'(w), where the contribution from the
residue is (L(s, x))>. We have also the possible pole at w=1— s (in case x
is principal) in which case the contribution is

1
Tomi (L(s + w, )20 (w) X dw
|w—(1-8)|=(1001log (aT))~*

which is easily estimated to be 0((¢T)-?).

REMARK. The method of proof also leads to an asymptotic formula

T
for f |C(3 4 dt)|*dt and this will be published elsewhere.
1

LEMMA 4. We have

2* 3 18(% + it,,) |2 < (qT + X)(log (¢T))*.
V4 r

Proor. Follows by an easy application of Lemma 2. (Note that we may
break off the series for S(s) at n= [X(log X)?] with a small error).

We next state two easy lemmas and indicate their proof

LEMMA 5. We have

2* 2 LG+ it )P < (T + X)(gT)*+* X ~**(log (¢T))% .
X r

LEMMA 6. We have

2* 2 (4 +it,,)* < (gT + X)(log (¢T))*.
x T

PROOFS OF LEMMAS 5 AND 6. We may break off the portion [v| > (log (¢T'))?
of the integrals I, and I, with a small error. In series for (L(1—s— w, x))?
in I, we may break off for instance, the portion n>Exp (log (¢T))* with
a small error. Observe that for primitive characters y modg, p(w, y) =
= 0((q(|v| + 2))*‘") uniformly for « in any fixed strip provided |w— n|>¢
(n=1,2,3,..). Wenext break up the portion X <n<Exp (log(¢T))* into
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at most 0((log (qT))3) intervals of the form (U, U+ V) with V< U
and apply Holders inequality and then Lemma 2. We have also to use
> nY(d(n))?< (log X)*. This proves Lemma 5 and the proof of Lemma 6 is
n<X
similar.

Combining Lemmas 3 to 6 and putting X = ¢7' we see that Theorem 3
is proved. Theorem 1 is a special case of Theorem 3. The proof of Theorem 2
follows that of Theorem 3 with obvious changes. We now deduce Theorem 4
from Theorem 3. If y* denotes the primitive character which induces y,
then we see that

S SILG+ ity %) < T(log (¢T))* 3 d < gT(log (¢T))° .

xmoda r dle

However, L(s, y) = L(s, x*) TI (1 — z*(p)p~*) and so
vla

3 SO+ it 0P < (S TG+ ity 29)
xmodq r
(22

I (1 — z*p)p~ ")

4a/(4— a))l a/4
vla

Hence it suffices to prove that the quantity in the second bracket is
< ¢T(log (¢T))® where B depends only on a. Let 2m be the least even integer
greater than 4a(4 —a)~'. Let d be a divisor of ¢. We now estimate

2 2

xmodd r

TIa- x(p)p‘*‘“x-')Jz"’

vla

we have ]H(l— x(p)p"*‘“l-')"‘l (x a character mod d)

vla

=TI (1 —my(p)p~t-itrr 40 (2;)) ‘

vla

. 2m
< TI () 11 .{(1—mx(p)p‘*’*’z-') (1 + 0(—))}}
pla p<2™ vla.p>2™ p
< (logg) / 1;[27»:(1 —my(p )p~t-iter
Let
IT (1—my(p)p™*)= S un)
vla.p>2m*

where obviously |b,|<T] m.

v/(n,q)
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Hence the sum under question is by Lemma 2,
b
< (log g (Td(log(qT) ¢ 3 00 1 og (g (52240 5 minzu) )

< (tog @D ar TT (1 + ) + (og @D TT{(1 + )t + e}
< (log (¢T))*(dT + ¢¥).
Summing over all divisors d of ¢ we are led to the estimate

< (log (¢7))°(¢T + ¢) < ¢T(log (¢T))° .

This proves theorem 4 with 4 = 56.

4. — An asymptotic formula.

Just as we proved in [9] Theorems of the type

L(o, + it,) [Ha=an
Glogr¢ =2

>

in the notation of [9], we can prove the following theorems as a corollary
to Theorems 3 and 4.

THEOREM 5. In the notation of Lemma 3 and further with }<o,,<1 and
[t,e|>1 ¢f x is principal the following results hold

2/(1—0y,s)
L(O'xr‘i‘@txn 2) x < gT (T>3)

G, (log (¢T)**

PAD3

xmoda r

L(0ye+ ityy, y) [@-2N0-0gn

O (oo (aTY)100 <qT (T>3,C,=C. .
xngdq; Cz(log(qT))l‘)O q ( =9, U, 2(8))

It must be remarked that there is not much difference between Theorems 1
to 4 and the corresponding theorems where the sum over r is replaced by
integrals. In fact one can pass from one to the other by a slight loss e.g. a
power of log (¢T). We next record here a Theorem which will be of use in
the proof of Theorem 7.
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THEOREM 6. Let k>2 be a natural number, q as before and T>3. Then
uniformly in o, |o— %|<(1001log (¢T))~* we have

T
S [1tto + it, plar < @2 @1y Bxp (F G0g 1)

xmod a

ProoF. We have only to note the relation

1\ Cy(log q)¥
IT (4 0(r-4) = 0 (Exp (Glogo q))

and the result
T
S f]L(o' + it, x)|?*dt < (dT')*2(log (dT'))50%*
xmodd_T

where d/q, (uniformly for ¢ as in Theorem 6) which can be proved in much
the same way as Theorem 3. This completes the proof of Theorem 6.
We next state

LeEMMA 7. In the notation of Lemma 1, and with 1 <o<1 we have uni-
formly,

To+2T
%{ = 2T<p(q)((nlq)=§n<1~|’a,,|2n—za)

+0 (‘P(Q)( S ladn) + q%q) (log ¥)2v2t=( 3 Iaﬂlzn_l)) .

n<e. (na)=1 n<N

ProoF. Left hand side is

a’man/‘((m)m m\iTo [ (m\2T
x 2 et G (67

Plainly we can impose the condition (mn, ¢) =1 and we shall adopt this con-
vention in the reminder of this proof. In this sum the terms with m=n
contribute the main term. The other terms are

_1)

m
log Py

(g 3 lanaulimn)e

(mn.@)=1,m=n(mod q)
mas<N
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Here we treat the terms with |[logm/n|>4 and the rest separately. De-
noting then by 2, and X, we have

21=0(<p<q>i( )3 )lanln-")z)

r=1 \n=r(mod ¢
n<N
= 0(‘P(Q)(z ( > |a,.12n—1)( > nl-”) +> |a,,|”n—2°))
r=1 ‘n=r(modq) n=r(mod q) n<a
a<n<N a<n<N

=0 (‘P(Q)( > !aulzn—za) + o(g) (Z t@_lf) qi_l (_N—-;_—_g)ﬂl—a)) .

n<a,(n.a)=1 <N N

(The second term is present only if N > ¢)

= 0(¢(q)(2 Ianl’n-”) + ¢_(qq_) N2““")( 2 |a_|_z))

n<a a<N N

Next letting U run over non-negative integral powers of 2, we have (using
[log m/n|> |(m 4 n)[(m — n)|)

22 = 0(‘P(Q) z Z la’manlml_on_dlm - nl‘l) .
U<N U<m<2U n#m
3U<n<4U n=m(mod q)

Using |@,@n| < |0m|?>+ |a.|> We see that this is

0(12 5 YT 5 k)= 0(Bro-agogny 3 120

20—
q v<y U yudncav n<N

since we can always restrict to n <N in the last sum. This proves Lemma 7.

We next confine to -+ d<o<1 and fix a small constant & (possibly
depending on % and only on k) once for all. (of course we can get our final
result in a slightly more general form valid uniformly for o>3% -+ d; but
to avoid some complications of a trivial nature we have done this). We
now modify Lemma 3 as follows.

LEMMA 8. Let 3+ d<o<1 (0 is a small positive constant which may
depend on k). We denote the principal character mod q by y,. We have firstly

|L(s, 70)|*dt = 0((Exp (2k(log q))*)(log (qT))2k+z) .

1<[t|<(los(aT))?
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Let y be any character mod g and |t|>(log (¢T))? if x= xo. Then we have
(this time we suppose 2 <X < (qT)™o*)

(Z(sy )%= 2 lx(n)dk(n)n—‘ e"(f)

1 w dw
u=§—oc
+ 0(e(x)(@T)~*)= 8,— I, + E, say
where £(y) and hence E, are zero if y+ y, and &(y) = 1.

PrOOF. We leave the proof of this as an exercise to the reader.

Next it is not hard to see that

\L(s, )| = [8,1*+ O(I8,|(IL,| + |B,)) + |LI*+ |B,[?)

and so if 14+ d<o<l

[z, mimae+ 3 [ 56, pmai= [ Loprart
1<lij<r e (los(aT))<|t|<T

+ 3 [ ll®dt + O((Exp (2k(log g))¥) (log (T))*+) =

XFXo
tI<T

= Zflszlzdt—i— 0( f 8,2t + (Exp (2k(logq)i)) (log (qT))zk+z) +

x
tl<T |t|<(log aT)*

+0(S [ (15402 + 1B + 1L + B ar).

tI<r

LEMMA 9. We have uniformly in 14 d<o<1,

8, | = O((X(log X)2)*~°(log ¢T)¥')
and 8o
18,,/* a1 = O(X**="log (¢7))™*+9) .

|t|<(log(aT))*
Also

f B2 dt — o(iT)
=T 1

Proor. Trivial.
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LEMMA 10. We have uniformly in 1+ d<o<1,

(dk(n )?

> f[Sz|zdt= 2T(p(q)( > . + O(T(p(q)Xl—za(log (T )k’+0)

z n.q)=
<T

+0 («p(q) + 29 xi0-0) (10g (qT»"’ﬂ)
+0 (X*”(w(q)T + plg) + (X20-9) 4 Tp(q) X*-*)log (qT))"’“)) .

ProoF. Let §,(X(logX)?) denote the sum n<X(log X)* in the series
for 8,. Then it is easy to see that

18,1 = 18,(X(log X)) 2+ O X-(|8,( X (log X)?) | +- 1)) .
By Lemma 7, (with T,= — T'), we have

3 [Isxuxpa=2rpq 3 (e
xl 4=r (na)=1, n<X(logX)?*

+ 0 (p(0) + (X(log X)?)*0-9log X)2(log (¢T))¥).

The O-term is O((p(q) + X*1=9(log (qT))""”‘). In the main term we can re-
place exp(—2(n/X)?) by 1 with an error

0(T¢(q) > (dk(n))’n“"’(%)z)

n<X(log X)?

— 0(Tp(q) (X (log Xy?) -+ X-*(log (¢T))*)
— 0(T'p(g) X1-*(log (¢T))*+*)

in the main term. Next we can replace n<X(log X)? by »>1 with an error

0(Tolg) 3 (dn)n™%)

n=>X(log X)*

=0(Tp(g) T (dyn))Pn 1~ Clos @iyl -2rt0iloe 1))
n>X(log X)*

(Here O;= C4(d) is a small positive constant)

— O(Tq)(q)(X(logX)z)l‘z”c'(mx)-l(log (¢T) )k’)
= O(Tp(q) X*~*(log (¢T))") .
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Thus

s [ 18.(xaog ) a1 = 2700

X
i<

l(dk(n))z”"” +

na)=
+ 0(p(a) + T1=2(log (¢T))*+ + To(q) X=(log (¢)*).

This proves Lemma 10.

LEMMA 11. We have uniformly in 3+ 0<o<1

Z f IIZ!Z dt=0 ((qT)klz(lOg (qT))lDOk’ (Exp (g (log q)i)) X—zo+1) .
x

H<T

Proor. In the integral for I, we can break off the portion |Imw|>
> (log (¢T))? with a small error. We then apply Holders inequality and use
Theorem 6. This completes the proof of Lemma 11.

Putting X = (¢T)"2 and combining the result stated just before Lemma 9,
Lemma 9, 10 and 11 we arrive at the following theorem

THEOREM 7. We have uniformly in L4 d<o<l,

d; 2
f IL(S’ %0)]2kdt -+ z IL(s, x)|2kdt: 2Tcp(q) z ( (n)) +

2
X7 Xo (na)=1 n*
ISp<T ’iclsr

+ 0(p(a) + (¢T)-9(Exp (4k(log })) (log (¢T)) (1)t + (gT):-9))

REMARK. To prove Theorem 7 it is not essential to prove Theorem 6.
Something like Theorem 5 which is a consequence of Theorem 3 is sufficient.
It (Theorem 5) gives a mean (2k)™ power on the line 0=1—1/k. We can
instead of Lemma 8 make a slight change and move the line of integration
to u=1—1/k— o to obtain an asymptotic formula for (2k)*® powers of L
series in 0>1—1/k+ 6. So what is really important for the results of §4
is a mean fourth power estimate on the critical line, which is a consequence
of the functional equation. For some Dirichlet series we may not have a
functional equation but still it may have for instance a mean square or a
mean fourth power estimate.

For example we state the following Theorems which are not difficult

to prove

THEOREM 8. Let {a,,} be a monotonic sequence of real mwmbers with
a,= 0(n®) for every e>0. Let dyn) denote the coefficient of n~* in
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(1 —212)¢(s))2. Then the function

F(s)= 21“—”%8(—"—) (@>1)

can be continued as an analytic function in o>% and we have

f IP( -+ i) Pdt < T+
ll<r

THEOREM 9. Let {a.} be a sequence of complex numbers with > a, = O(a*).

[ n<x
Then the function F(s) = Y a,n*(c >1) can be continued as an analytic function
n=1

m ¢>0 and we have

|F(} + ) Pdt < T

ItI<T

REMARK. We can get an asymptotic formula for f |F (o + 4t)|**dt in
6>1—1/2k+ 6 by the method of this Section. Here F(s) can be either
the function of Theorem 8 or 9 and k>1.

THEOREM 10. Let b(n) be a periodic sequence of complex numbers

with | b, <1, a, a sequence of complex numbers with a,=0(n°) and
n<a
S |an— | <a° then G(s)= a,ba/n’ is convergent in ¢ >0 and

n<w
T

f |G(4 + it) et < T+,

[]

5. — Concluding remarks.

As is well known an important application of Theorems 1, 3 and 4 is
to the study of the zeros of ((s) and L(s, x). Ingham studied (see The-
orem 9.19(B), page 203 of [10]) the zeros of F,(s)= {(s) and Montgomery

*
studied ([7], [8]) the zeros of F,(s)=T] L(s, y) and Fy(s)=T[ TI L(s, %)
xmod a ¢<Q yxmoda
(% denotes the omission of improper characters). Let i <a<1. Denote by

R(x, T) the rectangle a<o<1 and [t|<T(T>3). Let N« T) (j=1,2,3)
denote the number of zeros of F;(s) in R(«, T'). (In the results to be stated
below the implied constants are independent of «, ¢, and 7'). Ingham proved
that N,(a, T) < T30-*/@=)(log T)!® and Montgomery proved the theorem
Nyfoy T) < (gT) = log (¢T))'* and Ny(e, T) < (@2 T)*-/=(log (T))®
Montgomery also proved the theorems N,(a, T) < (¢T)**~*'*(log (¢T'))'®
and Ny(«, T) < (@*T)*1~*(log (QT))'*®. Huxley [3] proved that N(e, T) <
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< TP-B==1(1og )1 Al]l these results depended (besides other things) on
Theorems 1, 3 and 4 of ours, which in turn depended on ‘‘the approximate
functional equation for (L(s, x))%”.

Next Jutila proved [5] that N,(«, T) < (¢7)**~9(log (¢T))* where A= ¢+
+ max ((6a — 3)/(6ac — 4), 2) and u = u(e) provided a>%F -+ 6. Itis clear that
Jutila’s method gives Ny(«, T) < (@*T)*'~(log (QT))*. Jutila’s method also
gives N,(a, T) < (qT)(“’)(l_“)/(z‘“)(log (qT))" and Ny(a, TY< (Qz T)((3+e)(1—a))/(2—¢)
(log (QT))* and also N,(a, T) < TG+1-a)@=1y1o0 T)# (the last result still
depends on the method of [3]). One important feature of Jutila’s method
is a device which helps us to dispense with the use of Theorems like 1, 3 and 4
at the cost of obtaining a slightly weaker result than what would otherwise
have been possible. While these results of Jutila are good enough for appli-
cation to difference between consecutive primes and such other problems,
it is desirable to have a more precise result in the neighbourhood of o= }:
These will be of some use in Bombieri (E)-Vinogradov (A.I) mean-value
theorem (Theorem 15.2, page 136 of [8]) and Vinogradov (I.M)-Montgo-
mery (H.L) theorem (Theorem 16.1, page 141 of [8]). We may note that
Bombieri-Vinogradov mean value theorem has been proved in a simpler
way by P.X. Gallagher [2]. Theorem 4 together with Lemma 2 could be
used to prove, for instance, that N,(a, T) < (¢T)*~/¢~2(log (¢T))* where
g—h=14%and g—2h= (34 ¢)~'. However, to prove something like Ny(a, T') <«
< (Q*T)3-2=2)1og (QT))'® we also require the Theorem 2 of [6]. But
we have dispensed with the use of approximate functional equations in
the proofs of Theorems 1, 2, 3 and 4 stated in § 1 and theorems of §4 are
easy consequences of these theorems.

It must be mentioned that I got the start for this paper by trying to
simplify the approach given in chapters 19 to 22 of Huxley’s book [4].
Huxley proves an approximate functional equation to prove something like
Theorem 3 of ours.

Next a few words about the work of K. Chandrasekharan and R. Nara-
simhan [1] on approximate functional equations. Our method is certainly
applicable to almost all the problems of mean values considered there.
For instance consider an algebraic number field K of degree n>2 and let
{g(s) denote the Dedekind zeta function of K. We can prove their result

T
that if 1/n<o<l—1/n, I|Cx(a+ it)[Fdt < T ~(log T)® (but B may be a
i

little larger than their value). Also we can prove the asymptotic formula for
the mean value if ¢ > 1 — 1/n, with an error of the type O( TH™1-2+1)(log T)Z)

where B may as before be larger than their value. (If 0>1, we have to
24400
start with the integral 1/2mi [ (g(s -+ w)I'(w[ky+ 1) X*(dw|w) where k, is

2—4o0
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T
some large positive constant). We can handle ,“Cx(ff'i‘ it)®dt by dealing
1

first with ¢>% and then applying functional equation to deal with o>3%.
In his letter dated 9.9.73, Professor P. X. Gallagher asked me whether it
is possible to get by my method, Barban’s 8-th power mean estimate

> 3 L+, p) <Q%*logQ)® (< constant depending on ?).

e<Q ymodq

It is not hard to see that my method gives a slightly stronger result

f LG} + it, )l dt < Q*T*(log (QTH)>.
a<0 zmoda

<t

This gives (*) Ng(a, T) < (Q°T%)*1~/6=2log (QT))>.

However, to prove these results one has also to use Theorem 2 of [6].
I take this opportunity to express my indebtedness to Professor P. X. Gal-
lagher for his interest in my work and encouragement. My thanks are also
due to Dr. M. K. V. Murthy for some help.

Appendix.

By slight variations in the method of the paper it is possible to prove
in a simple way, the following theorem due to H. L. Montgomery (The-
orem 10.1 of [8])

THEOREM. We have uniformly in o, g, T(q> 1,T>30, |0 — }|<(log (qT))—l),

In this appendix we indicate the alterations necessary. This can be
done best by stating three lemmas (which can be used at appropriate places)
and indicating their proofs.

Let {a,} be a sequence of complex numbers such that Z |@s|2n—1—% con-

n=1

verges for d >0 and is <d* ad d tends to zero. Then we have the fol-
lowing three lemmas.

(*) We can also prove in o>$% 4 4, that Ny(x, T) < (@*+¢)*1-#)(log B)® with
A= max (2, (10a— 5)/(12«a— 8)), if T < @, following the method of [5].
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LEMMA 1. Let s=0+ it 0<0,<%, and 2< X< (qT)®. Then we have

To+T
Inz () \* X\
- %En) dt < ¢(q) T'(log (qT))4(1 + (._) )Xl-zo,.
xmode | n<X M qT
To+T/10

Proor. Consider

T/10 To+T+u

du | 3 |...]2dt.

xmod ¢
T/100 To+u

We can estimate this by the usual method. Also this is

To+T

>>Tf > |..jrat.
xmod ¢
T+ T/10

LEMMA 2. Let s= o+ it, k(>2) an integer and 2 <X <(qT)**. Then we
have

T+ T
“ a, — (n) X)) |2 >)
) Zla x(n)exis( (n/ ))‘ dt < p(g) T(log (qT))“(lJr (ET) )
xmoda | n=
T+ T/10

ProoOF. First break off the series at n = [X(log X)%]. Then consider a
k-ple integral of the type

To+T+u

” f S | Jdtdu...

xmoda
To+u

with suitable upper and lower limits. This leads to the lemma.
LEMMA 3. Let s=1-} it where | is a real number satisfying 21>6. Then,
if 2<X<(qT)*, we have

T+T,

@ny ()

ne

? X\:
dt K (p(q)T(lOg (qT))4 (1 + (_T) ) X1-2t,
xmoda | n=>X q

To+T/10
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Proor. Consider

T/10 To+T+u

anx(n)[*
o] |3
T/100 To+u

Jaa? | @ @ (m+n 2
<<¢P(Q)T2”;x n2t + (@) m.;;x (mn)! m—’n)

m=n(a), m#n

m2=4(m —n m—mn)?

2 3 2 3
<<<p(q)T2X1—2‘(10g (QT))“ + o(q) ((z Iaml )2) (znn(lanl ) + )

< p(g) T2 X -2 (log (9T))* + ¢(q)(log (qT))*q-2 X -,

and this completes the proof of the lemma.
Next in Lemma 3 of the paper we move the line of integration to » =}
instead of u — (log (gT))~. We estimate separately the sums

S f v and 3 f
xmoda xmod ¢

IT<|tI<T ltl<e

This leads to the theorem of Montgomery.
Further details of proof will appear elsewhere.

REFERENCES

[1] K. CHANDRASEKHARAN - R. NARASIMHAN, The approximate functional equa-
tion for a class of zeta-functions, Math. Ann., 152 (1963), pp. 30-64.

[2] P. X. GALLAGHER, Bombieri’s mean value theorem, Mathematika, 15 (1968),
pp. 1-6.

[3] M. N. HUXLEY, On the difference between consecutive primes, Invent. Math.,
15 (1972), pp. 164-170.

[4] M. N. HuxcLEY, The Distribution of Prime Numbers, Oxford Mathematical Mono-
graphs, Oxford (1972).

[6] M. JuriLa, On a density theorem of H. L. Montgomery for L-functions, Annales
Academiae Scientiarum Fennicae, Series A, I Mathematica, 520 (1972), pp. 1-12.

[6] H. L. MoNTGOMERY, Mean and large values of Dirichlet polynomials, Invent.
Math., 8 (1969), pp. 334-345.

[7] H.L. MONTGOMERY, Zeros of L-functions, Invent. Math., 8 (1969), pp. 346-354.

[8] H. L. MoNTGOMERY, Topics in Multiplicative Number Theory, Lecture notes
in Mathematics, Springer Verlag (1971).

[9] R. RAMACHANDRA, On a discrete mean value theorem for {(s), Jour. Indian. Math.
Soc., 36 (1972), pp. 307-316.

[10] E. C. TitcEMARSH, The Theory of the Riemann Zeta-Function, Clarendon Press,
Oxford (1951).

7 - Annali della Scuola Norm. Sup. di Pisa



