ANNALES SCIENTIFIQUES
DE L”UNIVERSITE DE CLERMONT-FERRAND 2
Série Mathématiques

T. BARTH

A.U.KUSSMAUL
The Banach fixed point method for Ito stochastic differential equations

Annales scientifiques de 1’Université de Clermont-Ferrand 2, tome 69, série Mathéma-
tiques, n° 19 (1981), p. 1-8

<http://www.numdam.org/item?id=ASCFM_1981__69 19 _1_0>

© Université de Clermont-Ferrand 2, 1981, tous droits réservés.

L’acces aux archives de la revue « Annales scientifiques de 1’Université de Clermont-
Ferrand 2 » implique I’accord avec les conditions générales d’utilisation (http:/www.
numdam.org/conditions). Toute utilisation commerciale ou impression systématique est
constitutive d’une infraction pénale. Toute copie ou impression de ce fichier doit
contenir la présente mention de copyright.

‘NuMbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASCFM_1981__69_19_1_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

THE BANACH FIXED POINT METHOD FOR ITO STOCHASTIC
DIFFERENTIAL EQUATIONS

T. BARTH ET A.U. KussmauL

The University of HULL (England)

In this paper a simple proof is given for the existence and uniqueness of
solutions of stochastic differential equations with respect to Brownian
motion. The conditions imposed on the coefficients correspond to those
introduced by CARATHEODORY [2] for ordinary differential equations in 1918,
except for requiring square integrability instead of integrability. The
Banach fixed point method provides the result by means of a change of the

norm.

There are several recent proofs of this fact under similar conditions, even
in the more abstract setting of stochastic integrals with respect to semi-
martingales, e.g. by DOLEANS-DADE [31 1976, and PROTTER [6] 1977. Relative
to time dependence the Carathéodory conditions are slightly weaker than the
ones used there. But the main interest of this note consists in the ease of
carrying over methods of ordinary differential equations such as the point of
view of solutions in the sense of Carathéodory and the method of change of
the norm, as described e.g. by WALTER [7]. These methods also apply in the

abstract setting.



Let (wt)t>0 denote an m-dimensional Brownian motion on a probability space

(2,F,P) and (Fy)y, o an increasing family of sub-o-fields of F such that (W), ,

is an (Ft)tzo - Brownian motion, i.e. (wt)tzo is adapted to (Ft)tzo and

(W - wt)szo is independent of F. for all tz0. Consider on R_ x @ the

t+s
o-field P of predictable sets with respect to (Ft)t>0’ and the vector spaces

L2 = L2(IR+ x 2, P,A®P) and H2 of predictable processes X = (X with

t)tao
values in le such that
Xl 2= (EGS 1%, 12 @) /2 <
resp. Xl := (sup E(Jx,|%))1/?
t=0

<

where |-| denotes Euclidean norm and )\ Lebesgue measure.

Denote by L%oc (resp. H%oc) the space of processes X such that there is an
increasing sequence of (Ft)t>0‘ stopping times (Tn)hend ? » P-a.s. such that

T*

2 no._ I 2
XIEO,Tn] belongs to L™ (resp. the process X = := X'n ]{T > 0} belongs to H™)

n

for all n e N. The sequence (Tn)nenﬂ is called a localizing sequence for X.

We have

2
L]oc

Further, every continuous adapted H%d- valued process C belongs to H%oc’ being

= {X predictable : for all t = 0, 4: |XS|2ds < » P-a,s.}.

localized by Tn :=inf {t =0 : |Ctl >n}, neN.

2 by the

PROPOSITION 1: For any stopping time T, the quotient space H% of H
“kernel of the seminorm on H2
T

Xl 2= X

is a Banach space with the norm ”’“T'



Proof: Let (Xn)neIN be a Cauchy sequence in H2 for the seminorm [-|l;. By

considering a subsequence one may always suppose

2 K" - X" N sccm
n=1
where X° := 0. For every t=0 we have

EE Xy - Xgagh)?

h
n= tAT

< (E(Xy - Xl e m

so 2‘. I)P )q_.;-}l belongs to Lz(sz,P) and is P-a.s. absolutely convergent

in R. Hence (XzAT)neIN converges P-a.s. in IRd. The process

Tim X" (@) if the 1limit exists
o A EAT
Xt(m) =

0 otherwise

is predictable, and by Lebesgue's theorem, X?:/\T - X in Lz(sa,P) for every t=0

since the |X 7l =1 z:] X?:AT tAT | are dominated by I 2 lxt/\T tATl
n=

hence so is |Xt|. Also we have (E(IXtI )) 2 < ¢ for all t> 0, hence X € H2.

It is now easy to see that X" 5 X considered as elements of H% .

THEOREM 2: Consider on R, x IRd the stochastic differential equation
- t t
Xt = Ct + fo f(s,Xs)ds + /g G(s,Xs)de
where the initial process C is continuous adapted with values in IRd ,» and the
coefficients are measurable functions f:IR+ x le - le and G:R, x IRd - lem

(dxm - matrix valued) satisfying the following conditions:

1) Lipschitz condition: There is a function ¢ e L
|£(t,x) - f(t,y)]| = &(t) |x-y|
|G(t,x) = G(t.y)| = &(t) |x-y|

for all t e R.s Xy € RY.

(IR sA) such tha

loc



2) f(-,x), 6(+»x) € L& (R, ) for some x ¢ RY.

%oc with continuous paths which is

loc
Then there exists a global solution X € H

unique up to stochastic equivalence.

REMARKS: 1) The corresponding theorem for Carathéodory solutions of ordinary
differential equations is valid with me(lR+ »A) instead of L]OC(IR+ »A)  (cf.
WALTER [7], p.82).

2) By the Lipschitz condition, the statement of condition (2) holds for all

x € R if it holds for some.

The properties of the stochastic integral used in the sequel can be found e.g.
in ARNOLD [11] or FRIEDMAN [4]. For predictable sets and more general stochastic
integration see KUSSMAUL [51].

LEMMA 3: Under the hypotheses of theorem 2, the process Y f f(s,X )ds ,

2 2

t >0, is in Hloc for every X ¢ Hioc For X € HZ, the stopping times Tn ‘= n,

n € N, localize Y.

2
loc®

Tn/\n if necessary, we may always assume Tn = n. Using Holder's inequality, we

Proof: Let (Tn)neIN be a localizing sequence for X ¢ H Replacing Tn by

get for all t >0

T T tAT
E(]Y,"|?) = E(lrg M(s.x)ds|?) = E((tAT )/, "1£(s,X)|%ds)

T

= 2nE(r " f(s.Xg) - £(s,0)[% + |#(s,0)|2ds)
T T

= 2nE (71X 12 ¢¥(s)ds + 1 "|#(s,0)|2ds)
Th2 n 2 2

=2n X M° g e%(s)ds + ansD [£(s,0))%ds <

Hence Y ¢ H%oc’ and (Tn)nelN localizes Y.



LEMMA 4: Under the hypotheses of theorem 2, the process Zt = fg G(s,XS)dwS s

2 2 2
loc loc*

n € N, localize Z.

t=20, is in H for every X € H For X € H™, the stopping times Tn =N,

2

Proof: As the stochastic integral with respect to W is an isometry of L™ into

2
loc®

= 2
Let (Tn)nelN be a localizing sequence for X ¢ Hloc such that Tn < n. We have

HZ, we have only to show that the process GXt = G(t,xt), t=0, isin L

» T
(75 I8kIgg,7 (0)1%00) = 26075" [6(txy) - 6(8.0)[” + |6(£,0) |2 dt)

1A

.
26(s" X, 1% 22(t) + |G(t,0)[% dt)

T*
2 X M2 /0 e2(t)dt + 2/0 |6(t,0)|%dt < =

1A

2

Hence GX € L]oc’

and (Tn)ne]N localizes GX, hence Z.

Proof of theorem 2: Consider the, in general non - linear, operator

S:HS . ~ H3 . defined by
t t
SXt 1= Ct + fo f(s,XS)ds + fo G(s,Xs)dws s t=0.
The initial process C € H%oc is localized by the stopping times Tn = inf{t = 0:

2 by Lemma 3 and 4. The map

2

|C¢l 2 ny An, n €N, and so is SX for all X € H
*

2 For all X,Y € H

X + (SX) " therefore defines an operator Sn:H2'¢ H and t = 0
we get

2
E(|S X, = S,Y¢ %)

IA

tAT tAT
2E(T_ 7. "|f(s.Xg) = F(s.Y ) |%ds) + 26|y " G(s,Xg) - G(s,¥g)dHg|?)

IA

2nE(f2AT"|f(s,XS) - £(s,Y )| %ds) + 2E(szTan(s,XS) - G(s,Y¥,)|%ds)

T T
2(n + 1) sEME(IXS - Y |2) oF(s)ds

S

IA



showing in particular that Sn can be considered as an operator on the quotient

space H$n' Inserting e~ak(5)eal(S) ith ¢ 5 0 and L(s) := fg &z(r)dr for s =0

yields
E(IS X, = S,V.1%)
<2(n+1) ng" E(]XZ" - v:"gz) e-oL(s)gal(s) ,2(5y4s
=2(n +1) ::8 E(|X YI | 'GL(SAn)) ftAn al(s) 82(5)ds
s2(n+1) X - Y"|2 % ool (tAn)
where ||| - "lT denotes the sem1norm on H2 defined by

Xl = sup E(|x N2 gmal(tAn)y1/2

since e™* (/2 < I Xl ¢ = IXly , it is equivalent to |l-lly and so it
defines an equivalent norm on H% . The above estimate now reads
n

lspx - sy = 2oL yx-vpf

For a suitable choice of a , e.g. a = 8(n + 1), the mapping S is a contraction

on H%n By the Banach fixed point theorem there is a unique. fixed point Ny ¢ H%
n

As for X € H2 . n]xulT 0 is equivalent to E( |Xt |) =0 for all t = 0, this
T
fixed point corresponds to a process N ¢ H2 such that for all t =0, nXtn is

uniquely determined up to L(R,P) - equivalence.

.For m > n and the corresponding fixed points MY ¢ H$m and "X ¢ H%ﬂ we have
T Tn T 2
My N = (SmmX) = sn(mx ) in HT ,

) mTn _ nTn
hence by the uniqueness property Xt = Xt P-a.s. for all t = 0 and any

representatives Mx,"X in H2, and a global solution X € H%oc is determined

uniquely up to L(®,P) - equivalence.



By the continuity properties of the Lebesgue integral and of the Ito integral
there exist continuous versions of X, and these versions are unique up to
stochastic equivalence since it is possible to find a common null set outside
of which the trajectories coincide.

REMARK: The reason for the use of XT; instead of XTn in the definition of H%oc
and in the proof of theorem 2 is to admit initial processes C without integra-
bility restrictions. In the case of C ¢ Hz, one could use stopping times (Tn)nem
converging uniformely to =, e.g. Tn := n, and define Sn by (SX)Tn in the proof

of theorem 2.

By the usual estimate of the successive approximation procedure starting with

X% := 0 one gets the following

COROLLARY 5: Under the hypotheses of theorem 2 and with a = 8(n + 1), Tn’ L

defined as above, the solution X ¢ H%oc satisfies

”xTn”2 < ]Z(HCTnHZ + (n + ])kn) e8(n + ])L(n)

for all n € N where k, := max (fg |f(t,0)|2dt, fg lG(t,O)lzdt).
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