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CLASSES OF MODELS AND SETS OF SENTENCES WITH
THE INTERSECTION PROPERTY (*)

Michael O. RABIN

Jerusalem

INTRODUCTION.

The usual structures such as groups, rings, fields, and algebraically-closed fields, consi-
dered in Algebra have the property that the intersection of substructures of any of these structures
is again a structure of the same kind. This intersection property is a fundamental feature of alge-
braic structures and is used, for example, whenever we want to prove existence of subsystem ge-
nerated by a set of elements.

From the logician's point of view the classes of structures mentioned above have another spe-
cial property. Each class is the class of all models of a sentence or set of sentences of first-
order logic. In other words, these are elementary, or elementary in the wider sense, classes of
structures.

It is thus natural to ask : what can be said in general about elementary classes of structures
with intersection property. Alternatively we may wish to obtain general results concerning sets S
of formal sentences (axioms) of first-order logic having the property that the class of all models
of S has the intersection property.

A. Robinson was the first to study classes with i.p. in a systematic way, as part of his
scheme of application of logic to algebra, in his book [5]. The important Theorem 2 is quoted from
his work. The intersection property was introduced by Robinson under the name ''convexity''. We
prefer the former name firstly because it seems to describe more directly the property in ques-
tion, and secondly because ''convexity'' has meanwhile been expropriated by some logicians to name
another, completely unrelated, concept.

The intersection property of a set S of sentences is a semantical property of S, i.e. it is de-
fined by referring to models of S. Whenever dealing with a semantical property P of formal sen-
tences (or sets of sentences), one of the natural and fundamental problems is to find a syntactical
characterization of sentences having property P. We try to describe in syntactical (i.e. by refe-
rence only to the form of sentences) a set £ of sentences such that every o € £ has property P
and furthermore, if a sentence ¢, has P, then there exists a sentence 0, € £ such that 0 0,
is logically valid. Usually we also try to find such a set I which is recursive. Such characteriza-
tion problems were solved for several semantical properties P.

Here we solve the problem of syntactical characterization for sentences with intersection pro-
perty (Theorem 7) as well as sets of sentences with i. p. (Theorem 8). We distinguish between the
case of a single sentence (or finite set of sentences) and the case of an (infinite) set of sentences
for the following reason. The characterization for single sentences is of the kind described before
(with a suitable recursive ¥ ). The characterization theorem for sets of sentences, however, is of
a new kind and is different in form from characterizations found in the literature for other seman-
tical properties. We explain this situation in Section 8 and prove that there does not exist a cha-
racterization of the usual kind.

The main tool for obtaining the syntactical characterization is a new concept introduced here

(+) Several of the results in this paper were obtained while the author was visiting at University of California,
Berkeley. This research was supported in part by National Science Foundation Grants NSFG-19673 and
NSFG-1992.
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(Section 3) under the name relative intersection property. We establish some basic properties of this
notion and also give syntactical characterization of the property that a sentence ¢ has intersection
property relative to a sentence T (Theorem 6).

Given an elementary class K of structures with intersection property we may assume that the
sentence o defining K has the syntactical form given in the characterization theorem. In proving
theorems about elementary classes with intersection property we may use this assumption without
loss of generality. In fact the test for usefulness of such a characterization theorem is whether by
using the characterization we can obtain results about classes with intersection property which are
not obvious from the definition of intersection property. In Chapter III we apply the characterization
theorems to obtain results about models of a set S with intersection property which are generated
by a set of elements. We also prove that each element of such a model has just a finite number
of conjugates by automorphisms of the model over the set of generators.

We conclude this paper by discussing a conjecture of C. C. Chang and indicating another
characterization of classes with intersection property as algebras with respect to generalized multi-
valued operations.
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CHAPTER |

BASIC NOTIONS AND RESULTS

0 - NOTATIONS.

We shall employ first-order calculi (languages) with equality having the individual variables
Vos Vi,..., and the usual logical constants =, A, v,» , ~. Universal and existential quantification
with respect to a variable v, will be denoted by /A\v, and \/vi respectively.

In pratice we shall rarely write actual formulas of the formal calculus, instead we shall use
meta-mathematical abbreviations to denote the formulas we have in mind. The notational conventions
to be adopted are the following.

X, Y, Z, X, Yy» 235+, (Sometimes also with superscripts) will be used as meta-mathematical
variables denoting the individual variables of the formal calculus.

Bold face letters will denote sequences. In particular, s, t, u will denote arbitrary sequences
of positive integers;k,n, m, p, g, ntk, etc. will denote the sequences (1, 2,..., k) seees {1, 2,000, n+k)
which are initial segments of the sequence of positive integers.

Ift = <il,...,iq> then by, definition,

|t] = maxij.
1<j<q

»

Ifa, a,,..., is a sequence of variables or elements of a set and t is as above then a, will
denote the sequence a; ,...,a; ; thus x, denotes x,,...,X,. -

/\F, abbreviates the conjunction F, A...AE ; similarly for disjunction,
1<1<n

A’—‘n abbreviates the string/\xl.../\x,. of n universal quantifiers ; similarly for existential

quantifiers. Thus /\g_:u V};j B(gn,ye) denotes the formula

Nxy ANy o Ny BB, e X, 5 s Ya)-

Let A be a formula with q variable-places, A(x,) denotes the repeated disjunction

Vv
[t]<r
v e V A(xil"”’x'q)

HIRY 1giggr
of r? substitution instances -of A.

Let s = (jl" .. ,jp>, t = (11,. ..,iq) the formula x C y, abbreviates

ANET

e b Fia T T

In words : every x; equals some ¥, Thus if £, € n, (this does not denote a formula of the cal-
culus, what is meant is that the sequences of elements &;,...,8,, Ny,...,n, satisfy the formula
%, & ¥,), then {&5,..., 8,3 C{ny...., M) :

A sentence is a formula without free variables. Tne notation S } T means that every sentence
in T is a logical consequence of the set S of sentences. The sets S and T will be called equivalent
(notation : S = T) if S T and T F S.

A sentence is said to be universal-existential if it is in prenex form and all universal quan-
tifiers precede all existential quantifiers (e.g./\ v,;\V/v, P(v;, v,)).

AE will denote the set of all universal-existential sentences.
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1 - STRUCTURES AND MODELS.

Even though the results in this paper are general and apply to structures with an arbitrary
fixed number ‘of operations and relations (e.g. ordered fields) we shall restrict the discussion, for
the sake of notational simplicity, to structures of type 2)

By a first-order structure (of type (2)) we mean a system %= (A, R) where A = D(¥) is
a set called the domain of ¥, and R € A x A is a binary relation on A. The structure (¢, ¢) with
empty domain will be referred to as the improper structure.

Inasmuch as structures of types other than (2) will be used as examples or in proofs, the
deviation from the restriction to type (2) will be obvious from the context.

The restriction S|A of a relation S C B x B to a subset A C B is defined by S|A = SN (A x A).
A structure % = (A, R) is a substructure of a structure B = ?B, S) (notation : A C®) if AC B
and R = S|A.

If Ay = (A;, R‘), i€ I, is a set of structures then the union and intersection of these struc-

tures are defined by

U o”, =(g A, UR‘), 101 %, = (QIAE,

i€l i€l

0 ).

i€l

Note that the intersection of a set of structures may be the improper structure.

With the class of all structures (of type (2)) we associate a first-order calculus L having,
besides the individual variables and logical constants, a binary predicate P.

We assume the notion of satisfaction of a formula F(v,,...,v,) of L by a sequence of elements
ag,...3, € D(%) in the structure % to be known. If the sequence satisfies the formula in % we
shall write

AFF(ag,...,a,)

and say that F(a,,...,a,) holdsor is true in 9.

A structure ¥ is called a model of a set S of sentences (notation : % E S) if ¢ € S implies
%= 0. The improper structure is considered to be a model of every set of sentences. If 3k S and
S is held fixed in the discussion, then a substructure % C 8 will be called a submodel if % E S.

2 - THE INTERSECTION PROPERTY.

We turn now to the basic concept of this investigation namely the intersection property (i.p.).
We start by defining both the i.p. and the finite i.p. for classes of structures.

DEFINITION 1. A class K of structures is said to have the intersection property if (i) K contains the

improper structure, (ii) ¥ € K and %, C %, %, € K, for i € I, imply N %,€K. K is said to
i €1

have the finite i.p. if (i) and (ii) hold with the sets I in (ii) restricted to finite sets.

The class of all rings (considered as structures of an appropriate type), which is assumed
in this context to contain the improper ring having an empty domain, is an example of a class with
i.p. Similarly fields, groups, boolean algebras, and in fact most of the systems usually considered
in algebra clearly have i.p. Somewhat more sophisticated examples of classes with i.p. are alge-
braically closed fields and real closed fields (we shall omit the proofs of these two statements).

Not much can be said about general classes with i.p. All the above classes, however, are
elementary classes (in the wider sense) of structures, i.e. classes of models of certain sets of
sentences. For this more restricted case of elementary classes with i.p. we can in fact develop a
detailed theory. We are thus led to the following.

DEFINITION 2. A (consistent) set S of sentences of L has the i.p. (finite i.p.) if the class K(S) of
all models of S has the i.p. (finite i.p.). A sentence o is said to have i.p. (finite i.p.) if {0} has
i.p. (finite i.p.).

For general classes of structures the finite i. p. does not imply the i.p. All the above examples,
however, satisfy both finite i.p. and i.p. This is not accidental in view of the following result which
was announced without proof by Chang [1] and later rediscovered by the present author.
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THEOREN 1. If S has the finite intersection property then S has the (unrestricted) intersection property .

PROOF. Let ¥ = (A, R> be a model of S and ?l‘l , 1€ I, be a system of submodels. Denote the
substructure QI %, C % by 8. Augment the language L to a language L' by adding one individual

constant & for each element & of D(¥) (the same constant is used to denote the element in the meta-
language), and a one-place predicate B(x). If ¢ is a sentence of L then o®*' will denote sentence
of L! obtained from o by relativizing all quantifiers of o to B(x)(*). $**’ will be the set {¢**'|c € S}.

Consider a finite subset{€ ,...,& , &  ,...,E} of D(¥) such that £, ¢ D(8), 1< j < n,
& € D(8), ntl £ k € m. For each 1 < j < n there exists an i; € I such that g; ¢ D(%[aj). Let
B, = KQ,‘ %y, ; B, is a submodel of % (by finite i.p. of S). By interpreting B(x) as x € D(3,) we
see thatthe set of sentences

SU AUS™ U (~BE)1sj<n)U{BE,)|n*l <k < m})
where A is the diagram [5, p.74] of ¥, is consistent. This implies the consistency of the set
SUAUS"™ U{~B(E)EE A, £&D®}U (BE)|EE DY)

This set, therefore, has a model €' = (C, T, B, cf) ¢ex Wwhere T and B, are binary and una-
ry relations corresponding to the predicates P and B(x) respectively and the elements Cg € Ccor-
respond to the constants § of L'. We may identify each c, with the corresponding § € A ; thus
A C C and since €' F A we have T|A = R. Let € = (C, T), clearly € = S and ¥C €. From
€' Es* and B, ={&| 6' F B(E)} it follows that B,= (B,, T|B,) is a model of S. Now, for
£ € A we have €' E B(E) if and only if § € D(®8) (B, may, however, contain elements which are
not in A). Hence A 1 B, = D(8) and thus 8= % 1 $,. But % and %, are models of S which are
submodels of the model € (of S). Thus ® is a model of S by the finite i.p. of S. Since % was an
arbitrary intersection of submodels of ¥, S has the unrestricted i.p.

In view of Theorem 1 the notions of finite intersection property and intersection property are
equivalent and hence mutually exchangeable throughout the following discussion.

Robinson proved in [5, p.117] the following fundamental theorem concerning sets with inter-
section property.

THEOREN 2. If S has i.p. then the union of every system %;, i €I, of models of S such that for every
i, JEI, A, C A or A C A, , is a model of S.

The property of S established in the above theorem may be called closure under unions of chains.
Closure under unions of chains implies by a theorem of Chang, Suzko and %.o0§ [2,3] that S = S'
for a set S' C AE.

COROLLARY. If S has i.p. then

S = S' for a set S'gAE. The set S' can be taken to consist of all
sentences ¢ € AE for which S | o.

3 - RELATIVE INTERSECTION PROPERTY.

Our next aim is to express the intersection property of an arbitrary set S by properties of
finite subsets of S. If S has i.p. and 0 € S then 0 need not have the i.p.; still for every model
of S and every system of submodels, 0 holds in the intersection of the submodels. We contend that
this behavior of ¢ depends just on some finite subset of S. This is made precise by the following
definition and theorem.

DEFINITION 3. The sentence 0 is said to have intersection property relative to the sentence T if
AETand ® D ;= T, i €1, imply ‘Q A Eo.

(+) If F(x, y) is a formula containing the free variable x and possibly also the free variable y and ¢ is any
sentence, then of - the result of relativizing the quantifiers of o to F(x, y) considered as a predicate in x,
is constructed as follows. Change alphabetically all the (bounded) occurrences of y in ¢. Starting with the
innermost quantifier of ¢ and proceeding outwards, replace each part /N\zB by Nz [F(z, y) — B] and each
par VzB by Vz [F(z, y) A B). Proceed until all the original quantifiers of o have been dealt with.
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A set S is called (quasi) conjunctive if for every T,...,T, € S there exists a T € S such
that Ty A...ATsh = 7. Examples of conjunctive sets are sets S C AE such that c €AE and S o
imply o € S. This follows from the fact that a conjunction of sentences in AE is logically equiva-
lent to a sentence in AE,

THEOREN 3. A conjunctive set S has i.p. if and only if for every o € S there exists a sentence T € S
such that o has i.p. relative to T.

PROOF. The sufficiency part of the theorem is immediate.

To prove the necessity part assume by way of contradiction that S is conjunctive and has i.p.
and for some 0 € S, ¢ does not have i.p. relative to any T € S. Thus for every T € S there
exists a model %o = <A, R) of T and a system of submodels %;,D %, Et, n € I, such that
B =OI %, is non-empty and Bk~ 0.

n

We may assume that 0 € I (i.e. %, is one of the %,) and that AN I =
structure %, = (AU I, R, I, E) of type (2, 1, 2) where E = (g, ") | ne 1,
to L the predicates I(y) and E(x,y) and call the new calculus L,.

@. Construct a new
£ € D(¥%,)}. Add

For any sentence A of L and any formula F(x) or F(x, y) of L, A" will denote the formula
of L, obtained by relativizing the quantifiers of A to F (see Footnote ('), p.43) where F is considered as
a predicate in x. Note that AT’Y! may contain y as a free variable,.

Let A(x) =VyE(x, y) and B(x) =/\y[I(y) —> E(x,y)]. It is clear that ¥; = A(f) if and only if
E € A, and %; = B(E) if and only if £ € D(B). Furthermore, the construction of %, implies that
the sentences

TM:) s CP(T) =/\y[1(y) _ TE“’”], ~ O,B(x)’vx B(X). (1)

hold in %,. These sentences are, therefore, consistent.
We notice now that
T 1, implies t**'— 7}, T|-71, implies ¢(t) —> ¢ (7,). @)
Since S is conjunctive, the consistency of (1) for every © € S together with (2) imply that the set

("t estU{gpn]|restU{~ ¢*,Vx Bx)} (3)

is consistent.

Thus (3) has a model %' = (A', R, I', E') . Define A, = {£ | %' E A(E)}, A, ={e| (. n) €E'}
for n €1', B;={f| %' E B(£)}. From the fact that %' is a model of (3) it follows at once that
(A, RIA) ES; (A, RI|AYES for n€T ; B, =[], A, ;B f9: (B, RIB) k ~ 0.
This contradicts the i.p. of S. Thus for some T € S, 0 has i.p. relative to T.

We can now combine the Corollary of Theorem 2 with Theorem 3 to get the following.

THEOREN 4. S has i.p. if and only if there exists a set Si such that S =8S,, Slg AE and for every
0 € S there exists a T € S, such that ¢ has i.p. relative to 7. If S; is finite then S can be taken
to consist of a single sentence.

PROOF. Let S, be the set of all AE consequences of S. By the Corollary of Theorem 2 S = S; so
that S; has i.p. By the remark following Definition 3 S, is conjunctive so that the result follows
from the previous theorem.

In case S is finite S, = {0} C AE for a suitable . Since ¢ has i.p. it trivially has i.p. rela-
tive to itself.
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CHAPTER Il

SEQUENCES OF SUCCESSORS, AND
AND SYNTACTICAL CHARACTERIZATION THEOREMS

4 - A SIMPLE CASE.

Having Theorem 4 at our disposal, it is clear that we shall be able to characterize sets
with i.p. if we could find a satisfactory necessary and sufficient condition for a sentence O to have
i.p. relative to a sentence T, where both 0 and T are in AE. Let us consider the simplest case
where o =AxVyAx, y), 7=\xVyBx, y.

Let %= (A, R> E T and £ €A, We shall call = (n,)m‘, a sequence of successors (of length
w)of & by Tif Ny =& and AEB(M;, N;,), 0 <i < w.

The following two statements are easily verifiable. Let % =1, every & € A has at least one
sequence of successors*by T .If £ € A ond 7 is sequence of successors of E by v then the subs-
stucture %, C %

A= {{nlo<i<w}, RN | 0 <i<w)) (4)

isa model of T containing E .

Using the notion of sequence of successors and the above two statements we can easily give
a semantical condition for © to have i.p. relative to T as follows.

THEOREN. Let ¢ and T be as above. 0 has i.p. relative to T if and only if for every element & of
an arbitrary model % of T, every sequence of successors N of & by T contains an element 7; such
that % = A(£, 7,) and 7, is contained in every other sequence n' of successors of & by 7.

PROOF. We start by proving necessity of the condition. Let ¢ have i.p. relative to T and assume
that the condition does not hold. Thus for a suitable model ¥ of T, some & € D(¥%), and a sequence
M of successors of %, for every element n; of N such that % EA(E, nj) there would exist a se-
quence N’ of successors of & by T not containing ;.

LetJ = {jli< w, AEA(E, N;)}. The substructure = 91,,0 g % ; (cf. (4)) of ¥ is an inter-
section of models of T each containing £, and for & € D(3) there” is no 1 € D(%) such that
Bk AE, n). Thus 8 FE~ Ax V yA(x, y) contradicting the assumption that ¢ has i.p. relative

to T,

To prove sufficiency, assume the condition to hold. Let % and %. € %, & € I, be models of
T. Let 8= Q %,, we may assume that D(B) # §. Let & &€ D(B). The element £ has a sequence
n of successors by T in % and, for each a € I, since § € D(%.) and A, 1, % has a sequence
N® of successors by T in %,. By assumption, one of the elements 71, of n satisfies AR AL, n, )
and appears in every sequence 1*, a € I. Thus m, € D(8). The sentence © =/\xVyA(x, y) is
therefore true in ®,and 0 has i.p. relative to T.

5 - GENERAL SEQUENCES OF SUCCESSORS.

We have seen that relative i.p. for sentences in AE involving two quantifiers can be charac-
terized by a property of sequences of successors. To obtain a general result we have to genera-
lize the concept of a sequence of successors to formulas with more than two variables.

DEFINITION 4, Let n, p, m be positive integers, a system of functions f;,...,f, from non-negative
integers to positive integers will be called a (p, m) selection system if i. f;(i) s p+ mi, 1 £ j < n,
0 <i< w, ii. (fl(i),...,f,, (i)) , 021 < w, runs through all n-tuples of positive integers.

In the following we assume that for every n, p, m a fixed (p, m) selection system of n func-
tions ff/™™" , 1 < j <n, has been chosen and that this was done in such a way that f}"""'"'(i) is
recursive in all variables.

All subsequent definitions and theorems will refer to these fixed selection systems
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We recall some of our notational conventions. x, denotes the sequence X,,...,X, of n indivi-
dual variables, thus B(g{_,_,, Zm) stands for B(x;,...,X,, ¥1,-..,Ya.) ; similarly _E_,_,, N,s etc. denote
sequences of n elements El seeas F," ete. /\5, stands for the sequence /\xl. . ./\xn of universal quan-
tifiers, similarly for \/y,. -

DEFINITION 5. Let T = A:_:,,VX,,, B(x,, Yn)- Syp,x (X5, Ypem) will abbreviate the formula

N x, =

1<1<P i ylA /\ B(Yf(u -""’yf“(i) ’mehl"'"’);wu+1) ). (5)

0< i<k

If ¥ES, .« (&, Npwm) then N,
Epveeesby

We shall 'usually drop the index p and write S_, (52, Yv"'k) for the formula (5).

will be called a sequence of successors by T (of length p+mk) of

RENARK. For every 0 < k clearly

Sy, (ip_' Xg*ﬂy}_l) = Sou (x,,, Fpamk ) A B(y; LI "’yfn(kl’ Ypemker? " * * Vpumiusn) ). (6)

LEN¥A .If A 7T and & ,.. .,EP € D(¥) then there exists a sequence (n;)1<|<@ of elements of D(¥)
such that

AFE S (B, 8, m s ), Lsk<w, (7)

If a sequence (n,)m@ satisfies (7) and if B = {n,|1 < i< w} then the structure ®B =<B,B|R) cu
is a model of v containing & ,...,E .
PROOF. Define m,=&,,...,Mn, = &, . Assume that we have constructed a sequence 7, ,...,7,,, Sa-
tisfying (7) for 1 < k < r. By i. of Definition 4, f;(r) < ptmr, i < j < n, thus the elements 0 Y
1< j< n,are already defined. Since ¥ ET there ex1st elements ¥,,...,%, such that % bB(n, e ...,11, (rp
'91 see '9 ) Define npwnn]. '91 seees npm(nl) '9 then by (6) A = S'ryﬂl (E., 1sece agp s Misees, npm{ru))
and the sequence M,,..., N .., satisfies (7) for 1 < k < r+l. This process can be continued to
construct the 1nf1n1te sequence zn' 1<1<w .

To prove the second assertion, let M;, ,...,MN; , be arbitrary elements of B = D(8). By ii.
of Definition 4 < j,,...,], > = <f(k),...,{,(k) >for some k. It follows from (7) (for k+1) and (6) that

" '=B(T]f1(“, LR ] nfn(kl-' npwkq’ MR npomkol) )'

Now N € B, 15 i <m. Thus 8|=A§!VZ,!B(X_,_I, V)

RENARK. Lemma 5 generalizes to the case of arbitrary formulas T in AE, the two italicized state-
ments of Section 4. From Lemma 5 it is now possible to derive a semantical characterization of
relative i.p. which is completely analogous to the theorem given in Section 4. As the statement of
the corresponding theorem and its proof are almost identical with what was done in Section 4, we
skip the details.

pemk+ |

6 - SYNTACTICAL CHARACTERIZATION OF RELATIVE i.p.

The desired syntactical characterization is now an almost direct consequence of Lemma 5 and
the completeness theorem.

ragoREN 6. Let o N\x Vy A,, y,). 7 -V x, A\ 7.Bx,., ya). 0 has i.p. relative to 7T if and only
if for some 1< k,} T — T,k where

k =A5PAXL~:5 e (X y,.mk)—., V [Ax,, 3Nz, penk (S (Koo Zpymi) = Y & Z 5y Jn¢) (e

(*) For the notations used in this formula see Section 0.
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REMARE. In semantical terms the above statement reads : ¢ has i.p. relative to T if and only if for
some k, in every model % of T and for every €, ... ,F, € D(9%), every sequence N psmk of length p+mkof
successors of § by T contains q elementsn, ,..., n; satisfying A k= A(E,, Ny svevs My ) so that
these q element$ appear in every other sequen e Cr.*  Of successors of &, by T. Note that® this state-
ment runs completely parallel to the semantical condition given in Section 4 and its generalization
which was mentioned at the end of Section 5. The only difference is that here we use sequences of
successors of finite length and are therefore able to write a formal sentence (8).

PROOF. Assume |- T -7 ok for some 1< k.Let ¥ and %,C %,i € I, be models of T; let 8= N A,

If D(B) = ¢ then there is nothing to prove. Assume therefore that 5 ..,5 are p elemerf{s in
D(8). Since ¥ET and %A, =1, { € I, there is, by Lemma 5, a sequenee nl,. .« Mpwax Of succes-
sors by T of &,,...,E, in % and, for i € I, a sequence Cl‘ s C:mk € D(%,) of successors of

E,,l,...,i in %,

The formula B(x,, y) is open and hence also S,k(xz, ngk) is open. Consequently, since

gi,... C;m are successors of the &, ...,F,P in %,, they are 4lso successors in ¥.
From the assumptions we have al:’t so that among M,,..., N, there are q elements
Nigsee My which appear in every sequence C .G pemi and furthermore satlsfy %A bA(F,p, N ijseees? f ).

Thus 1, e, Mg €D(Y,) for everyi € I and hence My seees My, € D(B). Thus B}= A(E,, Ny 5e- ,'r), ).
The sentence o= /\x, V A( Zq) is therefore true in the intersection B so that o has i.p. re-
lative to T,

To prove necessity of the condition, let 0 have i.p. relative to T and assume by way of con-
tradiction that for every 1 £ k not |—7T — 1o,

By our assumption there exists, for every 1 < k, a model % of 1T, a sequence E,,... ,F, € D(%),
a sequence nl seees M, Of successors of £, and, for every t = {i,,..., q) such that |t| ptmk ,
a sequence Gj,..., Lt | of successors of £, such that A=~ Algp, )V~ [0, C C',,,k]

Thus, putting Ay =™ A(x,,yt)v ~ [y c zt
the set of formulas

- : b
]wheret_—<11,...,Q>and5,,,k (zl,...,zp“o,

— p+mk

k=T S, Fpem) Y ULy, s S, Za)| L] 2 prmk), (9)
is consistent.

It can be verified that if k < h then |8, (X5, Ypumn) — Sr,u (Xp, Ypemk)

(compare the remark followmg Definition 5). Furthermore it follows from b [ X< Zponk — [y C z,mls
for k < h, that | &%, —> &, . Consequently, if k < h then H, + H,. =

This implies that the set H = (L‘)«, H, is a consistent set of formulas and hence has a model

(A R) Let (E PR 4 ) &, be the elements of A corresponding t0 x,,...,X,; 'r],)1 <o
T) and (C for t = 1,...,1 , 1 £ i < w, be the sequences of elements o Acorres-
pondmg to (y ) 1<,<‘,, and <z§151<,,, respectlvely. By Lemma 5, since 1 and g— are sequences of suc-
cessors of P; by T, the substructures %,, %.

% t
<{£l}15|<0‘ Rl{gl}xﬁi%) s 2‘! = ({F’i}ls_;«» ’ RI{£|}15_1@)
are models of T containing £ . Let 8 = ¥, ﬂ % 4 then P E € D(8).

By i.p. of ¢ relative to T we must have %I:/\x, VI, A(x,, Yq). Assume that for some
B8 € D(8), 8 =A(ES, 84).Since B.C %, we have %, =", o ..,Sq -n, for some t = (11,...,1q)
Now 8,,...,% € 8 C %, and hence Ny, = 'C‘ ,...,'r] C, ‘for suitable Jyseesd, - Let k

t .
be such that j, < p+mk for 1< e <q,thus "—:99} holds.We have AEo,  ieAE~AE P,n Wlng G & pmi
Since A(i n ) is true in B and hence, A(x,, zq) being open, is true in 9[ it follows that

A~ [11 C C-E*""] a contradiction with preceding statements.

Thus for £, there is no sequence % ,...,8 €D(B) such that 8 EA(fp, 9;), contrary to
@ =0, We conclude that for some 1 < k, 7 — T,

- can actually be moved into

RENARE, Note that in the sentence T, , (8) the universal quantifiers /\5_2
is (log1ca11y equivalent to) a universal sentence.

the prefix so that <,
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7 - SYNTACTICAL CHARACTERIZATION OF SETS WITH i.p.

We can now turn to the syntactical characterization of sets of sentences with i.p. Even though
the result could be stated in a form which applies both to single sentences with i.p. and to (infinite)
sets with i.p. we prefer to separate these two cases.

THEOREN 7. A sentence o, has i.p. if and only if o, is logically equivalent to a sentence of the form
o A O,, where o= /\EEqu A(x,, y,) is a sentence in AE and 0, is of the form (8) (with T being 0).

PROOF. Assume that o, has i.p. The Corollary to Theorem 2 yields that ¢, = ¢ where o0 is in AE.
The sentence ¢ has i.p. relative to ¢ and therefore, by Theorem 6, }—c — O,,« for some 1 < k.
Thus o= 0 A 0,, for this k and 0, is logically equivalent to a sentence in the desired from.

Assume now that for some k, 0, =0 A0, where 0 is in AE. We shall prove that a sentence
o' of the form & A ,,« (if consistent) has i.p. Let ¥ Fo' and 2%, o', i €I be models of o'
and Let 8 = Q #,. Since O,,, is universal we have B 0s,x . Now ¥l o ,d,kand % ko, i €1,
This implies(see proof of sufficiency in Theorem 6) that 8 k= 6. Thus 8 o',

THEOREN 8. A set Si has i.p. if and only if there exists a set S of sentences such that
a) S, = S,
b) the sentences in S are either universal or in form AE,

c¢) for every o €S which is not universal there exists a T € S such that for some 1<k
also T,, € S.

PROOF. Let S; have i.p. By the Corollary of Theorem 2 S; = S' where S' is the set of all AE conse-
quences of S,. The set S' is conjunctive and has i.p., therefore for every o € S' there exists a
T € S' such that 0 has i.p. relative to 7. By Theorem 6 -7 —> 1, for some 1 < k. Let

S ={7,,lc, T €8s, sk ,LUsS,

then S = S' and satisfies a - c.

The proof that if a set S, satisfies a - c then it has i.p. is completely analogous to the cor-
responding proof for Theorem 7,

RENARK. Theorem 7 can actually be subsumed by Theorem 8 by putting S = {0,0,,}. We stated
it separately in order to emphasize the fact that in this case S can be taken to be finite .

8 - A COUNTER-EXAMPLE.

Most of the syntactical characterizations of sets of sentences with a given semantical property
which are found in the literature have the following form : S; has the semantical property P if and
only if S, is logically equivalent to a set of sentences S such that every ¢ € S has a certain fixed
syntactical form, Our Theorem 7 has this form. Theorem 8, however, is a syntactical characteri-
zation of a new kind. Namely S, has the property P (in this case P is the i.p.) if and only if S; = S
where S as a set of sentences has certain properties (a - c¢) which are expressed by referring both
to the whole set S and to the syntactical form of elements of S.

Is it possible to give a syntactical characterization of sets of sentences with i.p. which is of
the same kind as the usual characterizations mentioned above ? We are able to prove that the answer
is negative.

Assume that there exists a syntactical characterization of the form given above, for sets S
with semantical property P. From this we can conclude that a set S, has property P if and only
if S; is logically equivalent to a set S of sentences such that every ¢ € S has property P. We shall
construct an example of an (infinite) set S, of sentences with i.p. such that S, is not logically equi-
valent to any set S such that each sentence in S has i.p.

Let P, (x,y,),..., B (x,%,,-+.,Y,)s..., be a sequence of predicate constants.Define for 15 n< w,

o, = /\X /\_y_yl [Pnu (x, yﬂ‘i) — B (x, _Z_n_)]'
B, = /\x /\“V_"r_l A.Z_g&[Pn*l (%, Yas1 ) A Ppay (x,gyl)—)x/l\sny‘ =z 1.
Y, =/\x VzL‘_P" (X, F15000,5,)- <
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Let U ={a,,B,] 1 n< w}, E={y |l <n<uw and 8§, = U UE.
LEN¥A 9. § has i.p.

PROOF. Let W= S, and AD %, =S;, i €I, be a model of S, and a set of submodels, put 8 = ﬂ % .
The seniences «o,, B, are universal, hence 8 =U. It remains to prove that 8 = v, for 1< n <w.
We may assume that D(8) 7 g. Let £ € D(%) ; we must show that there exist elements

N,,...,M, € D(8) suchthat 8 =R (&, n,). Now, ¥ =v,,, and %=V, , i € I. There exist the-
refore elements M,,...,N,,; € D(%) and ¢,..., L, ED(A), for i € I such that ¥ EP,, (&, N,,),

ﬁ |= e (B, Thi). Thus A E Py (B, n..,l)/\ o (£, __“_L) for i € I. Now, %k B,, hence
C'l,..., N, =& . From ¥kEa, it follows that ¥ EP,,, (&, Nav)— Pu(€,10,.)s0 thatP (E,1q)
holds in ¥ and hence also in ®. Thus 3 EE.

LENNA 10. If A EUU {y, } then there exists a model® of U U {y ,, } and two submodels %, |- UU{y,., }
and 8, = UU {v,,,} of % such that % = 3, N3,

PROOF. 1f %A F Y,,, there is nothing to prove. Let QH:'»Y"H and let
={¢] £ €D(W), A=~V g By (8 Yoy )-

For each §{ € N define two sequences ¢(£, n), ¥(§, n), 1 <n< w, of elements which are
pairwise distinct and are assumed not to belong to D(%).

Let now %A= (A R )15,,4‘, where R, is the n+l-ary relation corresponding to P,. Since %[=vy,
we can pick for each & & N a fixed sequence n¢ ,. .m¢ such that ¥ EP (E, n¢).

Define B, = AU {¢(E, n |EEN, 1< n <w}, B, = AU{Y(, n)lgeN, 1 <n< )}, and
B = B, U B,. Furthermare, define, for 1 < k < n+l,

Q.={<¢o(Em),..., 9, m+k)>, <¥UE&m),...,¥E mtk)> EEN,.1<m < w},

R, =R UQ 1< k<n,

Ro= Ron U QuaUicE,nd, o nf 0@, 1, &, ..nf ¥, 1> | & € N),

and for n+t2 < k define ftk = Ry.

Let now %= <B, R,>1<,<,,,, 8= <B;, R [Bj>i<icar § = 1, 2. We have 8, C 8 8,C% and
% = 8;0N B,. It can be verified that 2& 3., and 232, are models of UU{y

n41

THEOREN 11. There does not exist a set S of sentences such that S; =S and each 0 € S has i.p.

PROOF. Assume by way of contradiction that such a set S does exist. We have sk Y, and hence
there are 0, ,...,0, € S such that for ¢ =0, A...A G, -0 — Yy, . On the other hand, S, l—c, s
1< is m, so that Sl o.

It can be shown that UU {v,}) Y, for 1< k< n<w butnot U U {Y“} }—yk for n < k ; the
last statement is proved by constructing an appropriate model.

Thus it is impossible that Ul o, for then we would have Ul Y, . Let ntl be the smallest
integer such that UU{y L} o andnot ‘v {y,}—o ; since}- 0 —> y, we must have 2 < n+l.

Let ¥ be an arbitrary model of U U {y,}. By Lemma 10 there exist models %, %, C 3,
and 8,C B of UU (v, 1} such that ¥ = 8 ﬂ%, We have ®8kEog, BjF o, j =1, 2 and since to-
gether with oy € 8, 1 e m, also 0 has 1 p., we conclude ¥ | o. Thus every model of UU { Y,}
is a model of ¢ and hence UU{y, }}o, a contradiction.
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CHAPTER it

GENERATED MODELS AND THEIR AUTOMORPHISMES

9 - MODELS AND GENERATORS.

In this chapter we shall apply the characterization given in Theorem 8 to the study of models
of a set S with i.p. which are generated by a set of elements. In particular, we consider auto-
morphisms of such models and prove a result which is a generalization of a basic fact of Galois
theory for fields, namely that every element of a model ¥ generated by a set X has just a finite
number of conjugates under the group of automorphisms of % over X. We shall also obtain infor-
mation on the structure of models generated by a set of elements.

DEFINITION 6. Let S be a set of sentences, ¥ be a model of S, and X C D(%) a subset of the do-
main of ¥.. We shall say that ¥ is generated by X if the only submodel 8 C ¥ such that # is a mo-
del of S and X C D(®B) is % itself, If % is generated by X C D(¥) then we shall also say that ¥ is
a minimal model containing X.

If S is an arbitrary (consistent) set of sentences then a subset X C D(%B), where B is a mo-
del of S, need not generate a submodel N of B.

For sets S with i.p., however, we have the following.

LENXA 12. Let S be a set of sentences with i.p. If % is a model of S and XgD(?I) is a subset of the
domain of % then there exist a unique submodel % (X)C 9% which is a model of S generated by X.

#A(X) clearly is the intersection of all models ¥, of S which satisfy X C D(¥%,;), %, C %. The
above observation is taken from Robinson's [5].

10- CLOSURES WITH RESPECT TO RELATIONS AND THEIR AUTOMORPHISMS.

The following concepts and results are motivated by viewing a n-ary relation as a many-valued
function of the first n-1 variables.

If R C A is an n-ary relation on a set A then a subset B C A is said to be closed with respect
to R if b,...,b € B and (bl,...,b b") € R imply that b, € B. In particular, if n = 1

-1 n-1
(i.e. R is a subget of A) then closure of B with respect to R means R C B.

If Qis a set of relations (of arbitrary orders) on A then a subset B C A is said to be
closed with respect to Q@ if B is closed with respect to every relation R € Q.

The closure C(X) of a subset X C A with respect to a set Q of relations is the intersection of
all sets B C A which contain X and are closed with respect to Q.

The closure C(X) is clearly the smallest set B such that X C B C A and B is closed with
respect to Q.

A 1-1 mapping ¢ of A onto A is called an automorphism of (A, Q) if for all relations R € Q
(9(a1),...,9(a,)) € R if and only if (ai,...,a.) € R.

An automorphism of (A, Q) is called an automorphism over X if for £ € X, cp(&) =&,

Two elements a, b& A are called conjugate over X if there exists an automorphism ¢ of (A, Q)
over X such that ¢(a) = b.

It can be verified that automorphisms of (A, Q) over X form a group (under composition of
mappings) and, consequently, the relation of conjugacy over X is an equivalence relation.

A relation R C A" is finite-valued if for every a,,...,a,, there exists just a finite (possibly
zero) number of elements a, € A such that <a,,...,a a,> € R.

sy

THEOREN 13. Let Q be a set of finite-valued relations over A, X a subset of A and C(X) the closure
of X with respect to Q. Every element of C(X) has just a finite number of conjugates over X.

PROOF. Let Q|C(x) = {R|C(X)| R € @}, we have to show that every & € C(X) is carried in-
to just a finite number of elements by automorphisms of (C (X), ®]C(X)) over X.
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Let B C C(X) be the set of all elements E € C(X) with this finiteness property. By definition,
X C B CC(X). We contend that B is closed with respect to @, from this it would follow at once
that B = C(X).

To prove that B is closed, let R € @ be a relation of rank n ; a; € B,...a,;, € B, and
(a0 a0, 5) € R. From the fact that C(X) is closed with respect to R it follows that E € C(X).
Since each a;, 1 £ i £ n-1 has just a finite number of conjugates over X, there exist automorphisms
Prseee P of <C(X), Q|C(X)> over X such that for any automorphism ¢ over X for some 1 < i<m,
(9(a1), .\ ., plana)) = <g,(a;),..., 9 (a,_,)> It follows now from (a;,...,a,,, E) ER and the
fact that ¢ is an automorphism of (C(X), QIC(X)) that (qp‘ (al),...,cp‘ (an_,), 9 (§)) € R for the
above i, Since R is finite-valued there exist for each 1 < i < m just a finite number of elements
b € A such that (cp' (@), ..., 9, (a,,_l),b> € R, hence there is just a finite number of possible va-
lues for ¢ (£). The element &, therefore, belongs to B.

Thus B = C(X). Our definition of B implies now that every element of C(X) has just a finite
number of conjugates over X.

RENARK. Every automorphism V¥ of (A, Q) over X induces an automorphism ¥|C(X) of {C(X), QIC(X)).
In general, however, it may happen that the latter system has some automorphisms over X which
are not restrictions of automorphisms of (A, Q) . Note that Theorem 13 was proved for this, pos-
sibly larger, group of automorphisms.

11 - STRUCTURE OF MINIMAL MODELS.

We wish to represent the submodel ¥(X)C % generated by a set X C D(¥%) as a closure of
X with respect to certain finite-valued relations.

Let S have the i.p. We may assume, by Theorem 8, that S has the form given in that theorem.

Define for each T € S which is in form AE, T = /\5" VZM B(gz_n, zn), and for every pair
p, k of positive integers a formula R, (x,, ¥) containing pFl free variables

R-r,p,k (E_El Y) =/\X£m__k[s‘r,k ()_(.Ep yﬁ‘ﬂ )— v Yy =y, 1, (10)

1< 1gpemk

(cf. Definition 5). In words, Rm,,k (x,,y) asserts that y is an element of every sequence of suc-

cessors of length p+mk of x, by T.

Let % be a fixed model of S. We shall denote by R, ,« the p+l-ary relation on D(¥%) defined
by :

<€....,8,,n> €R, , if and only if AER,,. (E1,...,E,.0).

LENNA 14. 1et % be a model of S and TE S be as above. Every relation Ry, is finite-valued.

PROOF. Let & ,... ,&P be elements of D(¥) and let n,,.. <2 M be some fixed sequence of succes-
sors of £ ,by T. It follows from the definition of R, , that if (51 P n) € Rr,p,« then
ne {n,,.2.,M,,,}. The relation R,,,, is thus finite-valued.

THEOREN 15. Let % = <A, R> be a model of S, where S has i.p. and is in the form of Theorem 8.
The domain of the submodel % (X) generated by a subset X CD(¥) coincides with the closure C(X)
of X with respect of the set @ of relations

Q= (R, |t € SN AE, 1 < p,k <w}. (11)

PROOF. We shall first show that D(%(X)) is closed with respect to the relations in Q and infer that
C(X) € D(x(X)).

Let 1=/\x My, B(x,, y,) € S. #(X) is a model of S, hence %(X) = ©. It follows from
Lemma 5 that for every E,..., £, € D(%(X)) there exist 1,,..., Ny, € D(A(X)) such that
AX)E= S, (_E_.E, ﬂz’."_")' (12)
Assume that for these £,,..,§ € D(%(X)), n €ED(9)is any element such that (F,l,...,?;n, n) € Ry, ppe
The element 7 belongs to every sequence of lenth p+mk of successors of , hence ne{nl’" npm}(;D(%(X)).
Thus D(%(X)) is closed with respect to every R.,,« € Q which proves the assertion. !
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Next we shall prove that € = {C(X), R|C(X)) is a model of S and infer that D(¥(X)) € C(X) .
Combined with the previous result this will entail D(%)(X)) = C(X).

Being a substructure of ¥ the structure @ satisfies every universal sentence which is an ele-
ment of S. Let o=/\ E;Vye A(E_E, yl) € S be an arbitrary sentence of S which is in form AE.
The set S contains a sentence T = Ax,Vy. B(x,, y,) such that for some k also 7,, € S (cf. (8)
and Thorem 8). We have to show that € E 0. Let -51,...,£p € C(x). Since C(X) is closed with
respect to R,,, it contains all the elements ﬁl,. ..»MN, which are common to all sequences of length
ptmk of successors of ér. by T. The sentence T,, asserts that among the elements common to all
sequences of length p+mk of successors of -ée by T there exists a sequence T;; ,....,Ni,, 1< i;< r,
such that A(G,, Ny, ,...M; ) holds in % (hence also in g). Thus € E o and hence, 6 being arbi-
trary, €= S which completes our proof,

12 - AUTOMORPHISMS OF MODELS GENERATED BY A SET OF ELEMENTS.

THEOREN 16.1f the model % = (A, R ) of the set S with i.p. is generated by a subset X C A then
every element £ € A has just a finite number of conjugates under automorphisms of % over X.

PROOF. We again assume that S the form given in Theorem 8, and that R, ,,, (11), and C(X)re-
tain their meaning from Theorem 15.

Since % is generated by X we have %= ¥(X)-the submodel generated by X. By Theorem
15, D(MX)) = C(X)—the closure of X with respect to Q.

The finite-valued (Lemma 14) relations R,,, € Q are elementarily defined from R by (10).
Thus an automorphism of ¥ is also an automorphism with respect to every R, € Q. The auto-
morphisms of % over X are, therefore, also automorphisms of (C(X), Q) (i.e. (A, Q)) over X,
But by Theorem 13 (with A = C(X)) every element & € C(X) has just a finite number of conjugates
by automorphisms of (C(X), Q) over X. Thus every £ € A certainly has just a finite number of
conjugates by automorphisms of % over X,

RENARE. The conclusion of Theorem 16 applies also to a submodel ¥(X)C % of a model % of S, ge-
nerated by a subset X € D(%). This is trivial because the model %(X) (considered by itself) is now
the model generated by X and Theorem 16 applies.

EXANPLE. Let K be the class of algebraically closed fields. K has the i.p. and is an elementary
class (in the wider sense). Thus our results apply to K. In particular if F is algebraically closed
and X C F is a subset of F, then there exist a minimal algebraically closed subfield F(X) C F
containing X, and every element of F(X) has just a finite number of conjugates by automorphisms
of F(X) over X.

This result can, of course, be obtained also by methods of algebra. It seems interesting,
however, that the result concerning finiteness of number of conjugates is a consequence of just the
intersection property.

13 - CONCLUDING REMARKS.

C.C. Chang proposed in [2] the following characterization of (single) sentences with i.p. A
sentence O, has i.p. if and only if 0, is logically equivalent to a sentence

o =Nx,.. ./\xPV!y1 . .\/!yq AlXy, o e s X, Y00 - o ,yq) (13)
(V! is an abbreviation for : there exists exactly one). Every sentence ¢ of this form clearly has i.p.

There exist, however, sentences 0, with i.p. which are not equivalent to any sentence ¢ of form (13).

We observe that if ¥ is a model of ¢ generated by a set X C D(%) then there is just one
automorphism of over X (this can be proved by the methods of Section 10).

Let a be the axioms for a field and T the sentence A xVyly? = x], let 0,=0 AT, Thus
every model of ¢, is a field every element of which has a square root. The class K of all such
fields has i.p.

Let F be the subfield of the field of complex numbers obtained from the rationals by closing
the field of rationals with respect to mdjunction of square-roots. Clearly F is a model of o; and in
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fact a minimal model (i.e. no proper subfield of F is a model of ¢,). If 0, were logically equi-
valent to a sentence (13) then F would have no non-trivial automorphism. But the complex conjugation
mapping sending g + ib into a - ib (where i? = -1) induces an automorphism of F. Thus o, is not
equivalent to any sentence of form (13), which disproves Chang's conjecture.

It can be easily verified that if A(x,, y) is a quantifier-free formula then the sentence ¢ as-
serting that for every x,,...,x, there exist exactly k different elements y,,...,Y such that
A(x,, ¥,), 1 £1i < k, has i.p. This raises the question whether one can give a syntactical charac-
terization of sentences (or sets of sentences) with i.p. by using sentences of a form similar to
that of o .

A result along these lines was announced in [4]. A derivation of this result (and some impro-
ved versions) from the characterization given here will be presented in a subsequent paper.
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