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EXISTENOE AND APPROXIMATION
OF WEAK SOLUTIONS OF ABSTRACT
DIFFERENTIAL EQUATIONS

by M. DJEDOUR

Let (,) and || || denote the scalar product and the norm in the Hilbert

space H.
In the following we will be concerned with the differential equation :

(1) w (t) 4 A, =) f Ay w2 (8) 4 ..o 4 Ay w(t) = f ()

where A4,, 4,, ..., A, are linear operators defined on the Hilbert space
H. The operators A,,.., 4, are supposed to be continuous on H except
for one of them, Ay, which is generally (an unbounded operator) a closed
operator defined on a dense subset (DAkQ of H.

The function f () belongs to i, (R H), the space of all H-valued strongly
measurable fonctions such that the norm || g (¢)|| is square integrable on
every compact subset of R.

In Lemma 2, we show that (1) has a local solution then, with Lemma 6
(Density) and 7 (approximation) we are able to prove the existence of a
solution of (1) in the sense of Definition I below.

For convenience, let :

K*(a,b)= (: ()€ 05 (a,b); D yp), AF D€ "7 (0,03 H), j=1,...,n)
K*(a,b)=(@: D)€ Oy (a,b); D), A4 DEC" (0, 0)5 H)y, j=1,...,n]
K* ={d§:@(t)eOS(R;@Ar);AfQEO”—j(R;H), j=1,..,n

K =(D: D)€ O} (R, Dap); 4; D€ C" (B3 H); j=1,...,n).

Pervenuto alla Redazione il 14 Dicembre 1970.



464 M. Disrepour: FHristence and Approximation of Weak

DEFINITION T
a) For a given function f.t) € L2 (a,b); H ) we say that u (¢t)€ L? ((a, b) ; H)
is a weak solution of (1) on (a,b) if the following hold :

b

b
(2) [(u @), (—1)» O™ +2”' (— 1) (AF DY) db == j(f(t), D (b)) dt
. j=1

[

for all @€ K*(a,b).
b) Similarly we define w(t)€ Ly, (R; H) as a weak solution of (1)
on R, if:

(3) f(u (O) (— 1) @) (&) 4 3 (— 1y (A DY) dt = f (b, B b)) at
=L

—00 —o00

hold for all @€ K* where f(t) is given in L. (R; H).
In [1] and [2], S. Zaidman considered the following equations :

(4) w (6 + Au(t)=f()
(5) w’ - Auit)=rf()

with A a closed operator with dense domain D4 in H. Upon certain con-
dition on A4, 8. Zaidman has shown that a weak solution w (¢) in L. (R; H)

exists in the sense of (3) for every given function f(¢) in Li (R 3 H).

The purpose of this paper is to generalize the method of S. Zaidman
to get a weak solution of (1) in the sense of (3) for every given function
fit) in L (R; H).

DrrINITION II: [3] Let j be a positive integer and s a positive real
and F a family of vertical lines of the complex plane given by Re 1 =g¢, and
Re A =0y, 0, — + o0, 05 —> — c0.

We shall say that the operators: A,, 4,,..., Ay, ..., A, satisfy the
condition § on F if:

n—1 —1
(6) H [(—~ 1yl 4+ 3 (——l)jle:—j] “ =M
J=0
hold on every line of F except possibly for j intervals of length s.

We will say that {4,, 4,,... 4,] are (j, s) bounded on F,
‘We will prove the following theorem :
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THEOREM : Let the equation (1), with 4,, 4,,..., 4, continuous except
for Ay, which is a (generally) unbounded eclosed operator with dense domain
and suppose moreover {A,, A,,..., A,} satisfying the condition S above,
then for any given f ()€ L, (R; H) there exist a u (f)€ Li, (R ; H) solution
of (3).

LeEMMA 1. Let the operators 4,, 45, ..., A, ,.... 4;,..., A, be continuous
except for Ay, which is closed with dense domain Dy, and {4,, A,, .., A,)
(j, 8)-bounded on the line Re 1 = o.

Then for every bounded interval (a,b)c R and for every wu (¢)€ K* (a,b)
we have:

b b
n 2
j||u(t)||2dtg()e2“<b—“)/ H (— 1™ () 4 3 (—1)p—i (A} u(t))("“‘f)H at.
. j=1

ProOF: Let V (t) = e’ u(t).
From :

n

(—1prun (t) + 3 (=1 (4] w0 =7 (1)
j=1
we deduce : '

(—1p | 2 o (— it v <t)]

=0

-1-.2"(-— 1" [202‘" (— 1) A} v) ﬂ"”]: F) et =g
j=1

1=0

which can be written as:

(-1 [Z AT VR A -<t>] +-’E’<—1>"
j=0

1—0

i .
=z Ol (— 1) o' (A2 V)"“”] = g (f).
={

Let us take the Fourier transform on both sides: we obtain:

n A~ n—1 N . N A~ A

(—1)* [ >0 (—1) e i) V(r)] + 3 (=1 [0/ (—1) ol (in) AR V() = ¢ (v)
j=0

=0 J=

i. e, if we set: 1= — o4 iz

[('1 PI4 S(—1)125 42| To=0w

j=0

where I//'\(z) and /g\(t) are the Fourier transform of V (¢) and g (¢).
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Let I’ be the real axis — co < 7 < -+ co, from which we delete j
intervals of length s.
Then for t€I'; by hypothesis:

n—1 —1
H [(—1)” T4+ 2 (—1)74J An_]] t€l'’ Rel=—o

= | Twll=ulso], el

—>f|| lzdtstjli o |} d.

Since V (t) has compact support in (a,d) by a result of S. Agmon-
L. Nirenberg [3], there exist &k =k (j, s) such that:

f||’t? |lzd15k/|| V(e |]2dr——>]||V(r |2 de < k M2 ||g ) |I? de.

Using the vector form of Parseval’s Theorem we get:

f” V(t)|?dt —::./e?"‘ | w(t)|]?dt <<k M2[|[f(t) |2 €2t at

If we suppose ¢ << 0, we have,
eZobﬁ‘ (®) ||2 dtngze%“fH(— n)( + 2 (—1 ”‘J(A* n—j)Hz dt.

Hence (7) with C = kM2,

LEMME 2 (Local existence):
Under the same hypothesis as in Lemma 1, for every f(t)€ L?((a, b); H)
there exist a function wu (t) € L?((a, b); H) satisfying (2).

ProOF: Consider the linear subspace

L ar T a’
(1P gt 2 00 G0z )
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in L?((a, b); H). We can define a linear form F by
b
F[( — 1) P () 4 2 (— 1)/ (A2 ® f)] - f( f, ®)gdt, DeK*(a,b)
a

which is well defined by (7),
F is continuous since:

b b 1}‘
’/(f, D) dt g0§/||di||2 dt% <

<03/“_1n "+z( )i (A%_; DD

=0

1
2 )2
m§
n—1

=0, H( 1 G0 (t) + 3 (— 1)7 (4% D))

J=0

L¥a, b) ; H) '
Hence by the Hahn-Banach theorem F has an extension to L*((a, b); H)
and there exist u (¢)€ L?(a, b); H) such that:

F((— 1y @0 () - 5 (— 1)) (4%_; D)D) =

Jj=0

b
— f (u(t) (— 1 90 (0 4 (— 1 (4 DY) 2t = [ (1, @)t

for every @€ K* (a,b).

LeMME 3 (Unicity): Let {4, , 4,,..., A,} satisfy the condition § and
u (t) defined on (a,b) with values in D % such that ur—%*¢Q at and :
0 0

(8) (—1pun) + S (= Di(AE 00 =0  tela,b)
J=0

and: 0 <<j<<n—1:uld(c)=0 for each j=10,..,n —1, then u=0 in
(a, ).

PROOF: We prove that u=0 for ¢ <<t <b.
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For this, let:
L(M)EC=(c,b)

such that:
sl c<<t<<a<b
(@)=
lo ato=<t=b
and set:
%0 t<le¢,t >0
V)=
et L(t)u(t) te(e b)

=> V (t) e=°t = { (t) u ().
Then equation (8) on this function gives:

n n—1[ j X
(9) (— 1P 3 Cp(— 1)t ok Vin-Bg—ot | ¥ { 3 0l (— 1)1 ok (42, V(t))(f—")e“"‘}
k=0

k=0 Jj=0

n n—1 ] R
=(—1)" ,go Ox (B uin—b 4 5 lz Ol (— 1)J ¢ (Ax_; u)u—k)].

j=0 |k=0

The right hand side of (9) can be rewritten as :

(— ) 5 (= (g ¢t

=0
n—1
+ ¢ [(— Drut=h 0F + 3 Of (— 1)3 (A% u)(f—")] -+ ...
i=k

And in behalf of (8), the right hand side of (9) can be written in the
form :

n—1 n—1
(10) kz £ [(-.- r Cxum» 5 0f (— 1)F (A% u)(f—k] + Ly,
=1

j=k

So (9) becomes :

j=0 k=0

n n—1 j
11 (=1y {2 Ok (— 1)* o* V"‘"‘)] + = [(— 1)1 3 0 (— 1fFo* (4%, Vu'—m]
k=0

k=

n n—1
— eot % 3 [ [(_ 1) O un—" + = oj (—1)7 (Aﬁ_j w) Ik ] 4+ ¢ u:
1 j=k

=f({) for ¢ <<t < b.
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If we set f(t)= 0 outside (¢, b). The hypothesis on % and »'? imply
that the equation (11) is valid for all — co <t << 4+ oc. We can then con-
sider the Fourier transform of f(¢).

So we get:

12  (— 1)%{ SO0 (— 1) of (+ ir)""‘} V (2) 4
k=0

s [(-_ 17 3 (— 1)t ot (in)i—* A% ;| V(@) =1 (1)

j=0 k=0

—_ [(_ T+ 'El(_ 1) A4 A:_,.] V() =7, with 2= — o4 ir.

j=0
I" being as in lemma 1, the condition § on {4,, ..., 4.} gives for v I’

(o]

| V@l <1170 | = [I P P as < a2 (1750 [P e
Ir —00

And with the same argument as in Lemma 1:

[ v @ ae <ware 17 a

a a--d
=> [e?"‘ |[w()|?dt <<k sz Z l(—— 1) O uln=h
. k=1

c

n—1

+ 3 0l(— 1) (A% u)(f—’”] + t 2.

=k

If we suppose: o < 0 and take £ < a, we get:
B
e%ﬂf | w () ||? dt << ¢y kKM Pe? N 0 < 0.
In particular for: ¢ = ¢, — — oo.

B
:>f|| u(t)|? dt < o kM? @A _y 0 as n—» co.
[
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—>ut)=0 for c<<t<<f. As 3< o and § and « where arbitrary it fol-
lows that

u(t)=20 e <<t <b.
A gimilar method using the sequence o, —> co, gives
u(t)y=20 a<t<<c—>u(t)=20 t € (a, b).
COROLLARY. If {A4,,4,, .., A,} satisfy condition 8, w ()€ K* and

n—1
(— 1) u (t) + 2 (— 1)/ (A%_ju)? = 0 outside [a, b].
j=0

Then u (t) = 0 outside [a, b].

LeMMA 4 (regularisation): Let 4,, A,,.., 4, be all continuous on H
except for some Ay, which is a closed operator of dense domain in H.
Then for given f (¢) € i, (R; H) and u (t) € L (R; H) satisfying (3), i.e.:

f () (— 1 B (6) 4 3 (— 1) (47 D)) At = [ (f (t), P ()= dt,
j=1 .
for all @€ K*.
We have for every a(t)€ Oy (R), if: ux a(f) =/u(r)a(t — 1) dz, then

(13) (— 1) % (ugx) + Ay (0 )"0 + A, (u )2 4 L A, (w,0) = [0

with
(u*“)n—-ko € (DAko .

ProoF: We have by hypothesis :

j(u (), (— 1y» O™ - E:(- 1) (Ax_; D)D) dt —_—f(f(t), @ (t)dt deK*
Jj=

Denote by £ the operation :

¢(t)—>foc(4“) D+ dl with «€ 0y° (R).
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So we have :

oo

f ((u*fx) (®), (— 1)» &= 4 _nfl(— 1)3 (A% (D)(J‘)) dt
J=0
r n—1
=f<u (1), [(— P em 4 3 (— 1)F (A @)j} Y a) at
=0

J

- 00

o

- /(u (—1p oWy gt 3

1

Jj=0

(—numq¢mggm

-—00

J=0

= / (u, (— 1) (D& )™ "2_1(~ 1)7 (A¥_; D& a)m) dt

(<o}

=ﬁﬂm@:wm

—00

since & — D ¥ a€ K*

=] (')

=> f(uw oy (— 1) D™ 4 n; (— 1)J (A:_j)m> at = f(f* o, @) dt.
=0

—00 —o0

And since u x oo is infinitely differentiable in H, we get:

f(u %o, (— 1) O™ @t = [((ux* a)™, D (1)) dt.

So we have:

(==
n—1

J=0

—00 oo

n—1 - > -
S [((u=ea)d, A%_; P)dt = f( fxa, D)dt — f((u * o)), @) dt.
=0

> wsa, (—1)f(A:_,-qb)<f>)at=f( Fra, B)dt— [(w a), O)dt

471
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As the operator 4,, A,,..., 4, are continuous except for one of them

Ay, which is supposed to be a closed operator, we have:
]
j((u * o)(n—ko) AR D) = /(_far o, P)dt — f((u * o)™, O)dt
—_ 3 /((u xa), Ay_; D).
n—jzky

Let now @ (¢) = »(t) V where » (t)€ C;° (R) and VE@A: , 80 we obtain:
0

/.((u* )=kl AF v (t, V)dt = /(f# e, v (t) V)dt — j((u* )™,y (8) V) dt
- X (w+a)D, A% ;v () V)dt
n—jzky s

©o

(14) :>( fv(t) (w x a)n =) (8) dt, A}, V>

oo

=< fv(t) {(f* a) —(uxoa)® — 3 A, ;(ux a)d

n—jz£ko

at, v) .

-—00

As the Aj, j ==k, are continuous.
Since (14) is valid for all VeEQ i it follows that
0

[ee)

J v (t) (u % a)(n—Fo) ¢ (DAI:;* = (Z)Ako Vv (t)€El; (R).

And since (u % «)"—%)ig continnous there exists a sequence v,(t) such that:

(==

[vp (t) (w « o)) () dt —> (u * a)»—%) (¢) V t€ R.

—0

From (14) we have:

Ay / v (8) (u * )R (¢) dt = { v [(fea) — (ux )™ — = A, ;(uxa)d]dt.
J n—jz£ky

—o0 —o0
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And since Ay is closed:

Apy (wr @)=k = (fw ) — (u* )™ (£) — 3 A, j(ux*a)d () MteER
n—js£ky

so the relation (13)

n—1

(wra) -+ 3 A, j(uxa)D=fxa N teR.
j=0

LeMmA 5 (Unicity): Let AY,..., A% satisfy condition § and let w (f)€
€ Lo (R; H) with compact support in R be such that:

[(w =1+ 5 1 oy 20)ai— [ir0, o0 a, ocx
R

J=0
R

with f€ Ly, (R ; H) and suppf < [a, b].
Then supp u < [a, b].

Proor: Let «,(t)€ C;° such that a,(f)— & (the Dirac function) with

1
ocn(t)=0, ltl>7.

Then by the preceding Lemma 4 we have for

Up == U * 0 , k=1,2...

n—1 : 1 1
(wxoap)W 4+ 3 A% j(ux ap)f =0 for ti(a———,b—l———)
J=0

1 1
by corollary of lemma : u; (¢) = 0 for ¢ ¢ (a — 5 b - T) .

Since u (¢) has compact support, u(¢f) has compact support:
And w (6) — w(t) in L, (R ; H) implies

u (t) = 0 outside [a, ] a. e.

DEFINITION. For T > 0, let Vp be the set of functions u ()€ L*(— 7,T; H)
such that:

j=0

r
f(u @), (— 1yr o™ |- "El (A% O\ Dydt =0
=T

o0 fDeEK*(— T, T).
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LevMMA 6 (Density): Let {4,,.., An} satisfy conditon S and 0 < Ty <
< T, < T, three arbitrary positive numbers.
Then Vg, is dense in Vg, for the L?(— 7,, T, ; H) topology.

41
ProoF : Let y ()€ L* (— T, ,T,; H) such that : f(tp, y)dt =0 for all

—-n
v€ V. We shall show that:

Iy
fl(t,u, h) dt = 0 for all h(¢)€ Vr,.
Zr

For this, let vy () = 0 outside [— T, , T,].
Let

n—1
M={<--— 1 LS 0w k@ e BT (— Ty, Ty).
j=0

Then w (t)€ J7ll[the closure in L?(— Ty, Ty ; H)]

For if U (t)e L?(— Ty, T,; H) satisties

T3
f( U, (— 1) 4 s (— DI(AF k) D)y dt = 0:

—T I=0
k(t)e K*(— Ty, Ty)

then U(t)€ Vg, and
Ty T
f("” U)dt:/(y:, U)dt = 0.

A =m
It follows that there exist a sequence (k,)€K*(— T,,T;) such that:
n—1
mlim ((— 1" kﬁﬁ) + 2‘0 (— 1) (A% km)(j)) =y in L?(— Ty, Ty ; H) and since
- 0o J=
{kw} and v have their support in [— T,,T,], the limit is valid in
L? (— oo, co 3 H).
But by the Lemma 1, the sequence {k,] is also convergent in
L*(— Ty, Ty; H) (and hence in L?(R; H)).
Let
lim %, = y (¢

m — oo
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Furthermore for any @ (¢) € If, we have

f(m (t), ¢<ﬂ)+_n%1An ,-(D(f)>dt= lim m(icm , D) | El A gp(ﬂ) at
A j= m—oo ) =0
~ n—1
= f (= 1P 4 2 (= 1)) (A ) D, D) dt.
Hence there exists y(¢)€ L? (R ; H) such that
(15) f(" (1), O +E Anej czw) dt :f("” @) s D E.

And since y has compact support, it follows by Lemma 5 that x

has support in [— 7,,T,]. Hence there exists x(t)ELi,c(R;H) and % (%)
satisfies (15):

To complete the proof, it remains to show that for & (t)€ Vp we have:
I
jw, W) at = 0.

-1

For this let {an} —> 8, 0, € C7 (R). Then the function w« o, has its
support contained in (— T, , T;) for sufficiently large n. We have for large n :

Ty
f('lp* Oy by dt = 0.
-7,
j(x, oM X A, ; (T)U?) di ::/ (p, D) dt M@ e K.
j=0
By Lemma 4:
(— 1) (g % o)™ 4 3 (— 1)+ (Af—y 7% ) D= % MiER.

Then :

f«— 10 (1% an)® + 3 (— 1)I (A1 g * )<f'>,h>dt=f<x* am » 1) 8

-0

= 0 for he Vg

13 . Annali della Scuola Norm. Sup. di Pisa.
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" And since x % am € K*(— Ty, T,), (suppy c[— T,,T,)) for large m.
It follows that for large m :

T,
[(z/m«ocm y b)dt = 0.
',
Hence :
T, T
[(1/;, h) dt = [(@, h) dt = 0.
- —

And the Lemma is proved.

LEMMA 7. (approximation): {4, , .., d,} satisfy condition § and
0 < T, < T,. Then, the set of functions:
u (t) € Lo, (R 5 H) such that:

00

n—1
f(u, (=1 @M + 3 (—1)i (4% @)U')) dt=0,P¢€ K*
j=0

is dense in Vy, for the L*(— 1,7, ; H) topology.

ProOF: Let u,(t)€ Vr, and & > 0. By Lemma 6, there exists u, (¢, € V44

such that:
/4N

2
[ I o (8) — uy (2) szt<%.
=m

And there exist u, (t)€ Vy,.2 such that

T, i,
2 -
f||uz—-ui parf <

—T;

/s 1

[l —wlral’ <4+ 5<e

—41

_>

So we can find a sequence {(u,} u,(t) € Vi, such that

+Tatn 1

2
” Uptyp — un+1 ”2 dt } <
— (Tutn) -

é
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and
T RS
) 2 & & £
b e —wolpael” <54 ot o<
=

Consider the series

Uy + (Uy — wuy) 4 ...

. . . 2
this series converges in Ly, (R ; H)

And so lim u, = w, in Lﬁ,c(R;H).
n — oo
and we have:
I,

/ | e — u, ||? dt < &2,
LTI

Furthermore since: u; € Vi, satisfy :

=]

f (e, (— 1 B0 43 (— 1)) (A2 DY) @t = 0
=0

-—00

N DEK*(— Ty — K, Ty + k).
u, satisfy the same equation for all @ € K*,

PROOF OF THE THEOREM. {4,,.., A, satisfy condition S, and f(¢)€
€ Lioe (R; H). Let f,(t) be the restriction of f(t) to (— n, - n).

Then by Lemma 2, there exist a function wu, (¢)€L?®(— n,n; H) such
that :

n

f (Wt (— 10 &7+ 3 (— 1)) (A% D)) dt= f (Fa(t), B) dt; N DER™(—n,m)
j=0

bt 1

Let us consider the series :

wy - (U — w,) 4 (g — u,) + ...

The function : u, — u,_; €V, ;. So by lemma 6, there exist o € Lo (R H)
such that:
/(hn,(— 1) @ 4 3 (— 1)/ (Ap—; D)) dt = 0, M DEK*

-—00
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and
n—2 =
2 &
% j“ Uy — Un—y — hy_1 |Pdty < TR
—n-+2

Then the series :

wy + (ug — uy — hy) o A (U — Upg — hpy) -

i convergent in L (R; H) to a function u (?) in L?D(R; H) which satisfy:

[ (u (8), (— 10 GO - 3 (— 1)i (Af; By ) at — f (f 1), @ (1) at

—00

for all @ €K¥*, i.e., w(t) is a solution of (1) in the sense of (3).

Université de Montréal
Canada
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