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P-ADIC CLIFFORD ALGEBRAS

‘Bertin DIARRA

In a previous paper [2], we gave the index of the standard quadratic form of rank n
over the field of p-adic numbers. Here, We recover, 3s a consequence, the structure of the
associated Clifford algebra.

The classification of all ( equivalence classes of) quadratic forms over a p—ad1c field
is well known ( cf. [5]), with this classification, one is able to classify all p-adic Clifford
algebras.

I- INTRODUCTION

Let K be a field of characteristic # 2 and E a vector space over K of finite dimension
n. A mapping ¢ : E — K is a quadratic form over E if there exists a bilinear symmetnc
form f: E x E — K such that

o@) = f(z,2) and f(@y) = 3lalz +1) - 4(@) - o))

We assume that g is regular, that is f is non-degenerated.

An element z € E is isotropic if q(:z:) 0. Let V be a subspace of E ; the orthogonal
subspace of V is the set V4 = {y € E/f(a: y)=0 forall z € V'}. The subspace V is
called totally isotropic if V C VL. It is well known ( cf. for example [1]) that any totally
isotropic subspace is contained in a maximal “totally isotropic subspace. The maximal
totally isotropic subspaces have the same dimension v, called the indez of ¢ and 2v < n. If
2v = n, then (E, q) is called a hyperbolic space and for the case n = 2, one says hyberbolic
plane. The index v = 0 iff g(z) # 0 for z # 0 i.e. (E, q) is anisotropic.
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Let E = K™ and B = (ey,...,€ea) be the canonical basis of E; the standard quadratic
form ¢o is the quadratic form associated to the bilinear form

n n n
<z, y>= Z Tjy; ; where z=Z zje; and y = Z yiei ;
j=1 j=1 i=1

n
hence ¢o(z) =< z,2 > = Z z?.
Jj=1

Let (E,q) be a quadratic space, possibly non regular ; an algebra C = C(E, q) over
K, with unit 1, is said to be a Clifford algebra for (E, q) if

(i)  There exists a one-to-one linear mapping p : E — C such that p(z)? = ¢(z)- 1.

(i) For every algebra A with unit 1 and linear mapping ¢ : E — A satisfying
#(z)? = g(z) - 1, there exists an algebra homomorphism ¢ : C — A such that §o p = ¢.

Clifford algebra exists and is unique up algebra isomorphism (cf. for instance [1]
or [3]). For example , let K < X;,---,X, > be the free algebra with free system of
generators Xi,---,X, and I be the two-sided ideal of K < X;,---,X, > generated by
XiX; + X;X; — 2f(ei,ej) - 1,1 £ 4,j < n, where (e;,---,€,) is an orthogonal basis of
(E,q); then C(E,q)=K < X3,--+,Xa > /1.

II - THE P-ADIC STANDARD QUADRATIC FORM qo
II-1. The index of qo

Let p be a prime number and Q, be the p-adic field i.e. the completion of the field of
rational numbers Q for the p-adic absolute value.
We denote by [a] the integral part of the real number a.

Proposition 1 [2]

' The standard quadratic form go(z) = Z a: over E = Qp has indez

J=1
G v= [g-] if p=1 (mod. 4)
@) v= [g] if p=38 (mod. 4) and n#2 (modd)
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Proof :
1°) If p = 1 (mod.4), it is well known that i = /-1 € Q,. Let v = [12‘-] and € =

14
i e2j—1 + €25, 1 <j<v,the'V = @Q,ej is a maximal totally isotropic subspace of
Jj=1

E=Qj.
2°) p=3(mod.4)
Therefore i ¢ Qp and if n = 2 the index of go is 0.
If n = 3, applying Chevalley’s theorem and Newton’s method to go(z) = 23 + 2} + =3
we find a, b € Qp, a # 0, b # 0, such that a?+b2+1=0. Therefore ¢ =ae;+bez+e3

is isotropic insQ?, and.v = [.g,] =1.

(a) Forn = 4m, put €351 = a €sj—3 + b e4j—3 + €41 and €z; = —b €453 +

a esj—2 +esj, 1< j<m. Itis clear that go(ezj-1) = go(ezj) = a®> + b2 +1'=0 and

< €j-1,€2j > = —ab+ab =0. Therefore V = @(Qpezj_l ® Q,¢z;) is a totally isotropic
ij=1. .

subspace of Qp and v = 2m = [g]

If n = 4m + 1, with the same notations as above the subspace V is totally isotropic

in QP and v = 2m = [g]

m
On the other hand if n = 4m + 3 the subspaces V = @(Qpezj_l ® Qpezj) and
Jj=1
Qpé2m41 Where &2m41 = @ €4m+1 + b €4m+2 + €4m+3, are totally isotropic and orthogonal.

Therefore Vo = V @ Qp €2m+1 is totally isotropicand v =2m + 1 = [12‘-] .
(b)) In=4m+2/let V= @(Q,ezj_l ® Qpe2;) be as obove. It.is easy to verify

j=1
that if ¢ € Qp is isotropic and z is orthogonal to V then z € V. Therefore V is a maximal

totally isotropic subspace of Q7 and v =2m = [%] -1
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Proposition 2: Letp=2.
Letn=8m+s,0<s<T.

The standard quadratic form go(z) = E xf over E = QF has indez

=1
i) v=4m if 0<s<4
(i) v=4m+t if s=4+4t , 1<t<3
Proof :

1°) If1<n <4, then the index of g is 0.

Indeed, this is clear when n = 1.

Hn=2,let z=uze; +z2¢, € Q3 be isotropic and different from 0 i.e. go(z) =
z} + 2z = 0 and say z3 # 0. Therefore 1+a? =0 with a = z1z;" and vz(a) = 0 ie.
a=1+2"ay, p>1, vyag) =0.
Then 1+ a? = 2 + 2¢+1qq + 22#g2 =0 or 1+ 2*ag+2%'ag =0 ;in other words 1 =0
(mod.2) ; a contradiction.

In the same way, one shows that if n = 3 or 4 , the index of ¢ is 0.

2°) n=>5
Let 9 = 2¢; + €3 + €3 + ¢4 + €5 € Q3, then go(z¢) = 8 and gz—q.-(a:o) = 2 # 0 (mod.4),
i

2<;<5
By Newton’s method there exists
z = Z;=1 zje; € Q3 suchthat go(z)=0 with z; =2(mod.8),z;=1(mod.8), 2<
J <5
Put a = 7175}, b= z325?, c = 2375}, d = z4z5", thena? +b2+c2+d?+1=0.
The two following elements of Q}
e1=aei+bey+ces+des+es
ef=—ae —bey~ce3—des+es
are isotropic with < €;,€} >= 2. Hence H = Qz¢; ® Qa¢} is a hyperbolic plane in Q3. Let
U = H* be the orthogonal subspace of H in Q}. The following three elements of Q :
ui=bey—aexs+dez—ceq

_ac+bd +bc—ade
! c2+d283 2 +dz

Ug =€
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ad — bc
2+ d?
are elements of U, with

ac+ bd

uz = ez + es — €4

1
9o(v1) = =1, go(u2) = — 7775 = qo(us)
Furthermore <uu; >=0if1<i#3j<3, and (u1,us,us) is a basis of U.
For everyu =Yty +ysus Fysus € U we have qo(u) = quo(ul)+y2qo(u2)+y3qo(u3) =

At di iyl
2+ d

and qo(u) = 0 iff u = 0 because the standard quadra.tic fqrxn-of

rank 4 is anisotropic. In other words (U, qp) is anisotropic and Q2 HLU is a Witt
decomposition of (Q3,g0). Hence the index of go is 1.
39 n=8m+4s, 0<s<4.
Put ,for0<j<m-1 '
€1 = aegjy1 + besjto + cesj+s + desjta t+ esjis
1 €j2 = —besjy1 + aesjp2 + degj4z — cegjpa +  €sjt6
€j3 = —degjyn + cegjipz — begjrs + aegita + €47
€ia = Cegjy1 + degjy2 — aegiyz — begips +  esjts
and
€1 = —aegjy1 — begjya — cegiyz — degipa +  €sj4s
' ——d . . . - .
@) é;,z = begjy1 — aegjpz — d €8j+3 + cegj+a + egjte
€3 = degjy1 — cegjra + besjda — aesjra +  esjyr
€4 = —cegjy1 — degiyz + aegiyz + besjra +  esjys

A straightforward computation shows that < €; 1,61 >= 0 =< €,
—-1;1<k 1<4 and <e¢jy,

e ! —
< Gg,k, ej,l >= 0

if (i, k) # (4, 0)-

€1>=2;0<j<m-1;

e;',l >, 0 S 7".] S
1 <1 £ 4. Furthermore

m-—1 m-—1
, . . .
Hence the subspaces V = @ Qze¢;;  and @ Q:¢;,; are isotropic with
j=0 j=0
1<i<4 1<i<4

VAW =(0)

4m.

Therefore H = VoW isa hyperbohc subspace of E = Q3™ ** , with dimV = dimW =
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8m s
But E = E,, LE, ( orthogonal sum ) where Ey, = @) Qze; and E, = D Qzesm+i =
j=1 k=1
Q:.
If s = 0, we have E = E,, = V@®W = H and (E, g) is a hyperbolic space with index

4m.
K1<s<4; E=EynlE, with E,=VO®W = H. Since 1 < dimE, = s < 4,

the standard quadratic space (E,, qo) is anisotropic. Consequently E = (V@ W)LE,isa
Witt decomposition of E and the index of go is 4m.

4°) n=8m+4+t, 1<t<3.
a) n=8m+35

5
With the same notations as above , we have E = E,, L E5 where E5 = @ Qsegmak
k=1
Q3.

Let us write , as forn = 5,

aegme1 + besmiz + Cesmyz + desmisa +  €sm4s
—a egmt1 — Dbesmy2z — Cesmiz — desmis +  €smis

3) { €4m+1

!
€4m+1

and
besm+1 —a €8m-t2 +d e8m+3 — C e8m+4
esm+1 — Higtesm+3 + Frgdeom+d

d—b +bd
esm+2 + HTgECom+3 — SrgTe8m+d

on

Um+1
4) Um-+2

Um+3

[

3
The subspace Us = @ Q. tm4 s of Es is anisotropic. On the other hand, gol€am+1) =
h=1
0 = qo(€hmt1) } < E4m+1,€hmey >= 2 and €4m+1, €4y are orthogonal to Us . Therefore
Vo =V @ Qzeqm+1 and Wy = W @ Qaéj,,, ., are isotropic subspaces of Eand E=(Vp &

Wa)LUs is a Witt decomposotion of E. Hence the index of go is dim Vo = dim Wy = 4m+1.

(b) n=8 m+6.

6
As before, we have E = E,, L Eg where Eg = @Qgegm+k D Es ; hence €341 and

k=1
Eftm+1 € Es.
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Let us put
(5) €am+2 = —besgmyr +. . aegmiz + desmis — Cegmis +  €smis
€imtz = .besmy1r — aegmyz — degmis + Cesmys + €sm+s
and
- bd— d
©6) {wm+1 = egmi1 + HrHesmss — HioFesmis
= b —bd
Wmtz =  €8mi2 — S5rofesmis + HTiFCom 4

The subspace Us = Qawm+1 ® Q2wm42 of Eg is anisotropic. Moreover, go(€sm+2) =
0 = go(€hm+2) ; < €4m+2,€4mqz >=2 and €4m42, €j,,4q are orthogonal to Us. Therefore
Vi =Vo® Qeéqmyz and W) = Wy & Qie"im“ are isotropic subspaces of E and E =
(V1 @ W,)LUs is a Witt decomposition of E. Hence the index of o isdim Vi =dim W, =
4m + 2.

(c) n= 7.
7
We have E = E,, L E7, where E; = @ Qzesm+k O Es.
k=1 :
Let us write
1) €4m+3 = —desgmy1 + Cegmy2 — besmis + G €smis +  €8m47T
éim.;.a = degm+1 — Ce€smi2 + besmys — A esm+s + Esm47T
and
(8) Un = Cegmyr + degmpz — Ge€gmyzs — besmis

The subspace Uz = Qaun, of E; is anisotropic. Furthermore go(esm+3) = 0 =
90(€im43) i < €4m+3, €imys >= 2 and €4m43, €443 are orthogonal to Uz, Therefore V; =
V1®Q2€4m+2 and Wy = W @ Q2€4m2 are isotropic subspaces of E and E = (V3 e&W,) LU,
is a Witt decomposition of E. Hence the mdex of go is dimV, = dimW, = 4m + 3.

Remark
Let K be a non formally real field . The level of K is the least integer s such that

-1= Zaf where a; € K,a; # 0. It is well known that s = 27, r >0 (cf [3] or [4]).
=1
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The level of a p-adic field is 1 if p=1 (mod 4) ; 2 if p=3( mod 4) and 4 if p = 2.
If the level of a field K is 1 ( resp. 2, resp.4) then the indez of the standard quadratic ‘
form over K™ is given by Proposition 1 - (i) [ resp. Prop.1 - (ii) - (iii) , resp. Prop.2].
More generally let K be a field of level s = 27,r > 0. If we write for any integer
n,n =m2"*! 4 q where 0 < a < 2"+ — 1 ; then the index of the standard quadratic form
over K" is
i v = m2 if 0<a<g?2"
() v = m2 4+t if a=2"+¢ 1<t<27 -1

II- 2 The Clifford algebra  C(Qj,q0)

The following results can be deduced from a general setting (cf. [3] p. 128-129). Here

we establish them by using the computation of the index of ¢o made in II-1.
* Let us recall that if E is a vector space over a field K then the exterior algebra A(E)

is the Clifford algebra associated to the null quadratic from over E.

On the other hand , let (E,q) be a regular quadratic space over K. 1 E =V @
W is a hyperbolic space (V' and W being maximal totally isotropic subspaces ) , it is
well known that the Clifford algebra C(E,q) is isomorphic to End(A(V)), the space of
linear endomorphisms of the vector space A(V). Furthermore the subalgebra of the even
elements of C(E,q), say C4(E,q) is isomorphic to End (A4+(V)) x End(A_(V)) where
A+(V) (resp. A (V) is the subspace of the even ( resp. odd ) elementts of A(V).

Generally, if E = (VW) LU isa Witt decomposition of E, then
C(E,q) ~ End(A(V)) ®2 C(U,q), the tensor product of Z/s7 - graded algebras (cf. for
example [1] ).

H dimE =n , then dimC(E, q) = 2" = dim A (E).

If a,b € K*, we denote by (-‘-I-I’—(é) the associated quaternion algebra : i.e. the algebra

o,

i ) is the Clifford algebra

generated by i,j withi2 =a ; j2=b ; ij=—ji. A.lso(

of the rank 2 quadratic form ¢(z) = az? + bz3.
Let us write M(n, K) the algebra of the n x n matrices with coefficients in K.
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Theorem 1: p=1(mod. 4) ;
(i) ' Ifn=2m, thgn C(Qp,q0) ~ M(2™,Qp) -
(ii) I-fn' =2m+1, then C(Q;a QO) = M(2m7 Qp) & M(zm, Qp)

Proof
Indeed, if n = 2m, then (Qy, qo) is a hyperbolic space.

It follows that C(Qp,g0) ~ End(A(Q}"))-
And, if n = 2m + 1, we have a Witt decomposition Q) = (V & W)LU where U = Qpex.
It follows that C(U, g0) =~ Qp & Q, which gives (ii) ‘

Theorem 2 : p=3 (mod. 4)
@) Ifn=4m, - then C(Q},q0) =~ M(2*™,Q,)
(i) Ifn=4m+1, then C(QF,q0) ~ M(2?™,Q,) ® M(2*™, Qp)
(i) Ifn=4m+2, then C(Qp,q) =~ M2+, Q,)
(v) Ifn=4m+3, then C(QR,g0) = M(22™+, Qi)
with ¢ = /1.

Proof :

The case (i) is evident , since Q2™ is a hyperbolic space.

If n = 4m + 1, we have a Witt decomposition Qp = (V & W) L U where U = Qpu
with 4 = @ €4m—3 + b €4m—2 + €a4m—1 — €4m+1 and go(u) =a?+ 2 +1+1=1.1It follows
that C(U, o) ~ Qp ® Q,, which gives (ii).

If n = 4m + 2, we have a Witt decomposition Q; =(Ve W) LU where
U=Qpu1®Qpu; and u; =a €4m-3+b eam—2 + €am—-1+ @ €am+1 + b egm+2

Uy = —b e4m-3 +a €gm—2 + €4m — b €a4m+1 + @ €4m2
-1,-1

Furthermore < u3,uz >= 0, qo(ul) = -1 = go(uz) and C(U,qgo) = ( ) This

~

-1,-1
quaternion algebra contains an element z with N(z) = a®+5?+1 = 0. Hence ( Q )
»

M(2,Q,) and finally we have C(QJ, g0) =~ M(22™,Q,) @2 M(2,Qp) = M(22m+1 Q).
If n = 4m 4 3, we have a Witt decomposition Q3 = (Ve W) LU where U = Q,u,
with u = —b e4m+1 + @ €4m+2 and go(u) = b% +a? = —1. Hence C(U, o) ~ Qpli], because

u? = go(u) = —-1.
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We conclude that C(Qp, go)  M(22™+1, Q,[i]).

In the proof of the forecoming theorem, one needs the following lemma

Lemma :
Let K be a field ( char. #2), c,d € K* such that 2 + d2 # 0.

Ifo= -;—}_22—, then (—a}{—a) ~ (-—1},{—1).
2

If the two-rank quadratic forms gi(z) = —oz? - 022 and ¢y(z) = —2? ~ 22 are

equivalent, then their Clifford algebras are isomorphic. But, putting z; = ¢z} + dz} and

&3 = dz) — cz, we have ¢1(u(z')) = —o(cz} + dz})? — o(dz) — cxh)? = —o(c? + d*)(z? +

z3) = go(z"). Hence ¢; and ¢, are equivalent and the lemma is proved.

Remark
. -1,-1 .
The quaternion algebra ( Q ) = H; is a skew field.
2
-1,-1

Indeed, for any z € H, = ( ), z #0, thenorm of z is N(2) = 22 +z3+ 23422 #

Q;
0 ( the standard quadratic form of rank 4 over Q; is anisotropic).

Theorem3: p=2
The Clifford dlgebm C(Q3, o) is isomorphic to :
(0  BrdAQ4™)~M(24™,Qs), if n=8m
(1) ME@™Q)eM2™Q,), if n=8m+1
(2) M2+ Q,), if n=8m+2
3) M(24™* Qufi]), with i=+/=1, if n=8m+3
4) M24™1 H,), if n=8m+4
(5) M(2*+1 H,) @ M(2*™+t1 H,), if n=8m+5
(6) M(2*™*+2 H,), if n=8m+6
(7 M(2*™*3 Qq[i]), if n=8m+7

Proof
According to the proof od Proposition 2, if n = 8m + 5,0 < 5 < 7, then Qr=(Ve
W)LE, where V and W are totally isotropic subspaces of dimension 4m, and (E,, qo) ~
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(Q3,90). It follows that C(QZ,qo) ~ End(AN(Qp™)) ®2 C(Q3,90)- It is easy to see that

C(Q% 90) ~Q: Q2 ’ C(Q%) qO) ~ ('16";1') =~ M(z’ QZ) and C(ng q()) =~ M(27 Q2[1])

. -1,-1
I s = 4, the subalgebra, generated by e;ez, eze4 and eje4 , is isomorphic to ( Q’ ) =
2

H;. Hence C(Q3,¢0) ~ M(2,H,).
If s =5, then Q} = FLU, where F is a hyperbolic plane and U a three-dimensional
anisotropic subspace, with orthogonal basis (u1,u2,us3) satisfying go(u1) = —1,qo(uz) =

—0=40(u3)-(0= =+ and a,b,¢,d € Q; such that a® + 6% + c* + d? + 1 =0).

Therefore C4+(U, q0) =~ ("—3211) ~ H, ; C, stands for the even subalgebra. But in

c(, 90), (u1uzu3)? = 02 is a square in Q; ; therefore C(U, go) ~ H, @ Hs,. Fhrther;hore
C(Qg,qp‘)‘ ~ C(F, q0) ®2 C(U, qo0) ~ M(2,H;) ® M(2,H>), because C(F, o) =~ M(2, Q2).
Ifs =6, then Q$ = FLU, where F is a hyperbolic space of dimension 4 and U a
two-dimensional anisotropic subspace with an orthogonal basis (u;,uz) satisfying q(u;) =

—0 = g(uz). Therefore C(U,q0) ~ (=%=2) ~ H,. And consequently C(QS,qo) ~
Q:

C(F,q0) ®2 C(U, q0) ~ M(2%,H,). .
fs=17, then Q] = FLU, where F is a hyperbolic space of dimension 6 and U = Qau,
with go(u) = —1. Hence C(U, go) =~ Q2[i] and C(Q3, q0) ~ M(23,Q2[i]).

One deduces the isomorphisms of the therorem from C(QZ, ¢o) ~ M(2*™, Q§)®2 C(Q3, 9)-

N.B: A classical way to prove the above theorems is based on the isomorphisms
C(K™?%,q) =~ C(K"-g) ® C(K? q)
and C(K™t? —¢q) =~ C(K™q) ® C(K? —q)
which give first 8-periodicity, etec ...
(—qo is the opposite of the standard quadratic form gq )
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III - THE FAMILIES OF P-ADIC CLIFFORD ALGEBRAS

III-1. . Equivalent classes of the p-adic quadratic forms

Let a,b € Q; = Qp \ {0}. The Hilbert symbol (a,b) is defined by (a,b) = 1 if the
quadratic form of rank 3, ¢'(z) = 22 — az? — bz} is isotropic (a,b) = —1 otherwise.

N.B. (a,b)=1 iff (%b):M(Z,Q,).

P
Let E be a vector space over Q, of dimension n. Let us consider a regular quadratic

form ¢ over E. If (e;)1<j<n is an orthogonal basis of E and a; = g(e;) ; then the discrimi-

nant d(q) of ¢ is equal to a; ... a, in the group M, = Q;/qs2- Let e(q) = l l (ai,aj).
P
1<i<j<n

Theorem A
@A) The p-adic regular quadratic forms ¢ and q' of rank n are equivalent iff

d(g) = d(q') and e(q) = (¢').
(ii) Letd € M, and e = £1. There ezists a p-adic regular quadratic form g such
thatd(¢g)=d and e(g)=¢ iff
(a) n=1 and e=1
() n=2 and (d,e)#(-1,-1)
(c)n>3

Proof: cf. [5]

According to that proof of Theorem A, one can give, explicitily, representatives of the
equivalence classes of p-adic regular quadratic forms.

Let us recall that My = {+1,+2,+5,+10} and M, = {1,p,w,wp} if p # 2, where w

is a unit such that (p) =-1; ( ;) = the Legendre symbol. Furthermore —1 =1 in

M, if p =1 (mod.4) and M, = {1,p,~1,—p} if p =3 (mod.4).

We are content ourself here, with the primes p different from 2. Then a complete set
of representatives of the equivalent classes of regular p-adic quadratic forms is obtained as
follows.
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(a) n=1
Then ¢%(z) = az?,a € M,; and the Clifford algebras C(Q,,¢°) are igomorphic re-
spectively to Q, ® Q,, Qp[\/ﬂ: Qp[\/‘:’] and Qp[\/“’?]-

() n=2

Then we have over Q2 ( with w = —1if p = 3 (mod.4))

qo(z) =zi+2f wu(z)=pz}+wpa}if p=1(mod4)
q1(z) =z} +p 23 (resp.  qu(z) =p e} + p 2} if p=3 (mod4))
q2(z) =wzi +w p =} g5(w) =21 +wp 2}

gs(e) =si+waf 96(z) = p 21 +w 23

Furthermore ¢(g¢) =1if £=0,1,3,5 and €(q¢) = -1 if £ = 2,4,6.

N.B: Ifp=2,thenforn =2, one has
8 regular quadratic forms ¢ such that ¢(g) =1
and 7 regular quadratic forms g such that ¢(q) = —1.

(c) n=3
If (e1, €2, ¢3) is the canonical basis of Q3 , then
o q(z) = qu(zre1+72e2) + 23, 0SL<6
. and

o gi(z)=pz?+twsl+wprl=ge(zies+z2e2)+wpz3if p=1(modd)
resp.

o gi(z)=pal-2%+pazi=qe(zie; + z262)+p % if p= 3 (mod.4)
Furthermore d(g;) = d(qe), €(q) = €(qz), 0 < £ < 6 and d(q}) = —1,¢(g}) = —1.

(d n>4
Let (ej)1<j<n be the canonical basis of Q;, then

o q/(z) = qu(z1e1 + z2€2) + Zz?, 0<£<6.
i=3

In other Words a (z) = q¢(z1€1 + z2€2) + o (Z z,eJ)
el i=3

Le. (Q ) = (Qp1 ql)-L(Q ’q0)’ 0< £ <6
and
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o gf(z)= q-,(z a:,e,) + Zz = q,(z:z,e,) + qo(z:c,e,)

J=1 =4 J=1

ie. (Qp ' 97 ) (Qpa q7)‘L(Q ’ 90) ‘

NB: p=2

If n = 3, then the classes of regular quadratic forms have 15 representative forms ¢’
with €(¢') = 1,resp.€(¢’) = —1 and d(q’) # —1, obtained from corresponding representative
quadratic forms of ranks 2 by adding the rank 1 form z3. The other representative form
is gi5(2) = ~o% — oF — o3 with e(g}s) = —1 and d(gl) = ~1.

And if n > 4, one proceeds as above.

III - 2 The p-adic Clifford algebras
With the above notations , we have the following concrete propositions

Proposition 3: p#2
() C(Q%q) ~M(2,Q,) if £=0,1,3,5.

(i1) C(Qp,ql) ~ (-C—ZP-) = H, = the p-adic quatemzon field , if £=2,4,6.

Proof
(i) Indeed, if £=0,1,3,5; then €(g¢) = 1. Therefore C(Q32,g¢) ~ M(2,Q,).
(ii) If€=2,4,6 then the Clifford algebras C(Q2, ¢¢) are isomorphic to the qu‘ater-
nion algebras with norm respectively ,
Nyz)=ai—wal-wpzi+w?psl;
Ny(z)=23—pzl—wpz2+wp®z? if p=1(modd);
(resp. Ny(z) =23 —p 2% — p 23 + p?z2 if p=3 (mod. 4))
and Ng(z) = 22 —p 2?2 —w 22 +w pzl.
It is easily seen that these quadratic forms are anisotropic and equivalent. Therefore

C(Q},92) ~ C(Q2,41) ~ C(Q2,06) = (_d_) = H,, is a skew fied. Hence H,, is the unique
P

quaternion field over Q, ( according isomorphism). This result obtained directly here is a
general result for local fields (cf. [3]).
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Proposition 4 : =1 (mod. 4)

The C’lzﬁord algebra C’(Qp,q,) 18 isomorphic to
6 - M2Q)eM2Q,) if £=0
@ MEQvA) i e=12
@) M2 Q,la) if =34
(v)  M(2,Q,ly/@p) if £=5,6
(v) H,0H, if £=1

Similarly we have

Proposition 4’ : p = 3 (mod.4)

The Clifford algebra C(Q3, q}) is isomorphic to
) M(2,Qyli]) if £=0,4
@  MEQWTF) i £=12
@) — M2Q)eM2Q,) i =3
(iv) M(2,Q,(\/7]) if £=35,6
) H,oH, if (=7

Proof of Propositions 4 and 4’

Let us recall that if (E, q) is a regular quadratic space over a field K with n = dimE
odd, then C(E,q) ~ Z ® C4(E,q), where Z is the centre of C(E,q) and C+(E,q) the
subalgebra of even elements. Furthermore, if (ej,...,e,) is an orthogonal basis of (E, q)
then u =e;...e, is such that u? = (=1)(#d(q) and Z = K[u].

In particular for n =3 and ¢(z) =a 22+ 8 22 + v 23, wehave €2 =aq,e =4,
e} =y;u? = —afy = § # 0 and C4(E, q) =< 1,e1¢5, €163, €2e3 >= subspace generated by
1,...,ez2e3. Put Ey = eje2,E; = eje3, B3 = —aezes, hence Cy(E,q) =< 1,E1,Eq, E; >

with Ef = —aB, E} = ~ay, E\E; = E3 = —E,E,. Therefore C4(E, q) ~ ("____‘“ﬂl’{‘“’y),
Consequently (1)if § € K*?, then Z ~ K@K and C(E, q) ~ (—aﬂl’{“a‘y) ® (_aﬂl’{—a‘y)

(2) if 6 ¢ K*2, then Z = K[u] is a field and C(E, q) ~ Iﬂ‘i—‘—"‘l)

Klu]
~ Applying these remarks to Propositions 4 and 4’, one finds the desired isomorphisms.
For example if p = 1 (mod. 4) and £ = 2, then § = —~w?p = (iw)?p and Z = Q,[,/p] , hence
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—w?p, —w

C(Qd,q1) = ( AW = (Qp[\/—]) M(2,Q,[v7]) : §(v) = p z* + wy® represents

1 over Q,[\/p]. Also if £ =7, then § = —p?w? = (iwp)?, hence Z =~ Q, ® Q, and since

~pw, —wp? W
( a )= ( o ) = H, we have C(Q},¢f) ~ H, @ H,.
In the case p = 3(mod. 4), for example if £ = O(resp.L = 3) we have §
—1 (resp. = 1) and Z ~ Q,[i],(resp.Z ~ Q, ® Q;). Hence C(Qg,q{,) ~ (—g—;ﬁl)
M2, Qpli), (respC(Qp, ) = (572) @ (F2) = M2 Q) © M(2,Q)).
The other verifications are left to the reader.

il

R

Lemma 2 : P#2
C(Qz,a7) = M(2,H,). O

Indeed, since ¢f = p 22 + w 22 + w' p 23 + 22 where v’ = w if p = 1 (mod.4)

ot
and w = —1,w' = 1if p = 3 (mod. 4) ; we have C(Q3%,¢7) ~ ( ) ®2 (%i) o
P

H, ®2 M(2,Q,) ~ M(2,H,).

Theorem 4 : p=1(mod. 4);n2>4
1°)  Ifn =2m, then the Chﬁard algebra C(Qp, q7) is isomorphic to
(l) M(z 7QP) 1f . 2-0113315

@) M(@2™"1,H,) if €=2,4,6,7
2°)  Ifn=2m+1, then the Clifford algebra C(Qy,q;) is isomorphic to
6  ME™Q)eMe™Q,) i £=0
(i) ME2™, Q7)) if £=1,2,3,4,5,6
with T = p (resp.w,respwp) for £ =1,2 (resp.l = 3,4 ; resp.5,6).
() M@E™LH))eM2™ L H,)ift="T

Proof :
19) n=2m

Notice tb@t C(QP,qé’) ~ C(Qp7% q0) ®:2 C(Q32,4),0 < £ < 6. But by Proposi-
tion 8, we have é(Q,,q,) ~ M(2,Q,) if £ = 0,1,3,5 and C(Q,,q,) ~ H, if £ =
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2,4,6. Since C(Qp~%,q0) ~ M(2™"1,Q,) by Theorem 1 - (i) - , we have C(Qy, ;) =

101

M(2™1,Q,)®2 M(2,Q,)  M(2™,Q,) if £=0,1,3,5 and C(Q}, ¢) = M(2™%,Q,) ®,

H, ~ M(2™"1, H,) if { = 2,4,6.
For £ = 7 , applying Lemma 2 and Theorem 1 - (i) - we obtain C(Qp,gqy) =
C(Qr,90) ®2 C(Q4, ¢) ~ M(2™2,Q,) ®; M(2,H,) ~ M(2™1, H,).

2°) n=2m+l |
If1< £ <6, then we have C(Qy,q;) ~ C(Qp ™%, 40) ®2 C(Q,¢) = M(2™1,Q,) ®;
C(Q3, 02)- -

Applying Proposition 4, we obtain the isomorphism c(Qp, @)~ M (2'”,Qp[ﬁ ]) as

claimed. _
The case £ = 0 is Theorem 1 - (ii) -

If£="7, then C(Q3,¢}) = H, ® H, and C(Q}, ¢¥) ~ M(2™*,Q,) ®: (H, ® H,) ~
M(2™', H,) & M(2™ 1, Hy). | '

Theorem 5 : p=3(modd); n=>4
The Clifford algebra C(Qy, ) is isomorphic to the following matriz algebra or direct

sum of two matriz algebras. -

1°) n=4m y
@) M@™Q,) if  £=0,1,3,5

) M@™1H,)  if  £=24,6,7

2°) n=4m+1
@ M2, Q) 8 M(2",Q,) if £=0,4
Gi)  M@2*™ Quv7]) if  £=1,2,3,56,7

with 7 = p (resp. — 1,res. —p) for £=1,2 (resp.l =3,7,resp.L = 5,6).

39) n=4m+2
(G . M(22m+1’ Qp) if £=0,1,3,5
(i1) M(2%m™, H,) if - £=2,4,6,7
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4°) n=4m+3

B ME™L,Q)eME™,Q,) i e=3

(i) M(22m+1 Q,[v7]) if £=10,1,2,4,5,6,

with = —1 (resp.—p,res.p) for £=0,4 (resp. £=1,2,resp. =25, 6).
() M2 H,) e M(2*™ H,) if =1

Proof :

1°) n=4m

As in Lemma 2, it is readily seen that C(Q%,q}) ~ M(22, Qp) if K =0,1,3,5 and
C(Qp,q7) >~ M(2,H,) if £=2,4,6,7. «

Ifn=4m, m 2 2, we have C(Q,¢;) ~ C(QF™*, ) ®2 C(Q},¢7). But Theorem
3 - (i) - gives C(Qp~*,q0) ~ M(2?™~2,Q,). Therefore C(Qp,q7) ~ M(2*™2%,Q,) ®2
M(22,Q,) ~ M(22™,Q,) if £=0,1,3,5 and C(Qp,q/) = M(2°™~2,Q,) ®2 M(22,H,) ~
M(2*m=1 H,) if £ = 2,4,6,7. :

29) n=4m+l]
With notations used in the proof of Propositions 4 and 4’ we have C(Qp,q) ~

Z®C1(Qy,q7) and Z = Q,[u] where u? = d(g}). Hence Z is isomorphic to Q, & Q, if
£=0,4; resp. Qp[y/B] if £=1,2; resp. Qp[v/=1] if £=3,7; resp. Q,[v/=p|if &=
5,6. On the other hand C1(Q}, ¢7) ~ C1(Qp -z, 22)®C(Qp 7, —q;) ~ C(Qr~, —g}) ~
M(2*™ Q,). Hence C(Q;,9/) ~ Z ® M(2°™,Q,) which proves the isomorphisms.

3°) = dmi?

Since n - 2 = 4m, we obtain C(Qj,q;) ~ C(Q:™, q) ®:2 C(Q2, qr).

By Theorem 2 - (i) - one has C(Q}™, g0) > M(2?™,Q,) and by Proposition 3, C(Q2,qe) ~
M(2,Q,) if £ = 0,1,3,5 and C(QZ,qr) ~ H, if £ = 2,4,6. It follows that C(QT, ¢}) =~
M(2*™+,Q,) if £ = 0,1,3,5 and C(QP, ¢') ~ M(22™ H,) if £ = 2,4,6.

For the case £ =7, since n — 4 = 4(m — 1) + 2 we have C(Q}p,q7) ~ C(Q""*, %) ®2
C(Qj,97).- By theorem 2 - (iii) -, C(Qpr*,q) ~ M(2?™*1,Q,) and by Lemma 2,
C(Qp,q-,) >~ M(2,H,). Hence C(Qj},q7) ~ M(2*™, H,).

Notice that in 1°) and 3°) the exponent of 2 is 2.
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4°) n=4m+3

Here, n-3 = 4m and C(Qp,¢7) =~ C(Q;™, ) ®2 C(Q},q;). But C(Qp™,q0) =~
M(2*™,Q,) and by Proposition 4’ , C(Q3,qy) is isomorphic to M(2,Q,) é M(2,Q,) if
£=3, resp. Hy @ Hp if £ =7, resp. M(2,Q,[v/7 ]) if £ =0,1,2,4,5,6 with 7 = —1 for
£=0,4; r=—pfor 1,2 and r =p for £ =5,86.

Taking tensor product we obtain the desired isomorphisms.
Remark :

As for C(Q}, qo), for the other Clifford algebras C(Qp,q;) we have 2-periodicity when
p=1 (mod. §) and 4-periodicity when p=3 ( mod. 4).

N.B. When p =2, in the same way one can give as obove the table of the 2-adic Clifford
algebras. '
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