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SIMPLE MARKOV CHAINS

0. ADELMAN, UNIVERSITE PARIS VI

A Markov chain is d-dimensional iff S, its state space, can be

written as the union L) Si such that
ie/Z

(1) i#jg)siﬂsj=ﬂ,

(2) sup {Card (Sil} < o,

and

(3) if o, yéSiUSj . than

i - 3] <1 =

Inen, 'a{zk : ke {1,... n}}C:Si&JSj, plx,z,) plzy, 2,)... plz . y) >0
(n can equal 0, in which case pl(x,y) > 0).

The property "Yi . S; # B" is a py-product of (1). Setting j=i in (3),

we note that any point in Si can be arrived at from any other point in Si’
without getting out of Si 3 and letting 1 and j be neighbors in Zd. we see

we can pass from Si to S, with no other Sk as a go between. (3) implies

also the irreducibility of the Markov chain.

A Markov chain with a state space S is fair iff

X, Yy €S, plx,y) >0 —

1 - plx,x)

ply,x) >0 and plx,y). =
Card ({z : p(x,z)> 0} \{x})



Note that this definition implies that for every x in S,
Card ({y ¢+ p (x, y) > 0}) < =, a condition which is automatically

satisfied by a d-dimensional Markov chain if d < oo,

Theorem. A 1-dimensional fair Markov chain is recurrent (i.e., any state

in its state space is recurrent).
The proof is based on ideas already used in Iﬁ].

If, for the one-dimensional case, we had replaced (2) by

(2"} lim inf Card [Si) lim inf Card (Si) < o,

il i\ -

that we could find examples of transient fair Markov chains satisfying

(1), (2') and (3).

Conjecture. A d-dimensional fair Markov chain is recurrent iff d < 2.
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