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SUMMABILITY FACTORS FOR GENERALIZED
ABSOLUTE RIESZ SUMMABILITY I

By Z. U. AEMAD

1.1. Let X a, be a given infinite series, and let 1, be a sequence of
positive, monotonically increasing numbers, diverging to infinity. We write

4,0)= 0= % a,

A;(t)=0, for t<<1,;
and for r > o,
t t
A= 3 t— ) a, = r/(t — 11 A; () dv=| (t— )" d4; ().

i<t
11 ;'l

Then Rj(t)= A} (t)/t" is called the Riesz mean of type A, and order r,
while Aj(¢) is called the Riesz sum of type A, and order ». We say that
3 a, i8 absolutely summable by this Riesz mean, or summable | R, 1, |,
r =0, if R;(t) is a function of bounded variation in (k, co) for some posi-
tive number h; or if

ﬂ%mwMM<mm%Mu

We say that 3 a, is summable |R,4,7|,,p =1, >0, rp’ > 1, and
p +1/p" =1, if
[~

h

d |
& 0| @t < o011

Pervenuto alla Redazione il 26 Febbraio 1970.



678 Z. U. AsMAD : Summability factors

where % is some positive number as before. Evidently, for p =1, |R,4, 7|, i8
the same as | R, 4,7 |.

1.2. Suppose that h is some positive number, and unless or otherwise
stated k is a positive integer. We suppose further that & (f) and ¥ (¢) are
functions with absolutely continuous (kX — 1) th derivatives in every interval
[k, W], and that & (t) is non-negative and non-decreasing function of ¢ for
t = h, tending to infinity with ¢.

Without any loss of generality we take @ (1,) =h=1,.

By By (t) we mean the Rieszian sum of type i, and order %k of the
series X a, 4,, and by E;(t) we mean the Rieszian sum of type P (1,) and
order % of the series X a, ¥ (1,) D (4,).

1.3. Introduetion. Concerning |R, i, k|=—>|R, @ (1), k|- summability
factors, when % is a positive integer, the following theorem is known.

THEOREM A [3]. If there is a function, y (t), deﬁhed and positive for t =1,
such that, for t =h,

i ryO=0(@),

(i) PO ()= 0 @ , for n=10,1,2,...,k;
t )

and
(iif) [y @ O™ (&) = O (D (D)}, for n =1,2,..,k;

and if the series 3 a, is summable | R, A, k|, then the series 3 ¥ (A,) ay, is
summable | R, D (1), % | .

This is a generalization of a number of previously known results (See [3],
[1], [2]). In particular, in the special cases in which (i) ¥ (t)=1,y () =t
(i) ®@)=¢e, P (t)=1t"% y(t)=1, it reduces respectively to the following
theorems.

THEOREM B [4]. If the series X a, is summable | R, 2, k| and
& B () = 0 (& (1),
for t=1,, then the series 3 ay is summabdle | R, D (A), k |.

THEOREM C [12]. If k =0, and the series X a, is summable | R, k|,
then the series X a, l;k is summabdle |R, 1, k|, where 1, = e,
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Recently Mazhar has extended these theorems (Theorems B and O) for
generalized absolute Riesz summability (defined in 1.1) in the form of

THEOREM D [8]. If, for p =1, and t > 1,,
) t* O® (t) = 0 (D (1)},
(ii) (P @)/t @M (O}r—1 = 0(1),

then any infinite series 5 a, which is summable | R, 4, k|, , is also summable
| Ry, @A) % |p-

THEOREM E [9]. If p=>1, and 3 a, is summable | R,1,%|,, then

1

— k4 —

+—
DI ?" s summable | R, 1, k|,, where l, = ¢ and 1/p + 1/p’ = 1.

The object of the present paper is to generalize Theorem A for gene-
ralized absolute Riesz summability so as to include Theorems D and E.

2.1. We establish the following theorem.

THEOREM. If there is a function, y (t), defined and positive for t =h,
such that, for t = h,

@ r@O=0@;

di) tP® (@)= 0 B?—;t)(‘_n] , for n=0,1,2, ..k;
(i)  [yOP D™ =0(D®), for n=1,2,...,k;
(iv)  [D@))y () PO} = 0(1),

and if the series X a, 1is summable | R, A, k|, , then the series = ¥ (1) a, s
summable | R, D (1), k|,.

2.2. The following lemmas will be required for the proof of our theorem.
LeMMA 1 [6]. For k> 0,
w1 (R (10)) = & By (10) = - (B, (1).
dw -1 dw

LEMMA 2 [5]. If k is & positive integer, then

1

d\k
Art)= 77 (%) A (@),
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LEMmMA 3 ([13), p. 89). If n is a positive integer and m == 0, then the
nth derivative of {f (@)™ is a sum of constant multiples of a finite number
of terms of the form:

(F @)= I (70 (@),

where 1 <<r<_n and o’8 are zeros or positive integers such that

n n
S oag=1r and 3 Sos=n.
8=1 8=1

If m is & positive integer, 1 << r << min (m,n).

2.3. PROOF OF THE THEOREM :
Under the hypothesis of the theorem we have by Lemma 1, for p > 1 (¥,

oo

(2.3.1) f =02+ | By_, (t) |7 dt << oo,
h

and we have to establish that

(2.3.2) w— (kr+1) l By (W) Ip dw < oo.
& (h)

By writing w = @ (t) in the above integral we find that the required
inequality can be written in the form of

©co

O (1)

(2.3.3) [ TOGT

| Br—y (D (t)) |? 4t < oo.
Now, we have

& (L
By (& () = f (® (t) — w1 A (u)
D

(*) For the case p =1, the theorem is known (Theorem A).
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t

- f (& (t) — @ ()1 dB (@ (u)

f(di(t) D (u))k—1 T(Lué(u)_dg (u)
M
J— [ (43 (t) PR ) (u))k—l w B (u) ]t —_—
u N
—fB(u) g (D (t) — ))"“IMMQQQ du
=—f di ? — O (u))k-1 T(u)usD @) du.

Applying Lemma 2 and integrating (¥ — 1)-times we get

k— k—1 .
By (B () = (,il) I;I[Bk_l (w) (%) {(q&(t)_@(u))k_l_{(ﬁ).;@]lﬁ

— 1) pA W o
+(§c _1;): f Bi (w) (d%) §(¢(t)— @y T EW |4

(=11

= &= 11 By, (1)

——(L)tg@ {(D(l) (t)}k—l +

t

(— 1)k d\k B o
+(’0—1)JB"'1 ) (%> g(@(t) — Q) ————d

o

— k—1
= T O— 50

7. Annali della Scuola Norm. Sup. - Pisa.
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682
Thus, by virtue of Minkowski’s inequality, it is sufficient to prove that
<15() (t)
(2.3.4) @) kp+1| g (1) |7 dt < oo,
A
and
[ o
(2.3.5) ] W | 82 (t) [p dt < Q.

1

PROOF OF (2.3.4). We have

)
[WMUI at

B0 (1)
(P (B)yrtt

<K f § 4 (t)qjdz(t” ()

<K f 1= G2 +0) | B,y (1) P db<< K (*),

p (t)tdi (®) }" (BW (£)*=12 | By, (t) |? dt

@) )P (r@\
} iy(t) ¢<l><t>} ( ¢ ) t= 20| Biy (9)Pdt

by hypotheses.

PROOF OF (2.3.5).
Since, by Leibnitz’s formula and Lemma 3

B (t,u) = (dd) %(@(t) @ (w) E’ﬁl&_d’(_“)

k |
= 2 (§) 0 Tl —j 4 et
=0

(g3) (@0 — @@= ¥ @ P @)

(*) Throughout K’s denote absolute constants, not necessarily the same at each

occurrence.
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koo d . I'k+1) .
= — 1) —(—i+1)
R e s 1y 7 i T MRS

< 0070 ) () (P (0 — @ (w1 ¥ (w)

L B . r'k+1
== —_ k—;
jfrf;sfo( 1 ]F(s+1)I'(r—s+1)F(j—r+1)><

o

< k=) GUi—) (u) P9 (u) (d%), (@) — P (w)—)

ko I'(k+1) s
- — 1)k =i+ 1)
R e A JTINEE | g

> @U=1) (w) T (u) (D (t) — B (w1 4

kE j r min(s, k—1) X
+ > 2 P lfj rem u—F=i+1) >¢
j=1 r=1 s=1 m=1

< B (u) W9 () (D () — D (w)k—1—m ,181 (D8 (u)™

=]
where o’s are zeros or positive integers, such that

8 8
2 oai=m; 2 oy =8,
i=1 =1
we have

Suy= 3 3 K, F, @) u—® & @)(B () — G W) 4

Jj=0 r=0
k j r min(s k—1)

+ 333 3 EjnomFyx

j=1 r=1 s=1 m=1

X u=+) (D (w))™ (D (t) — D (w)F—m—1,
where

7, () = 7 02U (@) wr WO ) gr () 2,,_ ,

P (w) (r ()t

Oﬁrgjgkl
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[y (w)} =" @U=1) (u) w—s ¥ =9 (u)

BM=""00 [r =+
y (w)\— ¢ [{7 (W)} PO (u))a:
( ) X D (u) ] ’

l<s<r<j<k and l<m<min(s, k—1),

are bounded functions in (4, , o), by hypotheses.
Therefore, in order to establish (2.3.5), by virtue of Minkowski’s ine-
quality we only need to show that, for 0 <<r <<j < ¥,

D (t)

|4
= — (&
| = Wdt’ka_l(u)Fi(u)u('l_l)x
M o

=< @ (u) (B (t) — D WP—1du| < oo,

and, for 1<<s<<r<j<Fk l<m<min(s, k—1),

1) (¢
/ 45@ ey dt‘ f B (u) Fy (u) =D <

A

X AD (u)j™ (D (t) — D (w)—m1du < oo,

Now, applying Holder’s inequality, we observe that, for 0 <<r<j<F,

> ¢
(1)
7= [ g ot ( [IBa | 0] w0 2@ )~ p-tan)’
A

A

o ( :
{d)t)]kztzl-l (f[Bkl(u, |2 | Fy (u)]|? X<

< u— 02 (D (w))k (PO (w)—(#=1) (D () — D (w))k—1 du) x

¢ ) -
X(i[(di(t) — @ (u))*—1 OO (u) du)
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D) (¢)
<Kf GopE® f | Biey (w) |2 u—to+) 5

D) \2 [y ® (u)\+-1
X(y W) o0 (u)) (u) ) (1 @(t)) du

< K | w=®+) | Bp_; (u) |? du D (u) f (1 —

i u

M)k—l D ()
o)) (D)

<K j ute+D) | By, () |# du

M
=K,

by hypotheses.
Again, applying Holder’s inequality, we find that for 1<<s<<r<<j<Fk
and 1 <<m < min (s, k¥ — 1),

oW (¢
2<f(d>(t) o1 (P (@)F1r dt (lek—l (w) | <

X | Fy (u) | @ (u) u—k+1) {(15 (w) gm

()

(0] (u) k—m—1 »
- 6@7‘ "’“)

oo t
P (¢
< W)ﬁdt(fl&—l(u)lpllf’z(uﬂpx
ll }.1

< u=+0P (D ()2 (DO (w))i—2 %1 — (g—(('t‘))}k_m_l du) =

mp

(s el

h

S

M 1

o t
@
Kf(__?_(l dt fu—<"1’+1) | B (w) [ | Fy (w)[# ><
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k—m—1

D (u)
D (t)

D (u) ;"_’ {7 (w)
)

—1
> 7 ) DO (u " } D (u) %1 —

r . Bayp-m pw ()
SKJM, (kp+D) | By (w) |? dufgl —_ di(t)t Q(u)(QS(t))2 dt

u

<K / W=D | By () |2 du

<K,

by hypotheses. This completes the proof of (2.3.5.).

Thus the proof of our theorem is completed.

In fine I would like to express my sincerest thanks to Professor T.
Pati, for his encouragement and advice. I am also thankful to University
Grants Commission for their financial support under which this work
was carried out at the Department of Post-Graudate Studies and Research
in Mathematics, University of Jablapur, Jabalpur.
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