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-MANIFOLDS

N &

A. Kobotis and Ph.J. Xenos

1. Introduction
Let (M,J,g) be a 2m-d1ﬁénsﬁona1 almost Hermitian manifold. We denote
by V the natural metric connection on M, and R(X,Y,)Z is the curvature
operator associated with V. The fundamental 2-form of M is F(X,Y) =
= g(X,Y) for all vector fields X and Y where X=JX.

An almost Hermitian manifold (M,d,g) is saidto be a G,-manifold,

if and only if, for all vecfar fields X,Y and ZonM holds,

G whn - © (. (1.1)
X.Y,2 X.Y.2

Qhere by S denote the cyclic sum [2].

| ‘ In the present paper, we shall obtain some prbperties of a Gz-mani-
fold. In the second paragraph we give some fundamental properties of
a Gz-manifold. The curvature fdentities of a Gz-manifold are given in
the third paragraph. The Gz-manifo1ds with constant holbmorphic sec-
tional curvature are studied in the fourth paragraph, from this sec-
tion and in what follows we consider only Gz-manifolds which are RK-
manifolds. In the fifth section, we deal with so called "the Schur's
theorem". Finally, the Chern classes of a Gz-manifo1d are given in

the last paragraph.
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2. Preliminaries -

On an almost Hermitian manifold (M,J,q) we denote by

f

(X,Y,Z.H) = (FyF)(Y,(,000))

[X,Y,z W] = (v F)(Z.N)

(VXJ)Y

R(X ¥,z aw) = g(R(X )Y)Z aw) .

It is well known that the following conditions hold :

(vxvYF)(z,N)-(v FY(Z W) + (vaYF)(w,z)-(v F)(W,Z)=0, (2.1)
A UyY

(T TyF) (ZH)-(T F)(Z.M)+(0g0yF)ZM)=(V F)(Z,M)
Uy Y VXY

]
[}

(7,9 F)(ZW)-(¥ F)(z,ﬁ)+(vaXF)(z,w)-(g @M

yX Y
(X2 - (G (2.2)
R(X,Y,i,w)""R(X,Y,Z,;‘): (VXVYF)(Z,N) - (V F)(Z,W) =
VXY
=T T F)(ZW)+(V F)(Z,W).
Y'X * 7 X (2.3)

Proposition 2.1. Let Mbe a Gz-manifold. Then for all vector fields

X,Y,Z and W on M, we have :
EX,?,Z,W} = [X,Y,Z,l:l]+(X,Y,Z,ﬁ)-—(X,Y,N,i)+(X,Y,z,W)-(X,Y,ﬁ,Z) >
XLYLZW) == [X,Y,Z WD -(,Y, 2,004 (X,Y 0, 2)+ (X, Y, Z W)= (X,Y 0,2)

{i 3Y’Z sw] == {i,?,z :Q} _(isv 92 ,N)+().(,Y,N,Z)+().( ,Y:i sﬁ)“(i)Yaﬁ!i) ’
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[,X!Y3ZQ;‘:1J = [i:;rz:wJ'*(i’?sZaw)'( 9Y:H’Z)’(i:Y’an)*‘(isY,;‘»Z)'

Proof. The above conditions are proved using the definition-relation

(1.1) of a Gz-manifo1d.

Proposition 2.2. On a Gz-manifold M, for all vector fields X,Y,Z and

W we have :
(V.X,Z,W] - [X.Y,20) + [K.Y,2,4] - [Y.X,Z,W] +
b 2] - (2] - (H,ZX0Y] ¢ [ZH.X,Y] +
s X,Y,Z) - [XMLYLZD - [ﬁ,)’(,v,i}} [X,H,Y,Z] +
o DGZYGH] - (2] - [KLZLY K]+ (Z.X,Y,H] +

L XD - BGY X e [V XGZ) - (VLX)

s (VXN - [NZ0GH] - [Z,Y0) + [Y.Z0H) =6 (2.4)

XY,ZM] - Y X,ZM) - (K200 + (V.X,Z.H) +

b [ZGY] - 2N+ [H.ZX,Y] - (2] +

. (XHLY.Z] = THXLY,Z0 + [XY,Z0 = DGHY,ZD +

£ TZOYHD - XGZLY ] & [X,ZLY W

« WY ,X,20 - [v',w,x,z} ST s LK .

o INLZXON] = [ZY0GH] + [ZV.0H] - [V,Z00K] -
-(w,x,v,Z)+(w,x,z,Y)+(w,v,x,Z)-(w,v,z,X)-(w,z,x,v);(w,i,Y,X)+
S(XLY,Z W) (XY, Z) - (XML, )= (X,Z,Y W)+ (Z,X,Y M) = (Z M, Y X)+
(X YLZ) =LKL Z, )= (LY X, 2) 4 (W, V2, )+ (W,Z,X,Y) = (H,Z, Y X) -

SR Z W)=Y, 2+ (K2 V) (K, Z,Y W)= (2K, W) +(Z H,Y %)+
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+(W,X Y Z) -(W, X ) (W,Y, X Z)+(W Y Z X)+(W Z, X Y) (W,z, Y X)-
S (XY, Z W)= 0GH,Y 20+ (6,2, )+ (X,Z,Y W)= (2,5, Y W) +(Z,4,Y ,X)-
‘(ﬁ X :§)Z )4'(;‘ !X si )Y)‘*(ﬁ»v 9i )Z)"(;J,Y :i ,X)'(ﬁ sz :i9Y)+(;‘»Z s; ,X)+

""(i oY :i sw)"'(i)ws‘v- ,Z)-()-(,W 32 :Y)'(i:z ,? ,W)+(i :x s? QN)-(i ,w,\; ’X)=0 (2-5)

Proof. On a Gz-manifold it holds(1.1) and the relation :
(TP (V2 (TR (Z X0+ (TF) (X, T)4(55F) (Y, 2)+(9F) (Z,X)+ (T5F ) (X, V) =0.
We take the covariant derivative of the above relations and making

use of the condition :

(v;xr>(v,z)-(v;wF)(v,z)= “ROUX,Y,Z)- RONKLY,Z)

we obtain (2.4). If we substitute JX for X in (2.4) we obtain (2.5).

3. Curvature Identities

On a Gz-manifold

“xoyFYZW) - (é F)(Z,W) (3.1)
X"

is a linear combination of terms of the form :

(A.8,C,D), (A,B,C,D), (A,8,C,D), (A,8,C,D),

(A,8,C,D), (AsBsC,D), (A,B,C,D), (A8, D),

[A,8,C.D], [A,8,C,0], [A.B,C

- -I

1, A.8,C.0],

where A,B,C and D are some combinations of vector fields X,Y,Z and W

on M,
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parameters.

Applying (2.1), (2.2), (2.3), (2.4), (2.5) and the first Bianchi
identity the number of the parameters is reduced to eight.

Let {E,....,Em,JE1,...,JEm} be an orthonormal local frame field on M.
We denote by r and r* the Ricci tedsoh and the Ricci *tensor respecti-

vely. The Ricci *tensor r* is defined by
r*(x,y) =+ trace of (z - R(Jz,x)Jdy) ,

for x,y,z€ Tp M , where T_M 1is the tangent space at pé€M.

P

Using (3.2) we obtain an equation which gives r*(X,Y)- r(X,Y). In
this relation we substitute X,Y for Y,X and subtracting last two equa-
tions we have a relation giving r*(X,Y)- re(X,Y).

From the last equation substituting JX,dY for X,Y respectively and
adding these two equations Wé can' determine other three parameters.

By virtue of the above calculations we can state the following

assertion.

Theorem 3.1. If M is a Gz-manifold and R its curvature operator, then

for arbitrary vector fields X,Y,Z and W on M we have :
R(X,Y,Z,H) - R(X,Y,Z M) =
= 31 [(w,Z,X,?)-(w,Z,Y,f)+(X,Y,Z,ﬁ)+(Z,N,Y,i) -

S2(W,X,Z,Y)42(H,Y,Z,X)=(W,2 X, Y)+(W,Z2,Y X )+(X,Y,Z W)= (Z,W,Y,X)-

-Z(W,X,2,Y)+2(N,Y,2,X)-(W,Z,i,Y)+(N,Z,?,X)+(X,Y,2,N)-(Z,W,?,X)-

S22,V K0 (KLY, (20,10 |

-

b, W, XL,Y,Z)- (WYX, Z)+ (X W, Z,Y)=(Z XY W) +
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+ (b-l,).(.,Y,Z)-(;J,-Y‘,X,Z)+().(,‘?,Z,N)-(.;.,).(,Y,N) -
- (W,Z,)-(,‘;)+(W,Z,‘;,i)-l-(X,W,i,;)-(Z,W,;,)-() +

+ (ﬁ,Z ,i,Y)‘(;J,Z 9; ,X)'(§9Y ai ow)""(isw;‘; ’X)] +

* By [(HZK,Y)- (2,100 (.Y, 2 W+(Z WY ) -
= (;‘)isxSY)"'(;"E:Y,X)+(i’;32sw)'(i);‘:Y;X) -
(24,2, T X)4 (K, Y, )= (Z M,V ,X) +

. (w,z,x,v)-(w,z,v,X)-(x,v,i,W)+(i,w,?.X)] .

+ b3 [(W,X,Z,Y)-(W,Y,Z ’x)-(i’;:zbw)"'(w’zii’;) =
= (‘W,Z,?,)-(.)+(Z,W,§,)-()-(V‘J,X,i,Y)+(b-l,Y,Z,X) -

-(ﬁ,z,i,Y)+(ﬁ,z,?,X)+(§,Y,i,m—(i,w,?,x)] R

# by [~ (LT, W)+ (00,24 00,K,T,0)- 00,1, 5,7) +
L

o+ (W,Z,i,?)-_(N,Z,?,)Z)-(Z,X,.Y.,;l)-r(Z,w,?,)z) +

+ (V.I,X,.Y-,Z)-(\:J,Y,)Z,Z)—(b-l,l,)-(,Y)+(;l,Z,§,X) +

+ (§9Y92 ,W)+(i ,W,Z,Y)-(E,XR,W)-(E,W ,;,X)} .

R(X,Y,Z,W) - R(X,Y,Z,W) =

r - - - -

= 251 [-(W,X,Z,Y)+(N,Y,Z,X)-(W,Z,X,Y)+(W,Z,Y,X) +
L .
+(K,Y,2,H)=(X M, Y, 1)+ (X,Z,Y W)= (Z,M,Y X) -

S(WLXLZ )+ (H,YLZ,X) - (W,Z,X, )+ (W,2,Y X)) +

NRE RN R AR RE R ARESI

+ by [ (K20 (0Y.Z0+(M.20.0)-(0,2,1,) -

S(XY,Z W)+ (U, Y,2)-(X,Z,Y W)+ (Z,M,Y X)) -

(3.2)



On Go-manifolds

"(b-hx aE)Y)"‘(a:Y;i ,X)-(l:l,Z ,R,Y)*'(;’,Z l?!x) +

001,27 M)= (X M,Y,204 (0,2, W)~ (2 M, X) | +
o

#(0ymby) (LKLY, 2)-(HY L) (.2 X YD L2, X)
+(X,Y,Z,W)+(X,N,Z,Y)-(Z,X,Y,N)-(Z,N,Y,X) =
"(;‘»X :; QZ)"'(;JQY)i :Z)"‘(;‘sz»i sY)'(ﬁ:Z 9; 'X) -

-(i,vi,w)-(i,w,i,Y)+(i,x,9,w)+(i,w,?,x)] . (3.3)

4. Curvature tensors on G,—manifolds with constant

holomorphic sectional curvature

We consider in what follows only G,-manifolds which are RK-manifolds
(i.e. R(i,?,i,ﬁ): R(X,Y,Z,W)) without mentioning it always explicitlv.

Because of (3.2) and (3.3) we have :

R(i,?,z,”)- R(X,Y,Z,N) = R(st’i,i) - R(X’Y’Zgw) =

= b NXY,Z) - (WY.XZ) + (KM,2,Y) = (ZX,Y W) +
S(H,X,Y,2) = (WY ,X,Z) + (XGHLZLY) = (Z,X,Y W) +
+(W,X,Y,2) = (W,Y,X,Z) + (XW,Z,Y) = (Z,X,Y,H) +
S(0,X,Y,2) = (W,Y,X,2) + (X,W,Z,Y) - (i,x,?,w)ﬂi .

F 0y LZXY) = (W,TY.X) = (Y,Z0) + (ZW,Y,0) -
'(;"i’x ¥) + (;‘32,Y,X) “" (i:;,zaw) ‘ (i,ﬁ,Y,X) -

S(N,ZX,Y) + (W,Z,Y,X) + (X,Y,Z,H) = (ZW,Y,X) +

e

i (4.1)

+(Q:Z:isY) = (ﬁ,Z,?,X) + (i,Y,i,W) - (iiw,?,x)

-

We put
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A(x,y) = R(x,y,Xx,y) - R(i,?,x,y)

and
Q(x) = R(x,X,x,x) = H(x) l|x|l*,

for x,yETpM. L.Vanhecke in [5] proved the following :

Proposition 4.1. Let M be an almost Hermitian manifold and x,y€T M.

p
Then :

32R(xX,Y,%,y)= 3Q(x+y) +3Q(x-y) - Q(x+y) -Q(x-y) - 4Q(x) -

3ly) +2[13M0,)-INEFAE AT

We assume that the holomorphic sectional curvature H{x) is constant
c(p) for all X€T M at each point p of M. Since Q(x)= c(p) |ix}i*,

we have from the proposition 4,1:
P -1
16R(x,y,xy)= 4c(p) EEXHZ IylI? = g2 (xoy)+ 3g2(x.3) ) +
+13A(x,y) -3M(x,y) +A(X.y) +A(x,¥).

8y linearizing the above equation and using (4.1) we obtain the

following:

Proposition 4.2. Let M be a Gz—manifold of pointwise constant holo-

morphic sectional curvature c(p). If X,Y,Z and W are arbitrary vector

fields, then the curvature tensor is given by :
~ - -
4R(X,Y,Z W)= c(p) !Q(X,Z)Q(Y,W) -g(X,W)g(Y,Z) +g(X,Z)a(Y W) -

~g(X,W)g(Y,7) +Zg<x,?)g(z,ﬁ)} -
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-b, {Z(w,x,v,z’)+(w,x,z,v)-2(w,v,x_,2)-(w,v,z,x)-(w,z,x,v)+(w,z,v,X)+
S0V Z W)+ (KN, Y, 2042000, 2,Y )= (X, Y H)=2(Z,K, Y W)~ (Z N, X)+
$2(H,5,Y,2)+(W,X,Z,Y)=20W, Y X, 2)= (W, Y,Z . X)=(W,Z X, V) (W,Z,Y,X)+
+(X,Y,2,M)-(X W,Y,2)+2(X 0,2 ,v)-(i,i,v,w)-z(i,i,Y H)-(Z,H,Y,%)+
200X, ,2)+(W,X,2,9)-200,Y,8,2) - (0, ¥, 7 K)-(W,2,K, 1)+ (W, 2,7 %)+
S(XY,Z W)+ (X,W,Y,2)42(X W,Z,Y) = (X2, Y W) =2(Z X, Y H) - (Z W, Y ,X)+
S200,X,Y,2)+(W,X,Z,Y)-2(W, Y, X,2)=(H,Y,Z ,X)=(H,Z,X,Y)+(W,Z,¥,X)+

"'(isY :2 ,w)"‘(i’wa; ,Z)+2().(.,N »2 ’Y)"(;:Z ,;,W)‘Z(E,X :; )w)-(iﬁw!;ﬁx).’-

-

-bzlr-(w,x L2+ (W, X,Z,Y)+ (W, ,X,2)= (W, Y, Z,X)+2(W,Z,X,Y)-2(W,Z,Y X)-
S20X,Y,Z W)+ (X W, Y, 2)= (XM, Z,Y) = (X,Z,Y W)+ (Z X, W)+2(Z W, Y X))+
S (WXLY,2) = (W, X,Z, )= (W, Y X, 2)+ (W, Y, Z.X) -2(W,Z X, V) +2(W,Z, Y, X)+
$200,Y,2,0)= 0CH,Y 200,24 (0,Z,Y M) (Z,5,Y W) -2(2,W,Y X)+
SNXLY,2)- (WX, Z, 1) (WY X, ) (W, Y, X)-2(H, 2,8, Y )e2(W,Z, Y X )+
+2(X,Y,Z W)~ (X ,w,\?,i)+(x,w,i,§)+(x',z,§,ﬁ)-(z;x Y LW)-2(2 ,y,?,i)-
S(WXLY,Z)+ (WXL, Y)+ (WY X, 2)- (W, Y, Z,X)42(W,2 X ,Y)-z(ﬁ‘,z Y.X)-

“20K,Y,2 W)+ (XN, Y,2)- (0,2, V)= (X,2, ¥, 00+ (Z,X, Y W)+2(Z0,Y,%) . (4.2)

5. On Schur's theorem

In this paragraph, we shall consider the following problem :"Let M

be an almost Hermitian manifold of pdintwise constant holomorphic sec-
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tional curvature c(p). When is ¢ a constant function?".
Gray and Vanhecke have proved an interesting theorem ([1],thm.4.7).

We shall make a slightly different approach to this problem.

Lemma 5.1. Let M be an RK-manifold. Then :

Z(VEJr*)(X:Ej) - sz* =

£ [éR(x €37 DE; ;) + ROGET E; E;E;) -

R(ELETEE)] (5.1)
for a vector field X on M,

Proof. By definition we have

r*(X,Y) = 2 R(X,Ei,Y,Ei)
i

“and

* = *(E.,E.) = ..-.-..
s § r (EJ’EJ) i%jR(EJ’Ej’EJ’E1)

By the standard calculation,

(T = 3 (TR CLE, Y DR OGE (T Y e
ROGTELYEDROGEL LT (5.2)

and using the second Bianchi identity,

v *= —- -- --.— -.’
7S ifj [?(ijR)(x,Ei,EJ,EJ)+R(EJ,EJ,vin,E,)J . (5.3)

From (5.2) and (5.3) we obtain (5.1).
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Lemma 5.2, Let M be an almost Hermitian manifold. Then :

r
Z(VEjY‘)(X,EJ-) - Uys = 2 f R(X,VEjEi ,Ej,Ei) +

i sVyE E-,Ei) s (5.4)

X710

[ S——— ]

+R(X,E4,E5 .VEj E;)- R(E

for a vector field X on M.

Proof. Direct computations give :

(vvr)(x,.v)=§ [(VVR)(X,Ei,Y,Ei)+R(X,Vin,Y,Ei)+R(X,Ei,Y,VvE1-)-!, (5.5)
Uy s= Zizj EV%R)(X’Ei’Ej’Ei’)*R(Ej’VXEi ’Ej’Ei)] . (5.6)
The equation (5.4) can easily come from (5.5) and (5.6).

By the definition of Ricci tensor and Ricci *tensor we obtain :

Proposition 5.3. If M is a 2m-dimensional almost Hermitian manifold

of pointwise constant holomorphic sectional curvature c{(p), then :
s + 3s* = 4m(m+1) c(p). (5.7)
If M is an RK-manifold, then :
r{x,y)+ 3r=(x,y) = 2(m1)c(p) g(x,y) | (5.8)

for x,yeTp M.

Now, we shall prove the Schur's theorem for almost Hermitian mani-

folds under some conditions.

Theorem 5.4. Let M be a connected RK-manifold of pointwise holomorphic

sectional curvature c(p), with dim M>4. If
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2 [ROX,Y,X,2)+ ROX,Z,Z,M) |+3[ROGK,Y,2)-2R(Z X M,2) 1= 0, (5.9)
I *3 ,

for arbitrary vector fields X,Y,Z and W, then ¢ is a constant functi-

on.

Proof. Differentiating (5.7) with respect to arbitrary Ei’ we have

Ve s+3 VE.S* = 4dm(m+1) VE.C . (5.10)

E'l 1 1

Making use of (5.1), (5.4), (5.8) and (5.9) we obtain :

.Ui
*
"

r 7
2 2{(v. r)(E,,E;)+3(V. r*)(E.,E.)|=
i 3 b Ej i*7] Ej 7§’

4(m+1) Vg c . (5.11)
i
By (5.10) and (5.11)
4(m2-1) Vg €= 0
i

from which it follows that ¢ is a constant function.

In particular we have :

Proposition 5.5. If M is a connected Gz-manifold of pointwise holo-

marphic sectional curvature c¢(p), with dim M>4, then ¢ is a constant

function if M is an F-space (in the sence of [4]).

6. The Chern classes of a G,-manifold.

On an almost Hermitian manifold M always there is a connection D

adapted to g and J (233). Denote by S the curvature tensor of D, i.e.
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S(X,Y,2)= D Z- [D,,0,1Z, S(X,Y,Z,W)= g(S(X,Y,Z).M) .
] {0y v ( g )

The importance of S is that because (DXJ)Y= 0 where DXY= %(VXY-

-JVXJY). It is possible to exbress the Chérn classesin terms of S.
Let M be a compact szmanifplé and {;1....,Em,E|,...,Em } be a

local frame field. Then

Yi » ' (6.1)

i

hnM3

is a globaly defined closed form which represents the total Chern class

of M via de Rham's theorem, where

- - 1 - (X ]
250 ROGYE ) [(X,Ei,Y,Ej) (X,Ej,Y,Ei)] .

+ %5\[T(Ei,X,Y,Ej)+(Ei,Y,X,Ej)+(Ej,X,Y,Ei)-(Ej,Y,X,Ei)-
,-(Ei,i,y,sj)+(éi,i,x,sj)+(Ej,i,v,si)-(Ej,?,x,Ei)-
-(Ei,x,?,éj)+(zi,Y,i,Ej)+(Ej,x,?,éi)-(zj,v,i,ii)-
-(Ei,x,?,Ej)+(Ei,Y,i,Ej)+(§j,X,?,E%)-(Ej,Y,i,Ei)E .
by

= [ (B Y (EE YO+ (BB X1 (B 7Y X0

+(E4 B3 XY= (B4 LE Y XD (E5LE 4 X oY )+(EgHE4 LY XD+

+(E1. ,Ej,X,Y)-(Ei ,EJ.,Y,X)-(EJ. £ X ,Y)+(EJ. ’Ei LY, X)-

39
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-(Ei’Ej’X’Y)+(Ei’Ej’Y’X)+(Ej’Ei’X’Y)-(Ej’Ei’Y’x) -

)

+

| SS—— ]

- /T { R(X,Y,Ei,Ej)+ %‘(x,si,v,Ej)+ % (X,Ej,Y,Ei

o S (FEREANUREEAECERRARCRE RN
+(Ei'X’Y’Ej)-(gi’Y’X'Ej)-(Ej’X’Y’Ei)+(Ej’Y’x’Ei) -
-(Ei:X’Y3Ej)*(Ei:Y:X:Ej)+(EjpstgEi)'(Est:X3E1)+

+(Ei,x,§,Ej)-(E R E )- (E XY, )+(E YXLEL)|

+

l
|
4

+

b - - - -
/72
+ /-1 —E' [-(Ei’Ej’X’Y)+(Ei’Ej’y’x)+(Ej’Ei’X’Y)-(Ej’Ei’Y’X)

+(Ei,Ej,X,Y)°(Ei,Ej,Y,X)'(Ej,EisX,Y)+(EjsEi,Y,X) -

-(Ei’Ej’X’Y)+(E1’EJ’Y’X)+(Ej’Ei’X’Y)-(Ej’Ei’Y’X) =

S(E4 0B X (B4 Y KD+ (E5,Ep X,

We can state the following assertion.

Proposition 6.1. If M is a compact Gz-manifold, then the total Chern

class is given by (6.1).

Corollary 6.2. Let M be a compact Gz-manifold. The first Chern

class vy of M is given by



On (G3-manifolds

- m -
v (x,)= - [—2r*(X,Y)+ 5 (x,s.,v,g.)]
4n i=1 ! T

for arbitrary vector fields X and Y, where‘{Ei,...,Em,E1,...

local frame field on M.

41
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