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GLOBAIL LINEAR GOURSAT PROBLEMS
FOR FUNCTIONS OF GEVREY-LEDNEV TYPE

JAN PERSSON

1. Introduction.

The purpose of this paper is to prove two theorems for global Goursat
problems, Theorem 1 in section 4 covers equations with variable coefficients.
It generalizes the theorem in [7]. Theorem 2 in section 5 is restricted to
equations with constant coefficients. It covers both the first part of theorem 1
in [4] and theorem 1 in [6]. The proofs depend on a unification of the
exponential majorization, used in [6], with a generalization to the classes
7 (B, 8,d) in [6] of the characterization of entire functions in [7]. The reader
is referred to [7] for further details of the background of the problem. We
shall also give some comments in section 6 below.

In section 2 we introduce the necessary notation and give some defini-
tions. The lemmas used in the proofs of the theorems in section 4 and 5
are stated and proved in section 3.

2. Preliminaries.

Let &= (., bny Tyrgyyoee, &) = (&', 2"') € RY < R, where 1<

< n’ << n. A multi-index with non-negative components is denoted by a

Greek letter « = (a, , ..., a). We define Dy = (Dz ;.. Da,) = (8/0, ..., /82n)

and we write Dy = DJt...D*. We also write 2*=wat..2", |a|=a +
1 n

F it |e|=|2 |+ .+ 2], ! =0a,!.. 0. We define a < 6 <—>

<—>a;j<dj, 1<<j<<n, and (2) =0!(a! (0 —a)!)"! when a<<d. Let

d€ R*. We define ad =a,d, + ..+ ayd,. We shall also use variables

Pervenuto alla Redazione 1'8 Gennaio 1969.
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(y,2)e B* < R", ye R*, x € R". For these variables we use the natural exten-
sion of the definititions above.

DEFINITION 1. The real-valued function p (t), t =0, is continuously dif-
ferentiable. If it satisfies the following conditions

21 0<<p ) <log(t+4)
(2.2) ol<p )< t+ 471,
(2.3) p (t) tends monotonically to 4 co when t — - oo,,

(2.4) p’ (t) tends monotonically to zero when t — -+ oo,
and
(2.5) p @)/t and p(p(t)/t are decreasing,

then p is said to belong to the class I.
We note that ( p(t)/t)’= p’(t)/t— p(t)/t>. The mean value theorem says that

P (¢) = p(0) + tp’ (6t), some 6, 0 <O < 1.
It now follows from (2.1) and (2.4) that
(p ()5 = p’ (1)t — p’ (Bt)/t — p (0)/t2 < 0.
Thus p (¢)/t is decreasing. Then it follows from this, (2.1) and (2.3) that
P(p @)t =p(p@)/p )< p @)t

is decreasing. Therefore (2.5) is a consequence of (2.1), (2.3) and (2.4). It
has been incorporated in the definition of P because it will be convenient
in the following. It also follows from (2.1)-(2.4) that p€ P—>kp (p (t)) € P,
for some % > 0.

DEFINITION 2. The function g (y, x) i8 complex-valued and defined in R+,
0 € R" and B € R* are multi-indices, and d € R*, d; =0, 1 <<j << n. The deriva-
tives D, Dy, y << B, all & exist and are continuous together with g itself. If
to every compact set K c R*t™ there exists a constant C > 0 and a function
p € P such that

(2.6) | D} D}y Ds g (y, 2) | < C(éd/p (Ed)}*—Y, (y, ) € K,
ad +|y|<|B|+0d, y<<B, all §
then g is said to belong to the function class y(8,d,d). Here 0—1 =1 in (2.6).
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Lemma 3 in [7] and the computing after definition 1 above shows that
definition 2 is identical with the definition of y(f,d,d) in [6], since we may
as well use the factor (£d/p (£d))*¢ in (2.6).

The function g€y (8, d,d). We write

g = 0 (y* x%).
if
D:jg(y,x)=0, yi=0, 0<k<B, Jj=1,..,8
and :
Dig(y, ) =0, 2,=0, 0<k<d, j=1,.,n.

3. The fundamental lemmas.

We are now going to prove the lemmas that will be used in the proofs
in sections 4 and 5.

LEMMA 1. The vector d€R* and d; =1, 1 <<j<<n. Then it follows that
there exists a constant ¢ > 0 independent of & and d such that

(3.0) > ( f) Ed—50H1 (& —p) A)E—A=1 5 @d=1 < ¢, all &,

v

PrRoOOF. The left member in (3.0) is equal to 1 when £ = 0. Since
Ed>|&|, £ 0, we see that the left member of (3.0) is always majorized by

A=23 (f)‘fl‘lfi‘f‘lIf_yllf-—vl—ll,‘,llvl—].

<&
But according to the proof of lemma 1 in [5] there exists a constant
¢ > 0 such that
A<e aldé

Thus lemma 1 is proved.

LEMMA 2. The function u(y,x) is defined in all R* < R", € R* and
6=(8;y.0e y0n,0,...,0)€ R" are multi-indices, and d€ R*, dj=1, 1 <<j<<n’,
dj>1, 1 <<j<<n. The function u and all its derivatives mentioned below are
continuous and u = 0 (y# £%). To every r > 0 there exists a p € P. The constant
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k=2 is chosen so great that

gty =tefp(p(t) =1, t =1,
and (g (1)1 is increasing t > 1.
We define

p(t)=eFp(p(t).
Let

M={t; ar/p(t) =1, a = ¢?).

The constant K > 1 i8 chosen such that

(3.1) (t/p ()" (K + t/p (&)~ exp (art/p (1) <1, 1<<t<<1-+48, 1<<s<<|B|+]d].
and
(3.2)  [K4(@+a)/pt+s)"(t+s/pt+s)explarp@)<1, teM,

0<s<|f|+]8]
The following inequality is satisfied

(3.3) | D D Dju(y,x)| < (¢d/p (£d))ta—1 exp (K + &d/p (Ed) a (| y| + | =)

ly|+|x|<r, allé
The multi-indices y € R*, and o€ R™ satisfy

y<8 |B—y +|d|—ad=¢=0.
Define t by
t=0, bd—e'<1, and t=1¢d—¢, td—e =>1.

Then it follows that

(3.4) | DDy Dsu(y,x) | <(tlp@)"exp(E+tp@)a|y|+]|x]),
[y|+|a|<r, all &

REMARK. It follows from (2.5) and the choice of k that the right member
of (3.4) is an increasing function of &d. This turns out to be an essential point
in the proof in section 4.

If (3.3) is true with some K, it is always possible to choose a greater K
that satisfies (3.1) and (3.2) without violating (3.3). This we shall do several
times in the following when we adjust k upwards, although the adjustment of
K is not always stated explicitly.
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PROOF. The proof is a modification of the proof of the lemma in [6].
It is based on the simple principle of exponential majorization. For a given
k>0, we get

t
(3.5) ‘ fe"'"ds‘, =kl (bt — ) < k1 ek, —oo<<t< + oo,
' 0

It is obvious that there exist multi indices u, u << 4, and % such that
Eta=n+40—pn
Note that u << § implies u;=0, n’ < j << n. It also follows that ud = |u|.
We denote integration from the origin by negative powers of D, and D,.
Remembering that ¥ = O (yf 2°) we get
A=|DiD,Diu|=|D;y* " D;* DiDEDsu|.
It follows from (3.3) and repeated application of (3.5) that
A < (nd/p (nd)r+! < a=l==lul (K + qd/p(nd))~16=r—lul
> exp (K + nd/p (nd)] a (| y|+|z]).
Now we have with || +|f|—ad — |y|=¢>0 and |f—y |+ |u| =23
nd = é&d — ¢’ + s.
If 8= 0 and &d — ¢’ <1 then nd < 1 4 s and

A <exp(Ha(|y|+|z])

because of (3.1).
If 8 = 0 then
nd = &d — ¢’

If pd = 0 then A << exp(Ka(|y| 4+ |=]|)).

If 7 5= 0 then d = &d — &¢’> 1 because of d; =>1,1<<j << n. So (3.4)
is proved in the case &d — & < 1.

Let t =£&d — ¢’= 1. Then nd = ¢ 4 s. So we get

A< K'[t/p &))" exp (K +tlp @) a(|y| + |2|).
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Here we have defined K’ by
K’ = (¢/p @)~ (¢ 4 s)/p (¢t + s)t+—1 (K 4 (¢ + 8)/p (¢ + 8))~* X<

> a=* exp (¢ + 8)/p (t + 8) — t/p (t)) ar).

If we can prove that K' < 1, then we are through. Now (2.1), (2.3) and
t > 1 implies

@/p Ot + 8)/p (¢ + 9! < (14 s/ty—1 < et

It follows from (2.1) and (2.3) that

t+9pt+s —tpt)y<s/p@.

Because of (3.2) we now conclude that

B= (K4 (t+ 8/p(t+ 8)~*(t+ 8)/p(t + s)rewir) < 1, t € M,

and
B < ¢, t¢ M.

It is now clear that
K <e®a*=1.

The lemma is proved.
Next we prove a modification of lemma 2 in [7].

LEMMA 3. The function p belong to P. The number e is restricted by
0 < e<< 47, The number k is the same constant as the k in the hypothesis
of lemma 2, with the additional condition that

E>1 4 [p(p)?.
The function g, (t), 0 <<t << n — 271, 18 defined by
(3.6) gn(t) = [p(p )P [p(p(n —t— e)Pt——1
> [ekp (t)]-tH(m—t —g), n >0, neR.
It follows that

(3.7) lim ¢, (0) = 0, and lim sup g, (t) = 0.

n - oo n - oo 1sSt<n—2-1
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It follows that there exist a constant C > 1 such that
(3.8) e kitdg (h<<C, t=0,1<t<n—2", n >0, neR

REMARK. Note that e—*1+# ¢, (¢) in (3.8) is a decreasing function of &
for every n and t.

PrROOF. We look at
gn(0) = [p(p )P~ [p(p (0 — e)]"—~L ek p (0) (n — &)~
The mean value theorem says that for some 6, 0 < 6 < 1,
P(p ) =p(p®—e) + ep’(p(n — 66)) p’(n — 6e),

So we now see that

p(@M)/p(p(n—e) <1+ ep’(p(n—0¢) p’(n — 0e) [p(p(n — &)
It follows from (2.1) and (2.2) that for n great

pp)p(pn —e)) <1+ en~!1 <1 4 0l

Now we have

[P (]7 (n))/p(p (n — 8))]"—1—3 <e,
and
In (0) e [P (17 (n))]e ka 0) (n — o).

It follows from (2.1) that g, (0) tends to zero when n tends to infinity.
Now ¢t is restricted to 1 <<t <<n — 2—1. The function f, () is defined as

Ju(t) = log g, (t) = (n — 1) log p(p (n)) —
—nm—t—e—1)logp(p(n —t—¢)—k(t—1)—

— (@t —1)logp(t) —elog(n — t — &)
We differentiate f,, .

(B3.9)  fa) =1logp(p(n —t —¢) +
+ n—t—e—1)[p(p(n —t—e)] ' p'(p(n—t —e)p’(n —t —e) —

— b —logp(t) — (¢t — 1) p’(t)/p (&) + e (0 — ¢t — ).
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The goal is to determine the maximun point of f, and then estimate the
value of ¢, (t) in this point. All the reasoning in the following is based on

the assumption that n is great.
If t = 2-1n, it follows from (2.2) and (2.3) that

Su) < logp(p(n) — k + [p(p (0)]* — logp(2~'n) 4 1.
1t follows from (2.1), (2.3) and the choice of k that
fa(t) <O, t>2"1n.
It is also noted that

Sa(ly=logp(p(n —1 — &) — k — log p (1)

But that means that
Sa(l)y> 0.

The maximum point of f, will be found in
(3.10) 1<t 27 1m,
From now on we denote the maximum point of f, by ¢. We define
a,=m—t—e—1)[p(pr—t—e)t X p(p(n—t—¢e)p'(n—1t—e)

a, = (t — 1) p’(¢)/p (t),

ag =¢t(n —t — g,
1t follows from f,(f) = 0 and (3.9) that
(3.11) logp(pn —t —¢) =logp(t) + a, — a, — ag + k.
The mean value theorem says that for some 6, 0 < 0 < 1,
3.12)  logp(p(n) =1logp(p(n —1t —¢) +

+t+p(p—00t+) <Xp'(p(r—0(+e))p'(n—0(t+e)=

= logp(p(n—t—¢) + b
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Here b is defined as
b=0+e[ppr—0¢+ e p(p(n—0(&Fe)p'n— 6+ ).
A look at (2.1)(2.4) shows that
(313) b<(t+e[ppn—t— e p(pn—t—e)pn—t—e).
From (3.11) and (3.12) it follows that
logp(pn)) =1logp(t) + ag — «; — ag 4+ k 4 b.
It follows from the properties of p, and from 1 < ¢t < 2~ '« that
(3.14) 0<a <1, 0<a; <1, a,=>0, 0<b=<1.
Thus we estimate log p (t) by
logp(t) <log(p(pm) +1+1—Fk<logp(p).
L
But p (f) and log? are increasing and we get
(3.15) t < pn).
Nov (2.1) gives
(3.16) t < log(4 + n)
We may also estimate log p (¢) by
10g1;(t) =logp(p@) —k—[pO) — 1
From this we conclude that
(3.17) N — 00 ==>p () —> oco.
The maximum point is inserted in ¢, . Since

p(p(n —t —e¢) =p(t) exp(a, — a, — ag + k),
and since

p(p(m) =p()exp(ay —a —ag+ b+ k),
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it now follows that |
9n(t) < [p (¢) exp (a,— ay— ag+ &k + b)]*~1 [p (t) exp (ag— ay—ay+ k)] ~"—t=+—1)
X [p @] e=H=D (n — ¢ — g)=*.
We rewrite this as
gn(t) < [e*p @)t (n —t — &)t exp((n — 1) b + (t 4- &) (ag — a;, — ay)).
We now use (2.1), (2.2), (2.3), and (3.13) and get
B=b(n —1)+(t+¢)(ag—a,)<<[(n—1)(t+ &) — (n—t—e=1)(t+-¢)|a, (n—t—2—1)"14
+E+o—1pO)pO) <+ a(n—1t —e—1)"1 4 t/p(t)
It follows from (3.15) and ¢ << 2—!n that
(t46) [p (p (n—t—20)]~) p’(p (n—t—sg)) p’(N—t—2) < [p (p (2-'n—e)]' < 1.
Thus we have proved that
) BS144p0<1+(pE logn )

We now msee that
1

gn(t) < 6 (6% log (n == )]+t n=e 2=¢ 3¢ (n < 4)2T0,
It follows fron. (4.17) that

lim gn (t) - 0.
fi = @8

8o (3.7) is proved, It follows from (4.7) and the contlnulty that (8.8) is true

too, The lemma is proved.
Lemma 3 in [7] {8 restated as lemma 4 in a somewhat modified form.

LEMMA 4, Let f(& d) > 0 be a continuous function in &€ R, & > 0,
1<j<n with a fived A€ R d; > 0,1, y0 If

dd— 4 00 =>f(§ d) = + 00,
then §t follows that there ewists a p € P auch that
péa) < f(§ d) all &
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PRrROOF. Let
g(8) = inff(& d), éd=s.

1t follows that ¢ (8) — - co when 8 — 4 oco.

Since d;j > 0 it also follows that &d > ¢|&|, for some ¢ > 0.

So if f(§ d) > 1, éd = L, then we have f(§, d)=>1,|&| = ¢! L. Since
J is continuous it follows from f (&, d) > 0 that for some ¢ > 0

S(&d) = [é| << e ! L.

Thus we have proved that ¢ (0) > 0.

It is then easy to construct a piecewise linear strictly increasing con-
tinuous function g,(s) such that g,(0) > 0, g,(8) < ¢ (8), g,(8) — -+ oo when
8 — -+ co, and such that the derivative exists except in at most integer
points. Then we use the proof of lemma 3 in [7]. Lemma 4 is proved.

LEMMA 5. The function u(y, x) is defined in all R*>< R",f¢€ R* and
0=1(8,,..,0u,0,..,0) € R* are multi-indices, d€ R*,0 <d;<<1,1 <j<n/,
d;=0,1<j<n The function v and all its derivatives mentioned below are
continuous and

u = 0 (yf x%).
In connection with » =1 there erist a p€ P and constants k, and K. Let
p=e¢"*p(p).

Let

M={t;ar/p(t)=1,a =¢.

The following conditions are satisfied

(3.18) pyp(t),t=0.
(3.19) (L4 (¢4 8)/pt+ ) (K + (¢4 8)/p (¢ + ) Texp(ar/p (1) <1,
teM, 0 <<s<<|B|+|d]
(3.20) (L4 t/p@O (K4 t/p@) *exp(@t/pt)<1,0<t<s,
l<s<|B|+]0]
(3.21) | Di D) Dzu(y,@)| < (1 + &d/p Ed)f exp (K + &d/p (Ed) a(|y| +|e))

vl + ol <rals
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The multi-indices y € R*, and o € R" satisfy
(3.22) y<pflB—r|+@—a)d=¢=0.
The variable t is now defined by
(3.23) t=0,¢6d —e’ <0,t=1¢%d—¢,8d—e =>0.
Then it follows that
(3.24) | DiDyDiu(y,@)|<<(1+t/p@)exp(E+t/pt)aly|+|2|)
ly| 4 |2| << all & with t defined in (3.23).
REMARK. It follows from (2.1) that for some t,

py<tt=t,.
If we choose k=1 such that

e~ p (p (L) <p(0)
then it follows that

eFp(p)<p(), t=0.

Therefore it is always possible to choose k such that (3.18) is true. Since M
i8 a bounded set it is also possible to choose K such that (3.19) and (3.20)
are true.

PROOF OF LEMMA 5. Choose 5 and u such that 4 < 6, & +a=9n— u -4 0.
We note that 0 <<d; <1, 1<<j <, and pj=0,n" <j<<1pud<|pul
Just as in the proof of lemma 2 we get

A=|DiDyDiu|=|D;%" D;* DS Dyu|,
and

A <1+ nd/p@yd)™ (a(K + 5d/p (nd)~b=r-1u >
> exp (K + nd/p(nd)a(y |+ |z]).
Let | —y |+ |u|=2s. 1t follows from (3.22) that

pd=*E&—¢ +pud—|pu|+s<éd—e +s
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So :
Ed—ed < 0=>8F0=—>8=>1,
and

bd — ¢ < 0 =>nd <s.

It follows from (3.20) that (3.24) is true when &d — ¢’ << 0. Now we look
at the case t = &d — ¢’ = 0. Then we have nd << t 4 s, and

A< K (L4tip@)exp(E+t/ptia(y +|z)
Here K’ is defined by
K’ = (14 (t 4+ 8)/p (¢ 4 a)+ (L t/p (O (K + (¢ + 8)/p(t 4+ 8) @)~* <
< exp((t+ aypt+8—tp@aly|+|z)).
Here we have used (2.5) and yd< t4s in the form yd/p (yd)< (¢ +

+ 8)/p (t + ), and algo the fact that the left member of (3.19) is inereasing
in 8 for a = 0. We look at

g (t) = [(1 + (¢t + 8)/p (t + (1 + t/p O)F.
We get

g ()< [(1 + (4 syp ()L + ¢/ O = (L +8/L + t/p (O
If » > 1 and t¢ M then p (t) = 1. Then it follows that
gy (1 4 sjty < e
Thus we get just as in the proof of lemma 2 that
K <e®*a =1

Let t€ M. We look at

(U4 (4 o/p o) A+ 4p O <

<@PO+t+apO+ot=0+st+pO)<1+s=<e

it follows from (3.19) that in this case

K <eta?=¢e¢e*"<1.

The lemma is proved.

12 Annali della Scuvla Norm Sup. - FPisa.
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4. Operators with variable coefficients.
We start by stating the theorem.

THEOREM 1. The integer n’ is vestricted by 1 <<n’<<n. Let d¢R",
dj=],lgj§n',dj21,1gjgn.

The multi-indices B€ R*, 0 € R*, y*€ R*, ak € R* , 1 << k << N. They are
restricted by

41) =00 <j<n,*<p,atd4|y|<|0|+|f|, 1<k<N.

The functions f(y, ®), ax (y, ), 1 < k << N, belong to y (0,0, d). To every
r > 0, there exist a p€ P and a C, =0 such that

(4.2) | D; f (v, @) | < ©, (&d/p (Ea)**Y,  |y|+ || <7, allg
and
(4.3) | Di ax (y, %) | < €, (Ed/p Q) |y| 42| <7 allé,1<k<N.

The functions ay are further restricted by

(4.4) afd 4 |y*|=|B|+|8|=>ar depends on y only,
and
(4.5) S|a(y)| < 1,y€R®, the sum taken over k with

abd A | p¥|=[B|+|6]
It follows that the Goursat problem
(4.6) DEDiu=Sa, Dl DS utf,u= 0@
has one and only one solution u in y (B, 4, d).

ProoOF. We shall prove the theorem by successive approximations. We
define the sequence (uq):;"=0 by letting u® = 0 and
k
(4.7) DE D} uwt = 3a, D)) De +hHutt=0@fa%, ¢=0,1,...

It follows from (4.5) and the continuity that for a fixed r there exists
a A, 4 <1, such that

Zlaly)| <4, ly| <,
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The sum is taken over k with a*d 4 |y*| = ||+ |0|. Let C be the
constant in (3.8) and ¢ the constant in lemma 1. If in (4.2) and (4.3)

0, > (1 — 1)/8 NCe,
then we make a coordinate transformation
Y=ty l<j<s oj=1t%,1<j<nt>1.
The new coefficients are of the form
ak (v, @’) = titi=1p—d0=a ¢, (y, @), 1<k<N.

It is obvious that (4.5) is true for the new coefficients too in the com-
pact set D in the primed space that corresponds to |y |- |#|< r in the
original coordinates.

We also get

Sy, &) = t-I8-l f (g, @)

We differentiate and get
DE a) (y', a’) = tir¥i—ipl—di—ab)—d Dt gk (¢, z) ,
(®,y)e D, all § 1< k< N.

It follws from (4.3) that with s = |8 —y |+ |d| —aFd

| DY ay (v, a') | < €, 7% @d/p )", (v,2)€D, 1<k<N.
With 8 = |B|+ || we get

| D f @y ') | < Ot (Eafp ()T, (@) € D.
There exists an ¢ 0 << ¢ < 4~! such that
atd4 || <|B|+|8|=>|p—y|+|0|—atd=e, 1<k<N.

It follows from this that we may choose ¢ so great that with ;= (1 — 4)/8¢NC

(4.2) | DY £/ (v, ') | << € ¢ (gafp (2d)f*, (¥, a’)€ D,
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and

(4.3) | Dy ax (v, 2') | < €t~ (Edjp )™, (9, 2") € D,
abd [y [ <|Bl+ 0], 1<k<N.
Since D is compact there is always a new » such that
(W, @) eD=>|y |+ || <

We shall prove that (u?):° converges in D. It will follow from the proof
that we may assume that (4.2)" and (4.3)’ are true when (y’,2’)€ D is sub-
stituted by |y’ | 4 |#’ | <<, with the new », Maybe the inequalities are false
outside D, but we only use the result inside D, which corresponds to
|y|+ |x|<r, with the original ». Since we do not use (4.3) for those k
with a*d 4 | ¥ |=|B|+ ||, we may delete the primes in (4.2)" and (4.3)
and assume that (4.2)" and (4.3)" are true with ¢t =1, D given by the new
r, and C;, = (1 — 1)/8 N¢C. This we will do in the following.

We now assert that with a, K, and } chosen as in the hypothesis of
lemma 2

(4.8) | D; D Dz u (y, @) | < (Ed/p (2d)f%~ exp (K + £d/p (éd) a (| y |+ | 2 |),
ly|+|x|<r all §§ ¢=0,1,...

We see that (4.8) is true for ¢ = 0. We shall prove that if (4.8) is true,
then it is also true when ¢ is substituted by ¢ +4 1.
Let

t=0,éd—|f—p*|—|0|F+a*d<lyandt=4¢d — | — y¥| —| 8| + o d,
dd —|f—y*¥|—|0|+atd=>1.

It follows from (4.8) and lemma 2 that

(4.9) | D& D1 D2 | < (¢/ 7 ()~ o KHEOalvI+Hia),
ly|+]e|<r, 1<k<N.

If t = ¢d then a; depends on y only and a, is a term in the sum in
(4.5). We get

A=|DDEDwt < 3 |ax|| D% DY DS wd|+
|8—7¥|+18| —aka=0
& ¥ ek g &
+ b | D (ax D} D3 w9 |+ | Dif).

|8—7*|+18|—aka>0
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Let
e=min(|f— | +oatd—|8],47), |f—r|+a*d—[8]|>0, 1<k<N.

It is obvious that ¢ > 0.
If for those k with |3 —y*| 4 a¥d —|d| > 0 we redefine ¢ in (4.9) by

t=0, d—e<<l, and t=1¢d —e, ¢d—e>1,

then (4.9) is still true because of our choice of p.

Now we shall use this, (4.5) with 3 |a:|<<4 <1, (4.2) and (4.3). We
remember that exp (K 4 t/p(t)a(y| <+ |«|) is an increasing function in ¢.
Further it is not smaller that 1. We get

A < (A(&d/p DY+ +

tayz (i)«f —3) @/p((E —») A== — &) (rd— )= 4
Wier 8

+ N Og b . (i )«e b V) d/p «E -_— ‘V) d))fe_,)a_] +

va—e<
+ ©, (Ed/p (Ed)F-1) exp (K + &d/p Ed)a(y |+ |2 |).

Now we may as well assume that k is chosen so great that

(4.10) etp(p)<plt), t=0.

If § =0 then we have

2
A<@A+ O, N+ 0.)exv(Ka(|w|+Iyl))smexp(xa(lw|+|y1)).

It £ 3= 0 we rewrite the inequality

411) A< @d/pEDy—i(+ O, N = (f ) (€ — v) AYE—4=1 (yd — =1 =
1293 .

rd—e21

X (A1 (p (& — ») )~ ¢+ (p (vd—g))—rd+et! <

> (p ((d)F4—1 (vd — 8)=¢ -+ C, N = (i)@ — y)E—rid—1 ¢

|v| =1
rd—s<1
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> (A [ p (8 — ») @)-Ea+1(p (Ed))Fi=1 4
+ €, (N 4 1) (p (£d)/p (dyi") exp (K + &dfp (d) a(|y | + |z ])

We look at
B= = (

[r]=1
vd—e<Ll1

3

14

) (& — ») AE=1=1 (E=341 p (§ — ») D=E—H1 5 p (Edft-1,

If we let (¢ —»)d =t, and »d = s, then &d =1t -} 5. Let

gy =[p @O+ [e*p(p(t -+ s)It1.

If we can prove that g () << C with C from lemma 3, then we use lemma 3,
lemma 1, (4.10), and C; << (1 — 1)/8NCc on (4.11). We get

A< 271 (A 4 1) [Ed/p (Ed)Ei—1 exp (K 4 &d/p () a(|y |+ |2 ]),

ly|+e|<r allé
So we look at g (¢). Let f(t) =1log g (t).

fO=—(@—N)logpt)—k(t+s—1)+(t+s—1)logp(p(+s3).
Then we obtain
Jrty=—logp(t)— (¢t —1)-p" ([ p @O —k+logp(p(t+s)+
+t+s—1[p(pt+a)]p (pt+8)p ¢+ s).
We choose k great. Then it follows from (2.1)-(2.4) that
S ()< — log p (t)/log p(p (t + 8)
Since ¢t >log(4+t+8)=p(t-+s), t great, it follows that f’(t)<<O0, ¢
great, 0 <<s<C|d|, uniformly in s. So g(t) is bounded. We may as well

assume that ¢ (t) << 0, C from lemma 3. By that we have proved (4.8).
Now we assert that

(4.12) | D5 D5 D) (u! — u' ™) | <
1 A - _ —
g(’"sz_)q (d/p (&))" exp (K + &d/p (Ed) a(|y | + | = ])

ly|+|x|<r, all q,q=1,2,...
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We have just proved that (4.12) is true for ¢= 1. We shall prove that
if (4.12) is true for ¢, then it is also true if ¢ is substituted by ¢ -+ 1.
We substitute ¢ by u? — u2—! in the computation above letting f =0 and
using (4.12). Then it is immediately seen that (4.12) is true for all ¢. Since
2-1(1 4+ 1)< 1, it follows from (4.12) and lemma 2 that all derivatives
D; D} Dz wiyad + |y |<|B| + |8, y < B, converges uniformly when |y |+
+ |#|<<r. It also follows from (4.8) and lemma 2 that the limit function u
with a new O satisfies

| DE D} Dsu| < Ce™(Cdfp £y, |y|+ <y, <05
ad + |y |<<|B|+ 8] all &

This happens in the new coordinate system. We go back to our original
space and our original 7.

With the same ¢ > 1 as was used in the definition of the transforma.
tion we now get

| DED; Dau| < 0 €% t(tCEdjp ()", |y|+|a|<<r, y<<B, ad+|y|<|B|+ o

It follows from above, from 1_)_ (éd)/tC — + oo, when d& — -+ co, and
from lemma 4 that u €y (g, J,d). The existence of a solution is proved.

Let v be the difference between two solutions of (4 6) in y (8, 4, d). For
the r we have just considered there are always a p, € P and a 0, > 0 such that

(4.13) | D} Df Div|< €, (£d/p, (Ed)*" " <
> exp (K + &dfp, ¢d)a(y| + |2, |y|+]e|<r, all &

But then (4.13) is true in the transformed system with new K,p,, C,, and r.
This is said with the same reservation as before. Maybe the inequality is
false outside the compact set D, that corresponds to |y|-+4|x|<r in the
original system. If the new p, bappens to violate (2.1) or (2.2), then it is
only divided by a suitable constant. So we assume that (4.13) is true with
p, € P. If now

(4.14) P () =e*p(p ), t=0

with the p used in (4.2) and (4.3), then we choose (, minimal in (4.13),
where p, has been substituted by e—* p (p (¢)). With K adjusted to e—*p (p (t)
a computution as that which lead to the proof of (4.12), leads to a contra-
diction if C, &= 0. Then the uniqueness is proved in that case.



406 JAN PurssoN: Global linear Gousart problems

If (4.f4) is not true, then we proceed in the following way. It follows
from (2.1), (2.3), and (2.5) that there exists a #; such that

p(pO)p (1), t=t,.
If k> 1 is great then

ko—l pl(ko—l pl (to)) Spl (0)'
We then see that

(4.15) kst p, (k7 p, (1) < p, (B), t=0.

‘We now choose k, such that (4.15) is true, Then we choose p’ € P such that
P () < min (&5 ' pi (t), p (0).

Then we use p’ as our new p. The uniqueness proof can now be completed

just as in the first case. The proof of the theorem is finished.

5. Operators with constant coefficients.

We now treat the special case of constant coefficients. We have ab-
stained from formulating the theorem for the more general case when the
coefficients depend on y only.

THEOREM 2. The integer n’ is restricted by 1 <<n’<<n. Let de R*. It
has the following property

(5.1) 0<dj<1, 1<j<nw, dj=0, 1<j<n
The multi-indices B€ R*, 6 € R", y*€ B*, o*¥€ R*", 1 <<k << N, are restricted by
(5.2) 05 =0, n <j<mn, k< B, l1<k<N,

|B—7* [+ (6 —ohd=0, 1<k=<N.

The function f(y,x) belongs to y(0,0,d). So to every r > 0 there exists a
p € P and a constant C; = 0 such that

(5.3) | DS f (y, ) | < O, (£d/p (Ed))?, ly| 4o
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The constants ay € C, 1 <<k << N. They are restricted by
(8.4) X|ax|=24<1, the sum taken over k with |f — y*| 4 d4a*)d = 0.
It follows that the Goursat problem
s yk ok . B4
(5.5) D’;Dxu=2akDy D; u + f, u=0(y" x"),
has one and only one solution in y (B, 6, d).
PrOOF. We choose new coordinates by
yj = ty;, 1<j<s, x) =Y, 1<j<n, t>1.
By analogy from the proof of theorem 4 we choose ¢t so big that (5.3) in
the new coordinate system has €, < (1 —1)/8 and X |a:|<<(1 — 1)/8, the

sum taken over k with |8 — y*| 4 (8 — a*)d > 0. We define the sequence
(w9 a8 in (4.7). We assert that with p (t)=e=*p (p (t))

(5.6) | Dz Dy Dy ut (0,) | < (14 &d/p (§d)%* exp (K + £d/p (Gd) a (| + |2 ),
ly|+lz|<r all§  ¢=01,2.,

in the new system. Since «® = 0, (5.6) is true for ¢ = 0. If it is true for a
certain q, we get from above and from lemma 5, noting especially (3.18), that

| D 1)5 DSyt (x,y) | <
= 2-1(1 4 1) (1 + &d/p (Ed) exp (K + &d/p (Ed) a(|yi + |2 ]),
ly|+|z|<r, all &

So (5.6) is true for all ¢. Then we prove the analogue of (4.12) just as in
section 4. By that we have proved that a solution w exists, and that in
the transformed system u satisfies (5.6).

Since p(éd)/(1 4 p(£d)/éd)—> + oo when ¢d — -+ oo it follows from lemma
4 and lemma 5 that there exist a p, € P and constants O, and O, such that

| D; D} Dz w|< O, (dfp, 5)* < G, |y|+|2|<r y <8,

|B—7|+ (@ —a)d=0, all &
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We may adjust p, such that

| D D} Dy u | < C, (Ed/p, ()", all &.

In the original system this corresponds to
| D D) Diw(y, @) | < €, *T 1 eqrp, (ga)f®  an &

From lemma 4 it then follows that €y (8, §, d), since only those coordinates
with d; > 0 are involved in the rigth member.

Let v be the difference between two solutions in y (8, 4, d). If v in the
transformed system satisfies

(8.7) | DiD)Div|<< O(1+ &d/p (¢d)exp (K + &d/p Ed)ally |+ | o)),
ly|+ x| <<r, all g

with C chosen minimal, then we get a contradiction if C==0, just as in
section 4. If we must choose some p, € P, p, (t)gl—w(t), and insert p, instead
of _1; in (5.7) for this inequality to be true, then we operate just as in the
corresponding case in section 4. Thus the solution is unique in y (8,4, d).
Theorem 2 is proved.

6. Comments.

The proof of the theorem shows that (4.5) in the hypothesis of the
theorem can be weakened. We shall prove below that it is sufficient to re-
quire that to every given compact set D c R**" there exists a linear coor-
dinate transformation of the type

w) =1t% w;, 1<j<n, b =(by y.ue, bn) € R™,
y; =1t7y;, 1<j<s, c=1(0,,.,C)ER, t>0,

such that the inequality in (4.5) is true in the compact set D’ in the pri-
med space that corresponds to D. Indeed, if

| D% f(y, o) | < C, (Ea/p (£4)/*7, (4, %) €D, all &,
then

6.1) | Dy S, )| << 0, P gayp )T, (v, @) € DY, all &
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Since d;j=1, 1 <<j < n, it is clear that for fixed ¢ and b
tebléa=1) p (¢d) — + oo, when éd — + oo.
According to lemma 4 there must exist a p’ € P such that
p’ (Ed) < a1 p (&d), all &
From this and from (6.1) it follows that for some C’ > 0
| Dif! (v, @) | < O (Bdjp’ €)',  (¥,a)eD’, all &

The same applies to the coeffieients a;. The proof then shows that a solu-
tion » exists in D’. There is a p’ € P and a C’ > 0 such that

| Di Dy Dy u(y’, o) | < 07 Edfp’ Gd)*™",  (¢/,a)e D,
y<<B, |7|+ad<|f|+]|8] all &
It follows from (6.1) that

| D D} Diu(y, o) | < C, "¢ o (gdfp’ €)™,  (y,x)¢€ D.

Since

&d — 4 oo =—> inf tire ab+80)/(kd—1) p/ (£d) —> 4 o0,
r<spf lri+eds|p|+8

lemma 4 says that there exist a p € P and a constant O such that
| Dz D Diu(y, )| < O(Eafpd)*™,  (z)eD.

The solution u then belongs to y (8, d, d) since D is arbitrary. We have here
tacitly used compact sets defined by

el |t en|aa| ey |+ Fealy<r, >0 1<j<n,
ej > 0, 1<j<n.

This is obviously enough. See the definition of y (B, 4, d).

The uniqueness goes along the same lines. We start with the difference
v between two solutions in y (8, d, d). The estimates of v in D gives estimates
of v in D’. These estimates in their turn give estimates in the transform
of D’ used in the proof in section 4. It follows that v must be zero.
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Even this weakened from of (4.5) is not a necessary condition although

it is essential for our method of proof. The counterexample in G;rding [1],
p. 152, note 1, due to Gyunther [2], also applies to entire functions.

One could also give some conditions equivalent to (4.5) that appears to
be weaker. Let the inequality in (4.5) be true when the sum is taken only
over those k, y* =f, afd=|46|, a"j=0, n’ < j<<n Then we use the
transformation

y;=tyi’ 1<j<s,
x; = tu;, 1<<j<n,
x; = wj, V<j<n.

For ¢ great enough (4.5) is true in the new coordinates.

For a still apparently weaker condition see the remark in G;rding [1],
p. 152 below, due to J. Leray.

The functions in y (8, 4, d), used in theorem 1 can be extended to func-
tions in R? < C™ < R*"', which are entire functions of the variables
(@ y ooy @) €C™, since we have d; = 1,1 << j << n’. So letting s = 0 and
n=mn’ we see that the hypothesis of the theorem in [7] is that of the theo-
rem in section 4, except that (4.5) is not explicitly satisfied. The proof in
[7] shows however that this is the case. Thus the result of this paper
generalizes the theorem in [7].

Theorem 2 is apparently stronger than theorem 1 in [6]. The argument
with transformations in the proof in section 5 shows howewer that 1 <1
used in theorem 1 in [6] is equivalent to (4.5). In the same way we may
allow 0 << d; <<1 for some j, 1 < j<<n’, and dj= 0 for some j, n’ < j<<n.
This is not included in theorem 2 in [6], but the proof in [6] covers this
case too with proper notation. The transformations described above for
theorem 1 do not apply to theorem 2 when some d; = 0. So the reader
is warned on this point. We abstain from going into details how things
could be adjusted.

In the following we let 8 = 0 in theorem 2. Then we see that part of
theorem 1 in [4] is included in theorem 2. Now we let d = 0 in theorem 2.
We see that if (5.4) is true then (5.5) has a unique solution in y (0, 4, 0),
without any restrictions on aF .

With our definition of y (0,4, 0) this class is defined as those functions
the derivatives of which are uniformly bounded on every compact set. So
for n=1, e*€y(0,0,0) but e*¢y(0,0,0). We define

7(0)=97(0v6’d)v d; >0, 1<j<n
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If to (5.5) there is a vector b,b; > 0,1 < j << n, ba* < bf, 1 <<k < N, then
it is proved in [4] that (5.5) has a unique solution u €y (0) if £ €y (0). This
is corollary 1 of the first part of theorem 1 in [4]. So it also follows from
theorem 2. The class y (0) is the class of entire functions of order one.

We now discuss the necessity of some conditions in the%em 1 and
theorem 2. Let s =0 and let 3, > o, 1<k << N, in (6.5). If (5.5) has a
solution » €y (0,9,d), 0 < dy < I, | < j < n, for every fey (0,0,48), then
it follows from the second part of theorem 1 in [4] that

(6.2) ok d < 44, 1<k<N.

It is proved by a counterexample. If (6.2) is not true, then there exists
an f€y(0,0,d), such that the formal solution does not correspond to a
function in y (0, 6, d). So the last part of (5.2) cannot be deleted without
violating the conclusion of theorem 2. For more general theorems of this
kind, when 8§=0, n’ =1, and d=(1,..,1), see [3]. The result in {3] is
concerned with local Cauchy problems. It can however be easily extended
to eover global Cauchy problems for entire funetions.
~ The example

Du=1 @)+ 1), 1(0)=0, u+1=expff<z)dt>,
0

where f is an arbitrary entire function, shows that we cannot let d; <1,
some j, 1 < j << n’, in theorem 1.

It is shown by a counterexample in [7] that theorem 1 is false if (4.4
is excluded from the hypothesis of the theorem.

We now restate a part of theorem 1 as a theorem for a Cauchy pro-
blem for entire functions, since it brings out the essence of theorem 1 in
a simple form.

THEOREM 3. The multi-indices 8 = (6,,0,..,0)€ R*, and oF€ R",
1<k< N, are restricted by

ok 5= 4, |ak| < 9, 1<k<N.
The entire functions f, ar,1 << k << N, are restricted by
|k | == 8 => ax 18 a constant.
It follows that the Cauchy problem
DPu = 3 a D* u + f, u = 0 («°).

has one and only one entire solution.
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Here (4.5) in theorem 1 is easily achieved by the transformation
x; = e, ,
¥y = wj, 2<j<sm

it ¢t is chosen great enough.

It seems likely that the results of this paper could be extended to sy-
stems using a spectral matrix defined by analogy from this concept defined
in [1] and [5]. We have, however, not done this.
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