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ABSTRACT. — We study the existence of periodic solutions of singular
Hamiltonian systems as well as closed geodesics on non-compact
Riemannian manifolds via variational methods.

For Hamiltonian systems, we show the existence of a periodic solution
of prescribed-energy problem:

q+VV(g) =0,
1 o
141+ Vg =0
under the conditions: (i) V(g) < O for all ¢ € R \ {0}; (ii) Vig) ~
—1/lq|* as |g| ~ 0 and |g| ~ co.
For closed geodesics, we show the existence of a non-constant closed

geodesic on (R x S¥~!, g) under the condition:

8.y~ ds*+hy ass~ Foo,

* Partially supported by the Sumitomo Foundation (Grant No. 960354) and Waseda
University Grant for Special Research Projects 97A-140, 98A-122.



2 K. TANAKA / Ann. Inst. Henri Poincaré 17 (2000) 1-33

where hy is the standard metric on S¥~!. @ 2000 Editions scientifiques et
médicales Elsevier SAS

AMS classification: S8F05, 34C25

RESUME. — Nous étudions I’existence de solutions p’eriodiques pour
des systemes Hamiltoniens singuliers, et de géodésiques fermées sur des
variétes Riemanniennes non-compactes par des méthodes variationnelles.

Pour les systtmes Hamiltoniens, nouns montrons 1’existence d’une
solution périodique pour un probl‘eme a énergie prescrite :

q+VV(g) =0,
1 o
14+ V@) =0

sous les conditions : (i) V(g) < 0 pour tout g € RV \ {0} ; (ii) Vig) ~
—1/1q|* quand |g| ~ 0 et |g| ~ oo.

Pour les géodésiques fermées, nouns montrons 1’existence d’une
géodésique fermée non-constante sur (R x S¥~!, g) sous la condition :

8. ~ds® +ho  quand s ~ Fo00,

oll h est la métrique standard sur S¥~!. @ 2000 Editions scientifiques et
médicales Elsevier SAS

0. INTRODUCTION

In this paper we study the existence of periodic solutions of singular
Hamiltonian systems as well as the existence of closed geodesics on non-
compact Riemannian manifolds in a related situation.

As to periodic solutions of Hamiltonian systems, we consider the ex-
istence of periodic solutions of the so-called prescribed energy problem:

q+VV(g) =0, (HS.1)
Elql2 +V(g)=H, (HS.2)

where g(t) :R — RV \ {0} (N >2), V:R¥ \ {0} - R and HeR. We
consider the situation where V (g) has a singularity at 0;

(V0) V(g) € C* (R \ {0}, R).

(V1) V(q) <O forall g € RN\ {0}.
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(V2) There exists an & > 0 such that

1
Vig) ~——
lq]

near ¢ =0;
more precisely, for W(g) = V(gq) + (1/|q|%)

1g1°W(q), 1g|°T'VW(q), 1g|*T*V*W(q) > 0 as|q|— 0.

The order o of the singularity O plays an important role for the
existence of periodic solutions. For example, for V(q) = —1/|q|%,
(HS.1)—(HS.2) has a periodic solution if and only if

H>0 fora>2, 0.1)
H=0 fora=2, 0.2)
H <0 forae(0,2). (0.3)

The situation which generalizes the case (0.1)—which is called strong
force—is considered by [2,10,15,18] and the existence of a periodic so-
lution is obtained via minimax methods. The situation which generalizes
the case (0.3)—which is called weak force—is also studied by [2,12,13,
19,22,23]. We also refer to Ambrosetti and Coti Zelati [3] and references
therein. See also [4] for generalization for the first order Hamiltonian
systems. However, it seems that the situation related to the border case
o = 2 is not well studied; The only work, we know, is Ambrosetti and
Bessi [1]. They considered potentials V(g) ~ —(1/|g|*) — (1/|q]) and
proved the existence of multiple periodic solutions of (HS.1)-(HS.2) for
suitable range of H < 0. See also [2,22,23] in which periodic solutions
are constructed for H < 0and V(q) ~ —(¢/|q|*) — (1/|q|%) where ¢ > 0
is sufficiently small and o € (0, 2). We remark that a perturbation of weak
force case is studied in these works and the case V(g) = —1/|g|?>, H=0
is excluded.

In this paper we study a class of perturbations of —1/|g|? and we look
for periodic solutions of (HS.1)-(HS.2) for H = 0. Our result does not
exclude the case V(q) = —1/|q|?>, H =0.

Since (HS.1)-(HS.2) with V(gq) = —1/|gq|? has a periodic solution
if and only if H = 0, it seems that the situation is rather delicate
and the problem (HS.1)-(HS.2) accepts only very restricted class of
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perturbations. However, we have the following existence result which
ensures the existence for rather wide class of V(q)’s.

THEOREM 0.1. — Assume (VO)—-(V2) with a =2 and
(V3) Set W(q) = V(q) + (1/1q|?), then W(q) satisfies
lg*W(q), 19PVYW(g). 191*V*W(q) > 0 as|g| — oo.

Then (HS.1)—(HS.2) with H = 0 has at least one periodic solution.
The conditions (V2) and (V3) request

1
Vig) ~ T as |g| ~ 0 and |g| ~ oo.

This condition is necessary for the existence of periodic solutions of
(HS.1)-(HS.2) with H =0 in the following sense; if

a
Vg)~—— aslq|~0,
lq1

b
V(g)~——7= as|g|~o0
lq1

and a # b, then (HS.1)-(HS.2) with H = 0 does not have periodic
solutions in general. (Of course, if a = b > 0, the existence of periodic
solutions is ensured by Theorem 0.1.) More precisely, we have the
following

THEOREM 0.2. — Suppose ¢(r) € C*([0, 00), R) satisfies

©'(r)#0 forallr >0, (0.4)
e(r)>a>0 asr—0, 0.5)
or)—>b>0 asr—> o 0.6)
and let
Vi) = j)(lqzl). ©0.7)
g1

Then (HS.1)-(HS.2) with H = 0 does not have periodic solutions.

Since R x S¥~! and RV \ {0} are diffeomorphic through a mapping

Rx SV RV \{0}; (s,x)—>€°x,
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we can reduce (HS.1)-(HS.2) to the existence problem for closed
geodesics on non-compact Riemannian manifold R x S¥~! with a metric
g" defined by

8y =" (H—V(e'x))gp . (0.8)

Here g° is the standard product metric on R x S¥~!;

8o (E.m), &, m) =167 + Inf 0.9)

for (s,x) e R x S¥~'and (&,7n) € T;.)(R x S¥') =R x T, S¥~!. Here
we identify

T.S" '={neR"; x -n=0}. (0.10)

We will give ono-to-one correspondence between periodic solutions of
(HS.1)~(HS.2) and non-constant closed geodesics on (R x SV~ ¢¥) in
Section 1.

We study the existence of non-constant closed geodesics on (R x
SN=1g) in more general situation. Our main result for closed geodesics
is the following

THEOREM 0.3. - Let g be a Riemannian metric on R x SN~ and
suppose that g satisfies g ~ g° as s ~ +00. More precisely,

(g0) g is a C*-Riemannian metric on R x SN~1.

(g1) g~ g°ass ~ Loo in the following sense; let (€', ..., V1) be a
local coordinate of SN~ in an open set U ¢ SV~ and set €0 = s.
We write
N-1 . .
g=> ;%8 .. eV dE @dEl.
i,j=0

We also write g° = Zg?j(so, gL .. EN"NYAE @ dEI, where g°
is the standard product Riemannian metric on R x SN=!. We
remark that g?j (&0, &1, ... ENY s independent of £° = 5. We
assume

gij(s, &' . V> gh VT in (U, B,

9g;;
%(s,é',...,’;‘N_l)%O in C' (U, R) as |s| — oo.
S

Then (R x SN=1, ¢) has at least one non-constant closed geodesic.
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Remark 0.4. — We have a non-existence result for non-constant closed
geodesics on (R x SV~ g) which is related to Theorem 0.2. See
Section 1.2.

We remark that if V (q) = —1/|q|? then the corresponding metric gV is
the standard product metric, that is, g" = g°. We can derive our Theorem
0.1 from Theorem 0.3.

Proof of Theorem 0.1. —Under the conditions (V0)—(V3), we can
see that (R x S¥~1,g") is a Riemannian manifold and satisfies the
assumptions of Theorem 0.3. Thus (R x S¥~!, g") has at least one closed
geodesic by Theorem 0.3. As we stated before, non-constant closed

geodesics on (R x S¥~!1, gV) are corresponding to periodic solutions of
(HS.1)-(HS.2). O

The existence of closed geodesics on compact Riemannian manifolds
is rather well studied (see for example [16] and references therein). For
non-compact manifolds, the existence of closed geodesics is studied
only in a few papers. Thorbergsson [25] obtains the existence of a
closed geodesic when M is complete, non-contractible and its sectional
curvature is non-negative outside some compact set. Benci and Giannoni
[11] also shows the existence of a closed geodesic for non-compact
complete Riemannian manifolds M with asymptotically non-positive
sectional curvature. We remark that our Theorem 0.3 ensures the
existence of a closed geodesic in a situation different from [25,11]. See
Section 1.2 below.

This paper is organized as follows: In Section 1, we study the relation
between periodic solutions of (HS.1)-(HS.2) and non-constant closed
geodesics on (R x S¥~!, g") where g" is defined in (0.8). We also
give a proof to Theorem 0.2. Sections 2-5 are devoted to the proof of
Theorem 0.3. Here we use an idea form Bahri and Li [5] and our proof
uses the structure of closed geodesics on the standard sphere S¥~'; closed
geodesics on the standard sphere S¥~! are great circles on SV

1. PRELIMINARIES

In this section, we first study the relation between periodic solutions
of (HS.1)~(HS.2) and non-constant closed geodesics on R x S¥~! with
a suitable metric g and we reduce our Theorem 0.1 to our Theorem 0.3.
Second, we give some reviews on the results due to Thorbergsson [25]
and Benci and Giannoni [11].
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1.1. Periodic solutions of (HS.1)-(HS.2) and closed geodesics on
(R x S¥-1, g)

In this section, we assume that V (g) € C2(R" \ {0}, R) and H satisfies
H—V(g)>0 forallgeR"\/{0). (1.1)
We introduce a metric £ on RV \ {0} by
hy (v,v)=(H — V())lv]* forveRN =T,(R"\ {0}).
Suppose that u(7) is a non-constant closed geodesic on (R" \ {0}, #"),

that is, u(7) is a non-constant critical point of the energy functional:

E(w) =

N =

1
/(H — V(u(r)))lu(o)|*dr (1.2)
0

acting on 1-periodic functions. Then u(t) satisfies for some constant
E() >0

l(H — V(u(®))lu(v))? = Eo, (1.3)

2

4

dt
By (1.3) and (1.4), we get

lH—V(u)d_u
2| JVE, drt
H—V(u)_d_(H—V(u)du

N T N E)+VV(u):O.

((H—V(u))l;)+%|;4|2VV(u):0 forallz.  (1.4)

2
+V(u)=H,

Now we define

T
w=[ By,

J H —V(u(n))
and let T = 7(¢) be the inverse of + = 7(t). Then g(t) = u(zr(¢)) is
t(1)-periodic and satisfies (HS.1)~(HS.2). Conversely, if g(z) satisfies
(HS.1)~(HS.2), we remark that ¢ (¢) is not constant in # because of (1.1).
We can also see u(t) = q(¢(r)) is a non-constant closed geodesic on
(RN '\ {0}, 1") after a suitable change of variable ¢ = (7).
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Since RV\ {0} ~ R x S¥~! we can reduce our problem to the existence
problem for closed geodesics on R x S¥~! with a suitable metric.
Let gV be a metric on R x S¥~! induced from 2" by a mapping

R x SN 5 RV \{0}; (s,x)—e’x.

That is,

8hno(E ), Em) = (H-V(Eex)gd , (En, Em), (1.5

where g° is the standard product metric on R x S¥=! defined in (0.9).
Therefore there is a one-to-one correspondence between periodic

solutions of (HS.1)—~(HS.2) and non-constant closed geodesics on (R x
SN—] , gV)
We also remark that (R x S¥~!, ¢") is complete under the condition:

inf  e*(H —V(e'x)) > 0.

(s,x)eRxSN-1

Especially (R x S¥~1 gV is complete if there exists a constant C > 0
such that

o)
H>0 and —V(q)>|_? forallg e RV \ {0}.  (1.6)
q

1.2. Variational characterization of closed geodesics on
(R x SN-1, ¢) and non-existence result

From now on, we consider a complete Riemannian metric g on

R x S¥~!. Closed geodesics on (R x S¥~!, ¢) can be characterized as
critical points of the following functional:

1
l [ ] L]
E(u)z—z—/gu(u,u)dt:AeR,
0

where A is a space of 1-periodic curves on R x SV~ i.e.,
A={ueH' O, 1R xS""); u0) =u(l)}.

It is known that A is a C* Hilbert manifold and its tangent space at
u(t) = (s(t), x(t)) € Ais given by
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T.A={(£@),n®)) € H'(0, ;R x RY); £(0) =&(1), n(0) =n(1),
(@), n(®)) €R x TSV~ forall € [0, 11}.

We will give a precise Hilbert structure to A later in Section 1.3.
Using this variational formulation, we can give a proof of Theorem 0.2.

Proof of Theorem 0.2. — The corresponding metric g¥ and functional
E(u) for V() = —¢(lq])/Iq|*, H = 0 are given by

g(‘;,x) :¢(es)g?s,x)’
1
Eu) = %/¢(es<'>)(|§(t)|2+ IX(t)?)dt for u(t) = (s(r), x(t)) € A.
0

We set u,(t) = (s(t) + 7, x(¢)) and we see

1
E(uy) = / SOF @S (B + 12()1) dr.
=0

, d
E'(u)(1,0) = dc
= 0

Thus E’(u) # 0 for all non-constant curve u € A under the condi-
tion (0.4). O

Remark 1.1.— We have a similar non-existence result for closed
geodesics on (R x SV~! ¢(e*)g) if ¢(s) satisfies the condition (0.4)—
(0.6).

In [11,25], the existence of closed geodesics on non-compact mani-
folds is studied. In Section 2 of [25] and Section 2 of [11], they consider
the case of a “warped product” Riemannian manifold; let (My, h¢) be a
compact Riemannian manifold and let M = R x M,. We consider the
warped product metric on M:

g(s,x)((gv 77), (f» 71)) = ";:2 + ,B(s)hOx (77» '7)
for (s,x) e R x My, (&, 1) € R x T, M.

Here B:R — (0,00) is a smooth positive function. They showed if
B'(s) # 0 for all s € R, then (M, g) does not have non-constant closed
geodesics (see Proposition 2.2 in [11]). We can also modify their
arguments to prove our Theorem 0.2.

Their arguments and Remark 1.1 show that if a metric g, x) on R x M,
satisfies
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8. ~alds® +hg) ass~ oo, (1.7)
8(sx) ~ b(ds® + hg) ass~—00 (1.8)

and a # b, then (R x M, g) does not have non-constant closed geodesics
in general. Conversely, when (My, hy) = the standard shere S¥~!, our
Theorem 0.3 ensures the existence of a non-constant closed geodesic
under the condition a = b in (1.7)—(1.8). It seems that for general
compact Riemannian manifolds (M, h¢) the existence of non-constant
closed geodesics is not known under the condition a = b in (1.7)—(1.8).

Besides non-existence result for a “warped-product” Riemannian man-
ifolds, [11,25] study the existence of non-constant closed geodesics on
non-compact complete Riemannian manifolds. In [25], the existence of
non-constant closed geodesics is proved for non-compact complete man-
ifolds whose sectional curvature is non-negative outside some compact
sets. For N = 2, [25] also proves the existence for non-compact com-
plete surfaces which are neither homeomorphic to R? nor R x S'. (See
also Bangert [8].) Benci and Giannoni [11] proves the existence for non-
compact complete Riemannian manifolds M with asymptotically non-
positive sectional curvature under a suitable condition on the topology of
the free loop space A(M) on M.

1.3. A Hilbert structure on A

For later use, we define the space A and fix a Hilbert structure on A
precisely.
We embed R x S¥~! into RV*! in a standard way:

Rx S¥!1={(s,x) e R x R"; x| =1} c RNt
We also identify
Ts.0)(R x SN_I) = {(5, n) €R x RN; X-n =0},

We introduce the free loop space A on R x S¥~! by

A={u@)=(s@),x(t)) € H'(O, ;R x R");
(s(0), x(0)) = (s(1), x(1)) and
|x(t)| =1 forall ¢ € [0, 11}.

We equip A with a Riemannian structure
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1

(&1, m), (&, "2)>T(s,x)A = /5.1 5.2 +D;ny - Dinp dt
0

+£1(0)82(0) + 1:(0) - 72(0)

for (&1, m), (62, m2) € T(s.x)A and (s, x) € A. Here D,n is the covariant
derivative of 7(t), i.e., denoting by P (x(¢)) the projection from R" onto

Tx(,)SN‘l, Din= P(x(1)) 7.7(t). We also denote by dist 4 (-, -) the distance
on A induced by the Riemannian structure (-, -)7 4. We have

(1) Foru;, uge A, disty(u;, up) — 0if and only if

lu;j — uoll g10,1;RxwN) = O.

(i) For (uj)$°=1 CA, (uj)i‘;l is a Cauchy sequence in (A, dist4 (-, -))
if and only if

lui —ujllgio1.rxryy > 0 asi, j — oo.
(iii) (A, dist(-, -)) is a complete metric space.
Similarly for SV~! = {x e R"; |x| = 1}, we define
Agv-1 = {x(t) € H'(0, 1; RY); x(0) = x(1), |x(t)| =1
forall 7 € [0, 1]},
T Agw-1 = {n(®) € H'(0, 1 RY); n(0) = n(1), n() - x(t) =0
forallt €[0,1]} for x(t) € Agn-1,

1
MMm=/DMerm+m®%m® for 7y(1), ma(t) € Ty Agn-1.
0

(Agn-1, (-, )T Agn—i ) has properties similar to the above (i)—(iii).

Finally in this section, we give a minimax characterization of closed
geodesics on S¥~! with the standard metric. Closed geodesics on the
standard sphere S¥~! can be characterized as critical points of

EsN—l (x) =

N =

1
/|£|2dr € C*(Agn-1,R) (1.9)
0

and they are great circles, that is,

yi(t) = e cos2mkt + e, sin 2w kt, (1.10)
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where k € Z and ¢, e, € RV are vectors such that ¢; - e j = &ij. Their
critical values are

Egv-i(y) =27%k* (k€ Z). (1.11)

When N =2, we set

Xsit ={u € Agn-1; the winding number of u = 1}. (1.12)
Then it is clear that
inf Eg(u) =2n> (1.13)
uez‘sl

and it corresponds to the prime closed geodesic y; ().
When N > 3, we set

Zgv={0 € C(SV?, Agn-1); degs =1}, (1.14)

where

&:8V72 % ([0,11/{0,1}) ~ §¥2 x §' — gV~
is defined by

5(z,1)=0(z)(t) foro e C(SN72, Agn-1)

and deg o is its Brouwer degree.
We have

inf  max Egn-1(0(z)) =2n° (1.15)

O’EESN_l zeS§N-2

and it corresponds to the prime closed geodesic y;(¢). In fact, it is well
known that the minimax value

c= inf max Eqw-1(o(z
st max, Bs (0()

gives a non-zero critical value of Egv-1(u). Thus ¢ = 272k? for some
k € N. On the other hand, we find for a suitable 0y(z) € Xgv-1

max_Egv-1(00(2)) =277, (1.16)

zeSN~—

Thus we have (1.15). An example of oo(z) is
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00(2) (1)

(2z1, ..., 2252, \/42%_, — 3cos 27t,
\/42%_, — 3sin2mt) if |zy_1] > +/3/2,

= (2IZN—|| 27 2zn-tl _ zN-2 (1.17)
R TR
_ 4,2
e ) if Jzv—1| < v/3/2.
Here we use notation z = (zy,...,zy_1) € SV 2 ={z e R"1; |z] =1}.

2. BREAK DOWN OF THE PALAIS-SMALE CONDITION AND
MINIMAX METHODS FOR E (u)

In what follows, we will give a proof of Theorem 0.3. We assume a
Riemannian metric g on R x S¥~! satisfies (g0)~(g1) and we are going
to prove the existence of a critical point u € A of

1
E(u)_/ (#,u)dt € C*(A,R).
0

\S) |

First, we study break down of the Palais—Smale condition for E (u).

PROPOSITION 2.1. - Suppose that (u )jZ1 C A satisfies for some
c>0

E(uj)—c, 2.1
HE/(MJ')“(TMI.A)* — 0. (2.2)
Then there is a subsequence—we still denote it by u j—such that one of

the following two statements holds:

(i) There is a non-constant closed geodesic uy € A on (R x S¥N-1, g)
such that

uj—ugin A, equivalently, |u; —uglly1(0,1.xxg» —> 0.

(i) There is a closed geodesic x((t) € Agn-1 on the standard sphere
SN=1 such that if we write uj(t) =(s;(),x;(t)), then

(1) 5;(0) — 00 or s5;(0) > —o0.
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(2) uj(@®)=(s;(t) —s;00),x;(t)) > (0, x0(2)) in A, equivalently,
Isjllz2¢0,1y = O and ||lx; — xoll gr1(0,1:rY) = O.

We use the following property frequently in what follows:

DEFINITION. — For ¢ € R we say that E(u) satisfies (PS).in A if and
only if any sequence (u 521 C A satisfying (2.1) and (2.2) has a strongly
convergent subsequence.

Recalling (1.10) and (1.11), we have
COROLLARY 2.2. — (PS). holds for E(u) for ¢ € (0, 00) \ {27%k?; k €
N}. Moreover non-convergent sequence (u j)?il =(sj,x j)3°=1 C A satis-

fying (2.1) and (2.2) with ¢ = 2r*k* has a subsequence—still denoted by
u j—such that

(1) 5;(0) = oo ors;(0) > —oo.

(2) uj(t) =(sj(t) —5;(0), x;(t)) > (0, y(2)) in A as j — oo, where
Yy (2) is given in (1.10).

3) E(u;) > 27 2k>.

(4) liminf;_, . index E”(u;) > (N —2)(2k — 1), where index E" (u )
denotes the Morse index of E" (u).

To prove Proposition 2.1, we first observe

LEMMA 2.3. - Under the assumption (gl), there are constants m,,
my > 0 such that

mi (&% + nl*) < g (G, m), G 1) < ma(&% + |n)?) (2.3)

for all u=(s,x) e R x S¥! and (£,7) € T,(R x S¥1) =R x
TSV 1 ={E,nNeRxRY; x-n=0}.

Proof of Proposition 2.1. — Assume that (u j)j?il = (sj,x j)i‘;l Cc A
satisfies (2.1) and (2.2). By Lemma 2.3, we see for some constant C > 0
independent of j

||§, ”12(0,1) + ”);J'”%Z(O,l) < C forall J. 2.4)
Thus we have
15 (#) = 5Ol Looo.1) < 11811 220,1y < €' for all j. 2.5)

We may assume that lim;_,, 5;(0) € [—00, oo] exists and consider two
cases:
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Case 1: lim 5;(0) € (—00, 00),
J—>00

Case 2: lim 5;(0) = to0.
Jj—00

Case 1: lim;_, » 5;(0) € (—00, 00).
In this case, (s}, x;) stays bounded as j — oo by (2.4), (2.5). Thus we
can show the statement (i) of Proposition 2.1 in a standard way.

Case 2: lim;_, o 5;(0) = Z00.

Setting u;(¢) = (s;(¢) — 5;(0), x;(¢)) € A, we get from (2.5) and (g1)

(1) u; stays bounded in A as j — oo,

) IIEOI(ﬁj)II(TajA)* — 0 as j — oo. Here g° is the standard product
metric defined in (0.9) and E°(u) is a functional corresponding to
closed geodesics on (R x SN~1, g%):

1 1
1 L] L] 1 [ ] L]
Ew) =7 [ gy =3 [P +15P s
0 0
foru = (s, x) € A.

Thus, we can extract a subsequence—still we denote it by i j—such that
for some uy = (5p, Xg) € A

ﬂj—>120 in A.

Clearly u is a critical point of E°(u), that is, i is a closed geodesic on
(R x S¥-1, g%, Thus we have

(1) 5o(t) = p is a constant,

(2) Xo(2) is a closed geodesic on the standard sphere SV~!,

(3) x; > Xpin A and §;(¢) =s;(t) —5;(0) = p in H'(0, 1;R). Since
5;(0) =0, p must be 0.

Therefore we get the statement (ii). O

Proof of Corollary 2.2. ~1t suffices to show (4). Since i;(t) =
(s;(t) = 5;(0), x; (1)) = (0, yx (1)) and E"(u;) — E°"(0, y,), it suffices
to show index E°”(0, y,) = (N —2)(2k — 1). Let ey, ..., ey € RN be an
orthonormal basis of RV and assume y,(¢) = e; cos 2wkt + e, sin 27 kt.
Then we can easily see

EY (0, y)((0,v), (0,v)) <0 forallve V \ {0},
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where V = span{e; cos2mjt, e;sin2njt; i =3,4,...,N, j=0,1,...,
k — 1}. Thus index E® (0, y¢) > dimV = (N —2)(2k — 1). O

Next we define two minimax values to find a critical point of E(u).
Our methods are inspired by the argument of Bahri and Li [5] in which
the existence of positive solutions of semilinear inhomogeneous elliptic
equations in R" is studied. See also Bahri and Lions [7]. In what follows,
we mainly deal with the case N > 3. The case N = 2 will be studied in
Section 5.

To define our first minimax value, we need the following definitions:
for a (N — 2)-dimensional compact manifold M, we set

I'(M)={y eC(M,A); y(M) is NOT contractible in A}.  (2.6)

We consider the following class of compact manifolds:

My = {M ; M is a (N — 2)-dimensional compact connected
manifold such that I" (M) # @}. (2.7)

We remark that S¥=2 € Muy_» and My_» # @ because of the existence
of oy(z) given in (1.17). For M € My_», we set

b(M) = inf E 2.8
0 = Jof, B35, B @)
and
b= inf b(M). 2.9)
MeMn-2

To define our second minimax value, we consider the following class of
mappings:

T={yeCRx "2 Ay 2= 00@))
for sufficiently large |r|}, (2.10)
where 0¢(z) is defined in (1.17). We remark yy(r, 2)(¢) = (r, 00(2)(2)) €
T and T # (. We define

b=inf sup E(u). 2.11)
YEl yey(RxSN-2)

Two values b and b play an important role to show the existence of critical
point of E(u). b and b have the following properties:
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PROPOSITION 2.4. -

(i) 0<b< 27

(i) 272 < b.

To prove Proposition 2.4, we need

LEMMA 2.5.—Let M be a compact (N — 2)-dimensional manifold
such that

Tsn-1(M) = {o € C(M, Agn-1); 0 (M) is not contractible in Agv-1}
is not empty. Then

i Si(x) =272 :
aersl,{,lfl(M) xrer;%) Egn-1(x) 2 2n°, (2.12)

where Egn-1(x) € C?(Agn-1, R) is defined in (1.9).
Proof. — First we show that

inf max Eg¢v-1(x) > 0.
oel"SN_.l(M) xeo (M)

If not, for any ¢ > 0 we can find o € I'qv-1 (M) such that
Egv-1(x) <e forall x € 0(M).

Thus we have for x =0 (z),z€ M
1

max |x(1) — x(22)] </|}|dt< V2Egv-1(x) < V2.

11,12€[0,1]
0

Therefore for ¢ € (0, %)
|(1 = D)x(@) + tx(0)| = |x(#)] — t|x(#) —x(0)| > 0
forall t €[0,1], x eo(M),t €[0, 1]. Thus

(= 00@0 0@ O)
OO = e +ro@@) XM= A

is well-defined. We remark that o (z)(¢) is independent of ¢ and it can be
regarded as a map from M to SV¥~!. Since dim M = N — 2, o is not onto
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and o(M) is contractible to a point in S¥~!. Thus o (M) is contractible
in Agv-1 and this contradicts o € I'gv—1(M). Therefore

inf max ESN 1(x) > 0.
GQFSN 1 (M) xeo(M

Since the Palais—Smale condition holds for Egv-1(u) € C?(Agnv-1,R),
we can see that infaepsN_l(M) max, e, (m) Esv-1(x) is a positive critical
value of Egv-1(x). (For a similar argument, see the proof of Proposi-
tion 2.6 below.) Since critical points of Egv-1(x) correspond to closed
geodesics on the standard sphere S¥~!, we can see that the least positive
critical value is 2772. Thus we get (2.12). O

Proof of Proposition 2.4.— (i) For M € My_, and y(2) = (s(2),
x(z)) € I'(M) we set 7 € C(M, Agn-1) by

y(@)=x(z) forzeM.
We can easily see that y € I'sv—1(M). Thus by Lemma 2.5
2

max Egv-1(x) 2>
xey(M)

On the other hand, by (2.3) we have for u = (s, x) € A

1
1 (] (] [ ] [ ]
E(u):z/gu(u,u)dtz%/|s|2+|x|2dt

1
m—z—/ 1X12dt = my Egvo1 (x).
0
Thus we have

max E(u) >m; max Egv-1(x) > 27°m,.
uey (M) xey (M)

Therefore

b= inf inf  max Eu)>2n’m; > 0.
MeMn-2 yel'(M) uey (M)

To show b < 272, we recall S¥2 € My_> and we set y,(2)(t) =
(£, 00(z)()) for £ € R and z € S¥2. Then y,(SV¥~2) is not contractible
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in A and

SN-2y < E = E(¢, .
b(S"™) < max E(7(2) = max, E(t.00(2))

Letting £ — oo, we get by (gl) and (1.16)
b(SV%) <272

Thus b < b(SV~2) < 272, Thus (i) is proved. B
To prove (ii), we remark that for any y (r,z) € I" there exists a R > 0
such that

y(r,2)(t) = (r,00(z)(¢)) for |r| > R.
Thus,

sup  E(y(r,z)) > limsup max_E (r, 00(z)) = 27>
(r,z)eRxSN-2 r—+4oo zeSN-2

Therefore we obtain b > 27%. O

By the above Proposition 2.4, it occurs one of the following four cases:

Case A: 0 < b < 27>

Case B: b ¢ {27%k?; k e N}.

Case C: b € {27%k*; k e N\ {1}}.

Case D: b=b =27
In each case, we will show that E(u) ha_§ a critical point. Actually b is a
critical value of E (1) in cases A, D and b is a critical value in cases B, C.

The cases A, B are easy to deal with and we can see that b or b is a
critical value of E (u) rather in a standard way.

PROPOSITION 2.6. —
o If be (0,272), then b is a czitical value of E (u).
(i) Ifb ¢ {27%k?*; k € N}, then b is a critical value of E (u).

To prove the above proposition, we need the following deformation
lemma.

LEMMA 2.7.— Assume that (PS). holds at level ¢ for E(u) € C*(A,
R) and c is not a critical value of E(u). Then for any € > O there exist
&9 € (0,%) and n(r,u) € C([0, 1] x A, A) such that



20 K. TANAKA / Ann. Inst. Henri Poincaré 17 (2000) 1-33

(1) n0,u) =u forallu € A.

2) n(r,u)=uforallt€[0,11if E(u) ¢ [c —F, c+E].
3) E(n(t,u)) < E(u) forallt €10,1] and u € A.

4) E(n(l,u)) <c—eoif E(u) < c+ &o.

Proof. — See Appendix A of Rabinowitz [20]. O

Proof of Proposition 2.6. — (i) By the assumption b € (0, 277%), there
exists a sequence (M j)?;l C M- such that

b(M;) € (0,27%) forall j,
b(M;) — b as j — 00.

First we show that (M) is a critical value of E(u). If not, we choose
€ > 0sothat (b(M;)—%,b(M;)+%) C (0, 27?) and apply Lemma 2.7 to
obtain &y € (0,%) and n(z,u) € C([0, 1] x A, A). We choose y € I'(M )
such that

E@) < ; )
ug'?ﬁ,) (u) <b(M;) + &9

We can easily see that y (z) = n(1, y(z)) belongs to I'(M;) and by (4) of
Lemma 2.7

max E(u) < b(M;) — &.
uey(Mj)

This is a contradiction and b(M;) is a critical value of E(u). Since
(PS).holds in (0,27%) and b = lim;_,« b(M;) € (0,27?) is an accu-
mulation point of critical values, b is also a critical value of E(u).

(ii) By the assumption b ¢ {27%k?; k € N}, b > 272 and (P S)j follow
from (ii) of Proposition 2.4 and Corollary 2.2. Thus we can prove (ii) in
a similar way to (i). O

Thus we can find at least one critical point in cases A, B. The following
two sections will be devoted to study cases C, D.

3. CASE C: b e 2n%k?; k e N\ {1}}

Here we suppose b = 212k3 (ko =2, 3, ...). We use the Morse indices
to deal with this case. We refer to Fang and Ghoussoub [14] for a related
argument.
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Since E(u) does not satisfy the Palais—Smale compactness condition,
we introduce a perturbed functional E,(u): A — R (v € [0, 1]) by

1
Ev(u)=%/(gu(ﬁ,&)+v(e23+e-25)(|5|2+|£|2))dr 3.1)
0

for u(t) = (s(t), x(t)) € A. This perturbation is introduced to obtain the
Palais—Smale condition (P S), for all ¢ > 0. The corresponding argument
for singular Hamiltonian systems is developed in [22].

First we have

PROPOSITION 3.1. - For v € (0, 1], the functional E,(u) satisfies
(PS)c forall ¢ > 0. That is, if (u;)52, C A satisfies

E,(u;) > c>0, 3.2)
E (u;) >0 asj— oo. (3.3)
Then (u j)521 has a strongly convergent subsequence.

Proof. — By (2.3), we have

1
m; ® 5 ® 5
7/;s| Y I3Pdt < Ey(u) forallue A. (3.4)
0

Thus under the condition (3.2) we can see by i= (5 s x j) is bounded in
L?(0, 1) and there exists a constant C > 0 such that

max |s;(t) —s5;(0)| < C forall j eN. (3.5)
€190,

Remark that |x;(z)| = 1 for all ¢. To obtain boundedness of u j=(sj,x;)
in A, we show that |s;(0)| remains bounded as j — co.

Arguing indirectly, we assume that s j(0) = o0o. The case s, (0) — —oo
can be treated similarly. By (3.5), min,¢(o,1;5;(f) = 00. Thus by (3.2) and
the definition of E,(u), we have

(s;,x;) = (0,0) strongly in L%(0, 1). (3.6)

We remark that (3.6) and (2.3) imply

1
1 o o
E(uj)ziv/guj(uj,uj)dteo.
0
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Thus

1
v . s ® .
c=Ejll)r{.lo/ez‘f(lsj|2+|xj|2)dt. 3.7
0
On the other hand, we have from (3.3) that E} (u;)(1,0) — 0, i.e.,

1
E'(u;)(1,0) + v/ (€2 — e 29) (15,12 + |%,12) di — 0.
0

Remarking that (3.6) implies E'(u;)(1,0) — 0, we have
1
/eZSf (1512 + 1%;1%) dt — 0. . (38)
0

Combining (3.7) and (3.8), we get ¢ = 0. But this contradicts the
assumption (3.2). Thus u; = (s;, x;) remains bounded as j — oo and
we can show the existence of a strongly convergent subsequence in a
standard way. 0O

Next we study an asymptotic behavior of critical points (u,)ye(,1] of
E,(u)asv—0.

PROPOSITION 3.2. — Suppose that for v € (0, 1] there exists a critical
point u, € A of E,(u) such that for some ¢ >0

- E,(uy) > c>0 asv—0. 3.9

Then it occurs one of the following two cases:
(1) There exists a strongly convergent subsequence (uy;) (v; > 0)in
A.
(ii) There exist a subsequence uy; = (8y;, xy;) and k € N such that
(1) sy;(0) > Fo0.
(2) Set iy, (1) = (s, (1) = 5,,(0). x,, (1)), then

uy, () — (0, ye(2)) in A, (3.10)
where yi(t) = ej cos 2kt + e sin2mkt (k €N, e; - e; = §;))

is a closed geodesic on the standard sphere.
(3) E,;(uy;) = 217>,
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(4) liminf;_, o index E",’j (u,,j) > (N-2)2k—-1).

Proof. — Suppose that a sequence of critical points (u,),-¢ satisfies
(3.9). As in the proof of Proposition 3.1, we can see that

ity = (S, X,) is bounded in L2(0, 1). (3.11)
Thus,
max |5y (t) — 5,(0)] < C forallve(0,1] (3.12)
tell,

and we can see that (u,),¢(,1; has a strongly convergent subsequence if
[s,(0)| remains bounded as v — 0.
We suppose that

5,(0) > 00 asv—0. 3.13)

The case 5,(0) — —o0 can be treated in a similar way. By (3.11)—~(3.13)
and (gl), we have

E'(u,)(1,0)
_ ji
0 dT]

Thus we have from E/ (u,) = 0 that

L ] L] [ ] L ]
8y +n.x0 ) (B, X1), (5, X,))dt >0 asv — 0.

1
L ] [ ]
v/eZS”(’)(|sv|2+]x‘,|2) dt
0

1
= E)(u,)(1,0) — E'(uy)(1,0) — v / e O (3,2 4 13, 2) dr
0

-0 asv—0. 3.14)

Thus we see

1

v . .
E(uv) ES Ev(uv) — 5/(eZSp(t)+e——2sv(t))('sv|2+ |xv|2) dt
0
— lirr(l) E,(u))=c asv—0, 3.15)
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Therefore by (3.13)

1

lim E(u,) = lim /lsvl +1%,2) dt =c > 0. (3.16)
0

Using (3.14) again, we get from (3.12), (3.16) that
ve?©® 0 asv— 0. (3.17)

We also have from (3.11), (3.12), (3.17)

| E (uy) — E, )|z, )

1
= sup (v/S(t) (eZSU(r) _ e—2sv(t))
EMETy, AL IEIR+HIMIPST\ o

1

X (l‘;vlz + |;Cv|2) dt + U/ (623”(” + e—2s,,(t))
0

x ($,-E+%,-1)d )—>0 as v — 0. (3.18)
Similarly we can see also from (3.11), (3.12), (3.17) that

|E"(u,) — E)(u,)|| >0 asv—0. (3.19)
By (3.15), (3.18), we can see that (u,) satisfies

E(u,)—>c>0 and E'(u,)— 0.
Thus we can apply Proposition 2.1, Corollary 2.2 and we have (3.10) for

a suitable k € N. Now statements (3) and (4) follow from (3.15), (3.19)
and (3)—(4) of Corollary 2.2. O

Now we use the above Propositions 3.1 and 3.2 to deal with the case
C:b=2n%3 (ko=2,3,...).
We choose Ly > 2 such that

E(r,00(z)) <37® forall |r| > Lo and z € SN2 (3.20)

and we set
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To={y € C([-Lo, Lol x S"7%, A); y(£Lo, 2) = (% Lo, 00(2)) },

bo = inf max E(y(r,2).
yelg (r,2)€[—Lo,Lo]lxSN—2

We have the following

LEMMA 3.3.—by=b.

Proof. — For any y € I, we set

)/(r, Z) fOf Irl < L(),
y(r,z)=
(r,00(z)) for |r| > L.

Then we see ¥ € I'". By (3.20) and b = 27 2%k2 > 872, we have

sup  E(y(r,2) = max E(y(r,2).

(r,z)eRx SN2 (r,2)€[—Lo,LolxSN-2

Thus we get b < by,.
Conversely, for any ¥ € I" we can find L > L such that

V(r,z) = (r,00(z)) for|r|>L.

We set yp € Ty by

¢

(=(r| = Lo+ 1)Lg
—(Lo—IrDL,00(z)) forre[—Ly,—Lo+1],
yo(r, ) = 4 V(ﬁr,z) for |r| < Lo —1,

((Irl = Lo+ 1)Lo

+ (Lo —IrDL,00(z)) forre[Lo—1,Lo].
Then we have

max E(w(r,z))= sup  E(¥(r,2)

(r.“:)e[—Lo,Lo]><S’V—2 (r,z)eERx SN2

and we obtain by <b. 0O
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Next we set for v € (0, 1]

bv = ln_f max Ev (‘y(r’ Z))-
yelgy (rz2)€[—Lo,Lo]xSN-2

Then we can easily see

b=by<b, forallve(0,]1], (3.21)
b, >by=b asv—0. (3.22)

By Proposition 3.1, we can see

PROPOSITION 3.4. — Forany v € (0, 1], b, is a critical value of E,(u)
and there exists a critical point u, € A such that

E,(u,) =b,, (3.23)
E;(uv) =0, 3.24)
index E,»(u,) < N — 1. (3.25)

Proof. — Since b, > b > 872 and (PS).holds for E,(u) at the level
¢ =b,, we can see that b, is a critical value of E,, (u). Thus there exists a
critical point u, € A such that (3.23) and (3.24) hold. We can get (3.25)
as in [21] (see also [6,9,17,24]). O

Proof of Theorem 0.3 in case C. - By Proposition 3.4, we can find a
sequence (4,)ve(0,1] C A such that (3.21)—(3.22) and (3.23)—(3.25) hold.
Applying Proposition 3.2, we can extract a subsequence uy; (v; > 0)
such that either the statement (i) or (ii) of Proposition 3.2 occurs.

Suppose that (ii) occurs. Then by (ii)(3), (4), we have

liminf index E")’j (uy;) = (N = 2)(2ko — 1).

]J—>00

Since ko > 2 and N > 3, this contradicts (3.25). Thus (i) takes a place
and u = lim;_, o, u,, satisfies E(u) =27%k3 and E'(u) =0. O

4. CASED: b =b =2x?

Here we suppose b = b = 2% and we show that 2772 is a critical value
of E(u).

First we assume b = 2772 and we find M € My_, and y € I'(M) with
special properties.
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PROPOSITION 4.1. — Assume b =212, Then for any & > 0 there exist
M e My_, and y € I'(M) such that

max E(u) <2n%+e, 4.1
uey (M)
s(0) €[0,1] forall u(t) = (s(2), x(1)) € p(M). 4.2)

Proof. — Since b = 272, for any & > 0 there exists a y € T" such that

sup  E(y(r,z)) <2n’+e.

(r,z)eRxSN-2

Approximating y by a C*°-mapping, we may assume that y € C*®°(R x
SN=2, A)YNT. We write y (r, 2)(t) = (s(r, 2)(¢), x(r, z)(¢)) and consider
a C*°-mapping

f(r,2)=s2)0):Rx S" 25 R.
By the Sard’s theorem, we can find 8 € [0, 1] such that

f(r.2)=p implies (f,(r,2), f.(r,2)) # (0, 0). (4.3)

By (4.3), f~!(B) is a (N — 2)-dimensional submanifold of R x SN-!.
Since f(r,z) = r for sufficiently large |r|, f~'(B) is compact and we
can write

B =MuMU...UM,,

where M, M,, ..., M, are (N — 2)-dimensional compact connected
submanifolds of R x SV~2. Later we show that

there exists a j € {1, ..., n} such that M, e My_>
and yleO eIr'(Mj). 4.4

We set M = Mj, and y = yleO. Then we have (4.1) and (4.2). O
To prove (4.4) we need
LEMMA 4.2. - Forany y € T, a mapping

vz, )=y(r,2)t):Rx S¥2x[0,1] > R x SN-!

is onto.
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Proof. — We identify [0, 11/{0, 1} ~ S! and we compute the mapping
degree of

7:([-R,RIx S" 2 x S', {—R, R} x S"% x §")
— (=R, Rl x S"" ', {—R, R} x S¥71).

We can see easily that deg y = £1 for large R. Thus [-R, R] x S¥~! c
7([—R, R] x S$¥=2 x [0, 1]) for all R > 0. Therefore 7 is onto. [

Proof of (4.4). — It suffices to show that y (M) is not contractible in
A at least for one j € {1,2,...,n}. Arguing indirectly, we suppose that
v (M) is contractible in A for all j.

By (4.3) for some § > 0, there exist neighborhoods Ns(M;) of M; and
diffeomorphisms

¢j:Ns(M;) — (—8,8) x M

such that Ns(M;) N\ Ns(M;) # ¥ (i # j). We may assume that y (Ns(M;))
is also contractible in A. We write y(r, 2)(t) = (s(r, 2)(2), x(r, 2)(2)).
Then x(Ns(M;)) is contractible in Agnv-1. Thus there exists a contraction:

nj ZX(N(S(M]')) X [0, 1] —> A
such that

n;(y,0)() = y(),
ni(y, D) =pte SN forally e x(Ns(M;))and t € [0, 1].
We define for (r,z) € Ns(M;) =¢;((—=68,8) x M) and T € [0, 1]

fl'(r7 <, t) = <(1 - t)s(rv Z)(t) + TS(r, Z)(O)v

n; (x(r, 2, ré—_—l%(r—z”) (t)),

where a(r, z) € (=46, 8) is a unique number such that (r, z) = ¢;(a(r, z),
m) for some m € M;.
For (r,z) € R x SN=1)\ =i Ns(M;), we set
fe(rz,0) = ((1 = D)s(r, (1) + 5(r, 2)(0), x(r, 2)(1)).

We can see

for,z,0):[0, 11 x Rx S¥2 x [0,1] > R x sV~!
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is well-defined and f;, e T for all 7 € [0, 1]. Moreover

AR>SV x10,10) 0 (18) x S¥1) = £ ((UM;) x [0, 11)
= (IB’ Pt)
Thus f;:R x S¥2 x [0,1] = R x S¥~! is not onto. This contradicts
Lemma 4.2 and at least one y (M) is not contractible in A. 0O
To obtain the existence of a critical point, we need the following
version of Ekeland’s principle.
LEMMA 4.3. - Let M € My_, and suppose that y € I'(M) satisfies

for some ¢ >0

b(M) < max E(u) <b(M) + .
uey (M)

Then there exists v € A such that

dist (v, y (M)) < 24/e, 4.5)
IE' () ll(r, 4 < VE, (4.6)
E() € [b(M) — &, b(M) +e¢]. 4.7

Proof. — Arguing indirectly, we assume that
dists (u, ¥ (M)) <26 and E(u) € [b(M) — &, b(M) + ¢]
implies || E"(w) ||z, 4+ = V.

Choose a smooth function ¢ : R — R such that
p(r)=0 forteR\ [b(M)— ¢, b(M)+¢],
p(r)=1 forte (b(M)—¢e/2,b(M)+¢/2),
o(r) €[0,1] forall T e R.

We consider the flow n:R x A — A defined by

dn o(E(n)) p

LB e, 4.8
i = TEMlgay ™ @8
n0,u) =u. 4.9

We can see that

(1) for each u € y (M) the solution n(z, u) of (4.8)—(4.9) exists for
7 €[0,2./¢],
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2 y@=n2Je, y(2)) e I'(M),
() E(y (@) =EMm(2/e,7(2))) <b(M) — (¢/2) forall z € M.
This contradicts the definition of b(M). 0O

Proof of Theorem 0.3 in case D.-By Proposition 4.1, under the
assumption b = 272, for any & > O there exist a M, € My—, and
¥e € I'(M,) satisfying

max Eu) <27’ +e¢, 4.10)
u€ye(Me)

s(0) €[0,1] forall u(t) = (s(t), x(2)) € y:(M,). (4.11)

Since b = 272, we have

212 =b < b(M,) < max E(u) <27’+e<b(M,)+e.

u€ye(Me)
Applying Lemma 4.3, there exists u, = (s, x,) € A such that

disty (ue, v (M) < 2V, (4.12)
E" el 7, aye < Ve (4.13)
E(u,) € [b(M,) —&,b(M,) + €] C [21% — &,21% +2¢]. (4.14)

By (4.12), we find for some v = (5,X) € y.(M,)
|56(0) —5(0)| < dista (ue, ye(M,)) <24/¢.

It follows from (4.11) that |5(0)| € [0, 1]. Thus,

Is¢(0)| < 24/& 4 1. (4.15)
Since (4.13) and (4.14) hold, we have

E(u,) — 2n%, E'(u,)—0 ase—0

and we can apply Proposition 2.1. By (4.15), the statement (ii) of
Proposition 2.1 cannot take a place. Therefore there exists a strongly

convergent subsequence u,,(¢) (¢; — 0) and the limit up = lim;_, » Ue,
is a critical point of E (1) with E (ug) =272, O
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5. THE CASE N =2

We give an outline of a proof in case of N = 2. We study the existence
of closed geodesics on (R x S, g). We use the winding number of u € A
in an essential way.

We denote the winding number of u:[0,1]/{0,1} ~ S' — S' by
wind(u) and set

Ay = {u € A; wind(m ou) =1},

where 7 : R x S! — S; (r, z) = z is the projection.
As to the break down of the Palais—Smale condition for the restricted
functional E(u) : A; — R, we have

PROPOSITION 5.1. — Suppose that (u;)72, C Ay satisfies for some
c>0

E(;)— c>0,

”E/(uj)"(TujA])* =0 asj— o0
Jor some ¢ > 0. Then there is a subsequence—still denoted by u j—such
that one of the following two statements holds:

(i) There is a non-constant closed geodesic uy € A; on (R x S!, g2)
such that

uj—>ug inAj.
(i) We write u;(t) = (sj(2), xj(t)). Then we have
(1) 5;(0) > o0 or 5;(0) > —o0;
) 5;@t) = 0in L0, 1);

(3) x;(t) = (cos2m (t — ), sin27 (t —6)) in H'(0, 1) for some 6;
4) E(uj) — 272

In particular, (PS). holds in A for c € (0, o) \ {272}

Proof. — We remark that (cos2wk(t — ), sin27k(t — )) ¢ Ay for
k € Z \ {1}. The proof can be given just as in Proposition 2.1. [J

We define b and b as follows:

b= inf E(u), b= inf sup E(u),
ueN vel uey(R)

where
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T'={y e CR, Ay); y(r)(t) = (r, (cos 2, sin27t))
for large |r|}.
Then we have

(i) 0<b<2n?<b.
(i) Ifb < 272, then b is a critical value of E (u).
(iii) If b > 272, then b is a critical value of E (u).

Lastly we can also show that 272 is a critical value in case b = b = 272

as in Section 4. (M = {pt} in this case.) We remark that the case C does
not need to study for N =2. 0O
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