S.D.BAJPAI

M.S. ARORA

Semi-orthogonality of a class of the Gauss’
hypergeometric polynomials

Annales mathématiques Blaise Pascal, tome 1,1n°1 (1994), p. 75-83
<http://www.numdam.org/item?id=AMBP_1994__1_1_75_0>

© Annales mathématiques Blaise Pascal, 1994, tous droits réservés.

L’acces aux archives de la revue « Annales mathématiques Blaise Pascal » (http://
math.univ-bpclermont.fr/ambp/) implique 1’accord avec les conditions générales
d’utilisation (http://www.numdam.org/conditions). Toute utilisation commerciale
ou impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NumbAM
Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AMBP_1994__1_1_75_0
http://math.univ-bpclermont.fr/ambp/
http://math.univ-bpclermont.fr/ambp/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Math. Blaise Pascal, Vol. 1, N°1, 1994, pp. 75 - 83

SEMI-ORTHOGONALITY OF A CLASS
OF THE GAUSS’ HYPERGEOMETRIC POLYNOMIALS

S.D. BAJPAI and M.S. ARORA

Abstract : We establish semi-orthogonality for a class of Gauss’ hypergébmetric poly-
nomials with an elementary weight function and e;pploy it to generate a theory concerning
 the finite series expansion involving the Gauss’ ’hy‘pergeometric polynomials.
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1. INTRODUCTION

Gauss’ hypergeometric polynomials 2", F; (—n, b;e ;—%) lead to the generalization

of the classical polynomials associated with the names of Jacobi, Gegenbauer, Legendre
and Chebyshev. Therefore, they appear to represent a very important class of polynomials.
In view of this, it seems worthwhile to investigate the matter of their orthogonality and
other important aspects.

In this paper, we evaluate an integral involving the Gauss’ hypergeometric polynomials
and employ it to establish, what we call, semi-orthogonality of the Gauss’ hypergeometric
polynomials. We further apply this property to develop a theory regarding the finite series
expansion involving the Gauss’ hypergeometric polynomials. We also employ the integral
to evaluate an integral for Fox’s H-function [5]. Finally, we present some particular cases
of our integral and semi-orthogonality property, some of which are known and others are
believed to be new.

We recall that the Jacobi polynomials constitute an important, and a rather wide
class of hypergeometric polynomials, from which Chebyshev, Legendre, and Gegenbauer
polynomials follow as special cases. Their orthogonality property, with the non-negative
weight function (1 — z)® (1 + z)® on the interval [-1,1], for a > —1,b > —1, is usually

- derived by the use of the associated differential equation and Rodrigues’ formula. In this
paper, we introduce a direct method of proof, which is much simpler and more elegant.
Our method could be employed to establish orthogonalities of the Jacobi polynomials and
other related hypergeometric polynomials.

The class of Gauss’ hypergeometric polynomials is defined and represented as follows :

e Fi(=n,bic; 1) = Z( 1y e 20,12, (L.1)

provided c¢ is not zero or a negative integer.

For sake of brevity, the class defined by (1.1) will be denoted by AlO (z).
The following integral is required in the proof :-

o0
/ gh(1 + 2)b A% (2)de
0

_ DA +mT(c—b—h—1)1+b+h),
= T(e= B)(o)n - 02

where Re(c — b— k) > 1, Re(h) > -1, Re(h+b) > ~1.
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Proof: The integral (1.2) is established by expressing the hypergeometric polynomials
in the integrand in terms of their series representation (1.1), interchanging the order of
integration and summation, evaluating the resulting integral with the help of the integral
[4, p. 233,(8) ] : |

/wx"‘l(l +z) Vdr = W,Re(w) > Re(v) >0 ~  (1.3)

0 [(w) L

and simplifying by using the following form of the formula (2, p. 3,(4)] :
(-=1)"T(1 +a)

I'l+a-n)= —a) (1.4)
whence we get
'h+n+1)T(c-b-—h-1) —-n,bc-b—-h-1;1
T(c—b+n) | lh-n (1.5)

It can easily be verified that the generalized hypergeometric series (1.5) is Saalschutzian.
Therefore, applying the Saalschutz’s theorem [2, p. 188, (3)] :

-naa’b l HEE | __(c—a)n(c—b)n
] PR |-G -

and simplifying, the right hand side of (1.2) is obtained.

2. SEMI-ORTHOGONALITY

The semi-orthogonality property to be established is
o0 .
/ 21 (1 4 5)=em 4G () 4G (2)de 2.1)
0

=0, ifm<n (2.12)

_ (B)an! T(T(-b)T(1 +)

T (@) I(A+b+n)(c-b)’
where Re(c) > 0, (Re(b) < —m, Re(b) > —n = when m =n, b# —n).

ifm=n (2.1b)

Proof : To prove (2.1), we write its left hand side in the form

Z( el [7gmibor  gppmeon 409 @) (22)
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On evaluating the integral in (2.2) by using (1.2), we have

S 1y B Db =) Ko £ r)=r)e
= r! (¢)r D(c - b)(c)n
If r < n, the numerator of (2.3) vanishes, and since r runs from 0 to m, if follows that
(2.3) also vanishes when m < n. Therefore, it is clear that for m < n, all terms of (2.3)
vanish, which proves (2.1a).
When m = n, on using the standard result (—n), = (—1)" n! and simplifying, (2.1b)
follows from (2.3).

(2.3)

Note :  The integral (2.1) exists for m =n+1, n+2, n+3, ..., and yields a
series of interesting results

3. PARTICULAR CASES OF THE INTEGRAL
. I 1-y
(i) In (1.2), substituting z = Ty we have

h+n c=b—h—-2 4(b,c)
/(1 ¥ (1+y) A (Hy)dy

_ 207l D 4 R D(e—b—h—1)(14 b+ k),

3.1
o= 5 1)

where the restrictions on the constants are the same as in (1.2).

(ii) In (1.2), substituting z = 1 + Z, we get
: 1 .

htnry o ye=b=—h=2 4(b,c) Y
[ arprra- e (1Eg
2ol P B Y D(e—b—-h—1) (14 b+h), (3.2)

I(e—b)(c)a
where the restrictions on the constants are the same as in (1.2).

(iii) In(1.2), substituting z= ;—2——1, we obtain

/ (y 1)e-b-h 2y + l)b—c—nA(b C)(1—2- )dy
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1"(1+h) D(c—=b—h—-1)1+b+h)a (3.3)
2h+7+T T(c — b)(0)n :
where the restrictions on the constants are the same as in (1.2).
(iv) In(3.1), putting b= —n—a and ¢ = 1+ b, and using the relation [3, p. 170,(16)) :
@¥y _ (LHDa(z=1\ o (—n—n-a ; 2}
Pe(z) = S (IR (T Y ), (3.4)
we obtain the following integral involving the Jacobi polynomials :
L ' .
[ @ =gyt P iy
( )20t (1 4+ h)(a+ b+ n—h)(l1—a+h —n), (3.5)
n!T(l+a+b+n) )
where Re(h) > -1, Re(a+b—h) >0, Re(h—a) > -1.
(v)' In(3.2), setting —n —b for b and 1+ a for ¢, and using the relation (3, p. 170,(16)] :
‘ (a,b) (1+G)n 14z -n,-n-—>b ; +1
Ppt(e) = —— (———2 ) 2Fi{ ), 1) (3.6)
we obtain the following integral involving the Jacobi polynomials :
1
[ @ pha- it Ped (dy
2“‘*’""‘" Fl+h)T(a+b+n—h)(1-b+h—n)a (3.7)
n!T(1+a+b+n) '
where Re(h) > -1, Re(a+b—h) >0, Re(h—-b) > -1.
(vi) In(8.3), setting n+a+b+1for b and 1+ a for ¢, and using the relation [3, p.
170,(16)] :
(a,8) (1+a)n —n,n+a+b+l ; 3%
P (z) = ——2F1{ 1 |, , (3.8)
we get the following integral 1nvolvmg the Jacobi polynomials :
/1 (y - 1)~y +1)° PV (y)dy
P(1+h)I‘( ~l—a-b-n)2+a+b+n+h) (3.9)

2htntl pl I(—b—n)
where Re(h) > —1, Re(a+b) < -1, Re(a+b+h) > 2.

Note : The integrals (3.5), (3.7) and (3.9) appear to be new and may be employed to
establish new orthogonalities for the Jacobi polynomials.
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4. PARTICULAR CASES OF THE SEMI-ORTHOGONALITY

(1) In(21), substituting z = 77, we have

1+y
1
[ a89(15Y) ago () ay
=0, ifm<n
_ 2¢=b+n=1(3) n! T(c) T(=b) I(1 + b) £ om
()n T(1+b+n) T(c—-b)
where the restrictions on the constants are the same as in (2.1).

(ii) In(2.1), substituting z = —'Eg-, we obtain

o =]
~1-b=n =1 20,0 (1YY 4601ty
[ @t a0 (1Y) ago(2EY)ay

=0, ifm<n

—_ 2C—b+n—1(b)nn! F(c) r(_b) 1‘(1 + b) f _
= (c),.I‘(1+b+n)p(C__b) s, m=n

where the restrictions on the constants are the same as in (2.1).

(iii) In(2.1), putting z = ?ET’ we get
o 2 2
—1\e=1(,, __1\b=c=n 4(be)f < _ (be) [ =
[ w0 =t o (2 409(2)ay
=0, ifm<n
b=n(p) nl _
_2 (8)nn! T'(c) T'(=b) T(1 + b)’ i ome=n
(€)aT(1+b+n)T(c-b)

where the restrictions on the constants are the same as in (2.1).

(4.1)
(4.1a)

(4.1b)

(4.2)
(4.2a)

(4.2b)

(4.3)
(4.3a)

(4.3b)

(iv)  In (4.1), putting m = n,b = —n — a, and ¢ = 1 4 b, and using (3.4), we obtain a

known result [4, p. 285,(6) ].

v) In (4.2), putting m =n, b= —n — b and ¢ = 1 + a and using (3.6), we have

[ a-vea+pp-i[penw)
-1

_ 2" T(14+a+n)T(1+b+n)
B nlbT(1+a+b+n)
where Re(a) > -1, Re(b) > 0.

(4.4)
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In (4.4), interchanging a and b, substituting —y for y and using the relation P,(."'b)(m) =
(=1)" P{*(—z), we again obtain a known result [4, p. 285,(6)].
(vi) In (4.3), putting m = 'h, b=n+a+b+1,and ¢ =1+ a and using the relation
(3.8), we obtain a known result [1, p. 3, (2.1)] :

[ -0+ [Ped)]

2Pl 4a+n)T(14+b+n)T(-1-a-b) T(2+a+b)
- n!(1+a+b+2n) (1 +a+b+n)T(~b) I'(1+0)
. where Re(a) > —1, Re(b) > —1.

(4.5)

‘5. FINITE SERIES EXPANSION INVOLVING THE GAUSS’ HYPERGEOMETRIC
POLYNOMIALS

Based on the results (2.1a) and (2.1b), we can generate a theory concerning the
expansion of arbitrary polynomials, or functions in general, in a finite series expansion of
the Gauss’ hypergeometric polynomials. If F(z) is a suitable function defined for all z, we

-consider its expz'u;sioﬁ of ithe general form :

F(z)= Z Cmz ™AL (), 0<z <00, m<n (5.1)
Com=0. s

where the coefficients C ,é,re given by

(9 T(1+ b4 m) T(e=b)

Cm = 1) um! T(c) T(—b) T(1 ¥ b)

/00 F)z %1+ 2)b~™ AL (z)dz  (5.2)
0

with the restrictions on the constants the same as in (2.1).

6. INTEGRAL INVOLVING FOX'’S H-FUNCTION AND THE GAUSS’ HYPERGEO-
METRIC POLYNOMIALS

The integral to be established is
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oo
N b—c—n 4(b,c) ) k|(ap,ep)
/0 2h(1+2)5" AB) g [zxt|oron)] da
- 1 1,042 [z (=h,k),(~b=h=n,k),(ap ¢ ] (6.1)
I‘(C — b) (c)ﬂ p+2'q+2 (c—b—h_lrk)y(bq !-fd))(_b—h7k) :

where k is a positive number, and

? q v 4 u ?
Zej-ijZO,Zej—z ej+‘ij— Z fi =B > 0,|argz| <'/,Bn,

j=1 j=1 ij=1 J=v+1 j=1 J=u+1
Re(h)+k 11-<I_1ji—<1_1u[Re(a,-—1)/6‘,'] < -1, Re(h+b)+k 1xé:}gu[Re(a_,----1)/e,-] > -1, Re(b+h—c)+

k llgfécv[Re(aj-l) /e;] < —1, and (ap, €,) represent the set of parameters (ay, €1), .. - , (ap, €p).

Proof: The integral (6.1) is obtained by expressing the H-function in the integrand as
a Mellin-Barnes type integral [6, p. 2(1.1.1)], changing the order of integration, evaluating
the inner-integral with the help of (1.2), and using the standard method to evaluate such
integrals [6].

Note : Since on specializing the parameters, the H-function may be reduced to almost all
special functions appearing in pure and applied mathematics [6, pp.144-159), the integral
(6.1) is of a very general character and hence may encompass several cases of interest.
Our result (6.1) is a master or key formula from which a large number of results can be
derived for Meijer’s G-function, MacRobert’s E-function, Hypergeometric functions, Bessel
functions, Legendre functions, Whittaker functions, orthogonal polynomials, trigonometric
functions and other related functions.
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