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GEOMETRIC ERGODICITY FOR A CLASS OF MARKOV CHAINS

NUMMELIN, E. AND TWEEDIE. R.L.,
UNIVERSITE DE CANBERRA (ENGLAND)

Suppose {Xn} is a Markov chain on a countable state space S = °,1,...},
with transition probabilities P"'(i,j) = Pr(X =3 | Xy = i)+ If (X} is

irreducible and aperiodic, then it is known (cf. [11) that for every
pair (i,j) tbe transition probabilities Pn[i,j) have limits w(j) in-
dependent of i as n > «. In [2], Kendall showed that if, for some state i,

this convergence is geometrically fast in the sense that, for some pii <1,
P11y - m| = 0cel)),
ii

then for every pair (k,j), there exists ij < 1 such that
n . , _ n
Pk, 30 - T3] = Otpy,).

Hence this property of "geometric ergodicity” is a solidarity property of

the chain, rather than of individual states.

In [11], Vere-Jones significantly improved the result of Kendall by ex-

hibiting the existence of a common value P<1 such that ij ;:D for
every pair (k,j). In the transient case, where “j = 0,P can be chosen

as the best-possible rate of convergence for all the pairs (k,j) ; but
this is not the case in the positive recurrent case, when ﬂj > 0. Vere-
Jones [11] gives an example of a 3-state chain where p cannot be chosen
as a common rate of convergence, and in [8] Teugels gives a chain on n+1

states with n different values for the optimal convergence rates Py of
the states i.
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In this note we consider a Markov chain {Xn} on a general state space

~
(X,"7*), with transition probabilities
PM(x,A) = Pr(X_€ A | X = x)
’ n O

which are assumed to be measures on TF’ for each x, and measurable func-
tions on X for each fixed A ECFT The basic assumption we shall make
throughout is that there exists an atom o € X, which can be reached

with positive probability from every point x € X ; that is, ZPn[x,a] >0
n

for all x € X. Such a chain is, in the nomenclature of Revuz ([7], p.71),
Ga -irreducible, where 6& is the Dirac measure at a ; and so from [107,
there is a "maximal” irreducibility measure Ma {which can be taken in this

case as M (.) = ] P"(a,.)2"") such that M _(A) > O implies ] P"(x,A) > O
n n

for every x ; and such that MG(A] = 0 implies Ma{x : Z P(x, A) > 0} = O.
n

From [9] we know that {Xn} can be classified as either 1-<recurrent, if
n - ’ 5 .
} P'(x, A) = » for all x € X and all A e‘?frw1th Ma(A] >0 ; or as

n

1-transient, when there exists a sequence of sets A(j) 4 X and constants

by + © with Y P"(x, ALIN) < by for all x e X. In the latter, 1-transient,
n

case an analogue of Vere-Joﬁes result is already known : from Theorem 1 of

[9] we have
Theorem 1. If, for some pa <1,
P" (a,a) = O(p;].

then there is a sequence R(j) 4 X, and a number p<1 such that for

Ma~almost all x € X, and each j,

P (x, R(3)) =0(p™.
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We now turn to the situation where {Xn} is 1-recurrent, and P"(a,a) tends
to a positive 1limit (clearly geometric ergodicity cannot hold when {Xn}

is 1-recurrent with P"(a,0) + 0, i.e. in the null-recurrent case). We
then know that there is a unique probability measure ™ on 'J°, which is
equivalent to Ma , satisfies w = 7P, and is such that Pn(a.a] > mla)

(cf. [9], or in the more usual case where‘gﬁ is countably generated, Sec-

tion 3.2 of [71). We now prove :
Theorem 2. Suppose that for some pa <1 and T7(a) > 0,

| PMa,0) - m(a) | =0(p8]. (1)
Then there exists p <1 sucht that for m-almost all x,
[P (x,.) - w(.)]] = O™, (2)

where ||.|| denotes total variation on 637.

Proof. Let Ty = inf (n 21 : Xn = a), and write

T aln) = PrX €A, T, >n|Xy=x),

o

so that in particular, Fx,a(n) = Pr[Ta =n | Xg = %), and
= > = -
P (M =Prlt 2 n | Xg=x) (3)

We first note two facts :
(a) from the original work of Kendall [2], our assumption (1) is equiva-

lent to existence of rg with 1< rg < p&1 such that

n
n§1 Ty o (n) rg< o (4)

and

(b) from [8] , Theorem 4, the measure T can be given as

m(A) = m(a) (n), Ace‘T. ‘ (5)

o]
)T
n=1 o, A
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Now by considering the times of first and last entrance to o , we have

the decomposition

n -
P (x,A) = Px,A[n) + Fx,a * U * Fa ) A(n]. (6)

where * denotes convolution, and u(n) = P"(a,a). Hence

n
[P (x,A) - m(AY]| < T alnd * lrx,a *u*T ) - mll % 1(n) |
+ | ()T, , * 1(n) - m(A) |
ST e T % T % utn) - ]
+m@) ) T (3), (7)
jener  ®X

from (5) and the fact that Px A[n] < Px X(n]. For any r > 1, then

¥ o |P"tx,.) - owmea]] o< ) 2" T ()
= =1

n=1 X5 X
o] o0 (o) [e o)
N Toym " Phxa) - m@)| + e J o )T (3. (@)
m=1 ’ n=1 n=1 J=n+1 7
Now from (4) and (3), we have that for r <y
0 [o0] [o o]
n n
> =
o Z r .Z Pa.a (i) Z r Pa,x(n] ; (9)
n=1 J=n n=1
and this in turn implies that for r < Ty
[e ] (o]
n .
@ > " 7T 0. (10)
n=1 =n

Moreover, we have for any k < n

T, () = [ T JRT,

) {a}c a.d X(n-k]

b
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hence from (9), we have for each k and r Lr

0
w > r (k) Yy ¢ T _(n),
{a}c o.,dy n=1 v, X
and so using (5), for T-almost all x
(o]
© > ¥ ' T _(n). (11)

Next, we have from (6) with A = {a}that for w-almost all x,

|PM(x,0) - ml@)] < [T,  *ulm - wIT, = 1| + 7wl § T (3),
X,0 X50 j=n+1

since ) Px a(j]=1 for T-almost all x in this recurrent case. Hence
Jj=1 ’

for TmW-almost all x and all r é{ro,

e o] [¢ o] o]
I Pt - mtad| < § oA T, tm ¥ o | un) < mla)d]
L - & X500 c
n=1 m=1 n=1
+ om) Yo" ) T, (§) <, (12)
n=1  j=n+1 @

from (11) and (1). But now (9) - (12) show that all the terms on the right
hand side of (8) converge for r £ 1y and m-almost all x ; and so we ha-

ve (2) as required.

Let us now turn to the situation where X0 has an arbitrary initial dis-

tribution A on’q; . If (1) holds, then from the proof above, we will have

for some pA< 1

AP e - mea]] =0,
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provided for some r > 1

) r' T, (n)< o, (13)
& A0
n=1
Y T, o (n) =1, (14)
n=1 Asa

where Pl,a(n] = Pr[Ta =n | Xg v Ad.

But (13), (14) and (1) not only imply but are in fact equivalent to (1),

together with
A PM@) - )| = 0Cp}) (15)

for some p1 < 1. To see this, we note firstly that since XPn(a] ->

(o) (n), (15) clearly implies (14) ; and secondly (1) and (15)

[o o]

y) T
neq As0
are equivalent, from [2] , to the existence of a constant s > 1 such
that the functions

(1-2)) 2z"um = U
n=1

(1-2)) 2" 2w ) = Alz)

n=1

are analytic and zero-free except at z = 1, in |z] < s. Now from (8)

again, we have that for r < s,
(o]
Alr) = r : ,
(r) Z Lot ruer)

from which (13) follows.

We can thus see :
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Theorem 3. Suppose A is any initial distribution and that for some
<
DO 1,

[PP(a,0) - ma)| =Otpy) and

W) - M| = Otpy).

Then for some p < 1,

[y - we ]| = Op™.

It is perhaps of interest to remark that the method used to prove Theorem 2

shows that when there is an atom o in the space, and for some 7w(a) > O

| P, ) - m(a) | > O,
then there is a measure T such that for w- almost all x,
1P (x, ) - m()|] » o. (16)

The existence of a single T-null set on which (16) holds can only be
shown in general provided QF is countably generated, but the techniques

above are all independent of such an assumption.

Finally, we give an application of our results to random walk on a half-
line. Let {Y1.Y2....} be a sequence of independently and identically

distributed random variables on ( -®,®), with Pr(Yi < 0) > 0. If we write

+
X, = (Xn_1 + Yn] s N=1,2,...,

then clearly 0 is an atom for {Xn} . In [37, Miller investigates condi-
tions for geometric ergodicity of thestate zero, and then applies the re-

sults of [11] to deduce geometric ergodicity of the whole chain {Xn}when
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distributions of Yi‘ and so defining E(Yi] in the extended form of Miller

([3] p. 356) we can give :

Theorem 4. (i) A necessary and sufficient condition for the existence of

py < 1 such that P"(0,0) =()(p8) is
E(Y.) >0, Pr(Y, £ -x) < pe X! (17)

for some 0 < D < o and n > 0. If (17)holds, then for some p < 1 and

MD—almost all x and all relatively compact K,

P (x, K) =0(pM. (18)

(ii) A necessary and sufficient condition for the existence of Pg <1

and T(0) > 0 such that |[P"(0, 0) - m(0)| = O(p]) is

E(Y,) <0, Prly;>x) <pe ™ (19)

for some 0 < D < © and n >0. If (19) holds, then there exists p < 1

and a probability measure 7 on [b,w ) such that for mw-almost all x,
[P tx, ) -m]] =00™M. (20)

Proof. Miller [3] shows that (17) or (18) are, in their respective cases,
conditions such that the state zero has the required geometric ergodici-

ty properties. The rest of the results then come immediately from our
Theorems 1 and 2, except for the statement that (18) holds for all rela-
tively compact K. This last comes from Theorem 1 of [6] , as a consequen-
ce of which we know that relatively compact sets on [b,w )] are R-sets

(i.e. have the "correct” geometric rate of convergence), provided the tran-
sition pfobability kernel P maps continuous bounded functions to conti-
nuous>b0unded functioqs. Since this is true for all random walks, the theo-

rem holds.
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In conclusion, we should state that the results given here can be exten-
ded to the more general analytic context of R-positive Markov chains,
described in [9] ; and that by using the splitting technique of (4] , the
" need for an atom in the state space can be eliminated. This extension of

our results is described in [5] .
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