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SOME NON-HOMOGENEOUS SYMBOLS
AND ASSOCIATED
PSEUDO-DIFFERENTIAL OPERATORS

S. ZAIDMAN

1. Introduection.

In connection with a recent paper by Kohn and Nirenberg [1] we con-
sider here a class of symbols @ (x, £) not necessarily homogeneous with respect
to the &-variable and its associated pseudo-differential operators. Estimates
of the norm of a pseudo-differential operator modulo lower order operators
through the numbers max lim |a(x,&)| and lim max |a(x, &)| are

zeR® |&] —>o0 |§] o0 weRM
obtained, following ideas of [1] and of a preliminary version of it.

A main technical tool is a partition of the unity constructed in [2], for
similar (but there different) purposes.

2. Notation and Definitions.

We start by defining the space & consisting of 0~ complex valued func-
tions u (x), # = (@, ... #,), defined in R", which, together with all their deriva-
tives die down faster than any power of | # | at infinity. The Fourier transform

;(§)=(2n)—”/2fe—i”'§u(w) dx of w(x)€S is, as a function of & ==(&,.. &)

again in . Here we denote x.& = 3 x;&;, do = dw, ... dx, , d§ = d§, ... d&,.
j=1
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548 S. ZAmMAN : Some non-homogeneous symbols

Denote by &’ the dual of <5, the space of temperate distributions in R».
The Fourier transform is defined on &’ too and maps &’ onto itself. For
any real numbr s we define the norm || ||; by

(2.1) [ w2 _—_f(l + | EPP uE)Pas,  wed

and denote by H, the Hilbert space obtained by the completion of J in
this norm.
We make use of the familiar notation

- 3 6 a a a, a ~a L
DJ.=—V—16—xj,D=(D1...Dn),D =D .. D &=L,

~——

for o = (a, ... &y) @ multiindex with the a; integers = 0. Then Deu=¢gu
and, by Parseval’s theorem, if s is a non-negative integer, then

Cluli< = || DoulP <O |ulf,

la|=<s
where C, ¢’ are positive constants, Here | || denotes the L? norm and
|[w] =] u]|, (by Parseval). A linear operator L from & into ¢’ is said to

have order », or to be of order r, if for each real s there exists a constant
C;, such that || Lu ||, << C;|| % ||str, for u€O.

Following a notation in [1], if @ (£) is a given function of & we shall
denote by & (D) the operation of multiplying the Fourier transform of a
function by @ (§) and then applying the inverse Fourier transformation.

3. Pseudo-Differential Operators of Order Zero.

Let a(x, &) be a complex-valued function defined for all x and & 4= 0.
Assume that a(w, £) has a limit a (co, &) as @ — oo for each & &= 0, and that
o’ (#,&) = a(x, ) — a(co, &), as a function of z, defines a temperate distri-
bution for any & == 0. About the Fourier transform o (z, &), & == 0 of
a (x, &) — a (o0, £), we suppose it to be a function of 5 such that

M |87 (1, &) | < K (n), &= 0,m € R

(ii) |‘;’\;("7’§)"’;’(777T)I£k(77)15_Tl(lél+|Tl)_17§71:i20y



and associated pseudo-differential operators 549

where k() is a measurable function such that
2
(14 [nP)?2 kel for p=1,2,...

About the function a (oo, &) we assume that it is bounded in R» — {0}
and that

(i) |a(00, &) —aloo,n) [ < C[&—n[(&]+ 9]

Finally we suppose that, for ¥ € R* and & == 0, the formula
(iv) a (x, &) = a (oo, &) + (2n)—"/2f ¢ g’ (n, &) dy holds.

It follows from the representation (iv) that every symbol a (», &) is in-
definitely differentiable with respect to x and we have with constants C, that

(3.2) | D*a(@,&)| < C,,£=£0,x¢€R".

REMARK 1. Let a (%, &) be a complex-valued function, defined for x € R*
and £ <=0, such that D? Bg a (v, £) exists for each multi-index « and for each
multi-index g with |f|<< 1.

Suppose a (x,t&) = a (x, &) for ¢t > 0, a(co, &)= lim a(x, &) exist for

@] — o0
§==0 and a(co, &) € O (Ry — |o)).
Let us suppose also

|1+ |2 [F)? Dg 68 (a (w, &) —a (00, &) | << Cpap, for x€R™, [E]=1,[|<1.

(that is a (v, &) is a homogeneous symbol in Kohn-Nirenberg’s sense [1]).
It can be proved that such a symbol is also a symbol in our sense;
(see for the proof our forthcoming paper [4].

REMARK 2. Let us give a non-trivial example of a non-homogeneous
(in our sense) symbol.
&), 18l=1
Put a(x, &) = a (x) f(&), when «(x)€S and f(§) =
> 1.

1, |é&|
ElE )Y

It can be proved (see [5]) that | /(&) — f(n) | << C|&—n|(
then the other conditions are easily verified.
Define an operator a (v, D) = A associated to « (x, §) and mapping J in
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&', by the formula

\ N - N
(3.3)  a(z, D)u(®) = a (oo, &) u(E) + (2a—"2 | a/(& — 9,8) % (n) dogy wE S5

the Fourier transform of @ (x, D) u is taken in &’ . But the right hand side
is, for u €S, bounded by

sup a (0o, &) | (8) | +cfk(§—n)|7a(n)ldn,
&0
an integrable function of & So we can take the classical inverse Fourier
transform and get a (x, D)%, a bounded continuous function of x € K™, for
each w€d.

We see also easily that for « €, the useful formula

S—
(3.4) (2m)—"/2 /e""”'f a (z, &) u (x) de = a (%, D) u (§) holds.

Using the definition (3.3) we shall give first a proof for
THEOREM 1. A has order zero.

Proof. Since obviously the operator a (co, D) maps H; boundedly into
H, we shall only consider the remaining term in (3.3). We have to estimate
the L2norm of

(2~ (1 | & P2 ]5’ E—m & uly) dy =

2\8/2 ~ ~
e () T e —n o o+ nprima

in terms of the I2norm of (1 -4 |7 %2 % (z).
This is done easily, as in [1], applying the elementary inequality (Min
kowski)
1

(3.5) ( f ( f|f<w,y> | dw)2 d3/>21£ f ( / \f @, 9) dy)z aw,

together with the simple one (Peetre)
Is] Is]

(3.6) A4 EPP <22 (L4 g+ |E—nP?

which is found in [1] and [6] pag. 39 and the property (i) from the Defini-
tion of a symbol.
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4. The main estimate (I).

From (3.2) with « = 0, it follows that a symbol a (w, &) is bounded for
z€ R*, & 5= 0. Denote

4.1) lim max | @ (2, &) | == K. Then
HECE .

THEOREM 2. For any & > 0 there is a constant C, such that
(4.2) [ Aully< (K +&)[Jully+ Ceflull _1,ued

2
holds.

Proof. Some Lemmas will be involved in the proof.
Consider the function ¢ (§)=0for |&|<<1,=1for || =2=|&]|—1

1
for 1 <<|&|<C2; for real ¢t > 0 consider the operator qo(—t— D) defined on
J by;

(4.3) @ (3- 1)) w(E)=g (_Et—) w(&).
We have

LEMMA 4.1. Suppose that for any &> 0 there exists t. >0 and C,> 0
such that

@) eWit)atD)uly <K+ o) ul+ llu]_,ued.

2

Then Theorem 2 follows.
‘We have in fact for ¢ >0

(4.5) a(w,l))u:qo(tg)a(w,l))u—l— (1—-<p<—tll>>a(w,1))u, uUES

&

This gives, by use of (4.4)

(46) o@Dyl = (K + o fuly+ €|y + ” (1_.99(%)) a(z, D)u

|0.

Remark now that

(4.7) H (1 — g (tﬂ)) a(x, D)u

2

0
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_i i E 2 Te—,
f(1+|£l2) 2(1+|EI2)2(1—<P<t—)>la(-”,D)u @ at =

1 1 TTe— 1
f(1+|5|2)2 A+ &P 2la@ D) u@Pds<(14 422 |a@D)ul?
£1<, e
1
<c(l4402 | ul? 1,
(by Th. 1); then, from (4.6), (4.7), we deduce :

1 1
4.8)  la(@ D)yulo<<(E+e)flullo+ (Co—4 e (L 48N [[u]_1,

e

hence the lemma.
A main tool in the following proof is a certain partition of the unity
in the £-space which was constructed in [2] for similar purposes.
Precisely, it is a sequence {y,(£)}  of indefinitely differentiable func-
tions with compact support in R;, such that

(&) va () =0, 3 yo(§)=1,E€ R".
a=0
For o« >0 all y, are null in a fixcd neighborhood of the origin.
3 - TE] T Y
(b) If 0=—2~Vnand & n € supp vy, , then | [[&| —V|y|| < C

and |&§ —q|=<2CV[E| 4 C*

> o\x |é—mn] . 1
(c) ({lw(&)—w(n)l)zswnst- A E— g [ <G lnl.

VInl

We have, for real s and € (and also for u € H))

4.9) || =f(1 + &P ( .go y? (&) |u (&) |2 ds =

%f‘“r L6 w2 (&) | 0@ g =

~

X

co \
Z [lw, (D)ulf?, where v (D) u (&) = yu (£) % (&)
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Hence, for any ¢t >0 and u€d

2

wu (D) @ (% D)a(w, D)u

(4.10) H P (g) a(z, D) u :

(==} .

a=( 0

Take ¢, such that supp v, C {&;]&]| <<t,).
We may have: supp vy, C{£;|&|<t,] for other values of «; in that

case

4.11) ¢ (tﬂ) Yo (D) =10 if t =1, (beca,use @ (—";—) P, (E)=0, &€ R") .

We deduce, from (4.10) that

=

w€dand t =t

2
v D)y (F) ot D)

K

(4.12) “qy( ) (@, D) u

the sum 3’ being taken over those « such that supp y. N {&;|&| >t} &= D.
Moreover we remark that

418 @ o(P)aw D=0 (F) e Dy +o ()@ aw D)

where, as usual
[¥a (D), @ (%, D)] = ya (D) a (2, D) — a (x, D) ya (D),
the commutator of two operators v, (D) and a (x, D).

1
Hence from the relation (¢ 4 b)® << a?(1 -+ 6% + b2(1 + 6_2) , which is
true for any é > 0, we obtain, from (4.13)
<1+ 0%

(D)m, ) a (D) :+

(4.14) ’ va(D) g (—1}) a (@, D)u

(1+5)

From (4.12) we get, for any 6 >0

0

(D)[wa(D )y @ (z, D)]u ,uEd Md>0.

2
<<

(4.15) H @ (—?) a(x, D)u (2)

D
va(D)g (§)ate, D)

0
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a+5 3| g (7)o D) v

(1+52)2H ( )lpa(D), (z, D)) w z,chS,tzto.

An estimation of the second term in the right hand side, a result similar
to one in [2], is given here in

LeMMA 4.2. We have for t =1, a constant Cy, such that

(4.16) % “ P @) [¥a (D), a (x, D) u

2 2
=0y llul ues,
0 1
)
Remark first that for w€J the Fourier transform I, (&) of the function
@ (-g) [Wa (D), a (x, D)l w is given by

(417) L) = @0 @ (/1) 0" (€ — 1, 8) [ya (&) — wa ()] W () dn

Consider now an arbitrary sequence (W,(£)>_ , of functions W, (¢)e L?,
oa 2

such that 3 || W, || < oo. We shall estimate the expression (where (, ), is
a=i 0

the L, scalar product)

@18) 3 (I.(8), W. (&)= > (2n) ‘"/2ff (—i—) a’ (& —m, &)

a=0 a=0

(Wa (&) — wa () Wa (&) u(y) dy dE.
We have:

(4.19) 3 (L@, W E)| <

a=0

1 1
o 2 /oo 2
ﬂ ( ) 5‘"(£0'”’“(5’_w“(")|2) (501n’a@)l?)zlu(n)ldnds.

Remember property (c¢) of the partition of the unity 1 = ; y? (), that is
i a=0
’ & —n]
| Wa (&) — wa (n) l°) =c¢
& Ei

. 1
if [ —q]< 7|’7|
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1
In (4.19) we may consider |&|=t=t,. When |§—n|<?|n|, it follows
Kl
2

2
—|Z—|2t0—|n|,ln{2?to;then, for | & —q| < , we have

1

L 2
a2 (2 @ —voP) =00 +]e—np

1 1
2 4

a+|qp

1
On the other hand, if |$——n|>—2—|n|, we obtain 14 |&—y|>

2%(14—117[) hence 2(1 +[&—n[)(1+[n|)'=1 and

ae

@21) 3 @ —pamf=23 G1EFvio)—d=

1

<8I+ [E—nNU+ |9 0A+[E—4)2@+|gp) <.

Hence for any |&|=t=>t,

-1
4

w 1
(4.22) Zva@—=wal) P= O E=n )0+ [0)

We get now, from (4 19)

[ee)

(4.23) |2 (La(&), Wa(é)

a=0

1
2

SCtoff¢(§/t)k(§—ﬂ)(1+|5—77|2) .

o0

A2 5 |0 =< (201 Wa@)lz)?dwn-

a==!

We apply the simple inequality
w2 | [[Ee—nr@owardy| <) K lul sl gl

taking

1
)

1 - ~
EQW=k@@+[2P2, f=0+[q9 *|ul]

7. Annali della Scuola Norm. Sup. - Pisa.
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1
2

g(gr)z(%o | W (§)|2> and obtain, as 0 <@ <1

a=0

(4.25) Ta (&), Wai8)),

a=0

<ol s(Z W, ||2)_-
This implies the estimate
(4.26) 2 ||I||<0t0||u||iL,VuECS
=0 2
that is (4.16).

From (4.15) we deduce that for any 6 > 0, the relation

# (7)) v D)

(1+62)0,01|uu 1, =t

2

14652 -+

0

(4.27) H @ (?) a(x, D) u jg

holds, for u€d, t =>1,, the sum 3’ being taken over that « for which

supp. vo N {&5 [ &] > 4} == P
We prove now the main step in the Theorem 2, namely the

LEMMA 4.3. For any ¢ > 0 there is a constaut C > 0 and t, >1t,, such
that for we€d the estimate

(4.28) “ @ (?) a(x, D)y, (D)u

0s(K-!-ﬁ) | wa (D) llg 4 O wa (D) w||_ 1

is verified, for o such that supp w.N{&;|&| =t} P.

In fact, as K= lim max |a(,§)|, it follows that, &’ > 0 being gi-

|E]|—>0c0 Rn
ven, there is t; .- such that |a(x,&)|<< K 4+ & for |&|>t,, , 2 € R*. More-
3Vn, 2CY[E] + €2

over, for O = <& for|f|=ty .

2 | &] .
Let t«=max (¢, 1, , {2, «), and let us estimate the expression
“ ( )a (2, D) w, (D) u H that is by (3.4), (remarking that for u €J, y. (D)ued),

the L2 norm of

L@ =9 (t£> (2) 72 f e a (@, 8) ya (D) uda.

&
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Take &, €supp ya, | & | =t-, otherwise arbitrary; we examine hence forth
the case when supp wa N (&5 |&| =1t} F+ D.
Write now

L&) = (E/t,) (2m)"02 / e (a (@, ) — a (2, &) v (D) u do +

4 (t_é:_) (27)—"/2 fe—ix-f a (@, &) yo (D)ude =1, 4 L., .

By Plancherel we get, as

n

I I, I = (27‘)— z [g—i"'g a (@, &) wa (D) u dr

(4.29) | Ta3 |2 = @ @, &) wa (D) u |2 =

f (@, £)[2| yu (D) (@) P do < (K + ¢ || yu (D) u |2

SO
(4.30) | Tay2llg << (K 4 &) || ya(D)u|,, as |& | =1t > t1,¢ .

To estimate the L,norm of I, ; (§) we write it again in the form

@31) I, (&) = @ (&/ts) (@ (00, &) — a (0o, &) v (&) u (£) 4

n

(22)" 7 f @ (E/t0) (@7 (& — 1, ) — @/ (& — ny £2) v () % () Ay =
Supp wg

I, 5(8) + I, 4(8).
We have I, 3(§) =0 for [ I3 | < - or £¢supp vy, and

i§—£a|

Smhﬁ(f)”“(f)l

] Ia,3(§) ‘

for |&|=t, and &€supp y,
In this last case, we have
& — & |<< 20V |& | + 0%
hence, for any ¢
(4.32) | L&) < ¢ |wa(®]]| @]
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which gives

(4.33) | La,sllo << & || wa (D) u o -

Consider now the term I, ,(£); we have the obvious estimate

(4.34) | I, (&) ] <

£

éqﬂ(fj)(?n)_; f (& —n) | E—&a| (| &4 & ) wa )] |2 (n) | dy

supp ¢4

Denote by S, the sphere (&;|&— & [<<2(20)T g, T + 0.
Then, we have

(4.35) I, 4(&)=0 for | &| <t
and
20V | &, c? ~
(4.36) | T, 4(8)| << (2n)™™2 2 jk(E-—n)lwa (n) | ‘El; |+ | w(y)|dny
Supp ywqy ¢
gz‘?“(n)’?e'fk@—mwa(mII«T(mldm for £ € 8. .
SUppy o

Consider finally the case &£¢S,. Then, first of all, using 4) of n. 3 in (4.31),
we get

(4.37) lIa,4<é>ls<2n>“?2fk(s—mlwa(n)ll%(mldn-

Supp wq

Now, for |& — &, |=(2CV[&, ]+ 0».2 and 7ye€suppw, we have as is
easily seen ;

£, ESUDD Ya , NESUPD Ya, | & — &u| =220V | Ea| 4 CP).
Then

Vigl< [VTnl— V&l | +VT& < ¢+ V&
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(by b) pag. 6). Then I [ &a | g |§ £ — —g; consequently

c 1
Vl’?l-7 —6|§—§a|-
On the other part

¢ —&l<|é=n|+|n—tl<[E—n[+20)|[n]+ C°

and henceforth
— C 1 1 — C —_— C 1
Vinl<5 +glé—nl+5VInl+ 0 VTal=0+ 5 +5516—n]

which gives

2 1 1
— (14 |&—n)?.

4.38 1< — ——
(+39) T T

The estimate is done for « == 0, as we supposed :
supp w, € (63 & | ¢}, t-=1¢, and supp . N{§;[é[ =t} D.

Then, for a fixed constant ¢ independent of o, vy () =0 for || < 4.
Then, from (4.38), for £¢ 8, and # € supp y., we obtain

1

1
(4.39) 1<const. (1 4|7 *(14|e—y)2.

Hence, for £¢ 8,, we obtain, using (4.37) and (4.39)

1
2

1 -
(4.40) | I, 4(&) |<00f(1-l-|§—n|2 E—=A+]nP) *|wa(n)||u(n)|dy.

Supp ¥q

From (4.35), (4.36), (4.40) we obtain « easily » (when suppy, N {£;|&]|=
>t} D):

I, 4|, < C¢ D)u O, || we (D) u
(4.41) | La. 4]l e ||y (D)u o+ 1| wa (D) ”_%

C and C, being absolute constants.
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From (4.30), (4.33), (4.41) we get, for these «

(4.42) [ Zallo < (K + 2¢'+ 0-¢) [ wa (D)l + C || ya (D) ]| _ 1,
2

uw€d, C,C, being absolute constants.
Hence, ¢ >> 0 being given, we found ¢, such that

| (tp) 4 @, D) yo (D)

&

=IH+E+ OO [ vaD)ullo+ Ol ve D)uf|_1,

2
for € and « such that

Supp wa N {£; | &=t} 3= .

Take &> 0, and choose & =

we have (4.28) verified.

E
H f M t e
510’ or supp y, N §’I§|2H—0 += @

We continue now the proof of Theorem 2. From (4.27) and Lemma 4.3

we have, given ¢>> 0, for any J > 0, after an easy passage using (4.16),
for t=1t.>1,

|| qo(%)w(x,l))u

= (1463
0

D
v () ato D) v D)

2
+ sl w|? +
0 ~3

where 3 is taken for « such that supp y, N {£;|&]|=1¢) & P. Let us se-
parate 3’ in X} 4} X3, where 3| is taken for a such that

SUPp o N { &5 || =t} P
and 2} for o such that

supp . © (65 [ €| << t.) and supp y.N{&; |&] =t} = O.
So

2

7 (Z)eeme]]

&

=146 23

2
0

o (L) a@m o+

1+ 6 2

D 2 2
?’(t )a’(w’D)‘/’a(D)u 0+ Cﬁ,io”““__l’
& 2
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Applying Lemma 4.3 to the sum 3; we get,

2
=0+ ) S (Ko ya(D)ully+ Ol wa(D)ul| 4)?

2

(2} e

+ 0483 o () o Dyye e + ouaul? .

Then, for the terms in X; we have

D D
‘p(‘t")a(w’D)wa(D)“= Wa(D)(P(t

&

) a (z, Du-+t
D D
'J," @ (7:) [“ ({17, D), y}a (D)] U= @ (T) [a/ (.’D’ D)} Yo (D)] u’
and (by 4.16)

|

2 2
=T
0 %

2

D
# (1) 0@ D), v @]

so we get (4.43)

2

=1+ 62)%0‘0((1(—{- &)l wa (D) ully+ Ol wa(D)u|_1)?

0 2

(4.43) H @ (tB) a (z, D) u
Falult ., for ued.
2

1
As 2ab<é&a® + ?bz for any ¢, > 0, we obtain from (4.43)
0

2 oo
way | q)(tﬂ)a(x, Djull < (1489 3 (14 ) (K + 02| va (D) [ +

&

1 1 2
A+ 1+ ) lva@ul’ 1 +({1+ 5) Gl 1=
& 7 0 T2

2

(0 et ol + (02 @40 (14 )+ (14 ) @l
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As I'a® F b><a b for a, b >0, we obtain

(4.45) ” t;o(t2> o (@, D)u |og<K+s><1 + 8) (1 eg) [[w]lo + Cs.eorto ]l 0]

= [(K + &) + (0 + & + &0) (K + &)l [ w[lo + Cs,e0, 0|0 [|_1 » €S
2

For (6 -+ ¢, + £,0) K <, 6 -+ & -+ ¢,6 <1, hence for d and ¢, sufficiently
small we have

(1.46) 9 (Djt) a (@, Dyuly < (K +39) | u |}y + Cu [|u]|_1
2
or
A1) oDt ale, D)uly=(E+ e v+ Coaollul s, ued.
2

Hence, by Lemma 4.1, Theorem 2 is proved.

5. The main estimate (II).

We give here a certain extension of Theorem 2.

Let £ (&) be a O non negative function which equals one for |&|>1
and vanishes for | &|<C1/2. Set

(5.1) Lo (&) =C(&)]&]°, o real

and denote the corresponding operator by {, (D). Let a(x, &) be a symbol
and

(5.2) A, =4 (D)a(x, D).

Then

THEOREM 3. Denote K= lim max |a(z, & |. Then, for s real and
|&] >o00 wxeR"
any & > 0 there is a constant C. , such that

(5.3) [ Aot lsmo < (K +&)ffulls+ O] _1,wed.
2

We first note that A, differs from (1 4 |D |2)?a(a:, D) by an operator
of order ¢ — 1. This follows from Theorem 1 and
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LEMMA 5.1. For any vreal s and w€ QOH3 the estimate
8

(5.4 1120 (D) — (1 4 | DRl o = o] fegas

holds.
o—1

It is enough to see that for |&| =1, ||| — 1+ |&[32 |<c1+|E]) 2 .

To obtain this inequality we take F(t)=(t 4 | ¢ [%? and apply the mean
value theorem between ¢=0 and ¢{=1 together with some elementary
remarks.

4
2

Hence it suffices to consider the operator (1 4 | D |>)2 a (%, D). Since

A+ |DP2 a@ D)ulso=]|a@ D)ul;, for ued,

it is enough to consider the case ¢ = 0.
We have now

LEMMA 5.2. For any real s and w€ 5, the estimate
(5.5) I{a @, D), (1 + | DPyFPlufly < el
holds where

[a (@ D), 14| D P = a(@ D) (1 + | DB — (1 +| D PPk a (e, D).

We have the elementary inequality : for 0 << 6 <1

s—1

2

|s—1]

s—1
A+|n+0¢E—nP2 <@+ 9P A+[E—n) *

It follows readily that
| s—1 |41 s—1

[AF[EPR—A+ [Pl 0+ [E—nP) > A+[nP*>.

Then we remark that

~.

\
[@ (@ D), (1 + [ D Pprlu(é)=

= (27!)'8/2].?‘" (E—n, O 4 |7 P2 — (@ + | & Pri2) () dn
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Estimating the L?norm of this expression as in Theorem 1 we get the
Lemma.

PrOOF OoF THEOREM 3. We saw already that it is enough to consider
the case o = 0. Now

(5.6) la@ D)ul|s=1 @14 |DPr*a@ D)ul,=
@@ D)@ 4| D B2 w o+ 0 (|| w[ls—1),

by Lemma 5.2 and |[u |, = ||(1 4| D [®2ul|,.
Then

(5.7) | Aot |jsmo < ||[Ad6 — X 4 | D D)2 a (@, D))t ||s—6 + || @ (2, D) u |5
< cl|la@ D)ulls—y 4[| @@ D)1+ | DR ully+ ¢ vl -

Remark that u€d gives (1 4 | D [|?P2u €S too. Apply (4.2) and get for any
e > 0 a constant O, such that

(5.8) [ Aot oo =< O || wflomy 4 (K &) (14 | D2y +

Cl|A+ [ DPPPull_ s <(E o) flulls+ Cosllull 1,

vl

as || || is increasing with t.
This proves our theorem 3.

6. The main estimate (III).

We give here another extension of Theorem 2 when instead of the

whole R™ arbitrary open sets in R are taken into account. We have pre-
cisely the

THEOREM 4. Let 2 be an open set in the «xz-space» R"™ and Ko =

lim max | a(x, &)|. Then, for any &> 0 there is a constant C, such that
[§]—e0 @

(6.1) la@ D) ully< Ko+ o)|lulle+ Cllul_ 1, uweC )

|

holds.



ot
[=2]
[S13

and associated pseudo-differential operators
To prove it we need the following

LEMMA 6.1. Let a(x, &) be a symbol, Q2 an open set in R*, Ko as before.

Then, for any ¢ > 0 there is an open set £, D Q_, such that Ko << Kg + .
As is seen from (3.2), we have, with an absolute constant

6.2) Ja@é&—a(@,s|<clr—a|<e if 1“""“’0|<%=6e'

Consider then, for each w,€0£ (boundary of £) the sphere S (z,, d,).
Take ,=Q2U( U 8S(xy, 6.)
Zoe 9L
Then, if y€ Q, we have y€Q or ye S(x* 5, for an a*€ 3Q. The first

case will give |a(y, &) | << max|a(z, &)|, the second one gives
2

la(y,8)] < |a(y,8) —a@*,&)] + [a@ )| <e+ |a@* §)| < e 4 max|a(x,§)]|.

Q2

Hence anyway

max|a(y, )| <e+max|a(x,&|, £ 0
2

98
and, as easily seen

Ko = lim max |a(y, &)|<e+ lim max |a(x, &) | =Ko ¢
lg]w0 3 HECT:

that is, the Lemma.

Proor oF THEOREM 4. Given ¢ > 0 constract , given by the Lemma.
There exists a C;° function ¢, (x) equal to one on £, to zero outside Q,,
such that 0 <<, << 1.

Remark that Cy-functions like £, (x), are symbols in our sense (a very
special kind indeed) and it is also easy to see that a(x, &) being a symbol.
(. (@) a(x, &) is again a symbol, null outside (2,. Hence

max |l (@) a (2, §) | <max|a(r,&)| and lim max |l (@)a(@ é)|< Ko,
Rn .Qa lsl“"x’ R"

Call y, (», &) = (. () a(, &) and I, (, D) the pseudo-differential operator
associated to it. We have

I, (w, D) = A (%, D) (Ce (%)) -
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In fact, 3 v€J

F:L (&) = (2n)—"2 fe—"x‘f ye(x, &) u () de =

= (27‘)—”/2'/6—”.5 a (w; &) (Ce u) (.l') dx = AM) (&)

Then \ w€d, w=C.u -+ (1 — ;) v and we can hence forth write the
decomposition

a (@, Dyuw=a(x, D). u)+a(@ D) (1 —C{)u=1TI,(x,D)w

“+ (@@, D) (1 — C)u, for ued.

In particular, when, as in our hypothesis, » belongs to C§ (), we obtain,
as 1 — (., =0 in Q, that (1 —{,)uw=0 in R*». It follows

a(@, D)u=a® D) v =1T,u, M u € 07 (9).
We apply Theorem 2 and get
| a@ D)ully=|I:@D)ul,< (Ko, + &) | u]lo+ Ccllu]_1<
2

= (Kg+2¢) |lullo+ C|lu|_ 1, for any ueOF ()

SIS

that is inequality (6.1) is proved.

7. Norms modulo lower order operators.

Our next results concern the estimate of the norm of pseudo-differential
operators modulo operators of order — oo (an upper estimate) and modulo

1
operators of order — Y (a lower estimate). Remember (see [1]) that a linear

operator T from J§ into &’ is of order — co when

| Tulls << O | w|js—:, for any u€5 and t> 0.
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. 1.
Also remember that 7T is of order —5 if

| T e < Cs || u HS_ , for any w€d.

| =

The upper estimate is quite a simple corollary of Theorem 2. We
express it is the form of

THEOREM b (I). Let a(x, &) be a symbol, a(x, D) its associated pseudo-
differential operator, C_o the class of operators of order — oo.
Denote

Kzle%= lim max |a(x &)|.
|&] >0 zeR"

Then, the relation

inf |a(@ D)+ T||<K}a
TeT

—00

(7.1)

holds, the norm || || being the operator morm from L2 (R") into itself.
We have to show that for any ¢ > 0 there is an operator T of order
— oo such that

(7.2) || (@ (@, D) + To)u |l < (Kzén + &)l ullos Y weL? (B

To construct such an operator 7,, consider a O function @g (¢), depending
on B> 0, such that 0 << Pp <1, Pr(é)=1 on |[&|<< R and P (&)= 0
for | &|> 2R.

The operator Ty = — a(x, D) @ (D) has order -— oco. Precisely (using
Theorem 1) we have the following estimate (for any u € d)

(7.3) | Tz w|ls = || @ (2, D) g (D) u s < C; || g (D) s =

G,f(l+|5|2>s<1%<§)lﬁ(é>|2ds£osf<1+|512>81Z<5>|2d5

| & <2R

— 03f<1+r£|2>3-t|17<£>|2<1+|$|2)‘d5s

|&| <2R

O:(1 + 4R ||u |/, = Cy || w [, for any ¢>>0.
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We can apply (4.2) (replacing K by K;n), and derive, for any ¢ > 0, that
(7.4) ll(a (@, D) 4+ TR u |l =||a (x, D)(I — Pr (D)) u ||,

=Ep+ | T— PrD)ully+ C|(I— Pr(D)ul_1, ued.
2
Let us remark now that

1

(7.5) (T — @z (D) ull, = ( f (1 — @r (B)F| (&) P d§>2g

|| %], for any u€d
and furthemore, that
1

1 2
(7.6) [[(I— (DR(D))MH—%: (](1 — D (AP u (@ +|§\2)_7d§)

1
=(f (1+|s|2)“5117(§>|2d5) <A+ EB) *ul,.

|&|=E

1
Take R, such that (1 + R)) ¢ C. €& Then, from (7.4), (7.5), (7.6) we deduce

17 (@@ D)+ Tr) ully < (Kt &) [ wllo+ &l wllo = (Kgn + 2¢) || ]l

for any # € S and hence for any u € L2

THEOREM 5 (II). Let a(x, &) be a symbol a (x, D) its associated pseudodif-
ferential operator, C | the class of operators of order — 1/2.

2
Denote

K1§n=max lim |a(, 8|

ZeRM |§] oo

Then, the relation

(7.8) inf |a(@ D)+ T||= K n.
TeT ,

2

holds, the norm || || being the operator morm jfrom L*(R™) into itself.
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A main tool in the proof is the following

LeMMA 7.1. Let a(x, &) be a symbol and lim a(x,, &) =c, for some

p— 0
x, € R* and for a sequence &, — co. Then for any &> 0 there ewists a Cf
Sunction u, (x) such that ||u.|,=4=0 and

(7.9) [| (@ (@, D) — ¢q) ue [lo << & || we ||

(7.10) e ll_ 1 < el wello.
2

We postpone a bit the proof of this result and derive the final proof of
Theorem 5 (II).
Suppose by absurd that

inf ||a@, D)+ T||=*<<K}.
TeT

00| =

Then for some operator Tj of order — 1/2, corresponding to any k, k* <<
<k< K2, we have

(7.11) (@@, D)+ T ul,<<k|uly N ueL

There exists at least an x, € R* such that

dy= lim |a(xy,&|>k

|&]—o0

There is a sequence &, — co such that

lim |a(xy, &) | = dy > F.

p—>00

But the set {a(x,, &)} is bounded. We can extract a subsequence
(&)7 < (&)1, such that lim a (%, , &) =c¢,, exists.

P —

It follows, lim |a (xy, &) | =]|¢ | =dy>k. As T is order —1/2 we
o

have
|Txullp<C|lw||_ ., forany we L
2
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Then, applying the Lemma 7.1, we have
(112) ([l — o)l e llo = || @ @ D) e lly < || @ (2, D) + T e [y +

| T vl < el e g+ € [l l|_ 2 < Gk + Co) ] e -
2

Hence |c¢y| —e<<k+ Ce|cy| — k<< (C+1)¢, absurde for small ¢ as
| ¢ | > k. This ends the proof of the Theorem 5 (II), if Lemma 7.1 is assumed.

PROOF OF LEMMA 7.1. We start by considering ¢’ > 0. For |# — z,| < d¢,
we have (see 6.2) that |a(x,&) —a(x,,&)|<<e,&3=0; consider a fixed
function @D, (#) indefinitely differentiable, with support in the sphere
{;|® — x| << ds} and the sequence of functions

(7.14) Up, o () = €75 D/ (),

&, being the sequence indicated in the lemma. We start by considering an
estimate for the expression

(7.15) || (@ (@, D) — ¢g) tp, o || -

Let f(x) be a €~ function, =1 for | |<C1, =0 for |2 | > 2; write then

wp &) =f (‘%—TE”); we see that, with an absolute constant ¢, the estimate
P

(7.16) | grad y, | << ——, holds, p =1, 2, ...

V1|

S——

Consider the operator v, (D) defined as usual by v, (D)u (&) = v, (&) u (£)
and remark the obvious decomposition

(7.17) a (@ D)v = a(xy, &)v + vy (D) (a (@, D) — a (5, &) I) v+
(I — yp (D)) (a (@, D) — a (g, &) I) 0.
We deduce from it, when v =, . that

(7.18) | (@ (@, D) — eq) up, o lo=<1|a(®y, &) —cy| || wp, e |

o+
“ Yo (D) (a’ (x7 D) —a (woa Ep)) Up, & HO +

” I — vy (D)) (@ (@, D) — a (24, &)) Up, “0
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and, as lim a (%, , &) =¢,,

p —~ oo

(7.19) || @ty D)—cy) up, o+ ||<Ze&’|| tp, o

ot I “’2, & llo -+ |l “;,3,, o llo for p=p,(¢).

Consider now the term «2 , = yy (D)(a (x, D) — a(y, &) I)up,» which
we write in the form

(7.20) u; o= ¥p (D)(a (2, D) — a(xy, D)) uy, & +

Yp (D) (a (xg, D) — a (@, &) tp, o = u;’ o1 ug, e

We have now
1

~ 2
ron) 0=( f |90 (6) | @ (20, &) — a (g, £ [F] B (6 — &) P dS) :

Remark that from the definition of a symbol (N. 3) we may deduce

(7.22) |a(m0,§)——a(wo,§p)]£c|§—_ipl.
| &
Introducing in (7.21) we obtain
1
(7.23) I| us llo < c( / |& — & [2I_E_|§| D (& — &) dé) =
. »
6=ty | <2VTE,
4c , P ,
Vl?p:|” Up, o flo < & | up, o [lg  fOr p =p, ().

Let us consider now the term u; o We have first of all, as
| vp (D) [z~ 2 <1

(7.24) I w llo << |l (@ (®, D) — a (x5, D)) up,

0°

Call b (z, &) = a(x, &) —a(x,, &) the symbol associated to a(x, D) —a(x,, D).
If S(xy,d.) is the sphere of center x, and radius J,, we have

(7.25) max |b(x &) |<<e& and lim max | b (2, &) | <& too.
€S (@, 0y) L§] 00 Sao, 3,7)
&e B304

On the other hand the functions u, = ¢ % @, () belong to CF (8 (2, , d¢).
Apply Theorem 4 for & > 0 and get that there is a constant C, such that

(7.26) || (a (2, D) — a (w5, D)) up, o [|g << 26" || up, & |o+ Cer || thp, o

1,p=—"1,2..-
2

7. Annalt della Scuola Norm. Sup. - Pisa.
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Let us now estimate the term u; o =T —yp(D))(a(®, D) —a(xy,&p)) tp, &« =

(a (=, D) — a (x4, &) (I — wp (D)) up, & + [@ (%, D), yp (D)] up, -5 the second term
in the commutator of a (x, D) and v, (D). We obtain at once (Theorem 1) that

(7.27) | .

) &

o= c||(I— wp (D) up,~

+ || [ (2, D), wp (D)] %p, & |[o -

Then, first of all
1

~ 2
(7.28) 1| — v (D) iy o -——( [ 10— &) | B (& — &) ds) -

1

fl 5 E—&) dé) =& |lup,elly I p=ps(e, J)g) = p3 (¢').
| 5—Ep 1 >VTE, T

The estimate for the commutator is given by using the formula

\
(7.29) [a (@, D), wp (D)) g, o (§) =

(2n)— "2 f«;’ (& — 0, &) (wp (&) — wyp (0) wp, () Ay

Hence, by using the definition of a symbol, the mean value theorem and
(7.16) we get

\

(7.30)  |[a (2, D) yy (D) up, . af)l__'/| | (E—m (14| &—y B2 w, o (n)] dr.
17

This last inequlity implies, by means of some elementary calculations,
that

(7.31)  ||[a (x, D), vy (D)] up, || up, e [lo < & || U,

for p =p,(¢).

The last inequalities that we got, give us the desired bound for u; . hamely
from (7.27), (7.28) and (7.31)

(7.32) || “fé, Lo+ 1)e" ||up e [ly, When p = max (py(s), py (¢") = pj ().
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If we sum up the preceding estimates (7.19), (7.23), (7.26), (7.32) we get

(7.33) || (@ (#, D) — ¢,) up, .+

o+

up,er||_ 2 e+ 1) up ey, for p=ps(e)
2

oS¢ [lupo|lo+ & | up, o

2¢’ || up, o ||y + O

Let us show now that: for any ¢ > 0 there is ;(8”, &’) such that

(1.34) g, e || 2 < Y2 [ g llgy D=1 (e, ")
2
We have
r 1
(7.35) [ =] (LH[ER) 2| Do —§&) P dé=
2

! 1
f(1+|£|2) zl@s'(f—-fp)]ZdS—!— / <1+’5|2)—2I@e'(f-—-fp)lzdé'g

|6ty =T le—gp 2

1
(L4 |EP7) 2| Do (8 — &) [Pas + f | &, (& — &) |2 dg, for any r > 0.

[e—&p | <r [§=gp|>r

Now, given &¢” > 0, there is »* (¢/, &”) such that

(7.36) | B (£ — &) P dE < "2 || up, o |

2
0°

[E=bpl>r

Remark moreover that if | & — &, | < +¥, then |§{|=>=]|§, | — »*; consequently
for p large,

1
K] 1 2
e

I| %, e

(L] 2| B (¢ — &) PdE< -
| —&p | <™ (1_|,_(k§p|__,r*)2)z

Tor big enough P depending on r*(s/,"), hence on & and &” we get
1

(14 (|& | —r*? 2=<¢"% Then, from (7.35) and (7.36) we obtain

o, for p=p(e,&"), that is (7.34).

(7.37) || wp, e

=)z lw
2
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Then, from (7.33) and (7.34) we get

(7.38) || (a(®, D) — ¢p) up, &

o==(c+5)e" || up, e

o+ 12 e" O flup,elo

for p = max (p ('), p (¢, ¢").
. e e

Take then &’ = min VTZ’ Vs Og) .

We deduce :
(7.39) ({2, D) — ep)up, [lg < (¢ 4 6) " [|up, s [lg, for p=P()
and
(7.40) lup, e ll_1 =& [lup e o0 = P (e

2
where P depends on & only. Take now ¢ > 0 and ¢'= c—'is—_() . Then the whole
sequence of functions wu, . (x) = 6% szj’e (x)yp=P ((’——T—()_> will satisfy con-
ditions of the Lemma 7.
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