
ANNALES DE L’I. H. P., SECTION B

JULIEN BARRAL
Differentiability of multiplicative processes related
to branching random walks
Annales de l’I. H. P., section B, tome 36, no 4 (2000), p. 407-417
<http://www.numdam.org/item?id=AIHPB_2000__36_4_407_0>

© Gauthier-Villars, 2000, tous droits réservés.

L’accès aux archives de la revue « Annales de l’I. H. P., section B »
(http://www.elsevier.com/locate/anihpb) implique l’accord avec les condi-
tions générales d’utilisation (http://www.numdam.org/conditions). Toute uti-
lisation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AIHPB_2000__36_4_407_0
http://www.elsevier.com/locate/anihpb
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


407

Differentiability of multiplicative processes
related to branching random walks

Julien BARRAL*

Universite Paris-Sud, Equipe d’Analyse Harmonique (URA 757 du CNRS),
Mathematiques, bat. 425, 91405 Orsay Cedex, France

Received in 5 February 1999, revised in 7 May 1999

Ann. Inst. Henri Poincaré, Probabilités et Statistiques 36, 4 (2000: -417

@ 2000 Editions scientifiques et medicales Elsevier SAS. All rights reserved

ABSTRACT. - A family of one-dimensional branching random walks
indexed by an interval define a martingale taking values in the space
of continuous functions. We propose a new approach to study the
differentiability of the limit of this martingale. Under suitable conditions,
this differentiability is obtained by assuming that the functions defining
the martingale are differentiable only once; there is no loss of regularity.
In this sense there is a progress with respect to the corresponding result
of Biggins (1991).@ 2000 Editions scientifiques et médicales Elsevier
SAS
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RESUME. - Etant donnee une famille de marches aleatoires de bran-
chement sur R indexee par un intervalle, nous proposons une nouvelle

fagon d’étudier la derivabilite de la limite de la martingale a valeurs dans
les fonctions continues qu’ elles definissent. Sous de bonnes hypotheses,
cette derivabilite est obtenue en supposant que les fonctions définissant
la martingale sont derivables une fois seulement ; il n’ y a pas de perte de
regularite, et en ce sens il y a un progres par rapport au resultat de Biggins

* E-mail: julien.barral@math.u-psud.fr.
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( 1991 ) correspondant. @ 2000 Editions scientifiques et médicales Elsevier
SAS

1. INTRODUCTION

Let T = set of finite words on N, equipped with the
concatenation operation (~ stands for the empty word and N° = {~}). Let
(~2, B, P) stand for the probability space on which the random variables
(r.v.) in this paper are defined.

Let A be the set of random sequences A = Ril such that
almost surely (a.s.) I{Ai >O}  00 and Ai) = 1.

If A e A and (A(a))aET are independent copies of A then the following
sequence

is a non-negative martingale with mean 1, which converges with proba-
bility one to a r.v. YA > 0 and such that 1. This martingale is
introduced in particular by Mandelbrot in a model for turbulence [ 12,13]
in the case where there exists c ~ 2 such that a.s. Ai = 0 for all i > c. In
a different notation it was used by Kingman to study a general branching
process [8], and it can also be found in [ 1 ], where Biggins constructs it
from the branching random walk with points {-log 0} at the first
generation (by convention log 0 = 2014oo). Necessary and sufficient condi-
tions for YA to be non degenerate and to have finite moments of orders
greater than 1 are given in the following result

THEOREM 0. - ( 1) Assume that ~o Ai log Ai) exists and is finite.
The following assertions are equivalent:

(i) P(~=0)1;
(ii) 

(iii) IE(YA,1 log+ (YA,1 ))  00 and Ai log Ai)  0.

° 

’
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(2) Assume the hypothesis of (1 ) and one of the assertions (i), (ii)
or (iii). Then, for each p > 1,  00 ifand only if

Parts ( 1 ) and (2) are due to Lyons [ 11 ] and Liu [10] respectively,
after similar results due to other authors under stronger hypotheses or
in particular cases (Kingman [8], Kahane [7], Biggins [ 1,2], Durrett and
Liggett [5], Liu [9]).

Given I an open subinterval of r-+ At is a random process from
I to such that for every t ~ I, At E A, and (t r-+ At(a))aET a

sequence of independent copies of t r-+ At . Now one obtains for every
t E I a martingale Y At,n and its limit Y At. By the regularity of t r-+ Ar,
we mean the regularity of its components, the t t2014~ At,i’s. Then, it is

natural to ask whether the martingales YAt , n converge simultaneously,
and if so, whether some regularity of t r-+ At implies that t YAt has
some related regularity. These problems were studied by Joffe et al. [6]
and Biggins [3,4] for particular cases of the previous construction,
and for related processes by Watanabe [18]. Biggins [3] considers the
random walk 0} and the following family: {-log At,i =

-t log Ai + 0~. It is not difficult to show that his

results hold in the general case studied in this paper. His Theorem 2 [3]
claims that under suitable conditions, if t r-+ At is a. s. continuously
differentiable, then the sequence t r-+ YAt , n converges uniformly a.s.

on compact sets to t r-+ YAt , and so t r-+ YAt is continuous (he also
extends his result to the case where t )2014~ At is a. s. and obtains

that t r-+ YAt is of class If t t2014~ At has an analytic extension in a
complex neighbourhood of I, Biggins gives also conditions for t r-+ YAt
to have an analytic extension in this neighbourhood (Theorem 1 [3]),
and in [4] he extends his result to the case of branching random walks
indexed by a parameter taking values in an open subset of The

aim of this paper is to give conditions under which if t )2014~ At is a.s.

continuously differentiable, then t r-+ YAt,n converges uniformly a.s. on
compact sets and t r-+ YAt is also continuously differentiable (we also
give conditions to extend our result to the case of processes n times
continuously differentiable). Our approach has elements in common

with [3] and also [6], where Joffe et al. use a result on the convergence
of martingales taking values in a Banach space. The new ideas here are
the use of a criterion on the second differences of a function to show
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this function is continuously differentiable, and to exploit the functional
equation satisfied for all t ~ I by YAt a.s.: YAr = YAt (i ), where
the YAt (i) , s are independent copies of YAt , and the 03C3 -algebra that they
generate is independent of the one generated by A~ .
The main result is the following one.

THEOREM 1. - Let I be an open subinterval For every i E N,
let t r-+ i be a random continuously differentiable mapping from I
to Assume that for every is in A and let
(t r-+ At (a) )aET be a sequence of independent copies of t r-+ At. Denote
by t r-+ Yt,n the sequence of functions t r-+ YAr,n, and for every tEl,
denote by Yt the almost sure limit of Yt,n. Suppose the following two
conditions hold.

(i) For every t E I; At satisfies the assumption and condition (i) of
Theorem 0.

(ii) For every compact subinterval K of I, there exists p E ] 1, 2] such
that

(a)  1 

(b) there exists C > 0 such that for all (t, h) E K x such that

t -I- h E K ,

(c) there exist two positive functions cp and y on Rj, both

monotonically decreasing in a neighbourhood of 0 such that
max(y(h), are integrable

near 0, and a constant C > 0 such that for all (t, h) E K x R+
such that t + h E K and t - h E K

Then, with probability one, Yt,n converges uniformly towards Yt on
compact sets and t 1---+ Yt is continuously differentiable on I.
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Remark. - (1) Hypotheses (ii)(a)-(b) are stronger than those of [3,
Theorem 2]. However hypotheses (ii)(c) is weaker than assuming that
the process is twice differentiable as in .[3].

(2) If the mappings t 1---+ At,i’s are only supposed to be continuous,
and in ( 1.1 ) hP is replaced by ha with a > 1, then the process t 1---+ Yt ,
possesses a continuous modification.

(3) If the t are just supposed to be continuous, ( 1.1 ) and ( 1.2)
imply that they are continuously differentiable, so the theorem could be
reformulated to account for this.

(4) If one chooses suitably A E A, 8 > 0 and for all i EN, fi a
continuously differentiable function from /=]2014~~[ to R such that

fi (0) = 1, then defining for every At = 

yields examples to which Theorem 1 applies.
(5) For a function f from a subinterval of R to R and h E R, define

(where it is possible) Ah f : t r-+ f(t + h) - f(t) and A~/: ~ Oh o
= f(t + 2h) + f(t) - 2 f(t + h) .

In Theorem 1, if one replaces (ii)(b) and (ii)(c) by the following:
There exists n > 2 such that

(ii)(b) for all 0 # k # n - 1, there exists Ck > 0 such that for all
(t, hl, ... , in K x JRk+1 such that the o ... o 0394h1 A.,i (t) ’s,
i > 0, are defined,

(ii)(c) There exist two positive functions 03C6 and y on both

monotonically decreasing in a neighbourhood of 0, such that 
and max ( y (h ) , ~~)/(/!~~~~(~/2)) are integrable near 0, and a constant
C > 0 such that for all (t , h 1, ... , h n ) in K x ?" such that the 0 hn o ... o

Oh2 o Ohl A,,i (t) ’s, i ~ 0, are defined,
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Then, with probability one, Yt,n converges uniformly on the compact sets
towards Yt and the mappings t 0, and t Yt are n times
continuously differentiable.

2. PROOF OF THEOREM 1

We need a series of lemmas. The first one is a generalization of a result
of Von Bahr and Esseen [17], which is also used in a refined form in [3].

LEMMA 2.1. - Let and two sequences of real r:v’s
such that ~0) and ~0) are independent and the Vi’s
are mutually independent. Assume that for all i ~ 0, Vi is integrable and
IE ( Vi ) = 0. Then, for every p e ] 1, 2],

If B = (Bl )i is a random vector taking values in denote by 
and SB the functions from R+ to [0,00] defined by

and

LEMMA 2.2. - Let A l, A2 and A3 be elements of A and let

(A1(a), A2(a), A3(a))aET be a sequence of independent copies of (A1,
A2, A3). Assume that A1, A2 and A3 satisfy the assumption and
condition (i) of Theorem 0, and also that there exists p’ > 1 such that for
every j E f 1, 2, 3 }, ~Y~ = YAj has a finite moment of order p’. Define p =
min(p’, 2). By Theorem 0, for j E { 1, 2, 3},  1 and SAj(P)  00.

Choose an integer m sufficiently large that 03C8A3 ( p)  2-p/m+1. Then

with
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Proof - First, it is easily seen that for n > 1 and j E f 1, 2, 3 } :

where

and the r. v.’s ( Yl (a ) , Y2 (a ) , Y3 (a ) ) , a E Nn, are independent copies of
(Y1, Y2, Y3), which are also independent of the (A1(b), A2(b), A3(b)),
b E Uk=o Nk and satisfy a.s.

So

and using this decomposition repeatedly in the first term on the right, one
obtains for every integer m > 0 

’

with
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and

Now the fact that AI, A 2 , and A 3 are in A, the equalities E(Fi) = E ( Y2 ) =
E(F3) = 1 and the independences between r. v.’s allow the application of
Lemma 2.1 successively with, instead of the (Ui, Vi)’s, the

in Q m , the

in Rk, the

in Sk and the

in Sk .
Then, standard calculus yields
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and

Now, the conclusion comes from the inequality

and a symetrization of the right-hand side. D

The following lemma is a slightly stronger form of a well known
result [15].

LEMMA 2.3. - Let a  b be in R. Let f be a continuous function
from [a, b] to R. Assume that there exists a positive function cp on II8+,
monotonically decreasing in a neighbourhood of 0, such that cp(h)/ h is
integrable near 0, and for some constant C > 0: V j E N and 0 ~ k  2~

B 4J / 1 ~ 
. 

- 

B~ 
- 

/

Then, f is continuously differentiable.

Proof of Theorem = [a, b] a non-trivial compact subin-
terval of I and choose an integer 0 such that 
2-(~+D/~ By the proof of Theorem 5.1 of [9] and the hypothesis (ii)(a),
for all t ~ K,

So, hypothesis (ii)(b) together with Lemma 2.2 applied with A 1 = AZ =
A3 = At and m = mK yield a constant C1 such that for all (t, h) E

K x R+ such that t + h E K

Then, the Kolmogorov-Tchentov Theorem [16] yields a continuous
modification t )2014~ Yt of t Yt.
Now, hypothesis (ii)(c), (2.1) and Lemma 2.2 applied with A == At+h ,

A2 = At-h, A3 = At and m = m x yield a constant C2 such that for all
(t, h) E K  R+ such that t + h ~ K and t - h ~ K,
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Thus, for all j e N,

and as max(y(h), is integrable near 0 and ~p and
y are monotonically decreasing in a neighborhood of 0, ~->oP/ ~ oo.
Then, by the Borel-Cantelli Lemma, with probability one, t 
satisfies the hypothesis of Lemma 2.3 with the function ~, so it is

continuously differentiable on I~ .
Recall that each random continuous function t r-+ Yt,n take values in

the separable Banach space (co(K, JR+), 111100)’ For n > 1, denote by Bn
the or-algebra generated in Q by the t r-+ 1 ~ k  n, and define
Boo = Bn. The r.v. t r-+ Yt is B~-measurable, and if we can show
that it is integrable, that is E(maxt~K Yt )  oo, then (proceeding as Joffe
et al. [6]), it is easily verified that for all n > 1, = Y.,n, and
by Proposition V-2-6 of [14], with probability one, t Yt,n converges
uniformly towards t Yt . So with probability one, Yt = Yt for all t e K
and one has the conclusion of the theorem, but with K instead of I.
The fact that E(maxt~K Yt)  oo comes from (2.1 ) together with the

differentiability of t Yt , which yield sup~E(~r~) ~ Ci 1 by the
Fatou Lemma.

One ends the proof by writing I as a countable union of compact
subintervals. D
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