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ASYMPTOTICS FOR Qu=m*u + Q (x, t,u, u, ,u,), L
GLOBAL EXISTENCE AND DECAY (%)

by JoEN M. CHADAM

Equations of the type
(1) Cu=m2u+ @@, t,uu,uw), uw=u

are of interest inasmuch as they are mathematical prototypes of nonlinear
equations which arise in Quantum TField Theory. Classical scattering for
these equations is based on the knowledge of precise estimates for the decay
of |u@l,=1u(-,0]r and ||u(@®)|,=]w(-,t)]|- as |t|]— co. A program
of this sort has been carried out for the case @ («,1, u, U, u) = G (u) by
Segal [1] and Strauss [2] for m == 0 and m = 0, respectively. In this paper
a generalization of the method of Segal [1] will be developed and used to
obtain suitable decay for a wide class of perturbations @ (x,{,u, uz,ia). The
technique is perturbative in nature in that it depends (in the most intere-
sting cases) on restricting the size of the Cauchy data and/or the coupling
constant. Although equation (1) is the only type treated here, the technique
can, in all likelihood, be used in studying the decay of a wider class of
equations (e. g. perturbations of the Dirac equation, evolution equations ari-
ging in fluid dynamics).

In section 1 an abstract version of the technique is outlined. It is used
in section 2 to study the decay of particular illustrative examples of equa-
tion (1); namely, G (x, 7, u, u,,d): G(d), G (w), E‘ G. (u) 8. w and the linear
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34 J. M. Caapam: Asymptotics for

case G (x,t)u. A sequel to this paper will be devoted to the abstract (clas-
sical) scattering theory for the equation [ u = m?u + @ (x, t, w, u, u;). The
corresponding theory for the above examples will also be treated based on
the decay results obtained in section 2.

1. Decay. A step-by-step outline of the approach for obtaining the de-
cay of the solutions of equation (1) will be given. The main result will be
stated as a final summarizing theorem. Only real-valued solutions will be
treated. The extension to the complex case can be easily made.

To begin, the notation is fixed and some preliminary results are di-
scussed. Let A? denote the self-adjoint realization of m?I — 4 on (real)
L? (E™. The solution spaces H (A, a), of equation (1) which are relevant in
this work are, for each a€ 1R, the completions of D (4% G D (A1) with
respect to the inner product

((ul> ’ <v1)>A . (A% g, A%v,) + (A" uy, A%1 0y,

\Ug/ " \Ty

where (-,-) is the usual inner product in L? (E"). The norm of (u‘> €H (A, a)

2
( 1)
’U/Z A, a

It is staundard to treat the existence theory of equation (1) in its vector-
valued form

® ()= (e )62 )

@ .
(@ >) _*( G (2, 1, %, (@), tsa (), Uy (w)) - Now Uy (0):

will be denoted by

where @ is the mapping: (

H (A, a)— H (A, a) defined by
u cost A, A-lgint A\ [u

3 U. (¢ 1) ) 1

(3) 0()(u2) (—AsintA, costA) (u2

can eagily be shown to be a continuous one-parameter group of orthogonal

0 I
transformations on H (4, a) with skew-adjoint infinitesmal generator (__ 42 0).
/
That is, U, (?) kz?) is a generalized solution (a strict solution if <Zi) is in
2 2

I
>> of the vector form of the Klein-Gordon equation

. 0
the domain of (__ A2 0
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((2) with G, = 0), or the free propagator. Thus the integrated form of equa-
tion (2) is

o )=o) fre-adfie

b

where (:‘) € H (A, a) is the Cauchy data at time ¢,. Solutions of equation (4)
2
are generalized solutions of the Cauchy problem for equation (2).
General results of Segal [3, Theorem 1, p. 343] provide conditions on

Er"t which guarantee the existence of unique local solutions of equation (4)
in H (4, a). More specifically if ’(\';h:IR > H(A,a)— H(A,a) is continuous
and semi-Lipschitz uniformly on each finite ¢-interval, there exists an interval

. 3 t .
I(t;)) containing ¢, and a (necessarily unique) solution, (u E ;), of equation (4)
w (t

u (t)

over I (¢;,) such that t—>(
u (1)

) is continuous from I (t,) into H (4, a). The

interval of existence is either all of 1R or extends to the ¢ closest to t, for
(oo
w ()

global existence can be obtained in terms of ('?Vt [3, Corollary 1.3, p. 347]

from
B =)ol (6 )0

For the examples to be considered in section 2 there are no a priori reasons
for the right hand term of (5) to be bounded throughout 1R (as, for example,
in the treatment of @ (u)= u® [3, Theorem 4, p. 359]. However (5), with
other inequalities, will be used to establish global existence as well as decay
for the solutions of these equations by means of the technique to be out-
lined in the remainder of this section.

In the following it is assumed that @ is sufficiently regular so that
the above discussion applies to establish the existence of a unique solution,

which — oo as t—>t. In the present situation, a criterion for

A, a

112

(5) =

A,a

(u (t)>, of equation (4) in some open interval, I (¢,), including ¢, (| ¢, | < co).
u (t)

A more detailed discussion of these requirements on G will be reserved for
the particular examples in section 2 in order to focus here on the proper-
ties of G which lead to the decay of the solutions. Since the results are
perturbative it will be necessary to distinguish the coupling constant and
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constants which depend on the Cauchy data (lower case) from those which
cannot be made small (upper case). In many instances the same upper case
letter will be used for several successive inessentially different numbers.

For notational convenience G (-,?,u(t),%,(t), u ( )) will be replaced by @ (t, u (t)),
(5o

’l:b (t) A,a
=|lu(-,%]-. It will also be convenient, with no loss of generality, to sup-
pose that ¢, <t €I (¢).

Following Segal [1, section 3] the first component of equation (4), using
the relation (3), can be written as

and by |u(®le, while [u@)]l=[u(, 0] and |u@)|, =

t

(6) w (t) = uy (1) —fA—l sin [(t — s) A] G (s, u (s)) ds,

to

where u, (f) is the unique global solution of the Klein-Gordon equation with
the same Cauchy data at ¢,. If G (s,u(s)) is in the domain of A’ (see as-
sumption (D,) to follow), then

(7 u () = u, (¢) -—-/A—(b'f'l) gin [(¢ — s) A] A® G (s, u (s)) ds

to

Taking the Fourier-Plancherel transform of (7) one obtains

t
~ ~ in [(t — 2 e — T
w60 =10 —.[ = [((m2 +3iyf§)(b;l—w?2n = G (s) u(s)) ds

to

Let E.; denote the inverse Fourier-Plancherel transform of (&2 -} m?)—®+1v2.
-sint (&% 4 m?)'/2 (i.e. b is taken greater than 1/2 throughout this work). Now
a well known variant of Parseval’s Theorem shows that the inverse Fourier
transform of the integrand is F;, x 4° G (s, u (s)). But the integrand is also
in L? (E®) because of the boundedness of (&2 4 m?)—®+D02 gin [(t — ) (£2 -+ m?)1/2].
Thus the inverse Fourier and inverse Fourier-Plancherel transforms agree
on the integrand. Taking the inverse Fourier-Plancherel transform through
the last equation results in

t

(7a) w (t) == u, (t) — f B 5% A G (s, u(s)) ds- (a.e.x.).

to
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Since precise estimates on space-L? norms of E,, are available 1, section
4, p. 478 and 4, section 5] and a bound on the space- L? norm of A% G (s, u (s))
will be assumed (c.f. assumption (D,)), an estimate on || u (¢) |- can be obtai-
ned in the form

®) ) = o 0 [ + j | Bca s 1o 4° G (s, w(s)) [ ds,
ty

where 1 + r—1 =p—1 L ¢q~1. All of the conditions for the validity of the
above discussion are met by making the following assumptions :

(D) [Jw@® s || % (@) || < Const. | u(t)|u,
(D) || 4* Gt u(®)[ly<g Const. |u(t) [ w@]|f]lw®l
for 1 4+ r—1 =p-1 4 ¢~! as well as ¢ =2.

REMARK. || A® @ (t,u(t))|,, as the previous discussion suggests, will
denote throughout this paper, the space-L? norm of the image under A°:
I? (B3 — L? (E®) of the square integrable function @ (¢, » (t)). In the parti-
cular cases to be discussed in the next section bounds for || A® G (¢, u (1)) |,
are obtained in terms of polynomials in | (f)|s, || w(t)||, and H@.a(t) ||lry re-
ducing to the single term in (D,) only by using (D,). Both inequalities
will follow from the use of Sobolev inequelities. The « Const.» arises in
this manner, while g is the coupling constant. Assumption (D,) used only
in a technical fashion here to simplify (D,), is necessary in a much more
essential manner in later developments.

With (D,), inequality (8) can be replaced by

© fu@ll-<lu®l-49 O/H By | 0 () 2" | ) |7 || () |[7 ds.

Similarly,
(10) w (t) = u, (£) ——fcos [(t — 8) A] G (s, u (s)) ds.
= uy (t) — f A=Y cos [ (t — 8) A] A G (s, u (s)) ds.
(11) = iao(t) — th_s, s—1 % [AD G (s, u ()] ds,

to
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where F; , is the inverse Fourier-Plancherel transform of (m? 4 y?)— (¢+D/2
cos [t (m? - y?)1?]. Thus

120 a0l < i@l A [ Faims ] 4° 65,0 s,

12
where 1 -+ r—1 = p—14 ¢—!. Assuming
(D) A G (3,u (8) ||y =g Const. |w (@) [2*|[F || w ()|,
for 1 +r-1=p—1+ ¢~ and ¢ = 2.

inequality (12) can be replaced by

w(®) [ [ w @) 17w (5) |17

t
a3 @l =< [lw® [+ 9" j | Fo s |
0

At this stage, if an explicit bound for |u (¢)[, in terms of || u (t) ||, and
I u (t) |- were available [1,(3.13b) p 468], the coupled inequalities (9) and
(13) could be used to obtained information concerning || u (¢)||, and || u (t) [l -
However, in the examples of interest here, relationships of this type can-
not be obtained in general. Instead, one further inequality coupling the
three norms |u (t)]a,| w(t)|. and || w (1) |- is sought. Specifically, from (5),
the inequalily

t

1) JuOk=w O+ [ 476 ], | 40, a

follows. Noticing that || A%~ u (s) ||, <<|u (¢) |, and making the further restric-
tion on @,

(Dy) | 421 @ (s, (8)) ||, < Const. |a (&) [z 7 | u t) |£"]| w(t) ||}

inequality (14) reduces to

t

(15) lu®) 2 <luo O + gD [ [w(s) [ u o) ]

to

u (8) Hl ds.

Suppose t—* and t%,d,e=>0, are the anticipated decays for | u ()|

and || u(t)|-, respectively, as |¢|—> co. Define, as usual, (f) =  sup
th<s<tel(t)
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(T8 ]) | us) |

® ()= sup (U] 8]) || u(s) |l- and y () = sup | u(s) |a.
p<s<tel(t) ty<s < tel(t)

Because U (t) is a orthogonal group on H (4, a),

sup | wy (8) |5 = | %o (t) |a = ¥,, a constant which is independent of
< 8<tel(t)

1

the interval I(t;) and dependent only on the Cauchy data (:: ) Based on

2
the extensive available knowledge of the decay of solutions of the Klein-
Gordon equation [1, section 4], suppose further that ¢  are chosen small

enough and the Cauchy data (Z’) are chosen smooth enough so that
2

sup (L 4 |s|) || u,(8) |- ==,, and
SER

(Dy) : :
sup (1 4 | 8| )2 || wy (8) ||r = @, .
SER

REMARK. It can be shown that if ¢ 6 << 3/2 and u, and u, are sufficien-
tly smooth so that A7 w;€ L' (R n L?(R"i=1,2 for a suitably large p
then a, =, (ty, u, , u,) <Q (t;) (|| APu, |l,), where @ () is locally bounded.
Similarly for 2,. Thus Zg . 9&0 are independent of I (f)) and for each finite
t, can be made arbitrarily small by choosing u, , u, small in appropriate
sense.

On multiplying (9) by (1 + | ¢|)°, replacing ¢ by ¢’ and taking supre-
mums over &, <t' < t€I(ty),

t/
xt)<<w,+9gC sup (1 +lt’l)‘f||Eu—s.prlu(8) o ([ (8) |17 ] e (s) ||7 ds.
to < t' < te Ity ,
0
Now

sup M8 ws) =)< @)
th<s<t'e It

Thus

|| (s) Hr < (14 |s|)~*x(t) for all s€(t,,t). Similar bounds can be obtained

| u (s) |- and |wu(s)|s, resulting in
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(16) x(t) < xy + gCy ()* @ (t)F a (B sup + ¢ ) /H By_sy|l»
to<nf<teI(t0\

(1| s])— Beton) gg,
Using the known estimates [1, section 4 and 4, section 5]

SHEt,b”ngOHSb.(l +t])e MteR, 0= 0 and

()

the last part of (16) can be bounded by

(D5)

=< Const. (14 [t|)°\ftER, 0 = 0,

t

K sup <1+lt’!>€f<1+|t'—s|>—9(1+ls|)—(ﬂs+6r>ds
to <<t < tel(ty) .
1

L,
=K s ([ [0 s e o] e g

v < tel(to)

—00

If o, fe + 0y > 0 and max (g, fe + éy) > 1, [1, Lemma 3.1, p. 467],

v
f(l + [t —s])7e (1 +|s|)~Fe+d ds < Const (1 - | ¢ | )—min (@ poton)

Thus, if min (g, fe + yd) > ¢

(17a) @ (t) < @y + 90y (0 @ (8)0 @ (2

where all of the new constants (which are independent of I (t)) are incor-

porated into C. In exactly the same fashion, the final set of coupled ine-
qualities

(17a) @ (t) < w5 + g0y ()* @ (O @ (t)
(17b) @ (1) < & + 9Oy (O @ (&) w (t)

(17¢) ¥ () <y, + gDy (t)*" @ ()" & ()"
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can be obtained provided

max (g, fe + y9) > 1, min (o, fe + yd) = ¢,
(Ds) max (o, f’ ¢ + y’6) > 1, min (0, 8’ ¢ + y’ §) =4,
/3”8+7"6>1.

The boundedness of x (1), @ (), y (t) and hence the decay
of || w (¢) ||, and | u ()|l and boundedness of | u (¢) |, will follow from the
inequalities (17) using the next technical result.

LemMMA 1.1. Suppose x;(¢t),t =1, ...n, are real valued functions defined
on some interval I and satisfy

(18) 0<< Xy (t) < % + hi (w1 (t)y vee gy T (t)) Vt € I’

where x;,, are constants and h; are non-negative polynomials of n variables
(i. e. hy(w, (B), ... 24 (F))

=3 gij 0, (t)a"lf... 2 (1), 1= 3 a‘?;)
j k=1
i) Suppose 7;; << 1 for all 4,4, then x;(¢), i=1...n, is bounded on I.
ii) Suppose 7;; > 1 for all 4, j. If
a) x;(t), 1 =1,..., n, is continuous on I,
b) for some tel x;(?) < xip, and
¢) either x;, for all ¢ =1, ..., n or gy for all i,j are sufficiently small,
then x;(¢), i=1,...,n is bounded on I.
iii) Suppose the 7;;’s are arbitrary non-negative exponents. If
a) x; (t), t=1,...,n is continuous on I
b) for some t€ I, xi(t_) < x,, and
¢) gi; for those ¢, j associated with r;;=1 are sufficiently small and
either

1. gi for all ¢, j such that 7; > 1 or

2. @y for all i=1,...,n and g;; for all ¢,j such that z;<<1, suffi-
ciently small,
then x;(t), ¢ =1,...,n is bounded on I.

ProoF. c.f. Arpendix 1. The «sufficiently small » is made precise by
the computations appearing there.
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Tor example, in the particular case considered by Strauss and Segal
[e. g. 2, Lemma 3.7, p. 437]

0<<zt)<<z, +galty, y>1,
the specific restriction on the size of the constants is
@y 90T < (L —y )y T
and this results in the bound &« () < &y (1 — y~)~.

. t .
THEOREM 1.2. Suppose equation (4) has a unique solution, (u Et;), in
u

H (A, a) for some a over some interval I (¢)), such that ¢{— (u g;) is con-
u

tinuous from I (t)) — H (4, a). If assumptions (D,)... (D) are satisfied and
either

Hatptr o+ 470" +57+7" <1

i) @ - 47, 0 F B 4, @+ B4y > 1and a0, &y, y, small
or g small, '

iii) «, B, ..., 87/, ¥’/ arbitrary with «,, aio, Y, and g small,
then the solution can be extended to all t€ MR and ||u ()|, = 0(|t|™),
lu@|,=0(¢t|"® and |u(t)|s=0(1) as | ¢| —> co.

ProoF. Assumptions (D,)...(D;) imply inequalities (17) for t€ I (t).
Using Lemma 1.1 with x, = .x, By =&, Tg=1Y, Jij=0¢, Ty =04 f-+7,
1oy =’ + B+ ¥ 1y =a’ 4§77 y”, it follows that ||u ()|, < K, (14|t ],
l| (&) [} < K, (1 4 | t))~° and |u(t)|.< K, for all t€ I (t,) where K;, i = 1,2, 3,
are locally bounded functions of {, and independent of I({,). Thus the

t
solution (u E )) exists globally and the same estimates obtain for all t€1R.
u (%)

REMARK. The above discussion is intended as the summary of a
a method which will apply to several explicit examples rather than as an
abstract result There are many minor variations of the scheme which may
be more effective in certain instances but it seems inappropriate to discuss
them in this general setting. They will, however, be pointed out in the
next scetion with reference to more speclfic interactions. In fact the follo-
wing results will indicate tnat simple generalizations of the above are
possible but have been purposely omitted in favor of simplicity in the
presentation of this abstract summary.
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2. Decay for specific examples. In order to reduce the number of
parameters, throughout this section the number of space dimensions (n)
will be three, and only uniform decay (r = oo) will be studied. In order
that assumption (D,) be satisfied a is taken =3 (or << 2 if u does not
enter the discussion) because for any f:MR— D (4%, a =2, || f(t)|lo<<
Const. || A®f(t) ||, << Const. m—@—2 || A%u (t)||,. In addition for 1= 0, the
completion of D (A% with respect to the inner product (A*., A*.) is preci-
sely D (4% (i.e. no completion is reqnired). Thus H (A4,1)= D (4% @
D DAY c (B} D L?(B?) for A=>1 and ||[u(t)|,<<m™| A*u(t)|, <<
=m=H|ut)) and |[u ()], < m—O-V|| A u(t) |, <m0 |u (). In the
case of interest in the following, & = 2, the boundedness of |u ()|, thus
guarantees the boundedness of | u(t)||, and Hia(t)”2 hence the decay of

|| w()|- and “'it(t)”,., 2 <r< oo, can be obtained by interpolation by
means of

(19) [PACN RS FAUR el VUL

In many case, (19) provides the same results as the direct approach.

(@) G (x,t, u, 4y, w) = G (u). This example is considered not only because
it is technically the most simple but also because the present method allows
the decay estimates of Segal [1, section 4, p. 478] to be generalized to the
golution where a priori boundedness of the energy is not required. First
the question of local existence is treated.

THEOREM 2.1. Suppose ( :l) €H (A,2) and @ (@, t,u, uy, uy) = G (u)
2

j
where G € 0%, is real-valued and ’ % (4) l < g|A|Y for all A€ j=0,1,2

with 0 << &j < co. Then there is an interval I () containing ¢, such that
the (integrated form of the) equation

(20) Cu=m?u+ 6 ),

with Cauchy data (u‘) at ¢, has a unique solution (“ Et;), in H (4, 2) over
Ug w (T
u (t)

the interval I (f)). Moreover the map ¢ — ( ) is continuous from I (¢,)

w (?)
into H (4, 2).

ProoF. Appealing to the previously mentioned result of Segal [3,
Theorem 1, p 343] all that requires checking is the semi-Lipschitz character
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of G,. The continuity of G, follows trivially from this semiLipschitz pro-

perty and the fact that G is not explicitly time dependent. Let (2), ( f) €
= || 4 (G (v) — @ (w)]|, < Const.

v w
al5)-o(3)
v w 4,2

| &) — G w)|li,2 where |[@|lg,,={ X | D*¢|?}!r is the usual norm
0<|a|<k

€ H(A, 2). Then

in the Sobolev space W*»(E"), The last inequality follows from a result
of Calderon [5, Theorem 7, p. 36] which in this context gives O~ ¢ ||r, , <<
|| A* @ ||, << C|| ¢ ||s,p for k a positive integer and 1 < p < oo, where C=0Cp ;.

By the mean-value theorem G (v) — G (w)= G’ (av + bw)[v — w] where
ayb=>=0, a +b=1. Thus || G (v) — G (w) ||, < || G’ (av 4+ bw) ||l || v — w ||, <
<|av 4+ bw|“||v — w],. But as previously mentioned for f¢€ D (4?),
17 [l =< Const. || 42|, and [|f[l,<m=| 427, by Sobolev inequalities
and the spectral theorem respectively. Therefore | @ (v) — @ (w) ||, <<
< 0(]| 420, + 42w )= || 42 (0 — ) .

To obtain a similar estimate for the remaining term (denoting the
partial derivative with respect to ; by 9;), write [6, Lemma 1, p. 87]
0: (G (V) — G (W) =G (v) 6 v— G’ (W) d; w=G"' (V) (8; v—§., W)+ [ G’ (v)— G’ (10)]0; w=
=G’ (v) :(v — w) + G/ (av + bw)(v — w) §,w. Then | 9:(G (v) — G (w)) ||, <
<[] & @) [l || 06 (0—1) o+ 1| 67 (@0 -bic) oo | 0 — 10 oo | 8510 [, << (€4 | A7 I +
+ O, (|| A% ]|y + || AR w ) || A% w ||y} || A® (v — w) ||, (where in addition to
the Sobolev inequality and the Spectral Theorem, the result of Calder6n
was used in the form || 0; ¢ |l, << C|| Ag ||, << Om=1 || A% @ ||). Since || A%¢ ||, <<

4,2
(Do lE)].
v l {u) 42

I(5)
y
~ v ~ [ w v w
o [af)-(z) 9
v w \ v w
where C(-,-) is bounded on bounded sets. This is precisely the statement

that @}: H(A,2)— H (A, 2) is semi Lipschitz as required to complete the
proof.

, the above estimates can be combined to give

)
4,2

sa(‘

’
4,2 4,2

REMARK. The result could be proved just as easily with the less
di G ()
dai
dition is not sufficient for global existence and decay and so this more

general framework is omitted.

A decay result for the particular case of G (w) will now be obtained
by showing through detailed calculation that the abstract result of the
previous section is applicable.

restrictive condition =0(|4]*j) as |A|—> co. However this con-
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aiaq
THEOREM 2.2. Suppose &€ 0%(R), is real - valued andl ari ’g

g|A|f~ for all 1 and j = 0, ..., 2, with § > 3. If the Cauchy data (ui)EH(A, 2)

are sufficienty smooth so that condition (D,) is satisfied with e =2 3/2 then
equation (20) has a unique global solution with || % (f)|e==0(|¢|~%?2) and
|u(t)|,=0(1) a8 |t|— oo, provided that either the coupling constant g or
the Cauchy data, x, + y,, is sufficiently small.

ProOF. Inequality (8), in the present situation, is
(22) [ (8) Jloo << [} 20 @) oo +fl| B2 |lp || 4% G (u(9)) ||, ds,

where p = ¢ (¢ — 1)~!. First observe, relative to assumption (D;) that if
1<<q<<?2 [|B2|p< C(1+4|t|)~62-3) by means of uniform boundedness
of || By, |l (private communication from W. Strauss) and Nelson’s [4, Sec-
tion 5] decay estimate || (]t]|~??) as |t|— co. The interpolating
trick at the beginning of this section gives the global estimate || B, » ||q(q__1)__1£
C (14 |t])~%a+32 for all ¢+ and 1 < ¢q<C2. The estimate corresponding to
(D,) for similar values of ¢ is summarized in the following

LEMMA 2.3. With the hypotheses of Theorem 2.2 and 1<<q<C2
(23) 147 6 (u (5) llg < 90w (8) Io™ | w (8) |57 -

ProoF. In view of the equivalence of weak and strong derivatives
[eg. 7, Theorem 1, p. 1031], || 42 @ () ||, = (m® — 4) & (w) ||;<<C || G (¥) ||z, ¢
if the last term of the inequality is finite. In view of the growth condition
on G |Gl =<gllulflo=glllulf=?uP[?<g|ulZ ]|} <
< g0|| u||f-2|| A® u|]}l2 provided that fq =2, which is guaranteed by the
choice of f and ¢. Next (c.f. Remark 1 to follow for first equality)
|| 6:(G (w) [lg = “G’(“ 6'“ lle<<Il @ (@)||agi2—q || s e[|y << g O[] |w[f " [loga—q | APull <
< gO|||u a0 007" =2 |y p|e-0ra || 42w ||, < gO || u |22 || A2u [ pro.
vided that 2¢ (3 — 1) (2 — ¢)~! = 2, which again is guaranteed by the given
conditions on 8 and the choice of ¢. The last term (c. f. Remark 1 to follow
for first inequality) || 0% G () [lq < || G ()0 U llo 4 11G" () 8w dr u |,
first term can be handled in precisely the same manner as || d; (G (u)) [|q was
treated by replacing || d:iu |, << C|| A% ||, With || 8% u|,< C|| A%u],. For
the last term
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1677 (0) 3 wdrulg << || 6 () [lagio—g | d50 Ly | B [Ly=<g @ | J& " | A" w3 [ oo

the last inequality following from the Sobolev inequality [8, p. 125 and
Remark 2 to follow] || d;u ||, << C max || D*w |}/ ||« |2 and the above trick

applied to || G"/ () |jsgj2—q » requlrmg 2q (B — 2) (2 — ¢)~! =2, which is again
satisfied.

REMARK 1. In treating terms like || 9; & (u)||, it convenient to view
9; G (w) in the strong sense in L? (E3) (the usual formulation of §; as a closed
operator in L?(E%). The technical result of Segal [6, Lemma 1, p. 87] can
be applied (since || u ||y, || #|lo<C|| A% u||,) to give the desired result 8; G (u)==
G’ (u) 9; u where the derivatives on either side can be interpreted as strong
I?(E3) or equivalently weak derivatives. For higher order derivatives, 6?;0G(u)’
the desired results follow by a combination of the above reasoning along
with the Leibniz formula for weak derivatives written as follows in a form
which is most appropriate for this discussion: Suppose f, and f, € L*(E")
have weak derivatives D¢ jf, and D*f,€ L?(E") for all |a|<Cj then the
product f, f, has weak derivatives up to order j and they are given by
the Leibniz formnula in terms of the appropriate weak derivatives.

REMARK 2. The very general version of the Sobolev inequalities given
by Nirenberg [8, p. 125] will be the basic tool in obtaining inequalities of
the form (D,) and (D,) for the examples to be considered. By recalling that
D (A% = W2 and passing to the limit one obtains the specific form in
which this result will be used; namely,

PROPOSITION 2.4. Let D*f denote the ath weak derivative of f and
and define || Dif|, = max || D*f|,. Suppose f€ D (A% with a = 2. Then if
la| =1

2<<p<loo, 2<k<a 0<j<k,
107711, Const. | D7 ]| £l
where p—! = j/3 4 y (1/2 — k/3) for all y in the interval j/k <<y <1.

REMARK 3. The method used in handling the term || G (u)|, appears
to be the only one available. From a technical point of view then, this term
typifies the best possible result of the form (23) that can be obtained. The
remainder of the problem in obtaining estimates of the form (23) (or more
generally (D) and (Dy)) consists of showing, by means of Sobolev inequali-
ties, that the same product also dominates the derivative terms.
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Returning to the proof of Theorem 2.2, inequalities (22), (23) and the
estimate on || B, ;|| result in

t
@) 00 o = [ ) ot 90 [ (1 € — s |05 a0 0 30 .

The inequality for the escalated energy norm can be obtained similarly.
With a = 2, inequality (14) is

t
(25) lu(t) s < |u, (|5 + 2[;1 AG (u(3) |5 | w(5) |, ds.

Using Lemma 2.3, || AG (u(s) |, <D | G @(s) |2 <<gD| w® | |u(s)],.
Thus

t
(26) WO R < Lu, O+ 0D [0 o) as
&

Using the definitions and techniques of the previous section, the analogue
of inequality (16) can be obtained in the form

(27a) 2 ()< g0 (t)f—2ay (t)'/e sup (L4 |t"] -
<tV te It

. f (1 A |t/ — s |)3lat3i2 (1 4 | s | )~ (=2l 25
to

t!

(27b) YO <y, + gDt 1y(t)  sup / (14 |s|)"#-Deds.
to <t < telty
to

In order to reduce the above to abstract inequalities analogous to (17) so that
Lemma 1.1 can be applied, the explicitly time-dependent factors must be
removed from inequalities (27). This will be done by direct checking that
condition (Dg) is satisfied. Technically the arguments is to show that it is
possible to choose a ¢q, 1 << q¢ << 2, so that the equalities are satisfied with
&= 3/2. It is quite simple in this case. If g=1, max (3/¢—3/2, (f—2/q)e)=
= max (3/2, (f — 2)3/2) = 3/2 and min (3/2, (8 — 2) 3/2) = 3/2 = ¢ while
(8 —1)3/2 =3 because §= 3.
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Thus choosing ¢ = 1, inequalities (27) can be reduced to
(28a) @ (f) < @y +9Cx ()P~ y (),
(28Db) Y () <Y+ 9Dx () y (@

The degree of the non linear terms are § —24+1=f—1=>=2 and —1-1
= f>=3. Thus part ii) of Lemma 1.1 gives the desired result over I (¢,
provided that either the coupling constant, g, or the Cauchy data x, -} ¥,

is sufficiently small. The global existence of the solutions (u Et;) in H (4, 2),
wu(t

and the fact that the same estimates for || u (?) [l and |u ()|, obtain throug-
hout all of 1R follows trivially as in the abstract Theorem 1.2, thus con-
cluding the proof of Theorem 2.2.

It should be mentioned that in this simple case where the perturbation
G does not depend on u explicitly, the inequality associated with ”d(t)”oo
can be avoided if one is only interested in the decay of ||« (f)|w. On the
other hand the above results, along with the analogue of (12),

t
@9) [0 o= || g (8 oo+ / P st || 426 (u (5) [ s,
ty

can be used to obtain a decay result for || u (t) [l as follows. For 1< ¢’<2,
it can be show that || Fy; ||, -1 = 0 ([¢[*0=%/7) as |¢[—-0 (unpublished
joint work of W. Strauss and the author) and 0 (|#|~"?) as |t|— oo for
1 < ¢’ < 4/3 [4, section 5]. But, for ¢’ > 1, — (2¢" — 3) ¢’~1 < 1/¢q’. Thus
| 7,  Nlyg—1y—1 = O|t]|744" for all ¢. The analogue of (27a) then is

7
t
(30) [l u(®) oo << @ (1 4|t )32 4 gO[[ t— s |Ua (1 4 [ 8] )—F-2a302 ds.
to

By choosing ¢’ close to 1, (8 — 2/¢’)3/2 > 1. Thus by a technical result of
Shenk and Thoe [9, Lemma 3.1] the integral is bounded by (1 - |t |~V

COROLLARY 2.5. With the hypothesis of Theorem 2.2, the global solu-
tion of (20) has || % (¢)]jo=0(|t|™) as |¢t| — oo with § arbitrary but <1,
provided that either the coupling constant g or the Cauchy data x, 4y, is
sufticiently small.
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(b) G (x,t, u, u;, u,) = G (w;). Decay and asymptotics for perturbations of
this type have not as yet been considered in the literature. However, in
the context of the abstract discussion of section 1, it is only a technical
variant of the preceding example. In fact, most of the basic estimates which
were proved there can be applied directly in checking the details here.

ai @
ari

< g|A|f~forall Aand j=0,...,3, § =3. If the Cauchy data (zi) €11 (4,3)

THEOREM 2.6. Suppose G € 0% (IR), is real-valued and } (A)’g

2
are sufficiently smooth so that condition (D,) is satisfied with |¢|~%? decay

then (the integrated from of)

(31) [ uw=m?u 4+ G (u,)
u (t)

has a unique global solution (.(

u (1)
where ¢ =¢(f)=3/2 for > 7/2 and &(f) <3 (8 —1)/5 for 3 << <7/2,
|%(®)|lo=0(|t|% where é is arbitrary but <1 and |u(f)|=0(1) as
|t| — co, provided that either the coupling constant, g, or the Cauchy
data @, 4 y, is sufficiently small.

) € H(4,3) with [u()]e=0(]t[),

PRrROOF. Again the existence of local solutions follows if G‘Vt is semi-

Lipschitz. To this end let (:) ,( )EH(A, 3). Then

w
w
o [af)-(]

<m?|| G (v) — @) |, + || 4[G (v) — G w)] ], -

. | A2[G (v) — G ()] ||,

As in the proof of Theorem 2.1, | G (v) — G (w)|,<< O (| 4%v |, +
+ || A%w ||,)f~1 || A% (v — w) ||, . Using the procedure outlined in Remark 1
following Lemma 2.3, 4 [G(v) — G (w)] = G’ (v) 4v — G’ (w) Aw + G (v) (4v)* —
— @ (w) (A} = @ (v) (Av—Aw) 4 (6’ (v) — G’ () dw+ G’ (v) (Av)2 — (Aw)?) +
+ (@ (v) — G’ (w)) (dw)®.. A suitable estimate for the L?(E?)norm of the
first two terms can be obtained as in the last paragraph of the proof of
Theorem 2.1. For the third term

3
2 (8iv — diw) (0: v+ 9 w)

=1

|| G @) [(4v)2 — (dw)?] [, < g || v |5~

=
2

=90 4|4 [ D@+ w)ll, | D — ),

4  Annali della Scuola Norm Sup. di Pisa,
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using the notation of Proposition 2.4. The same result gives || Df|[, <<
< Const. | D*f || || £ || for f€ D(A%) which, along with ||f|lc < Const || A*f|,
provides a suitable bound for the third term. Finally || G’/(v)— G’/(w)(dw)?||,<<
=< || 6" (av + bw) [loo [0 — w [|eo || (A0)? [}l < g O (]| A20 [l + || A2 [[p)F—2 -
|| A% (v — w)||, || A®w |2. As in Theorem 2.1, the above estimates can be

assembled to show that
3 0] w/ |3 v w

(1) -a(c)

As for the decay, the analogue of inequality (24) using Lemma 1.3, is

Y

3 3

t
(338) || 4 (®) [l << || %o (®) [loo + gO/(l [t — s | )T L (s) 57 | w (8 31 s

to

The inequality for the derivative, analogous to inequality (30) is

t
(33b) || w(®)[|eo < || 2o (t) oo + 90" / 1F,_y s gy 1@ P fa(s) 5 ds.
i

The counterpart for inequality (26) involving the escalated energy norm is
t
(330 WO =00+ oD [0 17w o
L}

As in Theorem 2.2 only the last two inequalities are needed to obtain
global existence (i.e. boundedness of |u (t)|;) and a decay result for
|| % (t) || . Using the definitions and techniques of the previous section

(34b) @ ()<<, + g0z (@ y(®  sup (14 |t'|)
to <t <tel(t)

¢
/” L ”q’w‘—xr" (14| s[)=#=2la" as,
fo

t

(34c) y(W)<y,+gDa@F1y(t) sup /(1 + | s |)"E12 ds.
o<t <telI(t) ,

Y
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In order to apply Lemma 1.1, it must be shown that ¢’ can be chosen so
that for arbitrary 6 << 1, the explicitly time dependent terms are bounded
or equivalently checking that condition (D) is satisfied.

Since =3 and ¢ is (taken for the best result) arbitrarily close to
1,(8 —1)6 > 1 so that the integral in (34c¢) is bounded by

[(1 + |8 ])" -1 ds < oco.
0

If ¢’ is chosen such that 1 < ¢’ < 4/3, then the estimate in Corollary 2.5
can be used for || Fy, 1 ||g(—1y~'. If it is also possible to find a ¢’ such
that (8 — 2/q’)6 > 1 then the computation in Corollary 2.5 shows that the
integral in (34b) is bounded by C(1 -} |t |)~1¢', and thus the whole term
is bounded by a constant if in addition 1/¢’ =4. Thus condition (D) is
guaranteed if ¢’ can be chosen to simultaneausly satisfy 3/4 << 1/¢” and

<y < o (B—1/8). Now 6 < — (B—1/0) it 4 (F—IF—8 <5<

<—1— B + VBF—8). With =3, it is clearly possible them to find ¢’ sati-

sfying the second pair of inequalities for arbitrary 1/2 < é < 1. Since
large &’s are of interest, there is no problem in taking 6 > 3/4, in which

case 1/¢' > 3/4. If § << 2 4 6! then 1/¢’ << % (B — 1/6) < 1 automatically;

otherwise this is an added restriction on the choice of ¢ which can clearly
be realized since & << 1.
Having chosen a ¢’ from the non-empty set satisfying 6 <<1/¢’ <

1
< min(l,—2—(/3 — 1/0)), (34b) and (34c) reduce to (after incorporating the

additional constants)
(35b) 2 (t) <@g+ g O @ (b~ y (B,
(35¢) YO <yo+ g D (1)1 y ().

But the degree of the non-linear terms are f—1-}+1=p=>3 and f—
—2/¢" +1/¢" > 614 6 > 1. Thus part ii) of Lemma 1.1 gives the bouwn-
dedness of x (t) and y (¢) over I (¢) provided either x, -y, or ¢ is suffi-
ciently small.

In order to obtain the indicated decay of || u (t)||e, first notice that
3/q —3/2>1if 1<<¢<6/band (8 —2/q)0=46/3>1 for ¢ =6/5 and
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p = 3. As a result the integral in

v

(34a) @ ()<<w,4 g Cx(f-2ry@y? sup (14 [¢| )‘f(l +

ty <t < tel(ty)
to

| ¢ = s )OO (1 - | 5 |) 62100 ds,

is bounded by Const. (1 - |¢t]|)~® where 6 = min (3/q — 3/2, (8 — 2/q) ). If
q is taken to be 1, then 6 = 3/2 for > 7/2 giving the boundedness of
x (). For 3 << f < 7/2, taking ¢=1>5 (8 + 3/2)~! implies that the second
factor is the minimum so that 6 = 3 (8 — 1) 4/5 giving the boundedness of
x (t) for this range of § and hence the indicated decay of | (t)|.. The

. t .
global existence of the solusions (ui ;), and the fact that the same estima-
wu (¢

tes for || () |l || (?)]jw and |u(t)]; obtain throughout all of 1R follow
trivially es in the abstract Theorem 1.2 thus concluding the proof of
Theorem 2.5.

REMARK 1. 4 [t|~%2 decay for || u (f) |l (and for | u(t)||o) can be ob-
tained as a straightforward exercise by using the escalated energy norm
I lla.«(ll |la, 5, respectively) requiring a higher degree of differentiability for
G and leading to the technical problem of checking whether inequalities of
the form (D,) and (D,) are still available for the perturbations of interest.
This « best-possible » decay is not required for doing scattering theory for
this equation and hence is not pursued further.

REMARK 2. None of the examples considered thus far have required
the use of the full set of non-linear inequalities. An example weich does
is the relativistically invariant perturbation @ (Vu-Vw — w?). This also ty-
pifies the most difficult kind of perturbation to handle by these methods
because of the presence of both spatial and temporal derivatives. Rather
than examine this technically complicated case, an example which possesses
these undesirable features but for which the details are more simple will
be treated in the next section. The explicit presence of ¥ and especially ¢
variables in the perturbation serve only to enhance the decay. This will be
shown by means of a simple example at the end of this section.

(¢) G (x,t, uy Uy, u;) = G* (u) 6~ u. In the above expression the summation
convention is used over % = 0,1, 2,3 whith d,% = u,. Homogeneous non-
linear terms of this sort, with further conditions on G* to guarantee Lorentz
covariance and positively of the energy, arise from general derivative
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couplings. For this example the investigation will emphasize producing
suitable decay for scattering with the weakest conditions on the perturba-
tion, rather than the best decay for arbitrary powers as in the last example.

THEOREM 2.7. Suppose that for each » = 0,1, 2, 3, G*€ G*(R), is real-

valued,

— (1) l <y | y) I“"-J' for all A with a* =2 for all 4 with «*>2

for j =0,1,2, and

‘<g|l|3 for all 1 with 0 << af < co. If at

t =1t, the Cauchy data (ui € H (4, 3) are sufficiently smooth so that condi-
: 2
tion (D,) is satisfied, then the (integrated form of the) equation

(3) (Jn = m? u 4+ G* (W) 0. u

. . t . .
has a unique global solution, (u Et;>’ with |[u()|lo=0(]t|7Y), || % (@) |le=
u
=0(|t[5%) and |u(¢)|3=0(1) as |¢t|—> oo, provided that either the cou-
pling constant, g, or the Cauchy data, x, 4 x, 4 y,, is sufficiently small.

PROOF. As in Theorems. 2.1, and 2.6 the existence of local solutions

is established by checking the semi-Lipschitz character of @}. It will be
convenient in the argument to use the summation convention over 1, 2, 3.
This will be indicated by the use of Roman letters; i. e. G*(u)dx(u) 4

+ GO (u) 3, u. Let (ﬁ) and (w)EH(A 3).

v

o [afe)- (g

<m?| G*¥{(v) ox v + G° (v) )v — GF (w) 8 w — GO (w sz

= || 42 (64(v) 3x(v) + G° (v) v — G* () grro — G (w)w) ||

3

+ | 4[6* () 35 v + 6° (v) v G* () b w — G (w)w] ;.

A suitable estimate for the first term can be obtained by observing that it is
bounded by m? g n G (0) 85 (0 — ) ||y 4 || 6% (w) 2w ||, + || G° () (v — w) ||, +
+ [ (G° (v) — G° (w)) w ||21 Each of these terms can be estimated as in Theo-
rems 2.1, and 2.6. A similar estimate can be obtained for the second term
is inequality (37) along the lines of the proof of Theorem 2.6. Since the
details are extremely tedious but entirely stiaightforward they will be
omitted.
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Continuing. then, to the decay result, if, 1 << ¢ << 2, then
t

(38) [ (®)[leo=wo®]l0+ C"ns“'f(l + [t — s |) 7R A% (G (uls)) bxre(s) [|g ds

to
An estimate like (D,) for the term under the integral is summarized in

Lemma 2.8. With G* and «* as in Theorem 2.7,
3
i) || A% (G” (u(s) []q < g0|u(s) ]g/q > |lu(s) ”:o+1—2/q.
H=(
if max (1,6 (3a* — 1)~!) << ¢ << 6/5, and

3
ii) || A% (G* (u(s) 9, u(s)]l,<gD|u(s)], ~£0 [|w(s) || +

A [ (3) 2 )20 (8) Lo - 1] (8 122712 ] e G8) (|22
Proor. Appendix II.

REMARK. The estimates in Lemma 2.8 are slight generalizations of
those in assumption (D,) and (D,) in that they are linear combinations of
the terms appearing there. However, the general method of section 1 applies
to this situation as well as can be seen from the subsequent discussion of
of this example. The appearance of | u (s)|w in the above inequality will
demand that the full set of coupled inequalities be used.

Thus if 6 (3a* — 1)~! << ¢ << 6/5, inequality (38) can be replaced by

¢
" 3
(39a) ||u(t)”°og”u0(t)”°°+g()](l-—}—|t——s|)‘3/’1+3/2 [u(s)le X ||u(s)||e+1—2a ds.
%=

to
Similarly, using the estimate of Corollary 4.5, if 1 < ¢’ < 4/3, and

6 (3o — 1)1 << q" << 6/5

t

B9 [0 o= i e 00” [0~ o3

to

A% (G (u (8)) 0, u (8)) ||g ds

t
. 3
<l % () [l +00’/| t— s |70 u(s) 20 3 [ u(s) |t ds.
x==(
to
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And finally the appropriate inequality for the energy is

t

3 .
@0 (uE=u@ f+o0 ({3 (ue )+ vo = iolL, +

t

A {1 () o202 | (3) (1324 | () 2 s,

Taking ¢, ¢ = 6/5 8o that all o* =2 can be treated simultaneously,

and x (t) = sup A48 ])] )|,
ty<s < tel(t)

)= sup_ (A4 u@]e yO= sup [u(s)]s.
to<s<tel(t) to<s<tel(to)

then the inequalities (39) imply, as in (16),

(40a) x(t) <<z, + g0 23' %w (" 2By @ple  sup (14|t ])-
®==0

o<t <tel(ty)

-f<1+|t'—s|>—* <1+|s|>«”+2/3ds}

. . 3
(40D) x(t) < xy+ g0 2

®=0

@ (B2 y @P0 sup (1 [t ] )00
to <<t < te I(ty)

t
/ [ = 790 (L [ e
to

i

2 (0 (1) [(1 1y asf 4

o

3
(40c) yO) <y, +9D { >

x=()

t
+ a1 a (1) y (8 f (1 + |5 )=ei=sio ds +
to

t
+ @ (82012 2 (8)Y2 y (1) f 1 4 |s|)-=+ir-snz gg|

to
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Because ¢* > 2, it is straightforward to check that all the integrals con-
verge and cancel the appropriate powers of (1 -4 |#'|) to give

3
(41a) & (1) << @, + gC 2 ({‘)a"—zls y (t)ﬁ/(i ,
#==0
. . 3 ;
(41D) @ (f) << x, 490 X z(t)® —2/3 y (t)5/6,
—

3

YO <Y+ gDy()| 3 (@) 4zt a(t) + o (@) x ()|

Part ii) of Lemma 1.1 again applies to give the desired conclusion of Theo-
rem 2.7.

(d) G (x, ¢, u, u, 'L}).—— g@ (x, t) u. This linear example is included mainly
to indicate, in this simplest possible situation, how the abstract method of
gection 1 may be trivially modified to handle perturbations which are ex-
plicitly dependent on ¢. It is also interesting in several other technical
respects ; namely, it is an example which is most profitably treated by
using (4) to obtain a bound for |u ()|, rather than (5) and working with

y(t)=  sup |u(t)|, which necessitates the use of part iii) of the basic Lem
ty<t' <tel(t)

ma 1.1. The decay of G (x,t) used in the subsequent discussion is that sugge-
sted by taking @ (x,t) = (v (x, t))* where v is a solution of the K — @ equa-
tion with smooth Cauchy data so that it is differentiable to high order
with respect to «# and ¢ and it and its derivatives decay in the uniform
norm like |¢|~32. This corresponds mathematically, to the first variational
equation for []u == m?u 4 gu® or, physically to the simpliest equation pro-
posed for the weak interaction of the field with an external meson field.

The basic estimate, which in this linear case will suffice for both the
local existence theorem and the decay theorem, can be summarized in the
following

LeMMA 2.9, If, for all ¢, G(-,¢) is an element of the Sobolev space

W22 (E3) for p==1 and oo (or equivalently for all 1 <C p<Zoco) and w€ D(A43),
then for any 1 < q¢<<C?2

42) GGyl <060+ D6 ) [ e lle+
1D (+y ) llygy_gymt | 4%0 35 [0 2 4 | 6 () gy | 430 [ |20 123,

(using the notation of Proposition 2.4).
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PROOT. || 426 (-, )w |y < m?[| G (-, )w]|, + || (@ (-, )], . Because
G (+,t), w and all their weak derivatives are in L?(E3), the Leibniz formula
may be applied to the last term to obtain A(G(.,t)w)=wd G (-,¢t)+
+2Vw-Va(-,t)+ G(-,t) dw. Thus || A*G(- t)w”ngonst {[|G( ) lq lelm

H1146 (5l [l 4 | DG () llygiggy—1 [| D0 [l + [| € (-5 Oyq5g—1 [| DZ20 ).
The result then follows from || Dw ||, < Const. || A3w ||} || w ||2 3 and || D?w || <<
< Const. || A%w ||2® || w ||}/* which are particular cases of Proposition 2.4.

THEOREM 2.10. Suppose that for all ¢, G (-,t)€ W2 (E?) for 1<<p<oco
and || G (-, %)}, i8 a continuous function of Z€1MR with || G (-, 1), uni-
formly bounded in t and || G (-, ?)|ls,c0 =0(]|t|™?) a8 |t|— co. If the Cau-

chy data ( )EH (4, 3) are sufficiently smooth so that condition (D,) is sa-

%y
tisfied with ¢ = 3/2, then (the integrated form of’)

(43) (Ju=m?u -+ gG x,t)u

t
has a unique global solution (u E ;) € H (4, 3) with
 (C

@l =0 (6] a0 = 0(] ¢,

0 arbitrary but < 1, and |u(t)|;=0(1) as |t|—> co provided that the
coupling constant is sufficiently small.

ProoF. For this linear equation, a simplier version of Segal’s Theorem
[3, Corollary 1.2, p. 346] can be used to get the local (in fact global) exi-
stence of solutions. All that is required is that C?,: H(A,3)— H(A,3) has
locally bounded operator bound. This follows directly from Lemma 2.9 and
the hypotheses because
|2,2 + H G(" t)”l,'& +

a3,
|G 0) o} [ A%l -

As for the decay result, only the inequalities involving ||« (t)|| and
|u(t)|; are need. As usual, with ¢ =1,

=||A2(gG (-, tyw) |, < gC (|| G (-, 1)

lfws) fle +

t
(442) 1|u<t>||msnuo<t>nm+w[ Flt—s |y 6 (-
to

6 Gyl gl (5) 8 ) [5Gy ) g 0 o) 5 () 2 s,
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However the usual approach for the |w (t) |§ inequality is avoided in order
to get a better result. I'or if the standard approach was used then (using
the notation of section 1) the degree of the terms on the right hand side
of the inequalities for x(t) and y (t) would be a -+ f and o’/ -+ B’/ respecti-
vely where a« + 28 =1 and «’’ 4 28’/ = 2. This implies that o 4 =
=1/2 < 1 since a < 1 is some terms while o’ 4 =1+ a’//2>1 ne-
cessitating the ultimate use of part iii), ¢), 2) of Lemma 1.1. This in term
requires that both the coupling constant g and the Cauchy data xy+ 2,4,
are sufficiently small. The approach here will instead be directed to getting
the expouents o 4 g=a’+ f’=a’’ 4 /=1 thus by part iii), ¢) requi-
ring only that ¢ be small. To this end consider equation (4). A straight-
forward calculation gives

(44c) |u(t)|;<<2

auo<t)13+an2(gG<-,s)u<s»u ds
&

< 2w+ 9D (1160, sl 0o+

11 Gy 8) a8 158 | (8) [ @ (-, 8) fo ]| () [|o0 | o (8) [5°)dls.

Now for f€ W21 (B3N W2® (E?), 1<p<<oo,k=0,1,0r 2, | f|k, <
< | llr I £ 5" (I £]4%. A bound for all of the terms involving G (-, ¢)
in (44a) and (44¢) can now be obtained by using the continuity (hence lo-
cal boundedness) of || @ (-,?)||;,, and the |¢|~® decay rate as |t|— oo of
H G ('7 t) ”2,00 . Speciﬁcally ” a (’7 8) “2,1£ C; ” G ('7 8) “1,6/5 = 0(1 + I 8 l)_1/29
1609l < O[5 ), [ 6 (-, 5) b o= O(L+| 5 =2 and | € (-,9) |, <
S CQA |87, | G(9) << O+ [s])7?.

Thus using e =3/2 and y ()= sup |u(t’)| inequalities (44a)and
ty<t'<t € I(to)
(44c) reduce to

(45a) @ (t)<w,+ g O (w(t) + @ @)y () + @ (1) y (£)3)

t

sup (14| |)3/2f(1 [ — s 0 (L | 8 0 ds,
to<t'<t € I(t)
to

(45e) YO <29+ gD [ (1) + (0P y (H)5 + @ ()8 y (125)

to<t’<<te I(to)

sup f(l + | s])~? ds.
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Clearly the terms on the far right of expressions (45a) and (45¢) are boun-
ded and hence part iii), ¢) of Lemma 1.1 gives the global existence and
desired decay for || u(t)|l~ and |w(t)|; provided the coupling constant, g, is
sufficiently small.

The cited decay for ||ic(t) |« can be obtained as a consequence as fol-
fows. If 1 <Tq’ < 4/3,

t

. - /\
[ @) llo < || wo @) [loo + 9 U'fllFt—s. 1l (@7 — 1) A2(G (-, 8)u(s) || ds

1o

t

= [io O o9 0 [ 16— [ (@ oy o | 40 o+

.to

|Gy 8)lly, o og—t | @ B2+ 1] G (- y | (8) |13} ds

t
46) (L) g 0 [|¢— s[4 |s ] 4
to

(L | 8 |)-1s0a=olog+1l - (1 4 | 5 |—(34a’—Bsg"+1/2)) g,

Since all the exponents of 1 4 |s| in (46) are < — 1, the technical result
of Shenk and Thoe [9, Lemma 3.1] can be used to give the cited decay of

Il o (@) |[oo -

REMARK 1. This example is interesting from a technical viewpoint in
that it shows how the abstract theory of section 1 can be generalized in
several directions; specifically, i) the inclusion of a time-dependent factor
in (D,) and (D), ii) a linear combination of similar terms in (D,) and (D,)
and, iii) an alternative for (5) as an inequality for the escalated energy.

REMARK 2. As was pointed out previously, Theorem 2.10 is suitable
for treating the equation proposed for the weak interaction of the u field
with en external meson field (i.e. G (x,t) = (v(x,t))*? where v satisfies the
K — @ equation). Coupled interations of this sort can be treated by a va-

riant of this method. However perturbations of type 2‘ G"(w 1) 0x u -+ G*(x,t)u,

which are mathematical generalizations of the equatlon governing the inte-
raction of a meson field » with an external electromagnetic field, require
more severe damping in the G*’s than is suggested by the physical problem.
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It seems then that in these linear cases the damping of the time-dependent
required to make this method work is fairly stringent. On the other hand
when @ (x, t, w,uy , w;) = ¢ G (r)u other methods [10] (which can presumably
3
be generalized to treat g( 2 G*(x)0«u + G*(x) u))) are available for treating
=0
the asymptotics of the perturbed equation.
The scattering theory for equations of this type, in the abstract as well
as for the particular cases discussed in section 2, will be presented in a
sequel to this paper.

APPENDIX I. Proof of Lemma 1.1.
Consider the individual terms in the polynomials A;.

1 n
.

1 n
; I i % [T T45 OpalTy
gij @y (&) o wa(t) V= gii [y 717 [ ()]

al, . on . -
< i |—— @ (T o = @ (0T < gy (4
Tij Tij
n
where 2z (t) = 2 a;(t). Thus

t=1
0 < @i(t) < wio + 2 g5 2 ()Y,
j
and hence.

0<z(t) <<z + 3 3¢, 2(1)",
=1 J

n
where 2, = X wx; . Suppose, with no loss of generality, that each polyno-
=1

mial »; has no more than N terms (i.e. j << N).
i) If 7; < 1, then

0)\vi e e [ 2 (8) [
95 2 (&) = (W N )Y gy (%> =) g [%\TZ} |

< (1 — ) {(nN)" gij}(l_’ij)—l LT

nN
Thus
n e — no ¢
OSZ(t)Szo—i—ZZ(I——T”) {g,-j(nN)”f](l ”) ! +[2 2”]-}3(_) .
i=1j i=]j=1 nN

n
But, 7; <1 implies that 2 X 7; < aN and hence

i=1 j

n -1 n
0<<z(t)<<|{l—(mN)'3 X z;j] lzo + 23— wj)igy(nN) "'1'2(1—"7)] .
3 =1 j

=1
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Since z(t) = X x;(t), «; () = 0, the same bound as above obtains for
i=1

each x; (t).
ii) Choose 7 >> max }z;{. Let 6 = 0 be arbitrary.

o s =11 [ (2 () |Fl
gij 2 (8)Y = [(9 Y gij)(l il ] [(—9—) l

i T35 e ij
= (1= %) 0999 4 Hoea oy

Tus

) @} 2 (ty.

=145 T

0<<z( [zo + Z > ( %) Gk gij)(l—'ij/')_]l + 60— [ 2"

i=] j

Appealing to a result of Segal and Strauss [e. g 2, Lemma 3.7, p 437]
n J—
since 2 (t) = X «;(f) is continuous, v > 1, 2 (t) = 2 a; (t) < }.7 @y == 2, <L 2,

=1 =1

4+ 331 —2) (0% g5 90" for all 9= 0, #(t) is bounded on I if
. Jij y

=1 j

1

j sin(1— 745/ z A —z(r—1)" —(—1)—1
[zo-i-ZZ( )(gijgw)(l 0™ Hz 2 ]( n- 9 (z—1) 1<(1_1)—11 G Ve
i=fj j i=1 j

The last inequality can be achieved by using the remaining hypothesis,
ii), ¢). First, holding the g;; fixed, since 2z, can be made arbitrarily small
independent of 6, the left side of the inequality is 0 (99 wle—rip) ! ”"’—1)—1) as
6 —> 0. Thus the left side can be made sufficiently small by choosing z,
and 6 small provided that the exponent 7 (v — 7)™ — (v — 1)1 >0 for

all 4, j. This condition is identical to
(t—tg) (e — 1)yt — 1) — 1 (t1—735)] = (v — 1) (t—1)"1 2% (x5 —1) > 0,

which is clearly the case. If 2, is to remain fixed then the left side can
be made small by first choosing 6 large so that z, -~V is gmall and

then taking gi’s so that ¢, 0% is small.
iii) By repeating the calculations in i),

0z(t)|e, + = (1—my)lgy@nNyst | 4
3y 75<1

Ny Z mk  Z g)le+ 3 gye(t)

G <1 Lijrj=1 s>l
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If the g¢;; for those i associated with 7;; = 1 are chosen so that
2 g5 << 1/4, then the above implies

",j;rﬁ:l

0<"z(t)y<2z%(g95)+ = 2g¢;¢2 (t)"’i,
G5 >1
where

, oy (1—7g)—1
Z20(95) =2+ 2 (1 —w){gy4nh) i 0=
BJ5745<1
Repeating the argument of ii), the boundedness of 2z (f) on I is established if

1 7y5) (1—735 -1
[ ot (L =) gy (4ndyH )
45T <1

+.,2 ( - —’) (90"
i >1 T
[ 5 "_J] g—r—D"1 (1 — )=l = (=171
Biini>a T
which is possible by taking 2,(gi;) and 6 small or the g;’s associated with
7;; > 1 small and 6 large.

REMARK. Notice in the proof of iii) that if all 7;;<{1, the boundedness
of 2 (t) depends ouly on the smallness of g; for those ¢,j for which ;= 1.
(Compare with part i)

ApPENDIX II. Proof of Lemma 2.8.
First write (suppressing the s-dependence)

A2 (G (u) 8 w) = m?(G*(u) ru + GO (u) u) 4+ GF (u) 85 (Au) +26% (W) Vu-V (3 u)
4 du G¥ (u) gr (w) + (Pu)® G*" (w) 6 v + G (w) V u + 26 (W) V u-Vu
+ du G% (u) w4+ (Fw)? GV (u) d,

where @¥ and G*’ denote the first and second derivatives of G*. Each
term is now examined in order. The same constant, C, is used for inessen-
tially different numbers and the sum over k is understood in each term.

For Lemma 2.8 the appropriate estimates are as follows.

| G* () 8w w [lg < [| 6% () [lgy ggy1 || 5 % lo

= Cg || || =2 C=a0a a2 0=00oa || [120 | w [}
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AR ’ 7 7

by the estimates of leading to (23) and || 85w ||s << Const. || w |23 || 4% w ||}/
from Proposition 2.4 provided o* 6¢q (6 — ¢)~! = 2.

I &° ) u o<l u lle || G° (w) qu(z—qu
< g0 A2 i | |50 w0
as in (23) provided «°2¢ (2 —q)"1 = 2.
1 G (1) e () [l = | @ () [l s [ 65 ()
<90 || [+ u
as in (23) provided a* 2q (2 — q)~1 =2, using || g« (du) ||, << Const. || A% u ||,.

3
” Gk’ (’u) Vu-V (6,, u) ”q SJZ; H G* (u,) “2q(q-—-2)‘1 ” 6;‘% Hﬁ H 8; Or % ”3

< g0 || w12 oo [u [0 o [uly

as in (23) provided (a*—1)2¢(2— ¢)=1==2, using ||§;u|ls << Const. || A3 u ||}/ ||« |2/
and || 8;0x w [|; < Const. || A% w [ || w [,

170 @ () su = | Vo [y 1| 6 0 [ g 1| B0 [l
< g0 || u [[712 =0 | g 200k || [fo [ g
as above provided («* — 1)2¢ (2 — ¢)~1 = 2.

|7 @ () 8wy < || 70 o || 6% 0 llygqsgr 1|35 [l

3
SCgH 3 |8ul
=

2
|t g omsnioa | 4%

< Oy [ 4 || 4% u 35| |[eE-105=2 | o305 || A3 ],
as above provided (a*¥ — 2) 6¢q (6 — 5¢)~ = 2.
160 (u) du [l << || 6° () g p_g 2 || A [l

< Oy ” u Hgg—2 (2—q)/2q| u |§(2—q)/2q | % |3
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provided a®2¢ (2 — ¢)~1 = 2.
| G (u) V- Vu llo 1| 6 (w) ”3(1(3—20)“1 [la5e[lo I & w e
< g0 || || RO g [FORBT gy 1)) A% w |5 )| A%,
provided («® — 1)2¢ (3 — 2¢)~1 =2
| dw G () lly < [ Aw [y || G () ||y, g—50—1 | % Il2
< g0l [ ol [ |foa 72O oy [§OTON0
provided (a® — 1) 69 (6 — 5¢)~1 = 2.
| (u® @ () < [ (4 [y 160" (ur [y oy 1 [
< g0 |l 2 A% w 5 | =3 fo-s0]| 421

provided (o, — 2) 6¢q (6 — 5¢)~! = 2.

All that remains then is to check that if 6 (3a* — 1)—! ¢ << 6/5 then
all the above inequalities involving ¢ and o are satisfied. The fifth and
last are the worst and as such are the ones which defermines the con-
dition in the hypothesis of Lemma 2.8. Clearly the condition is not
satisfied unless ¢ << 6/5, and if this so, 6¢ (6 — 591 = 2 (aF — 2) is
equivalent to 6q (a* — 2)>=>2(6 — 5q) or ¢ = 6(3a* — 1)~1. The other
inequalities follow directly from from the condition ¢ = 6 (3a* — 1)-!
6¢(6 — g) =6 (3 — 2)~1> 2/u* ; 2q (2 — )1 =6 (3u — 4)~! > 2(ak —1)~1>
> 2/ak353q(3 — 2¢)1 =6 (3a* — 5)71 > 2 (af — 1)~

For part ii) all but the sixth, eighth, ninth and tenth are valid for
a¥*>2 and ¢ =2, and contribute to the first term in the inequality. For
those listed above the estimates can be made in a sightly different man-
ner to obtain the desired result

| (A G* ) Iy < [} (40 [y || 6% 1) [l [ 05 ¢ [

< g || [ ) i

1@ (u) du-dully=D || & (@)oo || 8 Iy | 0 Iy

< gD w7 ol |l
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|| A 6 () wly < || du [l || @ () [|g || #[|eo

< gD || b o 5w [l B o
since 6 (a® — 1) = 2. Finally

| (Aw)? GO () u [loo << || (Au)? [[g [| G (1) [lon || % [lon

a0—2

< gD |||y [l 0 [l | 2 oo
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