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TWO-PARAMETER GAUSSIAN MARKOV PROCESSES
AND THEIR RECURSIVE LINEAR FILTERING

Hayri KOREZLIOGLU(%)

SUMMARY : A class of two-parameter Gaussian Markov processes is charac-
terized and conditions are given for a process of this class to have

a representation in terms of Wiener processes. When the signal is a
Gaussian Markov process having a representation in terms of a two-para-
meter Wiener process and the noise is another Wiener process independent
of the signal, and when the observation is defined as in the one-parame-
ter Kalman filtering model, recursive linear filtering equations satis-
fied by the estimation of the signal are obtained by using the linear
filtering method of Hilbert space-valued Gaussian processes.

INTRODUCTION

In this work, we develop and improve the short exposé [ 1] on
the linear filtering of two-parameter Gaussian Markov processes.

In §1, we give the definition of a Markov property for two
parameter Gaussian processes and express conditions on the covariance
functions of such processes having the defined Markov property in order
that they may possess a representation in terms of Wiener processes.

Shortly after the Saint<Flour seminars in 1978, Dr. D. NUALART

kindly communicated to us his work in collaboration with M. SANZ, on the

characterization of Gaussian Markov fields [2] . We show, in §1, that

our characterization is equivalent to theirs.

In §2, we consider the following "signal and observation"

model. The signal X is a Gaussian Markov process, defined by

(**) Ecole Nationale Supérieure des Télécommunications
46 rue Barrault, 75634 PARIS CEDEX 13.
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K dB

Xs,t =¥s,t 4 4 u,v Buv B,y

S't

where B is a Wiener process and ¢ and G are non-random functions. The

observation Y is given by

_ ¢S .t
Ys,t'ffH devdu+ws,

0 0 U,V U, t

where W is a Wiener process independent of B and H is a non-random

function. We regard various processes appearing in this model as taking
their valuds in an Lz-space when indexed by their first parameter. Then,
by using a result due to OUVRARD [3] on linear filtering of Hilbert
space-valued Gaussian processes, we obtain the horizontal filtering
equation (in the first parameter) satisfied by the estimation i:,t(to)
of Xg’t in terms of the observations {Yu’v:u Ss,v < to},with t < t,-
By commuting the roles of the two parameters, we obtain the vertical
filtering equation (in the second parameter) satisfied by the estima-
tion i:’t(so) of xs,t in terms of the observations {Yu,v:“ <5,V < t},
with s <s_. Finally, for the case s

0 )
pression of the second differential, in s and t, of X = ih (t.)) =
s,t s,t' o

= s and to = t, we give the ex-

-V
XS t(so) in terms of innovation processes appearing in the horizontal

and vertical filtering equations.

§0 NOTATIONS

The random processes considered here will be indexed by

2

[0,S] x[0,T] C R™, where S and T are finite positive numbers(x). For

a second order centered process X = {XS t:(s,t)EE[o,S] x[0,T]}, defined

on a probability space («,A,P), gﬁ t will denote the smallest Hilbert
X

subspace of LZ(Q.Q,P) generated by {Xu v:u=< s,v <t} and Es t » the

smallest g-subalgebra generated by {Xu v:u=< s,v <t} and all P-negli-

o
gible sets of A. If ZEL"(a,A,P) and if H is a Hilbert subspace of

(*) Throughout this work, the index set [0,S] x[0,T] can be replaced
by R*_xR+,, with little precaution. In particular, this substitu-
tion would not bring any modification to the text of §1.
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LZ(Q,L\,P), we shall denote by (Z/H) the projection of Z onto H. If
Y,ZGLZ(Q,Q,P), we shall denote by (Z/Y) the projection of Z onto the

subspace (of dimension 1) generated by Y.

For a random process X = {Xs t:(s,t)éE[o,S] x[0,T]}, we
extend the domain of the parameters to negative numbers by putting

X = 0, when at least one of the parameters is negative. We denote

5.t ond B s
X X X X X if s <o.

= L’S,T if t <0 and Qs,tvﬁs,T = ’is,t

s,t

by ﬂé tvﬁ)s( T the smallest Hilbert space generated by H
ZS,t'Ss, L

. X
Notice that }is,tvﬁs,T

We shall write (u,v) < (s,t) foru <s, v <t, and (u,v)<(s,t)
forus<s, v<t, (uv) # (s,t).
For two Hilbert spaces H1 and H2 such that HICHZ’ H2 0 H1

will denote the orthogonal complement of H1 in H2.

§1. GAUSSIAN SIMPLE MARKOV PROCESSES

In this paragraph, X = {XS t:(s,t)Glo,S] x[0,T}} will be
a centered Gaussian process, defined on a given probability space

(2,A,P).

DEFINITION 1 : X will be called a horizontal Markov process, if

Xy =
(1) for all s,t and u <'s, (Xs,t/Hu,T) = (Xs,t/xu,t)

and a vertical Markov process, if

X B
(2) for all s,t and v < t, (Xs,t/HS,v) = (Xs,t/xs,v)

X will be called a simple Markov process, if it is a

horizontal and a vertical Markov process.

We identify, here, random variables with their P-equivalence

classes.

Conditions (1) and (2) are respectively equivalent to the

following ones.
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for all (u,v) and (s,t) such that u<s, v=>1t
(1)" X

(Xs,t/ﬁu,v) - (Xs,t/xu,t)

for all (u,v) and (s,t) such that u=2s, v<t
(2)" X

(X t/Hy,y) = (K5 ¢/%s y)

PROPOSITION 1 : If X is a simple Markov process, then

for all (u,v) and (s,t) such that (u,v) < (s,t)

(3) t
V (Xs.tlﬁﬁ,v) = (xs.t/xu,v)( ).

Proof : For (u,v) < (s,t), we have, according to (1) and (2)',
X X X _ X
s.tlgu,v) ((Xs,t/ﬂu,T)/ﬂu,v) - (axu.tlgu,v)
X =
a(xu,t/ﬁu,v) = aqu’v

where a and b are adequate constants. Therefore, condition (3) is satis-

(X

fied. ®
The following corollary is an obvious consequence of the
above proposition.
COROLLARY : If X is a simple Markov process, then for any increasing
path C in [0,S] x[0,T], {Xs,t:(s,t)G(Hris a one-parameter
Markov process with respect to the filtration
{Eﬁ’t:(s.t)GEC}, hence, with respect to its natural fil-

tration.

Let K be the covariance function of X and let ¢ be defined

by

K((55t),(Usv))K T((usv),s (usv)) if K((usv),s(usv)#o
®((s,t),(u,v) =
(4) 4 o if K((u,v),(u,v)) =0

for (usv) < (s,t) and
\ d’((S,t),(S,t)) = 1.

(*) This implication is proved by Pascal LEFORT in his current research
work on the Markov property of two-parameter processes. In [1], we
had defined a simple Markov process as a process satisfying condi-
tions (1), (2) and (3).
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Notice that we have

(5) (Xs,t/xu,v) = <I>((s,1:),(u,v))Xu’v for (u,v) < (s,t).

Using this equation, one can show that conditions (1), (2)

and (3) are equivalent to following conditions (6), (7) and (8), res-

pectively.
For all (s,t), (u,v) and p such that u <p < s
) K((sst)s(usv)) = ¥((s,t),(p,t))K((pst),(u,v))
For all (s,t), (u,v) and q such that v<q <t
) K({sst)s(u,v)) = ¥((s,t),(s,9))K((s,q),(u,v))
o) For all (u,v), (p,q) and (s,t) such that (u,v) < (p,q) < (s,t)

K((s,t),(usv)) = ¥((s,t),(p>q))K((P»a),(u,v))

Condition (8) implies that

(9) ®((sst),(u,v))=®((s,t),(p,q))P((p,q),(u,v)) for (u,v) <(p,q) <(s,t)

and, according to the above corollary, if X is a simple Markov process,

2

then for any increasing path C, the restriction of ® to C® is the Markov

transition function of the process {XS t :(s,t)EC).

PROPOSITION 2 : For a simple Markov process X, the following orthogona-

1ity relation holds.

(10) H)S( . ® g’é oL g’s‘ oy g’; . for all (s,t).
This is equivalent to saying that the o-algebras Fé t
and Fx T are conditionally independent with respect to
Es,t -

Proof : §§ t ] §§ t is generated by {Xp q- (Xp q/ﬁi t) T p>s,q <t}

, s > > s
and Eﬁ,T ] gﬁ,t is generated by {Xu v - (Xu v/-z t) T uS<s,v >t}
Since, (X ’q/gﬁ,t) - (xp’q ) and X, - (X, /HS X )ed S ; for
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X
p.q = (Xp,q’ts, t) L Xyv ™ Xy v/ts )
From this, the relation (9) follows. The equivalence of this relation

with the conditional independance of gé ¢ and E§ 1 With respect to §§ t

p>s,q<t,u<s,v>t, we have X X

is a known property of Gaussian spaces (cf. [4]). ®

PROPOSITION 3 : If X is a simple Markov process, then, for (u,v) < (s,t),

the random variable

(11) Xs,t = @((s,t),(u,t))xu’t + ®((s,t),(s, V))X -<I>((S,t).(u,v))Xu,v

. . s x X
is the projection of Xs,t onto HS vVHu T-

I

Proof : Since is t655§ ) ﬁ T s We only have to prove.the orthogonality
,t =
X

X

of Xs t = Xs,t " is,t to He VH,,T - Notice that this last space has
the following orthogonal decomposition.

o o= (W X X X X

Hg,vVHy,1 = (s, O Hy,y) © (H, 7 O H,y) O H,
Then

( t/ﬁS vVHu T) = (X t/HS v) * (X t/Hu T) ( S, t/-u v)
It can easily be verified that each of the projections of the right-

hand side is zero. ®

In [ 2], the Markov property of X was defined as follows :

For all (u,v) and (s,t) such that (u,v) < (s,t),

(12) X X
(Xg ¢/Hg JVHY 7) = aX, ¢+ BX |+ X

where a, b and ¢ are adequate constants.

u,v

With our convention of §0, in extending the domain of the parameters

to negative numbers, one can deduce that, if X satisfies condition (12),
then it satisfies conditions (1) and (2) ; thus X is a simple Markov
process. Conversely, if X is a simple Markov process, according to Pro-
position 3, it satisfies condition (12). Therefore, conditions (1) and

(2) together are equivalent to condition (12).
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From now on, we suppose that X is a centered Gaussian simple

Markov process.

We make the following hypothesis on the covariance function

K of X.

HYPOTHESIS H1 :

K is continuous on ([o,S]>(lo.T])2. K((sst),(s,t)) is
strictly positive for st > o, K((s,0),(s,0)) is either
identically null or strictly positive on ]o,S] and
K((o,t),(0,t)) is either identically null or strictly

positive on ]o,T].

Under this hypothesis K((s,t),(u,v)) is strictly positive

for all s,t,u,v such that K((s,t),(s,t))K((u,v),(u,v)) >o0. In fact,

any pair of different points (s,t) and (u,v) can be joined by a path

consisting of at most one horizontal and one vertical line segments

on each of which K is a one-parameter covariance function. Therefore,

the proof of the mentioned property reduces to that of the one-parame-

ter case (cf. [4], p. 55).

Suppose now that the function &, defined by (4), verifies

the following hypothesis.

HYPOTHESIS H, :

(13)

There exists a strictly positive continuous function

Ps to defined on [0,S] x[0,T], such that

1
,V

for all (u,v) for which K((u,v)(u,v)) > o.

P((s,t),(u,v)) = 'Ps’t ‘P;

(We can always suppose Y00 = 1 by dividing ¢ by a cons-

tant, without changing (13). That is what we shall do).

Notice that, if K is strictly positive on ([ 0,S] x[o,T])z,

the function ¢ defined by
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0g ¢ = K((5:£),(0,0))K ™ ((0,0).(0,0))

verifies H2. More generally, if, for (p,q) < (s,t) in D, ®((s,t),(p,q))
has a strictly positive continuous Timit ¥o,t0 38 (p»q) > (0,0) and if
¢ has a continuous and strictly positive extension to the entire domain
[0,S] x[0,T], then this extension, denoted again by ¢, verifies the
hypothesis Hz. In fact, for (p,q) < (u,v) < (s,t) in D, we have
((s,)2 ()8 ((u)4(p2a)) = K((5,8)5(P2a))K ™ ((usv)5(ps0)) =

= K((5+£)2 (uav) )KL ((Uav)s () JK((Us )5 (P20))K™H((UsV) 5 (P50))
= ®((s,t),(u,v)).
Therefore, for (u,v) < (s,t),
o5, tPun " (p,q)‘im(o’o) [2((5,£),(p+a))((U,v) 4(psa))]
= &((s,t),(u,v))
where the limit is to be taken for (p,q) < (u,v) in D.
PROPOSITION 4 : Let M be defined by
(14) Mg ¢ = K((558)s(sst))os%y » (5,t)€00,51 x[0,T] .
Then
(15) K((SHE)5(UaV)) = 0y Mo 00

for all ((s,t),(u,v))€([0,S] x[o,T])z, where A stands

for the infinum.

Proof : The proof can be obtained by a direct verification of the equa-
lity
K((s,t),(u,v)) = ws’tK((sAu,tAv),(sAu,tAv))wgfu’uAv¢u’v
for all possible configurations of the line segment joining (u,v) to
(s,t). =
Now, we can characterize the process X in terms of a Gaussian

strong martingale.
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PROPOSITION 5 : The process defined by Z, , = w '\ X , is a (centered)

Gaussian strong martingale with respect to the filtra-
tion {gé t:(s,t)EE[o,S] x[0,T]1}. Hence, Z has indepen-

dent increments and E(Z YA =M s where M is

s,t u,v) Sau,tav
defined by (14). In particular,

Us.t = Zs.t - Zo.t - Zs,o + Zo,o defines a Gaussian

strong martingale U with respect to the same filtration.
s 3 ) - - " = -

Similarly, Ug = 25 o - Zoo 3 Ug ¢ = Tt ~ Zo0

define two Gaussian martingales U' and U", respectively,
with respect to the filtrations (E)S( o:sGE[o,S]} and
=93

(EX .:t€[0,TI}. The random variable X_ _ and the pro-
g

0,0
cesses U, U' and U" are mutually independent.

Proof : We refer to [5] for the definition of a strong martingale. Let
Z(1 (u,v),(s,t)]) be the increment of Z between (u,v) and (s,t) with
(u,v) < (s,t), i.e.

20 (Uyv), (sat)]) = ¢ 1

-1 1 -1 -
X ¢ . X + ”u,vxu,v'

s,txs,tf Ps.vis,v T Pu,t’u,t

In order to prove that Z is a strong martingale we only have to prove

X X

that the projection of the above increment onto H's v, 1 is null.

But, ws’t,Z(](u,v),(s,t)]) = xs,t - Xs’t,where xs,t is given by (11),
and Proposition 3 says that the projection of XS £ " XS t and, hence,

X X

of Z(}(u,v).(s,t)]) onto He \VH, ; is zero.

The fact that U is a strong martingale is due to the equality

of the increments of U to those of Z.

As a consequence of Proposition 3, {ZS,O:SGE[o,S]} and hence
U' is a martingale with respect to {Ez,o:sfflo,S]}. A similar argument
holds for U". The independence of Xo,o’ U', U" and U is due to the fact
that these quantities are increments of Z and that Z has independent in-

crements, =
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We can say more about the representation of X in terms of mar-
tingales, if the function M, defined by (14), verifies the following

hypothesis.

HYPOTHESIS H3 : There exist square integrable functions G, G' and G"

such that
Mo, =M =M +m =S b6 dvdu
s,t o,t $,0 0,0 o u,v
_ ¢S [pin2
Ms,0 ~Mo,0 = £ (6y)" du
_ ot a2
Most ~ Moo = L (G)) dv.

THEOREM 1 : Under hypotheses Hl’ H2 and H3, there exist one-parameter
Wiener processes B' = {B;:selo,S]} and
B" = {B';;:tE[o,T]} and a two-parameter Wiener process
B = {Bs’t:(s,t)elo,S] x[0,T]} such that xo,o’ B', B" and

B are mutually independent and

- S 1) ] t " " S t
(16) xs.t = ws,t[xo,o + é GudBu + é GvdBv + é £ Gu,vdBu.v]'

Conversely, if ¢, G', G, G, xo,o’ B', B" and B are as above,
then the process X defined by (16) is a centered Gaussian
simple Markov process verifying hypotheses Hl’ H2 and H3.
In both cases, X has a modification with continuous trajec-

toires.

Proof : Notice first that the right hand side of (16) devided by Yot

should represent ZS t defined in Proposition 5. Consider the martingale
U of the same proposition. U is null on the coordinate axes and has

independent increments. If IGs tI > o for almost all (s,t), then a

1

Wiener measure B can be defined by st,t = Gs,t dUs,t and we have

s .
Us,t = é ﬁ Gu,v dBu,v' If not, let D = {(s,t):IGS,tl > o} and define
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a Wiener measure B on D by d—s,t = G;{t dUs,t and take any other Wiener
measure B on [0,S] x[0,TI~D, independent of X ; then, put B = B+ E.

U has again the same representation in terms of B. The Wiener process
B considered in the theorem is generated by the Wiener measure B of
the proof. The process B and the corresponding stochastic integral

s ,t . os .
é £ Gu,v dBu.v have continuous modifications (cf. [6]).

The construction of B' and B" can be made in the same way,
by starting, respective]y; from the martingales U' and U" of Proposi-
tion 5. The independence of XO 0’ B, B' and B" is a consequence of this
proposition.

The proof of the converse part of the theorem is a matter of

direct verification. =

§2. LINEAR FILTERING

We consider the following "state and observation" model for

the filtering problem.

The state process or the signal X is a continuous Gaussian

simple Markov process'defined by

;Srtetl 6, B, s (s.t)€00,S1x[0,T]

(1) Xs,t = ¥s,t o o Tusv u,v u,

where ¢ is a continuous strictly positive random function having conti-
3"os,t a“’s,t

3s * ot
process and G is a square-integrable non-random function.

nuous first partial derivatives + B is a continuous Wiener

The observation process Y is defined by

t E]

- (S ¢t
(2) Vot =47 L7 Hyy Ky, dv du s W

where H is a continuous non-random function and W is a continuous Wiener

process, independent of B.
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For some regularity properties of the probability space
(2,A,P) on which the processes considered in the above model are defi-
ned, we shall identify it with the canonical space of (B,W).

We shall put gs = N Ez T and denote by G the filtration

u>s
(6,.5€[0,5]) and by L? the space L%(2x[0,5] x[0,T],AaB, dP ads adt),

where B is the Borel o-algebra of [0,S]x[0,T]. Let QIO’S](resp. 2[0,1'])
the Borel c-algebra of [0,S] (resp. [0,T]). If P' denotes the o-algebra
of G-predictable sets of A né{o S},then we shall denote by P the product

o-algebra g'nglo T]and by Lz(g) the Hilbert subspace of L2 generated

by all P-measurable elements of L2. The space L2([o,T].£=3[0 T],d'c) will

be denoted by Lz(dt).

DEFINITION 2 : For a process Z in L2, the G-predictable projection

2P of Z will be defined by the conditional expectation
of Z with respect to the c-algebra P and the measure

dP 8ds adt.

The predictable projection in the senseof the above definition
can be constructed as follows, by using the notion of predictable pro-

jection in the senseof [7]. Let Z be a process defined by

(3) Zo,¢ = ULy s(8)yy 1y (0)

where U is a bounded random variable and let (US:SGEIO,S]} be the right-

continuous version of the martingale {E(U/gs):séilo,S]}. Let us put

L]

(4) z's’,t = Ug_ 1), gi(s) L)y () s

where U, 1]u S](S) coincides with the G-predictable projection of
u 1]u Sl(s) in the senseof [7]. Notice that, for almost all s, Zg t is
a version of E(ZS t/gs). On the other hand, the space Lz(g) is generated

by processes of type
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Lot = Vg, s) 80 Ly ()

where V is a bounded gu-measurable random variable. (There is no loss
of generality in choosing V2o0). By using the fact that the measure
dP Bds commutes with predictable projections (cf. [7], T30, p. 107),

we find
S .7 _ P _
E £ £ (zs;t Zs,t)Ls,tdtds = o.

Therefore, the process 7P is the predictab]eﬁprojection of Z in the
senseof the above definition. Now, let Z be an arbitrary element of

L2 and let {Zn:IIGIN}be a sequence consisting of processes that are
linear combinations of processes of type (3) and converging to Z in Lz.
(The space L2 is generated by processes of type (3)). To each Zn there
corresponds a process Zg defined as linear combinations of processes
of type (4) and the sequence sz,né N} converges to the predictable

projection Zp of Z as defined in Definition 2. Therefore, there exists

a subsequence {ZE » € N} such that, for almost all (s,t), {ZE s t,nGEN}
n n’ 9’

converges to Zs t in LZ(Q,Q,P). From this,we deduce that, for each
ZEEL2 and for almost all (s,t), Zg t is a version of the conditional

expectation E(Zs,t/gs)'

Now, let us consider the following horizontal evolution equa-

tion for X.

ol 6

4
_ ¢S Tu,t -1 s .t
(5) Xs,t =4 0 %ut Xu,t ML 00,8 P,y Cuyy 9Byy

S,t 0 3U u,t U,t

X, Y, W and the system noise, represented here by the last term in (5),

have continuous trajectoires. Therefore, for fixed s, XS s NS and
S -1 . . . .
£ g 2u,. %u,v Gu,vdBu,v can be considered as taking their values in

Lz(dt) = LZ([ 0,71, B qp»dt).
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IfU = {Us,t: (s,t)€l0,S] x[0,Tl} is a process such that,
for all s and almost all w€Q, US”(w)ELZ(dt),we shall denote by
U= {Us,s€5[o,S]} the corresponding Lz(dt)-valued process. We shall
denote by Il . Il and <.,.>, respectively, the norm and the scalar pro-

duct on LZ(dt).

The covariance operator of ws is sWy, where W is the nuclear
operator on Lz(dt), the kernel of which is t At,i.e. ¥f,g€ Lz(dt)
EL<W, f><H 0] = s<WF,g> = {)T {)T t gt F(t)g(t)dt dr.

The operator W is called the covariance operator of W. We define the

bounded linear operator HS on Lz(dt) by

ot 2
(Hgf)(t) = [F Ho v, fELS(dR)

Consequently, equation (2) can be written as

_ ¢S
(6) Vg = 17 HyX, du + W,

DEFINITION 3 : Let XP be the G-predictable projection of the state pro-

cess X. Then the process v defined by

(7) v = YS

.St P
st t é f H X dv du

s 0 U,V U,V

will be called the horizontal innovation process of Y

Notice that, as an Lz(dt)-valued process, v can be defined

- S p
(8) vg = Y {) H, X[ du -

PROPOSITION 6 : The Lz(dt)-valued process v = {vg: s€[0,S]} is a G-

Brownian motion with covariance operator W. In particu-
lar, vg ¢ (sst)€[0,S1x[0,T]} is a two-parameter Wiener
process such that for all S'<S’{"s,t"’s‘ it t€lo,T]}
is independent of gs' .
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Proof : We refer to [8] for the definition and properties of a Hilbert

space-valued Brownian motion. Notice first that v can be written as

oSty
Vst -{) j(') u, VXu ydvdu+ W t
(9) o
Vg ={) HuXudu+WS
-yP : e es
where Xu v Xu,v Xu v It is a matter of easy verification that v

is square-integrable, i.e. E||v5||2<°°. and it is strongly continuous
as an Lz(dt)-valued process. To prove that v is a G-Brownian motion,
according to [8], it is enough to show that, for all fELZ(dt),
{<vs,f> :s€[0,S]} is a G-martingale, and for all f,geLz(dt) and all

s'<s
El <vs-vs..f><vs-vs.,g>/gs.] = (s-s')<Wf,g>.

These two properties can be proved in exactly the same way as in the
proof of the well known innovation theorem of the one-parameter filte- -
ring problem ([9], Lemma 2.2). The second part of the proposition is

an immadiate consequence of the first. ®

Let us consider the process {E(XS t/(__ES) :t€[0,T]}, for fixed
s. As {XS £° t€(o0,T]} is continuous in the quadratic mean, the same

9
goes for this process. It has therefore, a measurable version (in t)

which is what we shall consider below.

PROPOSITION 7 : Let M be defined by

- _ u _Tu,t -1 P
(10) Ms E(Xs t/G ) f Tou u t Xu td

Then M = M, : s€[0,S]} is a square-integrable Lz(dt)-
valued Gaussian G-martingale. Moreover, for almost all

t, {Ms,t :s€[0,S]} also is a Gaussian G-martingale.
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Proof : The square-integrability of MS is easy to show by direct compu-

2

tation. For s'<s and fEL"(dt), we have

. -1 _
é spu,.“"u,vGu,vdBu,v’f)/g-fs] = 0.

S
E <M Mg, oF>/G0) = EL<(]

This shows that M is an Lz(dt)-valued G-martingale. The proof of the

last part of the proposition is similar. ®

In the sequel, we shall only consider the right continuous
modification for the process {E(Xs /G5)> s€lo,S]}, taken as an L2(dt)-
valued process, that we shall denote by X0 = {Xg:SGE[o,S]}. We shall

rather write equation (10) as follows :

¥ -
= Xo fs u,t P 1 Xp du,

(11) M -
s, t  s,t 0 su u,t “u,t

keeping in mind that Xg t is a version of E(Xs t/(_;S) and, as an Lz(dt)-
9 ] =
valued process X% is right-continuous. Notice that Xg t = Xg £ a-s. for

almost all (s,t).

Let PS be the covariance operator of 7; = XS-Xg, defined by
(<X, X000 = <P fg>, fgelb(dt).
Then PS is a symmetric nuclear operator the kernel of which is defined
by

Ps(tsr) = E[(Xs,'c"x(:;,'c) (Xs,r"xg,r)]

"

E[(xs’t-xg,t) (X -xP )

s T ST

for almost all s,t,t. .

PROPOSITION 8 : Let K be defined by

(12) Ke(ts7) = P(t,T) Hy

for almost all s,t,r. Then the martingale M defined by

(11) thas the following representation
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_ ¢S T
(13) Ms ¢ -{) {) K (tov)dv, o
for almost all t.

Proof : For the proof of the representation (13), we refer to the repre-
sentation theorem 2.6 in [3]. Let M be an L2(dt)-va1ued square-integrable
G-martingale. Then there exists a G-predictable process ¥ with values

in the Hilbert space of (not necessarily bounded) linear operators in
L2(dt) such that {)S El tr(¥%, W ¥ )] du <o, where ¥' is the adjoint of

Wh, and that

_ (S
(14) Mg = % qbd“u’
(Cf. [10] for the definition of this kind of stochastic integrals).

Let the representation of the martingale M of Proposition 7

be given by (14). Then, for almost all t,

S T
(15) M -{) {) Pu(tsV)H, | dvdu

v
s,t s,t

is a G-martingale in terms of s. To see this, it is enough to apply

the Ito differentiation rule to Ms,t \E,r and take the conditional expec-
tation with respect to gs' for s'<s. This part of the proof is similar

to that of Proposition 2.11 in [3]. Considered as an operator, the in-
tegral term of (15) can be written as és P Hﬁ du. This, with the above
mentioned representation theorem, implies that Ms has the following

representation
- S b +
MS—{) PuHu'w‘ dvu,
as given in Theorem 2.12 in [ 3], where W is the pseudo-inverse of \y

defined by

W = i (" expl (s-n)W2lds) Wl , fErgW

n> o
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with the limit taken in L2(dt). Notice that Puiﬂ;ﬂ)+ is a non-random

operator. Then, for almost all t, MS t is an element of H: T Therefore,
9 i

by taking the mathematical expectation of (15), which equals o, we

obtain

S s T
E(M éT Ky(tav)dvdu=EL(f7 /7 K (t.v)dv, \)vg ]

s,tVs,0) ° é
From this, follows representation (13). ®
Let us consider now the equation

oy
s Tu,t -1 s T
(16) U t : é au ¢u,t Uu’t du + é é Ku(t’v)dvu,v

and let Z be a measurable version of

LK (),

_ s T
(17) Zs,t = ¥s,t é é Yu,t "u

The existence of a measurable version of Z is guaranteed by the measu-
rability of its covariance function. By substituting U by Z in (16), it
can be verified that Z satisfies equation (16).

We want to show that if equation (16) is satisfied a.e.

dPeds pdt by two different processes U and U' in L2

, then U = U' a.e.
dPadsadt. In this case, we can also replace Ku(t,v) in (16) and (17)

by any other measurable function equal to K for almost all u, v, t.

Suppose that we have two processes U and U' in L2 satisfying

equation (16) a.e. dPBdsedt. Then Y = U-U' satisfies the equation

0y
_ ¢S Tu,t -1
Ys,t - £ au Yu,t Yu,t du

a.e. dPpdsedt. Then we have

2 s .2 s .02
E(Yg,g) < L7 Fy g du £2E(Y, L) du

< A SE(YE L) du a.e.  dsedt ,
o 9



..87-

oy _
u,t ‘pult and A is an upper bound, independent of (s,t),
ou ’

of the integral in which F appears. Let us put

where Fu,t =

_ ¢S 2
fs t -{, E(Yu,t) du.

]

Then the above inequality becomes

of

——-f’—’—t-Af <o a.e. ds adt ,
0s st

which gives, after multiplication by e'AS s

2 (e'As fo¢) <O a.e. dsadt .
as Ss
Therefore,
S 3 , -As _ =AS
J") -a—s (e fs,t) ds=¢e fS,t <o a.e. dt .

This is possible only if, for almost all t, fS ¢ = 0- Consequently we

S T 2 _
havejc" {; E(Ys’t)dtds-o.

Equation (11) and representation (13) show that XP and X° sa-
tisfy equation (16) a.e. dPedsadt. Therefore, Z = xP = x° a.e.

dP s ds adt. Then, according to (7), we have

_ ¢St
Ys t -{) {’ Hu,v Zu’vdvdu + Vs, t a.s.

This implies that Y, , is an element of I:-'{\S),T' Hence 'iz,T = Q:,T' Conse-
quently, the filtration G coincides with {E\S’ T s€[0,S]} and is, there-
= =3

fore, continuous. A1l these imply that (=;s is generated by Igz T° =:,T .

Moreover, by using the continuity of G, one can show that, as
function of (sst), E(Xs,t/gs) is continuous in the quadratic mean. Hence,
Ps(t,r) can be chosen as a continuous function of (s,t,t). That is what
we shall do in the sequel. In this case, the process Z defined by (17)
is continuous in the quadratic mean. Therefore, Zs,t is a version of

E(Xg 4/G;) for all (s,t).
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Notice that, for any fixed t, {Zs,t: s€[0,S]} has a continuous
version satisfying (16) and, being continuous in the quadratic mean,
for any fixed s, {Zs,t: t€[ 0,7 } has a measurable version. Therefore,
there exists a measurable process X = {is.t : (s,t)€[0,S] x[0,T]} such
that, for any fixed t, {xs,t: s€[0,S]} has continuous tréjectoires and,

for all (s,t), is,t = Z,,y a.e. hence a version of E(X; ,/G.), (cf. [11]).

Noting that nothing would change in the above conclusions if
T were replaced by tOGE(o,T], we shall summarize the main results by

the following theorem.

THEOREM 2 : The process {E(X /FY ): (s,t)€[0,S] x[o,t ]} is conti-
e —— S,t S,to °
nuous in the quadratic mean and has a measurable modifica-
tion X*(t ) = {iz,t(to) : (s,t)€[0,5] x[0,t ]} such that,

for any fixed t, {iz t(to): s€[0,S]} is continuous. Let

P?(t,r,to) and K?(t,r;to) be defined respectively by
h oh oh

(18) Ps(t’T;to) = E[ (Xs,t-XS,t(to))(XS,T-XS,T(tO))] ’
h h

(19) Ks(t,r;to) = Ps(t’T;to)Hs,r s

and let the horizontal innovation process of height t0 be

defined by
h - _rS (t gh
(20) vs,t(to) = Ys;t é £ Hu,vxu,v(to)dVd" .

Then X (to) satisfies the following horizontal filtering

equation

S Tu,t -1 ¢

by _ - S to h . h
(21) X O) =/ Tﬁf""¢u,t Xu,t(to) du+~£ £ Ku(t,v,to)d\)u’v(t0

and has the following explicit expression
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- to
(22) K2 (b)) =g 15000t K

ek
15170 0g ¢ K(tavsto)dvy (t).

Moreover, the kernel P};(t,r;to) satisfies the following
Riccati equation.

h
oP_(t,T3t ) 9 9y -
(23) S0 s byl e tg) ¢ PRt ) —2T ]
ds ds 0s 5T
_(toph tat -2 o2
f P (t vit )HS v S(v it )dv-HpS t(f ¥ sz,vdV)¢S,T’

with PZ(t,r;to) =0 for stt = o

Proof : We only have to establish the Riccati equation. By putting
X =%- X" (to) and considering equations (5), (21), (2) and (20), we get

X . =J5 a‘pUt‘pl’f(‘ du+ffsp ol 6
st 0 gy ot “u,t u,t Tu,v "u,v TTu,v
t
-fsfok(tvt)[H dvdu + di, ],

u,v UV

and we obtain equation (23) by applying the Ito differentiation formula

~ ~

to Xs t xS r 35 function of s and by taking the mathematical expecta-
» ]

tion. =
By interchanging the roles of s and t,we obtain similar results

for the vertical filtering problem.

THEOREM 2' : The process {E(Xs t/F (s, t)E[c)s ] x[0,T]}, with

)
0<s, < S, is continuous in the quadratic mean and has a
measurable modification

iv(s ) = {iz t(s ) : (s,t)GE[o,s ] x[0,T]} such that, for
any fixed s, {Xv t(s ):t€[0,T]} is continuous. Let

Pz(s,o;so) and Kt( ,o;so) be defined respectively by

(18') PU(s,035,) = El xs,t-i;’,t(so))(xc’t- Rg’t(so))l
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(19') KY (s 03S ) (s 03;S )H0 £

and let the vertical innovation process of width So be de-
fined by

S ft

A u v u v(s )dvdu .

(20') Ve, t(50) = ¥ ¢ L

S,

Then iv(so) satisfies the following vertical filtering
equation
0y

v =1
v S v S v

(21°) X 4(sg) = {,t (3 )d"” ft CTEMECN

and has the following explicit expression

- s -
(22') X2 u(sy) = es ] 0 {)% L K(s,uss WY (5,) -

The kernel P:(s,o;so) satisfies the Riccati equation :

2
1 Pv(s 035y) + pY £(s,035,) —-94£»¢;1t

ot at ot

So 2 w SAT -2 (2
“§ Pelssussg) By Prlusossy)duseg o (P00 6 duleg o

v .
(231) aPt(s’o’SO) = a¢3gt

with PY(s,u3s ) = for  tus = o.

We may call any version of E(xs,t/FZ,t) a causal estimation
of xs,t in terms of Y. It is clear that iz’t(t) and iz,t(s) are causal
estimations of xs,t‘

Let us put is,t = iz.t(t) = iz’t(s) a.s.. For any fixed t,

the process {5(5 £: s€[0,S]} has a continuous version defined by

(24) Ro b =0y {)5 {," ¢u1t KE(t,vs t)dv J(t)

and satisfying the equation
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oy
N _ S Tu,t -1 g s .t h h
(25) Xs,t _{) _au—¢u’t Xu,tdu+f S K (t vit)dv u, v(t) .

Similarly, for any fixed s, the process {is £ t€[o0,T]} has a continuous

version defined by

s s t -1
(24") xs.t = ¥s,t é é Ys,v v

s, K(s,u; s)dv (s)

and satisfying the equation

. Ny t aws,v -1
(25') XS,t = é -—S;_.¢S v xS v dv + f f K’ (s u; s)dv ( ) .

We do not know yet whether or not i has a continuous version as a two-

parameter process.

For numerical applications, it would be interesting to express

Xs+ds,t+dt’ for ds>o0 and dt>o0, in terms of xs+ds,t . xs,t+dt and X

that is, to have a two-parameter recursive filtering equation. We cou]d
find this equation in [1] only by extending, in a rather formal way,
the results obtained in [ 12] for the case of discrete parameters. This

equation is the following

-1 g !
(26) d(vg ¢ X ) = 95, tedt S(t+dt t; t+dt)dvs ((t+dt)

+ {)t dtw;}t KE(t,v3 t)]dv NORNAE w;}t 25 uss)ldv? L (t)

where d denotes the second differential in s and t, dS and dt denote

respectively the first differentials in s and in t. The first term of

-1

the right hand side can be replaced by Psids,t Kt

KV (s+ds,s; s+ds)dv (s+ds).

At the view of equation (26), it seems difficult to represent
is,t as the sum of stochastic integrals in terms of various innovations.
For the non-linear filtering of two-parameter semi-martingales such a
representation was obtained in [ 13]. We hope to be able to extend the

method of [ 13] to the Gaussian case in a forthcoming publication.
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We would like to mention that linear filtering equations of
type (21), (21') and (26) were given by E. WONG in [ 14] where the mar-
tingale representation (13) was introduced without proof. Apart from
providing all the tools for establishing the linear filtering equations,
the extension of the method used in [13] to the Gaussian case will, we

hope, also contain the proof of such martingale representation theorems.
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