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LEVI-FLAT SUBMANIFOLDS AND HOLOMORPHIC
EXTENSION OF FOLIATIONS

C. REA (%)

§ 1. Introduction.

a) It is well known that the behaviour of the Levi-form of a real
hypersurface Y of some complex manifold X can give a lot of information
about the surface, the domain that can be bounded by it and the manifold X.

The problem of translating this theory to lower dimensional manifolds
is still unsolved. (For extension of Levi-convexity see [4]).

In this paper we are involved with Levi-fiathess, i. e. with the case
that the Levi-from of the functions which define Y vanishes on all complex
vectors tangent to Y. For an hypersurface this is equivalent to require
that Y is a union of complex hypersurfaces (not necessarily locally closed).
The corresponding condition is not equivalent to Leviflatness in the lower
dimensional case. We are obliged to ask something more: precisely that at
each point y of ¥, the dimension of the complex tangent space to Y (i.e.
the Cauchy-Riemann dimension of Y at y) is minimal.

Submanifolds with this property are called almost Levi-flat manifolds
because of their strong analogy with almost complex manifolds, or C. R.
manifolds. Levi-flat and almost Levi-flat submanifolds can be also intrin-
sically defined and studied looking at them as C>~ manifolds with a suitable
structure that gives all the information which X gave. These are respectively
semiholomorphically foliated manifolds and manifolds with semiholomorphic
structure. The last one can be given associating to each point of Y a subspace
of suitable dimension belonging to the complexified cotangent space. The
vanishing property of the Levi form that we have for the imbedded case

Pervenuto alla Redazione il 5 Giugno 1971,
(*) Eseguito nell’ambito dei contratti di ricerca del comitato per la matematica del
C.N.R.



666 C. Rea : Levi-flat submanifolds

corresponds here to the Frobenius-Nirenberg integrability condition (see [3])
and means geometrically that the spaces we have chosen are tangent to
complex manifolds lying on Y, i.e. our semiholomorphic structure is actually
a semiholomorphic foliation.

b) Suppose now that Y is a Levi-flat submanifold of X. It can be
easily seen that the complex submanifolds which foliate Y are locally the
level sets of some (O vector valued function X — Q% In § 5 we prove that
this function can be chosen to be holomorphic if ¥ is C». The geometrical
meaning of this fact is that the semiholomorphic foliation of ¥ can be
holomorphically extended to some neighbourhood of Y. In § 6 we prove
with a counterexample the necessity of the C® assumption.

Finally we remark that all this study, being purely local, could be
done replacing the manifold X with an open set of C* without any loss of
generality but also without gain of simplicity because of the essential use
that we make of local coordinates.

§ 2. Semiholomorphic structure and almost Levi-flatness.

a) Let Y be a C~ or C® manifold, its complexified cotangent space
T;c Y at y is the complex linear space of all IR-linear functions TJR Y—(,
where T;R Y is the usual tangent space of Y at y.

The differentials of the coordinates span T;a Y over C.
A C® or (® distribution of complex cotanyent subspaces of Y is a choice

y I— Q2 (y), where 2 (y) is a complex subspace of T;G Y of constant dimension
and depends O« or C® on y (i.e. there is a set of C® or C¥ complex
forms on a neighbourhood U of each y € Y, which are a basis of Q(z), for
each z€ U ).

DEFINITION. A (= or C» semiholomorphic structure on Y is a C> or
O« distribution y |— £ (y) such that

(2.0) Q)+ Q@) =1, Y.

The integer codyg 2L dimg [2(y)N Q(y)] = 2 dimg 2 (y) — dimyg ¥ is the
codimension of the semiholomorphic structure.

b) Suppose now that Y is a real submanifold of a complex manifold X,
locally given by the equations @, =..= &, =0, with dD, A...AdD, =0
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on Y (!), and consider, in the holomorphic tangent space T, X = 3, {(9/02%), of
X at y, the subspace

(2.1) T, Y=1{veT, X, v®, = ..=0v =0

The complex dimension dim,, ¥, of T, Y is called Cauchy-Eiemann dimen-
sion of Y at y and is equal to dimg X —rk (89, , ..., 8D;). Hence we have

(2.2) dim, Y, = dimg X — cody Y.

DeriNiTION. The submanifold Y is said to be almost Levi-flat if
dim,, Y, = dimg X — codyp ¥ for each ye€Y. This is equivalent to the
condition

(2.3) 0D A.A6Pr5=0, on Y.
REMARK 2.1. EHwvery real hypersurface is almost Levi-flat.

LeEMMA 2.1. Y is almost Levi-flat if and only if it has mno tangent com-
plex submanifold, Z, with 0 < codg Z < cody Y (?).

ProoF. If such a manifold Z exists and is tangent to Y at the point

y, then each vector X v*

aaza which is tangent to Z at y belongs also to

T, Y, hence dim,, ¥, = dimg 7, Y =>dimg T, Z > dimg X — codyn ¥ and ¥
can’t be Levi-flat. Conversely, suppose that dim,,' Y, = s > dim; X — codqp ¥
for some y€ Y, and take a basis u,,..,u, of T, Y. Set m = dimg X and
consider the map (&,..,8") 1— (@' + Znlup, o, 4™ + Zuup) of D,=
= {leQ*, |{|<e¢} into X. For sufficiently small ¢ this map represents a
complex submanifold which is tangent to Y at y. Q. E.D.

LEMMA 2.2. Let h be an holomorphic function defined tn some open
subset U of X, and Y an almost Levi-flat submanifold of X which meets U.
If h vanishes on UN Y the it vanishes identically.

(!) We shall always implicitely suppose that this independence condition is satisfied
by the functions definining our submanifold.

(®)) We mean that Z is tangent to Y at yeZNnY if Tymz c T}RY.
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PROOF. We can suppose codyp ¥ > 1 (otherwise the statement would

be trivial) and prove that if all derivatives of order s vanish identically on
Y, then those of order s -1 vanish too; the lemma will follow by induc-
tion starting from s = 0. Assume that g is some derivative order s of h
vanishing on Y, and that we have (dg/62%), 4= 0 for some o and y € Y. Then
the analytical space 8 = {g = 0} is a complex hypersurface in some neighbo-
urhood U’c U of y and contains the almost Levi-flat manifold U’ n Y.
Since U’N Y is a submanifold of U’N S, we can apply (2.2) to the
couple U’'n8, U'NY, so we have dimg Ty Y =dimg § — (dimp § —dimpn ¥)=
= dimg X — codqp ¥ + 1. Thus Y can’t be almost Levi-flat. That is absurd.
Q. E.D.
Suppose we have any semiholomorphic structure £’ on Y. £’ is said
to be admissible (with respect to the complex structure of X o Y) if, for
each o’ € Q’ (y), there exists o € Ty X, whose restriction w, to the tangent

vectors of Y is equal to w’. Ty X represents here the complex space span-
ned by the differentials of holomorphic coordinates of X.

PROPOSITION. 2.1. The submanifold Y ts almost Levi-flat if and only if
it carries an admissible semiholomorphic structure Q2 with dimg £ (y) = dimg X.

In that case this structure is unique and given by

(2.4) Q)= (o' € T}° Y|Iwe T} X, with o, = o).

PrOOF. We have obviously Q (y)+ 2 (y) = T;G Y, at each y€Y, and
(2.5) dimg 2 (y) = dim ¥ — dim, Y.

Hence it must be
(2.6) dimg 2 (y) < dimg X,

with sign « = » if and only if dim,, ¥, = dimg X — codp Y.

Since £’ (y)c 2(y), if dimg 2’ (y) = dimg X, we have the sign «=>»
in (2.6), and £’ (y) = 2 (y), for each y€Y, and Y is almost Levi-flat.
Conversely, if Y is almost Levi-flat, then we have the sign « =» in (2.6).
Hence y|— 2{y) is a distribution of constant dimension and since

Q@) + Q)= T, Y it induces an admissible semiholomorphic structure on Y.
Q. E. D.

DEFINITION. The structure y|— 2 (y) given by (2.4) is the induced
semiholomorphic structure on the Levi-flat submanifold ¥ of X,
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¢) Every real vector tangent to X at « can be written, in a wunique
way in the form u—|—ﬁ, with w € T, X, and the map

(2.7) 0T, X —TRX, wisudtu

is an R-isomorphism. The space T;R Y is formed by the vetors u—wu such
that u ;4 u ®; =0, for j =1, ..., k.

Hence the restrictions 0¥ @; to T,,TR of 0®; satisfy the equations
oY O = — Y ®;, therefore, since they are all in £ (y), they are also in
AGZ=Q@)n 2

We want to prove that, in the almost Levi-flat case, we have the
formula

(2.8) A =CBY D), D ... EC(BY D)y

We get from (2.0) and prop. 2.1 dimg A(y)=2dimg 2(y) — dimp ¥ =
= 2 dimc X — dlm-!RY= COd»[R Y=L

Now formula (2.8) will follow from the independence of the §¥ @;s
over C. _

For each weT, X we have {o®;,u+ u)=u P;=(94 $;,u), hence

oo §Pj= 9PD;. Moreover the kernel of the linear map (9(15:T3R X — CF gi-
ven by u -+ ul— (w Dy, ..., udy) is the image by « of T, Y [see(2.1)], so
its real dimension must be equal to 2dim,, Y, = dimp X — 2k. For the
restriction 0¥ @ of 6P to T;R Y, we have ker oY ®Sker 0P, hence
dimqg Im 8¥ & = dimyp ¥ — dimgp ker Yo > dimyp ¥ — dimp X + 2k =
= —codp ¥ 4 2k = L.

But g¥ @ commutes with multiplication by ¢, thus it extends uniquely
to a C-linear map Tf Y= T;R Y+ iT;R Y— @* whose image has complex
dimension k.

So the formula (2.8) is proved.

REMARK 2.2. For any y = 2, a,dz* of class C~, we have that dy =
= 3,b, A% with y*€ T* X and that the restriction to ¥ commutes with
the operator d and the exterior product.

Hence, by (2.4), for each complex = form w on Y, such that w (y) € 2 (),
VY €Y, we have d¥ w = 3, aq A @* With w® (y)€ Q (y), for each y€ Y.

7. Annali della Scuola Norm. Sup. di Pisa.
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§ 3. Semiholomorphic foliations.

a) A k-codimensional foliation of class (> on a differentiable manifold
X of dimension N is given by an atlas of C> coordinates

(ty ooy V=K, 81, ..., t¥) such that, for every change

(@, t) I— (x’, t"), the t”’s do not depend on the a’s. The family of the sets
t = const, contained in coordinate patches, form a basis of a new topology
(finer) on X whose connected components are called leaves of the foliation.

Two foliations which have the same leaves are identical. The leaves
are N — &k dimensional submanifolds of X (not necesserely locally closed)
on which the x’s form a coordinate system. The coordinates («,¢) are called
admissible.

DEFINITION. A submanifold Y of X is a subfoliation if it is a union of
leaves of X.

REMARK 3.1. If Y is a submanifold and, for each y€ Y, the tangent space
at y to the leaf through y is contained in the tangent space at y of Y, then
Y is a subfoliation.

If the manifold X is complex and the (x, ¢) are holomorphic coordinates,
then the structure above is called an holomorphic foliation.

REMARK 3.2. Two holomorphic foliations which coincide on some open
set are identical.

Now we shall describe a k-codimensional foliation on a 2n 4+ k dimen-
sional real manifold ¥ whose leaves are complex manifolds of (complex)
dimension n. This is given by an atlas of coordinates (y, () = (¥, ..., y?",
t!,..., %), such that, if we set 2* = y* + iy>t», for a =1, ..., n, they change
with the rule

=12 (1)
(3.1)
v =1t (),

¥78 holomorphic in the z variables.

The manifold X has no complex structure but each leaf is a complex
manifold with coordinates (z,...,2"). We call such a structure semikolomor-
phic foliation of (real) codimension k.
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b) Observe that a k-codimensional semiholomorphic foliation on Y
determines a k-codimensional semiholomorphic structure by setting

(3.2) Q=QCd' ¢ ..oCd» D Cdt* P ... B T dt¥,
and we have
(3.3) ANE QN =Cat @ ... ® C dt-.

Let £ be the vector-space of C> (or () forms w on Y such that w (y) € 2 (y),
for each y €Y, dQ for the space of differentials of forms in £ and JQ be
the ideal generated by £ in the exterior algebra of forms of all degrees.

N
The elements of JQ are those of the type I a/Aw/, where the «/’s are
1

any complex forms, N any integer and w/€ Q. Take now any

n k k
w = 2, dz*+ ZjbjdtjE.Q and Xk=2j0j dtie A.
1 1 1
‘We have
n k k
dw = Z,da, Adz® + Z;dbiadti € IQ and dX = Zjdeja dti € IA.
1 1 1

Hence we can state the following

REMARK 3.3. Every semiholomorphic structure which comes from any
semiholomorphic foliation, satisfies the conditions

(3.4) dQc 9Q
(integrability conditions)
(3.5) dA cIa

Conversely, by the well known Frobenius-Nirenberg theorem (|3], p. 3,
th. 1), for any semiholomorphic structure which satisfies (3.4) and (3.5) there
exists a unique semiholomorphic foliation of the same codimension with the
properties (3.1), (3.2), (3.3).

Observe that if the codimension vanishes, then semiholomorphic
structure means almost complex structure, and a semiholomorphic foliation
is a complex stucture, the condition (3.5) is unuseful because 4 = 0 and
the theorem reduces to Newlander-Nirenberg theorem [2].

§ 4. Levi-flat submanifolds.

DEFINITION 4. Let Y be any locally closed ¢~ submanifold of X. ¥
is said to be Levi:flat if each y € ¥ is contained in some complex submanifold
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Zc Y of X, with codg Z = codyp Y, and there does not exists any complex
submanifold of greater dimension which is tangent to Y at y (3).

Here a complex submanifold is, by definition, the image of any complex
manifold M by some holomorphic, injective map j: M — X of maximal
rank. An open submanifold of that is the image by j of some open
set of M.

ProPOSITION 4.1. If Y is Levi-flat then it is almost Levi-flat and the
manifold Z of definition 4. can be chosen uniquely in such a way that it is

connected and each other submanifold with the same properties is an open
submanifold of Z.

ProoF. The first part of the statement follows directly from lemma 2.1.

Take now a real vector « 4 « tangent to Z at any z€ Z. Since Z is a
complex submanifold, the real vector iu — iu is also tangent to Z, in par-
ticular to Y. So we have u®;+ u®; = iud; — iu®; =0, i.e. ud;j=0 for
each » - JET}RZ and j=1,..,k

But the space D (z) of real vectors u -}—17 for which that is true
contains TJRZ and is actually the image of T,Y by a [see(2.7)], hence

dimg D (2) = 2dim,, ¥, = 2dimg X — 2codyg Y= 2 (dimg X — codg Z) =
= dimy Z = dim TN Z.
So we get

(4.1) TRZ = D (2) 2L (u+ ue TP X, udb, = ... = &, = 0).

Therefore the manifolds Z of definition 4.1 are all integral manifolds
of the real distribution y|— @ (y), then the proposition follows from the
classical Frobenius Theorem ([1], 2.11. 13, p. 118)

PROPOSITION 4.2. The submanifold Y is Levi-flat if and only if the real
distribution y |—>D(y) = a T has costant dimension equal to dimy X — 2codp ¥

and 18 totally inlegrable.

(3) The last condition is « almost Levi-flatness» and is trivially satisfied by all
hypersurfaces.
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ProoF. The condition on the dimension of (D (y) is trivially equivalent
to the almost Levi-flatness of ¥. On the other hand, the Levi-flatness
of Y implies, by the final argument of the last proof, the total
integrability of y — @ (y). It remains to be proved that all integral mani-
folds of y1— D (y) are complex submanifolds of X.

Take an open set £2c R (2n = dimyg X — 2 codyy Y) and an injective
C*mapj: 2— X of maximal rank such that D (jp) is the tangent space
to j 2 at each point jp, i.e. an integral submanifold of class O of our
distribution. Olaim that £ admits complex coordinates such that j is holo-
morphic. Actually the map (u + u) + i (v + v) I— (u + iv) + (u + iv) of the
complexified space D (y) 4 ¢ D (y) onto T, Y P E‘y Y is a (-linear isomor-
phism (%), so we can identify these two spaces, and j induces a (-linear
isomorphism TS Q> Ty Y® Tj, Y, for each pe Q. Moreover for any two
complex vector fields u,v on X, such that w(y), v(y)3 T, Y, Wy €j Q, their
Lie product [u, v], is still in 7, Y. Let us consider the complex distribution

pi—> 1Ty, Y T,0 Q. We have 7,0 Q = j—1 T, ¥ @ j— Tjp ¥, and, for each
couple a, b of complex vector fields on 2, with a (p), b(p)€j—1 T, ¥, \fp€ Q2
we have j [a, b], = [ja,jbli, € Tjp ¥, hence [a, b],€j! Tj, Y. By the Newlan
-der-Nirenberg theorem [2], this implies that the distribution p|—j—1Tj ¥
determines a complex structure on £, i.e. there are complex coordinates
£t ... ¢ at each point of £ such that

vy —jlg(L KA
e ¥ =30, 0 - 0 ¢ i)
Now write j in the form
(4.2) Jo (e, M2, (0)y ey 2™ (D).

If 92°/8C* were different from 0 at some point of Q for some « and h, we
would have at this point that

0

82f

Y . — oz 8
J Py = X4 (82P/3Ch) + 2, (627/65")5;—7

. . 0
has some non zero component in 7Tj, Y, so Ja_&‘" has some non zero com-

— . . O .
ponent in Tj, ¥ while j oo € Tip Y = 0. Hence the functions (4.2) have to be
holomorphie. Q. E. D.

(4) Its inverse is u + v |—> 1/2 {(u + v) + (u + v) + i[iv — iw) + (iv — iw)]}.
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ProprosITION 4.3. The almost Levi-flat submanifold Y of X ts Levi-
Alat if and only if one of the following conditions is fulfilled :

(i) its induced semiholomorphic structure is a foliation,
(ii) (8a 8p D)y ug ub = 0, Nfy€ Y, YueT,Y,
(iii) there exist locally, real C function f;,j=1,..,k=cody Y,
which satisfy the tangential differential equation
(4.3) AfiAODP_ 1A AOD_, =0, on Y;

with the non triviality condition
(4.4) Af A AdfeAdD A AdD =0, on Y

moreover, if Y is C®, the functions f; can be chosen C®.

Proor. Note first that, if ¢,,..., @, are C functions on Y and
fiye,Jr ar6 C™ extensions to a neighbourhood, then

(4.5) A¥ o, A Ad¥ =0 <=>df | A .. Adf AAD A ... AdD} = 0.

We prove now the equivalence between Levi-flatness and (iii).
Since Y is almost Leviflat, we have dimgp QD (y) = dimp X — 2codyp Y.

Hence the codimension of <D (y) in T;R Y is given by dimypy ¥ — dimyp X4
+ 2codp ¥ =codyp Y =F.

If Y is Leviflat, by the total integrability of the distribution @
(prop. 4.2), we can choose, in a suitable neighbourhood Vc Y of each
point of ¥, real O functions ¢, ,..,®; such that we have

D) =(u+ u€TR Y, +u)g;=0, j =1,..., k],

and d¥ ¢, A...Ad¥ ¢, == 0. So, for each flxed y€ V, the set p;= ¢@;(y) is an
integral manifold of ) in V. We take arbitrary C> extensions f,, ..., f; of
@y ey Pr t0 X,

If Y is O~ then the functions ¢; and f; can be chosen C® Thus con-
dition (4.4) is a consequence of (4.5). Take now some u€ T, X, with y€ Y.
We have u®; =0, j=1,..,k<—=>u -} w€D (y), tu — € D (y) <=>
<=>w+ufi=itlu—ufi=0j=1,. ,k<=>ufj=0,j=1,..,k

This proves (4.3) and the necessity of (iii) is proved. Conversely, take
functions f, , ..., fi satisfying (4.3) and (4.4), and their restrictions
@y, ¢ to Y. From (4.4) and (4.5) we get d¥ ¢, A..A d¥ ¢ 5= 0.
Hence the space Q(y) of real vectors of T,;R Y which. vanish on ¢,,.. ¢
has (real) dimension equal to dimR Y — k= dimy D ().
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But from (4.3) we get that u §;=10, j =1, ..., k implies ufj=0j=1,..., k.
Therefore, for every u - u €D (y), we have (w4 u)fj=0, j=1,..,%k But
QD (y)c TR ¥, so the last equation can be written (u +u) ;= 0, j =1, ..., k.
Hence D (9)< @(y). Thus, by dimensional reasons D (y) = Q(y), My€Y.
But the distribution Q(y) is totally integrable by construction, so the suf-
ficiency of (iii) follows from prop. 4.2. We want to prove now the equiva-
lence between ILevi-fiatnees and condition (ii). Take two O vector fields

U —I—E, v -+ v such that u (y) —i—a(y) and v (y) -|—;(y) are in (D (y) for each
y€ Y, that is uP;=vP;=0. For every ¢g: X — € of class (', vanishing
on Y, we have trivially ug = vg = 0.

Therefore [u, v] Pj= u (v ;) — v (u®P;) = 0, which implies [u, v], 4
+ fu,—v]E D(y), Mye Y. Now, by a simple calculation, we get [« —|—;, v —i—;] =
= [u, v] + w (w, v) + [u, v] -+ w (u, v), With w (&, v) = (U 8, VF — v° 5, uf) 9/52°.
Hence
(4.6) [u4u, v+, €D(Y), MyeY <=>w(u,v) Bj=0,j=1,..,k on Y.

Thus, by the classical Frobenius theorem and proposition 4.2, we have to
prove that the condition at the right side of (4.6) is equivalent to (ii). But

w (u, v) ¢j=:¢a (Ba vP) 85 Dj — v* (5., uf) 0y D5 =
=u (v Bj) — v (u D) — (8q 85 Dj)y u® vF + (8, 05 Dj)y v* ub.
Now, since v®; and u®;, vanish on ¥, the first two terms vanish
too, so we get w (u, v) Dj= 2i Im [0, 65 Dj)y Ua vF].
The form (u, v) |— (9, 55 D;)y, u®v# on the complex space T, Y is C-linear
respect to v and (-antilinear with respect to v, hence it can’t be real

without vanishing identically. So we have proved that (ii) is equivalent to
Levi-flatness. We shall fiinally prove the equivalence between (i) and Levi-

flatness. The (real) codimension of D (y) in T}IR X is 2k and the real forms

AP,y ey APy, i (6P, — 0D,), .., 1 (3P — Dy) are independent and vanish

on QD (y). Hence they are a basis of the subspace of w € T;m X such that

(o, utud=0, utueDy)

So proposition 4.2. and the -classical Frobenius theorem imply that

Levi-flatness is equivalent to the fact that the differential of each form of
k k —

this kind is of the type Zyp*A dP, + i 33 " A (9P — 0D;) where p* and
1

q* are real 1-forms. In other words Levi-flatness can be expressed by the

condition

_ k k : _
06D; =1 31 pj AdDy 4 Z4 g} A(3D) — 6Dy
1 1
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with p](‘, q}’.‘ real 1-forms. We recall the relation §¥ ®;= — 9Y &; between

the restrictions to T;R Y of the forms d®; and 6®;, so the flatness of ¥
— k
implies (90®;)y = 2i 3}, ¢f A 8° &, and, by (2.8), 4~ 4c I 4.
1

On the other hand the remark 2.2 says precisely that the first
integrability condition d¥Qc JQ is identically verified for induced semiho-
lomorphic structures.

Conversely, if the induced semiholomorphic structure is a foliation
and Z is the leaf through the point y, by (3.4) we get

TRZ = (u+ueTR Y5 (w,u + u) =0, W we 4).

Now we apply (2.8) and obtain T\ Z = fu + w€ TR ¥,{®;, u +u) = 0,
j=1yu.,k}. But (8P;, u+u)=ud;, and {ud;=0}—>u + ueD(y) TN Y,

for each each u€ T, X. Hence the distribution y|— D (y) = T;RZ is com-
pletely integrable and by prop. 4.2 the condition (i) implies Levi-flatness.
Q. E.D.

§ 5. Extension property of semiholomorphic-foliations.

Assume that the complex manifold X has some holomorphic foliation
of (complex) codimension k. Every almost Levi-lat subfoliation Y of X of
(real) codimension k is obviously Levi-flat.

‘We want now to investigate whether the semiholomorphic foliation
induced on some Levi-flat submanifold Y can be continued by any holo-
morphic foliation on a neighbourhood V of ¥ in such a way that ¥ becomes
a subfoliation of V. The answer to this question is given by the following.

THEOREM b5.1. The holomorphic extension of the semiholomorphic foliation
induced on a Levi-flat submanifold Y dis wunique and ewxists if ¥ is real
analytic.

In § 6 we shall give an example of a C> Levi-flat hypersurface in C?
(or C") whose induced semiholomorphic foliation can’t be extended. Neverthe-
less there are trivial examples of Levi-flat submanifolds which are not
analytic in any point and have the global extension property: take some
O~ function of f: IR — 1R which isn’t analytic in any point and consider
the Levi-flat hypersurface ¥ of C? given by y, =f(x,). Its leaves are the
complex lines whose equation is 2z, =, + if(x,), for fixed x,, and the
foliation extends to the trivial foliation of C€? with leaves 2, = const,
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LeEMMA 5.1. Let Y be a Levi-flat submanifold of X and (2, 1) =
== (2l,..., 2" t, ..., t%) complex coordinates on some open set U which meets Y.
These coordinates are admissible for an holomorphic foliation of U which
extends the induced semi-holomorhic foliation of Y if and only if they satisfy
the condition

(5.1) 0Dj/022 =10, on UNY, fj<<k a<n

Moreover each other coordinate system (2°, t’) having this property changes
with the rule 2" =2’ (2,1), t’ = 1" ().

PRrROOF. Suppose first (z,f) are admissible coordinates for such an holo-
worphic foliation on U. For each f\z'?) € Y, the map

2l @ + 2, 1), zeQm | 2| small

is an open submanifold of the leaf through (Z, ?} of the holomorphic foliation,
hence, for |z [sufficently small it lies in Y. Thus ®;(z -+ 2,7 = 0, for | 2|
small; and (5.1) follows directly.

Conversely, assume that (5.1) is fulfilled by the coordinate system (z,?)
and consider the trivial k-codimensional holomorphic foliation on U induced
by these coordinates. The leaves are the (connected components of the)
sets ¢ = const, hence their real tangent space is given by the vectors

Since (u 4+ u) ®; vanishes on

w4 u where u is of the form 3, uc poe
1

UnY by (5.1), those vectors are tangent to Y. Thus, by remark 3.1, UnY

has to be a subfoliation of U.

Finally, since 0®;/02*=0 on UNY, we have

=8¢j—§'yﬁ§g on UNnY.

(5.2) 0 9z 1" 2% otV

But
0P A..AID, = det (3 Dj/ath) AtV A ... A dE¥,

hence by almost Levi-flathess condition (2.3), det (8®;/9t*) can’t vanish
on UN Y so that (5.2) implies 8¢*'/0z, =0 on UN Y. Thus, by lemma 2.2,
the holomorphic functions 9t /dz* vanish identically. Q. E. D.

Observe now that if the submanifold Y has a covering of open sets U
of X such that Un Y is a subfoliation of U, then Y is a subfoliation of
X. From this remark and the lemma we get immediately the following
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COROLLARY 5.1. The induced semiholomorphic foliation on the Levi-flat
submanifold ¥ = (D, =..= D, =0} (with AP, A..AdDP,==0 on Y) can
be holomorhically extended to some neighbourhood of Y, if and only if, at
each point of Y there are complex coordinates (24, ...2., t4, .. ,t%) such that
0D;/0z* vanish on Y, Mj <<k, o <<n. Such (2,t’s are the admissible coordi-
nates of the holomorphic foliation.

PROPOSITION. 5.1. Let Y ={®, =..= D=0} be any real almost
Levi-flat submanifold of the complex manifold X. Y is Levi-flat and its
induced semiholomorphic foliation can be extended to an holomorphic foliation
of some neighbourhood if and only if each point y € Y has some neighbourhood
U where there are defined holomorphic functions h, , ...,k satisfyng the fol-
lowing conditions

(i) OhiA gD A .. A D=0, (J=1,..,k)
(i) Ohy A...AGhy =0
at each point of Y N U.

PRrRoOF. Suppose that Y is a subfoliation of some holomorphically
foliated open subset V of X. For each leaf ZCY we have dimgZ =

=dim, , ¥ = dimg X — codjp Y. Thus the foliation V has complex -codi-

O.R
mension k. Set n = dimg Z and take admissible holomorphic coordinates
(#1y woy2™, t1, ..., t¥) in a neighbourhood U of an arbitrary point y€ U. We
can now set hj=1 and observe that (ii) is satisfled.

By lemma 5.1. we have 0D, A... A 0D, = a t! A... A §t* with a € €. Hence
(i) is also satisfied. Conversely, if (ii) is fulfilled, we can take complex
coordinates (2!, ...,2% ¢!, ...,¢*) on a neighbourhood U of each y€ Y, such
that h;=tJ. Now, by the Rouché theorem, conditions (i), (ii) and almost
Levi-fiatness (2.3) imply that oh;(= 0¢/) and 6P; are basis of the same com-
plex vector space in each point of UN Y. Hence d P;/02* vanishes on UNY
for each j <<%, and « << n; thus the proposition follows from corollary 5.1

PROOF OF THEOREM 5.1. Let U and U’ be admissible coordinate
patches for two holomorphic extensions & and %’ of the induced semiho-
lomorphic foliation of ¥ with UN U’n Y -} . Both coordinate systems sati-
sfy (5.1), thus, by lemma 5.1, they change with the law (3.1), hence they
induce the same foliation on UN U’. By remark 3.2 ¥ coincides with &’
and the unicity is proved. We prove now the existence using prop. 5.1.
Suppose that Y is O and take the C® functions f,,...,fx given by prop.
4.3. (iii), on some neighbourhood of an arbitrary point y of ¥ and their
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restrictions ¢, , ..., ¢ to Y. From a result of Tomassini ([6]) (°) condition (4.3)
implies that ¢, ,.., ¢ can be extended to holomorphic functions on some
neighbourhood of y. Now we observe that condition (4.3) involves only the
traces ¢; of our functions (i. e. is purely tangential) hence is fulfilled by
the functions k; too. So the functions h; satisfy the condition (i) of prop. 5.1.

Finally, take the real and complex part &;,#; of hj; #; vanishes identi-
cally on Y, so applyng (4.5) to the single function #; we get dyjAdP, A ..
wAddr =0 on Y. Hence

OhjAAD A .. AAdDy = ARiAAD A ... AdDy = dE;AdD A ...AdDy on Y.
Thus
(5.3)  Ohy A AJAAD A AdD, = dEiA... AdEAADA .. AdDy, on Y.
Now we recall that f; and h; have the same trace ¢; on Y, from (4.4) and
(4.5) we obtain d¥ ¢, A...Ad¥ ¢, F=0 on Y. We can apply again (4.5) to
the functions &,, .., & and obtain that the right hand side of (5.3) cant’t

vanish on Y. This implies that &, , ..,k verify the condition (ii) of prop.
5.1. Thus the existence is proved too. Q. E. D.

§ 6. Counterexample.

We have to construct a Levi-flat submanifold Y whiah doesn’t have
the extension property. Our Y will be a surface & = 0 in some open set
Qc @? but the same construction can give a submanifold of any codimen-
sion in C" Proposition 5.1 shows that is sufficient to find @, with dP =0
on Y= {® =0}, and some p€Y in such a way that

(6.1) h holomorphic on any neighbourhood of p, 9D A dh=0 =—>h constant.

Take the disk D=2, €Q, |2 | <1} and the interval I=(teR, |¢t|<1)
and consider the map

wi DX I3(2,0)1— (2, a(t)z, + t)eC?

. : . 1 .
where a € 0 (IR) is a real valued function with |a’|<C > for |t| <1, so

o’ () v+ 10, ¥ (2, ) €D X L

(°) For hypersurfaces see Severi [5].
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The first three rows of the jacobian matrix of y are

0 0 a2, +1

hence v is of maximal rank.
Moreover

YR, =y R,t)<=>2 =121, a(t)z, Ft=ua )z, + 1.

Hence, if (2,,%) and (21,t’) were distinct, by Rolle’s theorem we would get
&’ (1)#2, + 1 =0 for suitable | 7| < 1. This is impossible because | a’ (v) | < 1/2
and |2,| < 1. Therefore v must be injective.

Thus there exist a 0= function @ ;%2 — 1R and an open set 2c C?

such that ¥ Ly (D < I)={®=0/nQ, and dd =0 on Y.

For each vy (2,,%) €Y, the complex line

(CeQ, |t + 2| <13l 1>[e+ L, a(t)(z + &)+ 1]

lies on Y, hence Y is Levi-flat, by definition. We choose now the function
a in such a way that its zero set is the point ¢{= 0 and a sequence
t, — 0 composed by infinitely many distinct points (5)

We have

(6.2) D, (2, a(t)z, + t] + a(t) D, [2,,a )z, + t] = 0.

Suppose now & holomorhic on some neighbourhood of the origin and
ohAdDP =0 on Y, so h, D,,— h,,P,,=0 on Y; from (6.2) we obtain

(6.3) D, - (ah,+h,) =0 on Y.

But @D, (2,,t,) =0 by (6.2) and since d® =0, we have D,(2,,%)F 0.
Thus (6.3) gives h,(2,,t,) = 0 for each 2, € D and n€{p.

We fix now z, € D arbjtrarely and take the function of one variable
7 ({) = hy (2, , ) holomorphic on some neighbourhood of { = 0. Since y (t,) =0
and ¢, — 0 has infinite distinct points, y({)=0. Hence h, =0. Now

1

(6) For instance, take t, = 1/n and divide the function « (f) = e & sin (7[t), fort=<0;

@ (t) =0, for t =0, by the positive number 2 max | «’(#)]|.
[t|=<1
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the set
A =|z,a)2 + t]E(Iz,t:;:tn,t#()}

is an open (dense) subset of Y. Since we have seen that &, |(Y — A)==0,
there exists an open subset B of A such that @, == 0 at each point of B;
B is a real hypersurface of C?. At each point [z,,a(t)2, + t] of B, we
have by (6.3)

a(t)h,[z,,a ()2, + ¢t]=0.

Since t==t,, t 3= 0,a (t) is different from O and h, vanishes identically
on the real hypersurface B and hence everywhere. Thus h, = h,=0 and
h must be constant. So (6.1) is proved.
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