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SOME MORE STEINHAUS TYPE THEOREMS
OVER VALUED FIELDS

by P.N. Natarajan

1. Preliminaries :

Throughout this paper, K denotes IR (the field of real numbers) or € (the field of
complex numbers) or a complete, non-trivially valued, non-archimedean field. In the rele-
vant context, we mention explicitly which field is chosen. Entries of infinite matrices and
sequences, which occur in the sequel, are in K. If X,Y are sequence spaces over K, by
(X,Y) we mean the class of all infinite matrices A = (ank), n,k = 0,1,2,... such that
Az = {(Az),} € Y whenever z = {z;} € X, where

)
(Ax)ﬂ = Zankzk, n=0,12,...,
k=0

it being assumed that the series on the right converges. Whenever there is some notion
of limit or sum in X,Y, we denote by (X,Y; P) that subclass of (X,Y) consisting of
infinite matrices which preserve this limit or sum. Whatever be K, the sequence spaces
€.7,¢c0,C, loc, Yoo are defined as :
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o0

¢ = {{xk} : Z |rx| converges };
k=
vy o= { {zx} : 59_: I, converges };
k=0
o = {{a} ¢ Jim =0}
c = {{xk} : kli’r{.lc I exists };
by = {{mk} : ix;}; lzx] < oo};
Yoo = {{zk} i {sk} €lu, Sk = Zk: Ti, k=0,1,2,...}.
=0

We note that £ C v C ¢y C e C €oo and Yoo C loo-

(¢,7; P) denotes the class of all infinite matrices A = (ank) in (¢,) such that Z(A:r)n .

n=0
oo
Zxk,z = {:l:k} el
k:o
2. Thecase K=Ror C
When K =1R or €, the following result is well-known (see [6], 48, p.7).
Theorem 2.1 A matrizc A = (ank) is in (¢,7) if and only if
sup Z ank | < 00O (1)
m’k n=0
and
oc
Z ank converges ,k=0,1,2,... . 2)

n=0
We now prove the following result when K =R or C.

Theorem 2.2 A matriz A = (ank) s in (€,7; P) if and only if it satisfies (1) and

o0
Y am=1,k=0,12,.... (3)

n=0
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Proof. If Aisin (4,+; P) then (1) holds. Fork =0,1.2,...,eachex = {0,...,0,1,0,...},

o0 o0
(1 occurring at the kth place), lies in £ and so Z(.—'lek),, =1, 1ie. , Za”k =1, k=
=0

n=0
0,1,2,... .1ie., (3) holds.
Conversely, let (1) and (3) hold. It follows that A is in (¢,7) in view of Theorem 2.1.
Let B = (byk) where

bk = Gnk. mk=0,1,2,... .

n=0
Using (1) and (3), we have
sup [bmi| < 00 ; (4)
m,k
and
im bne=1, k=0,1,2,... . (5)
m—00

Thus B is in (¢,c ; P') (see [5]). Let, now , {zx} € £. So

o0 o0
lim Z bmrZx exists and is equal to Zrk,
M =0 k=0

oo m oo
ie., lim Za"k T = E Tk.
m—00
n=0 k=0

k=0

b m =) ~S)
ie., lim Z (Za‘"" xk) = Zrk,

m-——00

n= k=0 k=0

oo o0 o0
Le., Z (Zank -’Ek) =ZIk,

n= k=0 k=0

o0 oo
ie., Z (Az), = Zxk.

n=0 k=0

In other words, A is in (£,7; P), which completes the proof of the theorem.

Maddox (3] proved that (v,7; P) N (¥x,7) = @. In this context, it is worthwhile to
note that the identity matrix (i.e.,I = (inx) where i,z =1, if k=nand i, =0, if k # n)
is in (4,7; P) N (Yoo,7) so that (£,7; P) N (Yeo,y) # 0. Since (7.7) D (Veo,7), it follows
that (£,v; P) N (y,7) # 0. We note that (v,~v; P) C (£.7y; P) and {co,7) C (7,7). Having
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“enlarged” the class (v,v; P) to (¢, ; P) , we would like to “contract” the class (7,7) to
(co,) and attempt a Steinhaus type theorem involving the classes (¢,~; P) and (co, 7).

Theorem 2.3 (¢,+: P) N (co, ) = 0.

Proof. Let A = (ank) be in (¢, 7; P) N (co,7) - Since 4 is in (cp.7),

o0 m
sup > IZ ank

k=0 n=0

<M <x (6)
(see [6], 43, p.6). Now, for L =0,1,2,...,m = 0,1,2....,
L m oo m
> [t [ <3 [Sem
k=0 n=0 k=0 n=0
Taking limit as m — 20, we have,

> |

Q.
k=0 n=0

<M.

o0

nk S“{) L=0.1.2,....

Taking limit as L — oo, we get ,
o0 oc
Z lZank l <M.
k=0 n=0

which is contradiction, since Z ank =1,k =0,1,2... in view of (3). This establishes our
n=0

claim.

Corollary.  Since cg C ¢ C £, (£s0,7) C (€,77) C {co,7) so that (£,v; P)N (X, v) =10
for X =cp,c, ls.

3. The case when K is a complete, non trivially valued, non-archimedean field.

When K is a complete, non-trivially valued, non-archimedean field, we note that
¥ = co and Yoo = €oc. In this case, it is easy to prove the following results.

Theorem 3.1 (£.4) = (¢,c0) = (co,c0). A matriz 4 = (@nk) s in (€, ¢co) if and only if
it satisfies
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sup |ank| < 00 (7)
n,k

and
lim anx =0, £k=0,1,2,... . (8)

n—oo

Theorem 3.2 (£,7; P) = (£,¢o; P) = (co,¢0; P) = (v, % P). A matriz A = (ank) is in
(¢, co; P) if and only if it satisfies (8), (7) and (8).

Theorem 3.3 A matriz A = (ank) is in (c,co) if and only if it satisfies (7), (8) and

oo
k=0

Remark 3.4 Theorem 2.3 fails to hold when K is a complete, non-trivially valued, non
archimedean field since (¢, co) = (co,co). We also have

(€,co; P) N {(c,co) # 0,

as the following example illustrates. Consider the infinite matrix

1 -1 0 0 0 O
o 2 -2 0 0 O
A=(@w)=]0 0 3 -3 0 O
0 0 0 4 -4 O
ie., @ank n+1 if k=mn;

—(n+1), if k=n+1;
0, otherwise .

Then (3) , (7) , (8) and (9) hold so that A is in (¢,co; P) N (¢, co)- These remarks
point out significant departure from the case K = R orC.

e

The following lemma is needed in the sequel.

Lemma 3.5 The following statements are equivalent :
(a) A matriz A = (ank) 15 1 (oo, C0) ;
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(b) () lim e =0; (10)
and
(i) lim suplank| =0; (11)
n—oc kzo
(c) (i) (8) holds
and
(i) lim suplank|=0. (12)
k—oc n>p

Proof.  For the proof of “(a) is equivalent to (b)”, see ([4], 422). We now prove that (b)
and (c) are equivalent. Let us suppose that (b) holds. For every fixed k =0, 1,2, ...,

lankl < sup |ank'['
k>0

Now (8) follows in view of (b) (ii}. Again by (b) (ii), given € > 0, we can choose a positive
integer N such that

sup laqk]l <€, n> N. (13)
x>0

In view of (b) (i), for n =0,1,2...., N. we can find a positive integer L such that
lank] < =, k> L. (14)
(13) and (14) imply that

lank! <€, n=0,1,2,...,k > L.

ie., 51;;3 lank| <. k> L
n_—

ie., lim sup lani! =0,
k—oc n>0

so that (c) (ii) holds. Similarly we can prove that (c) implies (b). This establishes the

lemma.
We now prove the following Steinhaus type result.

Theorem 3.6 When K is a complete. non trivially valued, non-archimedean field, then

{£,c0; P) N ({0, c0) = 0.

Proof. Let A = (ant) be in (£,¢co; P) N (€, co). In view of (3), we have,
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l= liank

< sup |ank|-
n=0 n20

Taking limit as k¥ — oo and using (12), we get 1 < 0, which is absurd. This proves the

theorem.
In view of Theorem 3.2 and Theorem 3.6 we have the following.

Corollary. (co,co; P) N (Lo, co) = 0.

‘We shall now take up an application of Theorem 3.6 to analytic functions. For the the-
ory of analytic functions in non-archimedean fields, one can refer to [2]. Consider the space
of bounded analytic functions inside the disk d(0,17) (usually denoted by .A(d(0,17))),
provided with the topology of uniform convergence in each disk d(0,7),7 < 1 and the
space of analytic elements in the disk d(0,1) (usually denoted by H(d(0,1))), provided
with the topology of uniform convergence on d(0,1). Thanks to Lemma 3.5, one can check
that (£, co) represents the space of continuous linear mappings from A(d(0,17)) into
H(d(0,1)). We now have the following result, which follows from Theorem 3.6.

Theorem 3.7  There exists no continuous linear mapping ¢ from Ap(d(0,17)) into
H(d(0,1)) satisfying $(f) (1) = f(1) for all f € Ay(d(0,17)).

I thank the referee for his useful and helpful suggestions which enabled me to present
the material in a much better form.
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