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SOME REMARKS CONCERNING A CLASS OF NONLINEAR

EVOLUTION BQUATIONS 1IN HILBERT SPACES

Mircea Sofonea
Department of Mathematics , INCREST , Bucharest , Romania

1. Introduction

Iet # be a real Hilbert space and let X , Y be two orthogonal subspaces of
H such that # = X @Y .Let A be a real normed space and let T > 0 . In this paper

we consider evolution problems of the form
(1.1) y(t) = FINt) x(t),y(t)x(t)) for all  tefo,7) ,
(1.2) x(0) =z, s y(0) =Y,

in which the unknowns are the functions x : [0,T7]—=X and y : [0,T] — Y ,

F : A XX XY xH—»H is a nonlinear operator and A : [0,T] — A is a parameter
function (in (1.1) and everywhere in this paper the dot above represents the deri-
vative with respect to the time variable ¢t ). Such type of problems arise in the
study of quasistatic processes for semilinear rate-type materials (see for example
[17 - [3]). In this case the unknowns x and y are the small deformation tensor
and the stress tensor and F is an operator involving the constitutive law of the
material ; the paramater A may be interpreted as the absolute temperature or an
internal state variable.

For particular forms of F existence and uniqueness of the solution and error
estimates of a numerical method for problems of the form (1.1),(1.2) were already
given in [31, U47].

In this paper we prove the existence and uniqueness of the solution for
problem (1.1),(1.2) using a technique based on the equivalence between (1.1),(1.2)
and a Cauchy problem for an ordinary differential equation in the product Hilbert
space X X Y (section 2). We also study the dependence of the solution with respect
to the parameter A and the initial data (section 3). In some applications (see
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for example {5] ) the function X in (1.1) is needed to be considered as an
unknown function whose evolution is given by

(1.3) A(t)

GIN(t) x(t) y(t)) for ail tefo,T) ,

(1.4) A(0)

1]
>

where G : A x X x Y —= A 1is a nonlinear operator. For this reason we also
consider problem (1.1)-(1.4) for which we prove the existence and uniqueness of
the solution (section 4). Let us finally notice that the results presented here
complete and generalize some results of [21 and may be applied in the study of some
evolution problems for rate-type materials (see [11 - [5)).

2. An existence and uniqueness result

Everywhere in this paper if V¥V 1is a real normed space we utilise the fol-

lowing notations : || - ||V - the nom of V ; 0, - the zero element of V ;

o 0,T,V) - the space of continuous functions on [0,7] with values in V ;
C]( 0,T,V) - the space of derivable functions with continuous derivative on [O,T ]

with values in V ; - the norm on the space o, 7,v) i.e.]| 2]}

H * IlO,T,V

0,7,V
=maz ||a(t)||, forall =zé€ R RINRIE |l; p , - the nomm on the space
telo, ] o
y) . . 1
c (o, T,V .e. z = f 11 =Cc (o,T,V) . If

v e Vally gy = el gy # 1illy g, for a1 sectony)

moreover V is a real Hilbert space we denote by < , >  the inner product of

|74
v . Finally, if V, and I/2 are real Hilbert spaces we denote by V] xV the

1 2
product space endowed with the cannonical inner product and by v= (v 70 02) the

elements of VZ X V2 .

Let us consider the following assumptions :

there exists m>0 such that <F( )\,x,y,zl)—F()\,x,y,zZ),z]— >

297y 2

(2.1) eX 5

2
>m “21_32“[1 for all XeAl ,rxeX ,ye?Y , Z75%,

(2.2) there exists M>0 such that ![F()\,xj,yl,zz) - F(A,x2,y2,22)HH <

< M( ||x1—3:2| |H + Hg/l—ygl lh’ + ||z]-22|l”) for all re&h  jy.eX,y.€V,
2. €H 1,2 ;
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(2.3) A ~—= F(X\,x,4,2) : N —> H is an continuous operator , for all

xeX , yeY and z€H .

2.4 rx eco,r,n)

(2.5) xoe}( , yoeY

The main result of this section is the following :

Theorem 2.1. Let (2.1)-(2.5) hold. Then problem (1.1),(1.2) hms a unique
solution xecCl(0,1,%) , yeclio,r,y) .

In order to prove theorem 2.1 1let us denote by Z the product Hilbert space
Z =X xY (which in fact is isomorph with # ).We have :

Lenma 2.1. Let e\, xe€X and yeY : then there exists a unique element
z = (u,v)€2 such that v = F(\,m,y,u).

Proof. The uniqueness part is a consequence of (2.1) ; indeed, if the
elements z= (u,v) , 5= (#,0)€ 2 are such that v= F(\,x,y,u), 0= F(X .y o),
using (2.1) we have <v-3, u—ﬂ>H > m| |u-ul |[2] hence by the orthogonality in H of
v-0 and u-% we deduce u = # which implies v = ¥ .

For the existence part let us denote by P1
X. Using (2.1) and (2.2) we get that the operator PIF(A,x,y,-) !X——>X is a
strongly monotone and Lipschitz continuous operator hence bv Browder's surjectivity
theorem we get that there exists ueX such that PJF( Ax oy u) :OX. Tt results
that the element F(A,z,y,u) belongs to Y and we finish the proof taking z=(u,v)
where v =F(\xy,u).

: H—X the projector map on

Ilemma 2.1 allows us to consider the operator B : A x Z —» Z defined by
(2.6) B(l,w) =z iff w =(x,y), z =(u,v) and v =F(\,x,y,u)
Moreover, we have :
Lemma 2.2. B 1is a continuous operator and there exists L > 0 such that
<

(2.7) 18X w,) - B(huw, )|, €I o, - w for all X&AN ,u,w,€ Z .

211z
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Proof. let }‘i ¢c A, w, = (xi,yi)e 7 and 2, = (ui,vi) :B()‘i’wi) , 1 =1,2.
Using (2.6) we get :

(2.8) v, = F()\i,xi,yi,ui) , 1 =1,2
which implies
(2.9) PJF()\i,xi,yi,ui) = OX , 1 =1,

From (2.1) and (2.9) we get

< <F(>\J 40l ,ul) - F()\J ,xz,yl,ug) sUy U =

2
mlluuyl 1y 2 "

= <P F(XgaZy sl g sty P F (A 50,0 5Uy) ,ul—u2>Hg] IF(AZ gl 5 sty IF () ,xz,y],uZ)HH[ IuZ—uzﬂH
which implies
1
(2.10) ||u1—u2HH - | F(Al,xz,yl,u2)—F()\2,x2,y2,u2)lIH
Using now (2.8) and (2.2) we get
Hvl—vzlngM |[u1—u2||H + ]|F(A1,xl,yl,uZ)—F()\g,xZ,yZ,uZ)||H
hence by (2.10) it results
(2.11) Homvo |1, € (2w )P 2y, u)=FOh .y, 1, )| |
: 1 2''HN m 7’1’71’ 72 2°72298°72 H

UsinqA again (2.2) we get

(2.12) | IF(Al,xZ,yl,uz)—F(A2,x2 Y ,u2)| IH < M(] Ixz—xgl IH + | Iyz-—yg [H) +
+ | IF(AJ,xZ,yZ,ug)-F(A2 Ty Y g ,u2)l IH
hence by (2.3) we obtain LIFO sy sy 2P0y 201, wy)ll, =——=0 when 21, —s),

in A, X, —> z, in X and Y; —>Y, in Y . Using now (2.10) and (2.11)
we get the continuity of B and taking A,= A, from (2.10)-(2.12) we get (2.7).

16
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Proof of theorem 2.1. Let A : [0,7] xZ2— Z and =z, be defined by

0

(2.13) A(t,z) = B(X(t),z) for all te [0,T] and z€2

(2.14) z, = (x

0 O:HO)

Using (2.6) we get that x & Cl (0,T,X) and y eCl (0,7,Y) 1is a solution of
(1.1),(1.2) iff z = (x,y)& C'(0,7,2) is a solution of the problem

(2.15) z2(t) =A(t,a(t)) for all te[0,T]

(2.16) 2(0) =3,
In order to study (2.15),(2.16) let us remark that by lemma 2.2 and (2.4)
we get that 4 is a continuous operator and

HA(t,zZ)—A('t,zg)HZ <L ||zZ— for all te[0,T] and 31,3 €2 .

32”2

Moreover, by (2.5),(2.14) we get zoe_Z . Theorem 2.1 follows now from the classical

Cauchy-Lipschitz theorem applied to (2.15),(2.16).

3. The continuous dependence of the solution with respect to the data

Iet us now replace (2.2) ,(2.3) by a stronger assumption namely

there exists M > 0 sweh that l|F()\1,x1,y1,2’.1)—[«'()\2,x2,y2,22)| IH <
31 A ey g gy e 1sgmay ) foratz dg e, e,

yey , sl ,i=1,2.
We have the following result :
Theorem 3.1. Let (2.1),(3.1) hold and let x, € cornx), y, e cleo,r,y)

be the solution of (1.1),(1.2) for the data X satisfying (2.4),(2.5),

2 =1,2 . Then there exists C > 0 such that

2 Toe Yoi

3.2 =gzl oy # Hugmyplly p oy € COHXAG Iy ot Hlgy 20 [ g# T log ¥ g L -
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Remark 3.1. In (3.2) and everywhere in this section ( are strictely positive

generic constants which depend only on F and T .

Proof of theorem 3.1. Let zi-’-(xi ,yi) and in:(in ,in) , L =1,2. BAs it
results from the proof of theorem 2.1 we have

(3.3) éi(t) =4 (t,z, () for all te[0,7]

(3.4) zi(O) =z,

where the operators Ai are defined by (2.13) replacing A by )‘i ,2=1,2.Since (3.1)
implies that B : A x Z—> 2 is a Lipschitz continuous operator ( see the proof of
lemma 2.2), from (2.13) we get that there exists L > 0 such that

(3.5) |]Al(t,zl(t))—AZ(t,zg(t))[|Z§ L(I]Al(t)—)\z(t)lll\+ NEMCIEENCIAN MY
for all te [0,T]
Using now (3.3) and (3.5) we get
<51(t)-52(t),z1(t)—z2(t)>Z gL(HAZ(t)—AZ(tM|A+||z1(t)—22(t)||z)sz(t)-z2(t)|lz
for all te [O,T] hence by (3.4) and a Gronwall-type lemma we deduce

|12, (s)=2,(s) ], & O z)’ |IAJ(t)—Ag(t)||,Adt+||zoz—z:02llz) for all se [0,7]

which implies

(3.6) =2y 1lp p 2 €€ CIDRGN MG ooy * Tlzggmagally)
Using again (3.3) and (3.5) we have
Hz'](t)-.ég(t)(lz gcl] IAZ(t)-AZ(t)||A+| |z, (¢ )-a,(t)]],) for all te [0,T]

and by (3.6) it results

(3.7) Héz_ég”o’]',z $ ¢ (| IAI—)\ZHO,T,/\ + l|201—202! IZ)

From (3.6) and (3.7) we get
Hzpm2gl 1y 5z € € (1A, ooy # Hzpmagall )

which implies (3.2).

Remark 3.2. From (3.2) we deduce in particular the continuous dependence of the

18



Some remarks concerning .... in Hilbert spaces

solution with respect the initial data i.e. the finite~time stability of every

solution of (1.1),(1.2) (for definitions in the field see for instance (6] chap.5).

4. A second existence and uniqueness result

In this section we suppose that A is a real Hilbert space. We consider the
operator G : A x X x Y—> A and the element >‘0 such that

. HeO s,y )-GO ,xg g )Ly € DO A L+ =y Lt [y, )

for all )\ieA , xi(:X, yieY , 1 =1,2 (L >0 )

(4.2) )\OG_A .

We have the following existence and uniqueness result :

Theorem 4.1. Let (2.1),(2.5),(3.1),(4.1),(4.2) hold. Then problem (1.1)-(1.4)
has a unique solution x&Cl(O,T,X) s yeC'J(O,T,Y) , AéCl(O,T,I\).

Proof. Let us consider the product Hilbert spaces H =4 x A, X = X x [OA},
Y=YxA and let F : X x Y x H—>H be the operator defined by

(4.3) F(x,y,2) = (F(X\,x,y,2),G(\,xy)) for all x=(x,0A)eX, y={y,NeY ,

z=(z,u)e H .
Iet us also denote

(4.4) Xy = (xO,OA) ' Yo = (yo,ka) .
From (2.1),(3.1) and (4.1) we deduce
2 .
(4.5) <Flx,y,2,)-F(x,y,2,)>, > m| |z1—22| IH for all xeX, yeY , z;,2,€X

(4.6) I |F(X1 'Y1'Z1)_F(X2IY2'ZZ) I |H < L(l |X1“X2I |H + I |Y1_YZ| lH + I 121-22' lH )
for all XX, €X y1,y2eY r 2412,€H (L > 0)

and from (4.4),(2.5),(4.2) we obtain

(4.7) X

19
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Since (4.5)-(4.7) are fulfilled we may apply theorem 2.1 and we obtain the
existence and the uniqueness of x = (x,OA) G»CZ(O,T, X), y= (y,A) é:CZ(O,T,Y )
such that

(4.8) y(t) = F(x(2),y(8),%(£)) for all ¢ e [0,7]

(4.9) " x(0)

Xy y(0) =Y, .
Theorem 4.1 follows now fram (4.3) and (4.4).

Remark 4.1. As in the case of the problem (1.1),(1.2) , applying theorem 3.1
to (4.8),(4.9) we deduce the finite-time stability of every solution of (1.1)-(1.4).
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