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ABSTRACT. — We show that the passage time, 7*(r), of a random walk
S, above a horizontal boundary at r (r > 0) is stable (in probability) in

the sense that 7*(r)/C(r) £ 1 as r — oo for a deterministic function
C(r) > 0, if and only if the random walk is relatively stable in the sense

that S,/B, A 1 as n — oo for a deterministic sequence B, > 0. The
stability of a passage time is an important ingredient in some proofs in
- sequential analysis, where it arises during applications of Anscombe’s
Theorem. We also prove a counterpart for the almost sure stability of
T*(r), which we show is equivalent to E|X| < 0o, EX > 0. Similarly,
counterparts for the exit of the random walk from the strip {|y| < r} are
proved. The conditions are further related to the relative stability of the
maximal sum and the maximum modulus of the sums. Another result
shows that the exit position of the random walk outside the boundaries
at =r drifts to 0o as r — oo if and only if the random walk drifts to oo.
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RESUME. — Nous montrons que le temps de passage, 7*(r), d’une
marche aléatoire S, au-dessus d’une frontiere r (r > 0) est stable
(en probabilité) au sens ot T*(r)/C(r) £ quand r — oo pour une
fonction déterministe C(r) > 0, si et seulement si la marche aléatoire est
relativement stable au sens ou S, /B, £ 1 quand n — oo pour une suite
déterministe B, > 0. La stabilit€ d’un temps de passage est un ingrédient
important dans quelques preuves d’analyse séquentielle, ou elle intervient
dans des applications du théoréme d’ Anscombe. Nous démontrons aussi
un analogue pour la stabilité presque sire de 7*(r), que nous montrons
étre équivalente a F|X| < oo, EX > 0. De méme nous démontrons des
analogues pour la sortie de la marche aléatoire hors de la bande |y| <r.
Les conditions sont liées a la stabilité relative du maximum des sommes
partielles et des sommes partielles des modules. Un autre résultat montre
que la position de sortie de la marche aléatoire hors des frontieres en +r
tend vers I’infini quand r — o0 si et seulement si la marche aléatoire tend
vers linfini. © Elsevier, Paris

1. INTRODUCTION

The time taken for a random walk to exit a deterministic region is an
important consideration in the design and analysis of a sequential trial
defined in terms of that region, because the exit time is, or is closely
related to, the (random) sample size at the conclusion of the trial. Thus
certain aspects of its distribution assume great prominence in the theory
of sequential analysis (and in other applications), and one aspect of
particular importance is what we will term the “stability” of the passage
time.

To formulate this concept, we first specify the two kinds of passage
time to be studied here. Suppose our random walk is

Si=X1+Xo+-+X,, (1.1

composed of increments X; which are independent with the same
distribution as a random variable X whose distribution function is F.

Annales de IInstitut Henri Poincaré - Probabilités et Statistiques



STABILITY OF EXIT TIMES OF RANDOM WALKS 687
We assume throughout that F is not degenerate at 0. Take So = 0. Let
T*(r)=min{n> 1: S,,>r}, r=0 (1.2)

(with T*(r) = oo if S, < r for all n) be the first passage time of S,
strictly above the horizontal boundary at r. Elementary properties
are that 7*(r) < oo a.s. for some (hence all) » > 0 if and only if
limsup,,_, ., S, =00 a.s., and E(T*(r)) < oo for some (hence all) r >0
if and only if S, — oo a.s. as n — o0. (See, for example, Chow and
Teicher [4, pp. 145-146] and Kesten and Maller [15].)

Assuming T*(r) < oo a.s., we say that T*(r) is stable as r — oo if
there is a deterministic function C(r) > 0 such that

() E1 asr— oo (1.3)
C(r)

The terminology here is borrowed from random walk theory, where it is
said that S, is positively relatively stable (written, S, € PRS) if there is a
deterministic sequence B, > 0 for which

Sn
nE 11 asn— oo : (1.4)

n

We say that S, is negatively relatively stable, S, € NRS, if (1.4) holds
with —1 in the right hand side instead of +1. If S, € PRS or S, € NRS,
we say that S, is relatively stable, S, € RS. The use of the terminology
“stable” for (1.3) is a good choice, as it turns out, since one of our main
results (Theorem 2.1 below) will show that (1.3) and (1.4) are equivalent.

We will also consider exit times from the horizontal strip with
boundaries at +r, r > 0; thus:

T(r)=min{n >1: |S,| > r} (1.5)

(with T'(r) = o0 if |S,| < r for all n > 1). It is always the case (when the
X; are not degenerate at 0) that T'(r) < o0 a.s., and in fact E(T (r)) < oo
for all » > 0 (by “Stein’s Lemma”, see, e.g., Woodroofe [22, p. 29]).
Again we say that T'(r) is stable if

Z‘E:; £ asr — 00, (1.6)

and we will show that this occurs if and only if S, € RS.

Vol. 35, n° 6-1999.



688 H. KESTEN, R.A. MALLER

The stability, in the above sense, of T*(r) and of T'(r) (and of other
passage times out of more general boundaries) is especially useful, for
example, in “Anscombe’s Theorem”, which we discuss further below.
Also applicable is the concept of almost sure (a.s.) stability of T*(r)
or of T(r). T*(r) and T (r) are a.s. stable if T*(r)/C(r) — 1 as.
or T(r)/C(r) — 1 as., respectively, for some deterministic function
C(r) > 0. We will show that these occur if and only if 0 < EX <
E|X| <0 or 0 < |EX| < E|X]| < 00, respectively. Since we can then
take C(r) =r/|EX|, as we show below, these results are closely related
to the elementary renewal theorem. Other elementary properties of 7*(r)
and T (r) are that

{T*(r) >n} = {max S; <r}

1<j<gn
and
{T(ry>n}= {max 1S;] < }

(for r > 0), and these suggest that the stability of T7*(r) or of T(r) (in
probability) might be equivalent to the stability of the max1mum or the
maximum in modulus of the random walk, i.e., to

S* maxiggn Sj P

—é':::=—~—2f———+l (n — 00) 1.7
or to

Sh i<n |S;

_;=Eax_1§<_|_d_’;1 (n — ). (1.8)

B, B,

This is so, as we demonstrate, and similarly for the a.s. versions. These
results are stated in Section 2 and proved in Section 4.

We go on in Section 3 to state other weak or strong convergence
or divergence results for 7 (r). These are related, as expected, to
corresponding divergence or convergence properties of S, which are
relatively easy to derive. S is harder to handle, however, and we conclude
‘with an example demonstrating that S* is much less predictable in this
respect than S,,. These results are proved in Section 5.

The following functionals of the tails of F will be needed. For x > 0
define

Hx)=P{|X|>x}=1—-Fx)+ F(—x—); (1.9

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



STABILITY OF EXIT TIMES OF RANDOM WALKS 689

V) =E(XI(XI<0)= [ ydF ) (1.10)
[—x,x]

X

A(x) = / (1= F(y) - F(—y))dy

0
=v(x)+x[1 - F(x) — F(—x-)]; (1.11)
V@ =E(CIXI<n)= [ dFo: 1)
[—x,x]
Ux) = 2/yH(y) dy =V (x) +x*H(x). (1.13)
0

It will be useful to summarize here some properties concerning the
relative stability of S, ; for reference, see, e.g., Rogozin [20], Maller [18],
Kesten and Maller [12, especially Theorem 2.1], Kesten and Maller [14,
p. 450]. First assume that

H(x)=P(|X|>x) >0 forallx. (1.14)

We then have that S, € PRS,i.e., S,/B, £ 1 for a deterministic sequence
B, > 0, if and only if the function A(x) defined in (1.11) is strictly
positive for all x large enough, x > xo, say, and satisfies

A(x)
1m =00
X— 00 XH(X)

(1.15)

We need to remark here that this is proven in Kesten and Maller [12] only
under the extra assumption that B, is increasing (in the weak sense, that
is, nondecreasing). However, this assumption is superfluous, because we
may always replace B, by maxy<, Bx. To show that this is permissible, it

suffices to show that S, /B, £ 1, or even only

P A
ISn] & 1, (1.16)
n
implies
fim %<0 Be (1.17)
n—00 B

Vol. 35, n° 6-1999.



690 H. KESTEN, R.A. MALLER

Clearly maxy<, Bx > B,. Therefore, (1.17) can fail only if there exist
sequences {my}, {n;} with m; < n;, and a constant b > 1 so that

™ > be(l,00] (k— 00),
ng

Snk P Snk P

-1 or - -1 (k—> o0)
B, By,

and

Sim S
Ome Epoor 2m B 1 (k= 00).
Bmk my

In Lemma 4.3 we shall prove (without using any monotonicity properties
of B,) that these relations imply

%]

E1 and 2™ B 1 (k- o0).

B, B,

The last two relations clearly contradict each other, so that (1.16) does
imply (1.17). We may therefore assume that B, is increasing and (1.15)
is the correct analytic condition for S, € PRS.

If A(x) > 0 for x > xp, then there is some x; > xq so that the function

D(x) := sup{y > Xo: M > 1} (1.18)
y x

is strictly positive and finite and satisfies
D(x) =xA(D(x)) (1.19)

for all x > x;, and in addition is easily seen to be strictly increasing on
x > x; (by the continuity of y — A(y)/y). Thus we can define the inverse
function

D7 '(y) =sup{x: D(x) <y} =inf{x: D(x)> y}. (1.20)

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



STABILITY OF EXIT TIMES OF RANDOM WALKS 691

In addition, if (1.14) holds, then A(x) is slowly varying as x — oo
(Maller [18]). As a consequence D(x) and D~!(x) are both regularly
varying with index 1 as x — oo (see Bingham, Goldie and Teugels [2,
Theorem 1.5.12]). Also, when (1.15) holds, it is easy to check that
A(y)/y is strictly decreasing for y large enough, so D~!(y) is continuous
and strictly increasing, and

A
A®G)’

for y large enough. Finally, we can take B, = D(n) in (1.4) (Maller [18]).

For negative relative stability, i.e., when S, /B, £ (where B, > 0),
the above remains true with A(x) replaced by —A(x). Relative stability

D7 '(y) = (1.21)

. P . .
of S,,1.e., S,/B, — £1 as n — 00, is equivalent to

L 1A@I
m =0
x—>00 XH(X)

(1.22)

As explained in Kesten and Maller [12, p. 1806], (1.22) implies that
A(x) > 0 for all large x or A(x) < O for all large x, corresponding to
PRS or NRS. We will note in Theorem 2.3 below that S,, € RS if and only

if |S,|/ By A1 as n — 00, a nice counterpart to (1.22).

If (1.14) fails, then H (xg) = 0 for some xo > 0 (but not H(x) = 0 for
all x > 0). Then the X; are bounded, and E X? < co. Then (by the weak
law of large numbers) S, € PRS (NRS) if EX > 0 (EX < 0) and then in

fact S,/(n|EX|) — %1 a.s. Conversely, if S,/ B, £ +1 for some B, >0,
and EX? < 0o, then EX # 0. It is possible to have S, € RS and EX =0,
but we must have EX? = oo then, as discussed in Remark 5, p. 1812,
of Kesten and Maller [12] and Maller [18, p. 143]. We will make the
convention that (1.15) and (1.22) are understood to hold when H (x¢) =0
for some xq and EX > 0, respectively EX # 0, so that they characterise
PRS and RS (and similarly for NRS), irrespective of the validity of (1.14).
Note that in the case H(xg) =0, EX # 0, we have A(x) = EX #0
for x > x¢, and the regular variation of |A(x)|/x, D(x) and D7 (x) as
Xx — 00 is trivial in this case.

The almost sure relative stability of S,,i.e., S,/B, — =£1 a.s., can only
occur if E|X| < 0o and EX # 0 (see Chow and Robbins [3], Maller [18]
or Kesten and Maller [12, Theorem 2.2]), and this idea transfers over to
the a.s. stability of 7*(r) and of T (r), also.

Vol. 35, n°® 6-1999.



692 H. KESTEN, R.A. MALLER
2. STABILITY RESULTS FOR T*(r) AND T (r)

THEOREM 2.1. — The following are equivalent:
There exists a deterministic function C(r) > 0 such that

T*(r) p )
co -1 asr— oo; 2.1

T*(r) <ooa.s. and

There exists a nonrandom sequence B, > 0 such that

maxigj<nSj P

1 asn— oo; 2.2)
By,

There exists a nonrandom sequence B, > 0 such that

Sn
2n B asn— oo 2.3)
B,

If any of (2.1)—(2.3) hold, we have A(r) > O for r large enough, and we
may choose C(r) =r/A(r). This C(r) is regularly varying with index 1
as r — oo. Furthermore, we may choose B, = D(n) in (2.2) and (2.3),

where D(-) is defined in (1.18). Then B, is also regularly varying with
index 1 as n — oo.

THEOREM 2.2. — The following are equivalent:
There exists a deterministic function C(r) > 0 such that

T*(r)

T*(r) <ooa.s. and co

— las. ds r — o0; 2.4)

There exists a nonrandom sequence B, > 0 such that

maxig;<n S;

3 — las. asn— oo; 2.5)

0< EX <K E|X| < ox. (2.6)
If (2.4)—~(2.6) hold we may take C(r) =r/EX and B, =nEX.

Remarks. —

(i) Heyde [10, Theorem 7] showed that (2.4) (with C(r) =r/EX)
follows from (2.6), so Theorem 2.2 provides a converse to this, as
well as the extra equivalence in (2.5). When X; > 0 a.s., Theorem 2.2

Annales de IInstitut Henri Poincaré - Probabilités et Statistiques
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becomes much simpler, since max;gjg, S; equals S, then, and the
equivalence of (2.5) and (2.6) follows from the strong law of large
numbers. Gut et al. [9] showed the equivalence of (2.4)—(2.6) in this
special case.

(ii) There are of course analogues of Theorems 2.1 and 2.2 for pas-
sage times of S, below —r, r > 0, and the negative relative stabil-
ity of §,, which can easily be formulated—we omit the details of
these.

THEOREM 2.3. — The following are equivalent:
There exists a deterministic function C(r) > 0 such that

T(r) p .
co -1 asr— oo; 2.7

There exists a nonrandom sequence B, > 0 such that

< |S;
_—maxlif 151 £ asn — oo; (2.8)

There exists a nonrandom sequence B, > 0 such that

S Sn
[54] £ 1, o equivalently, B £ +1, asn— oo. 2.9)

If 2.1)~(2.9) hold, we may take C(r) = r/|A(r)|, which is strictly
positive for r large enough, and in (2.8), as well as (2.9), we may take
B, = D(n), where D(-) is defined in (1.18) with A(-) replaced by |A(")|.

THEOREM 2.4. — The following are equivalent:
There exists a deterministic function C(r) > 0 such that

T(r)
C(r)

—las. asr— 005 (2.10)

There exists a nonrandom sequence B, > 0 such that

max, g <n ||

= —las. asn— oo; 2.11)

O0<|EX| < E|X]| < o0. (2.12)
If (2.10)-(2.12) hold we may take C(r) =r/|EX| and B, =n|EX|.

Vol. 35, n°® 6-1999.



694 H. KESTEN, R.A. MALLER

Remark. —

(iii) Suppose EX? < co and EX = 0. A version of Anscombe’s
Theorem (Theorem 1, p. 322 of Chow and Teicher [4]) tells us that
Siry/A/1(r) = N(0, 1), if ¢(r) are integer-valued random variables with

t(r)/C(r) £ 1 as r — oo for a deterministic sequence C(r) > 0. This
cannot be true for ¢(r) = T*(r), of course, because Sz« > r cannot
be asymptotically normal, and Theorem 2.1 explains why Anscombe’s

Theorem is not applicable here: T*(r)/C(r) £ 1asr— oo can only
hold if S, € PRS, and PRS cannot apply when EX? < oo and EX =0, as
discussed in Section 1. The same argument explains why Sz /+/T (r) =
N(0, 1) cannot be expected (and in fact is not true) when E X? < o0,
EX=0.

3. OTHER WEAK AND STRONG LAWS FOR T'(r) AND S7(

In this section we consider conditions under which 7' (r) becomes
small, or large, with respect to a deterministic norming sequence, rather
than remaining comparable, as is the case with stability. Most of our
results concern 7T (r), which is easier to handle than 7*(r) in this context,
due in part to some inequalities of Pruitt [19] for the distribution of 7'(r),
which are given at the beginning of Section 5. It is natural to consider
the behaviour of the position Sr(,), too, for these results. The one-sided
passage time is much more difficult to analyse in this way, and we restrict
ourselves to some limited results and a counterexample at the end of this
section.

Throughout the paper f(n) will denote a strictly positive, increasing,
deterministic norming sequence, with f(n) — 00 as n — 00, not
necessarily connected with the D(n) or B, of the previous section. The
sequence f(n) will be the norming for max; ;<. |S;|, in our first two
results, and

flry=max{n>1: f(n)<r}, r> f(), 3.1

its inverse function, will be the appropriate norming for 7'(r). Since
f(n) > oo as n — o0, f‘l(r) is well defined (finite) for all » > f(1).
Note that, according to (3.1), n = f ~1(r) is an integer for r > 0,
with f(n) < r, that is, £(f1(r)) <r, but f(f~Y(r) + 1) > r. Also
f Y fm))>nand f~1(f(n) —e) <nfore>0.

Annales de I’Institut Henri Poincaré - Probabilités et Statistiques



STABILITY OF EXIT TIMES OF RANDOM WALKS 695

Our first theorem gives necessary and sufficient conditions for 7 (r)/

i) Eo0asr— oo, which is a kind of “degenerate convergence
criterion” for T (r). This turns out to be equivalent to the divergence of
|ST(|/f (T (r)) to oo, in probability, as r — oco. As a corollary to this,

we obtain necessary and sufficient conditions for St/ f(T(r)) £ .
Theorem 3.2 gives a subsequential version of Theorem 3.1, Theorem 3.3
gives a version of Theorem 3.1 for divergence to oo of T'(r)/f~'(r),
while Theorem 3.4 gives equivalences for the almost sure divergence
to 0o of S7¢y and St/ T(r). Recall that f(rn) > 0 and f(n) 1 oo as
n — 00, throughout.

THEOREM 3.1. - Let f(n) be such that

f(2n)
<A, >1, 32
fn) " G-2)
for some constant A. Then the following statements are equivalent:
T(r) »p
1= =0 (r—00); (3.3)
f (Tr(r)) £0 - o0); (3.4)
maxi<i<nlSil B o0 (0= oo): (3.5)
fn) ’
ISrin| P )
—f(T(r)) — 00 (r— 00); 3.6)

[A(x)| U(x)> > 00 (x> 00). 3.7

i (B2 2
x x
COROLLARY TO THEOREM 3.1.-If f(n) satisfies (3.2), then S,/

Fn) 5 0o if and only if Sr¢/f (T (r)) 5 co.

Remarks. —
(iv) The assumption (3.2) is used only to show the equivalence

of (3.4), (3.5) and (3.6). The corollary to Theorem 3.1 provides a full
sequence version of Lemma 2 of Kesten and Maller [16]. A necessary

and sufficient condition for S, /f (n) £ 0 is in Theorem 2.2 of Kesten
and Maller [13].

Vol. 35, n° 6-1999.



696 H. KESTEN, R.A. MALLER

(v) As another interesting corollary to Theorem 3.1, take f(n) = \/n
to see that the following are equivalent:

T(r) 2o (r = 00): : 38)

2
max g |Sj| P

NG —- 00 (n— 00); 3.9
STyl P
500 (r— 00); (3.10)
VT (r)
xli)r{.lo (x]A@)| 4+ U (x)) = oo. (3.11)
(3.11) is equivalent to:
EX’=00 or EX?’<oo and EX#0. (3.12)

To these we can add the equivalence:

| Snl
N
((3.13) obviously implies (3.9). Also, (3.13) follows from'a concentration

function inequality (Esseen [5, Theorem 3.1]) if EX 2 = 00, or from the
weak law of large numbers if EX? < oo and EX # 0.) This raises the

question of how generally we may add the equivalence |S,|/f (n) £
to those listed in Theorem 3.1. We do not know the answer to this even
for f(n) =n. ’

THEOREM 3.2. — Let f(n) satisfy (3.2). Then the following statements
are equivalent:
There is a nonstochastic sequence ry — 0o such that

T(r) p
1 — U
FHre)
There is a nonstochastic sequence ry — 00 such that

f(T () 20
Tk

£ 0 (3.13)

(3.14)

; (3.15)

There is a nonstochastic sequence ny — 00 such that

maxig<n |Sj| P

S ()

Annales de I’ Institut Henri Poincaré - Probabilités et Statistiques
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There is a nonstochastic sequence ry — 0o such that

STl P
Ten : 3.17
FTry) G17
limsup £~ (x )('A(x)l U;?) - (3.18)
THEOREM 3.3. — The following are equivalent:
fT_Er( i) oo (r— oo); (3.19)
maxig<n S| p
——f(n.) >0 (n— oo) (3.20)
fs(,;) L0 1> o0); (3.21)
A U
m ' (x )(I Sl x(f))=0. (3.22)

As a corollary of the next theorem, we prove a “trichotomy” result for
St(r) which parallels Spitzer’s trichotomy theorem for S,,.

THEOREM 3.4. — We have

ll)ngo S, =00 a.s. ifandonlyif rll)lgo Sty =00 a.s. (3.23)
and

lim 2 — coas. ifandonlyif lim SO _ o qs (3.24)

n—o00 p r—>oco T'(r)

COROLLARY TO THEOREM 3.4. — We have

limsup Sy > —0c a.s. ifand only if ~ limsup S, = 00 a.s.

r—->oo n—>oo

and then

limsup S7() = 00 a.s.

r—>o0

Also,

liminf Sty < 00 a.s. if and only if limglfS,, = —00 a.s.
r—oo n—

Vol. 35, n® 6-1999.



698 H. KESTEN, R.A. MALLER
and then
liminf ST(r) = —00a.s.
r—>00

Consequently there are only three modes of behaviour for a random
walk:

rll)ngo ST(r) =0 a.s. (325)
or
—o0 = liminf S7¢) < limsup S7() =00 a.s. (3.26)
r—00 r—00
or
rll)Iglo ST(r) = —0Q0 a.s. (327)
Remarks. —

(vi) Necessary and sufficient analytic conditions for (3.23)—(3.24) and
for limsup,_, ., S, = 00 a.s. are given in Kesten and Maller [15].

(vii) We showed in Kesten and Maller [16] that Sr(,) often mimics
S, to some extent in its asymptotic behaviour. In particular, we found
that St R (respectively, St/ T (r) £ co)as r — oo if and only if
Sh £ (respectively, S, /n £ 00) as n — 00. The equivalence of (3.10)
and (3.13) is another instance, this time for “two-sided” divergence. On
the other hand, it is obvious that this kind of correspondence does not
always occur; for example, we always have |Sr()| > r, s0 |Sr¢)| > 00
a.s. as r — 00; but of course |S,| — oo a.s. if and only if the random
walk S, is transient.

We conclude with some results which show that the maximal sum
max;gj<n S; can behave in a much less predictable way than the max-
imum modulus of the sums, max, <<, |S;|, with respect to divergence.
We begin with a negative result.

Example 3.5. - There is a random walk S, with

S, P maxijg; S;
nE o, yet — SISt K o6 asn— 0. (3.28)
n n

The next theorem shows that (3.28) is, in some sense, not atypical.

THEOREM 3.6. - If P(S, < 0) — 1 and max,< <, S;/n > 00, then

P
S,/n— —00, as n — 00.

.. P
As a necessary condition for max;¢ <, S;j/n — 0o, we find:
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P
THEOREM 3.7. - If max; <, Sj/n —> 00 then

A(x)
max{ 1+ JTA-Fkx)’ IO F(x))} — 00

(x = 00). (3.29)

4. PROOFS FOR SECTION 2

We will prove Theorems 2.1-2.4 via a series of lemmas. It will be
convenient to use the abbreviations S and S, introduced in (1.7)—~(1.8)
for the maximal sum and the maximum in modulus of the sums.
Throughout the proofs we will understand that convergences related to
S, are as n — 00, and those related to T*(r), T(r), S+ and Sz are
asr — 00.

LEMMA 4.1.-If n is such that P{S, > 0} > 8, then for any m > 2
and) <e <1,

P{ min S;>0!>8"21—¢e)"e. 4.1)
J

2nj<mn

Proof of Lemma 4.1. — This is proved in a similar way as Lemma 1 in
Bertoin and Doney [1]; we omit the details. O

LEMMA 4.2. - Suppose T*(r) < oo a.s. and T*(r)/C(r) £ 1 as
r — oo for a nonstochastic function C(r) > 0. Then C(-) may be chosen
to be increasing and to satisfy, for A > 1,

A C(A
1 < liminf ) <limsu (. r)
r—00 C(r) r—00 C(r)

< 00. 4.2)

Proof of Lemma 4.2. — Let T*(r) < oo a.s. and T*(r)/C(r) £ 1. we
first prove that '

. Sups<r C(S)
1 —_ =] 4.3
1rn_1)sogp Cr) (4.3)
and hence
SWPi<r C8) 4.4)
C(r) ) '
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If (4.3) fails then C(s¢)/C(ry) — a for some ry > Sk — oo and a > 1.
But r > s implies T*(r;) > T*(sy), S0

C(sx) < T*(re) C(sp) I
C(re) ~ Cre) T*(s)

’

a contradiction. Thus (4.3) holds and we can replace C(r) by sup,<, C(s),
if necessary, to obtain an increasing C(r). We assume this has been done.
Next, by the strong Markov property,

T*(r+s5) <T*(r)+(T*)(s)

for r, s > 0, where (7*)'(s) is an independent copy of T*(s). Thus for
e>0

P{T*(r+s)<(1+8)(C(r)+C(s)}
> P{T*"() <A +e)C}P{T*(s) <1 +e)C(s)} — 1
as r A s — o0o. Consequently, for r A s large enough,

Cr+s)<(1+2)(C(r)+C(s)),

and thus for A > 1

lim sup
r—00
This proves the right hand inequality in (4.2). In fact, (4.5) holds for all
A > 0 since C(-) is increasing.
Next we prove the left hand inequality in (4.2). Fix A > 1. Note that

CON it (4.5)
(r)

2 1 ’ (4‘6)

because we took C(-) increasing. Suppose equality holds in (4.6), so for
some sequence ry — 00,

A
O @.7)
C(re)
Then also T*(Ary)/ T*(re) £ 1. We claim that this implies
P{ST*(rk) > ()\. + l)rk/2} — 1. (48)
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To see this, use (4.5) to write
Cr) < (2/0—1+1)c((n = Dre/2)
for some 6 > 0, r, large enough. Then
P{T*()\rk) > %(2/()» ~D+1)7 7 CE + (1 - S)C(rk)}
+ P{T*(n) < (1 —&)C(r) }

> P{17Gr) 2 52/6.- D+ 1) o+ 700
> P{1°6m) - 0 > 56(0- D)}
> P{Srn < Gt D2,

max (Sn — ST*(rk)) S ()» — l)l’k/Z}
T*(re) <n<T*(r)+ 5 C((A—D)ri/2)

2 P{ST*(rk) < ()\. + l)rk/Z}
1
X P{T*((,\ — Dre/2) > EC(O‘ - l)rk/Z)}
~ P{Sr+(ry < (A + l)rk/2}. 4.9)
Since T*(Ary)/C(Ary) £ 1 and C(Ary) ~ C(ry) under (4.7), the left’
hand side of (4.9) tends to 0 as r, — 0o, provided

0O<e< %(2/@ D417

This proves (4.8).
Now (4.8), together with

Sty = STr(ry—1 + X2 () S 1 + X2 ()
implies
P{Xregy > o= Dre/2y > 1. (4.10)
Moreover, the left hand side of (4.10) is at most
P{X,> (= ry/2 forsomen <2C(ry)} + P{T*(ry) >2C(r)}
=1— (F(( = Dre/2)) ™ +o(1),
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so we see that
Cr)(1— F((A — Dre/2)) — oo. (4.11)
Define s, — oo by
se =sup{r: C(r)(1— F((A —Dr/2)) <1}.

Then C(s¢)/C(ry) — 0, so by the monotonicity of C(-), sx < r¢. In fact
we must have
Sk
Tk
If (4.18) fails, choose £ > 1 so that s /r; > 2%, Then by virtue of (4.5),
C(sp) = C(re /2% 2 271C(n), s0

— 0. (4.12)

C(s)(1=F((h—Dr/2)) 2271 (1 = F((A = Dre/2)) — 0o,
giving a contradiction. Thus (4.12) holds. We note also that
Cls+ 1) > [1— F((A—Dre/2)]” = o0,
so that also
C(sp) > 00, k— o0 (4.13)
(by (4.5)). Further, since T*(r)/C(r) = 1 and Sr+( =7 > 0,
P{S, > 0 for some n € [C(s)/2, 2C(se)] }
> P{C(s1)/2 < T*(sx) <2C(s0)} — 1. (4.14)

Next we claim that, for each m >4,

. N ' |
co0im B s m P{S, 20} — 1 (4.15)

If this fails, there is a 8 > 0 and infinitely many integers ny € [C(sy)/m,
2C(s¢)/m] such that

P{S, <0}>28>0 (k— 00). (4.16) -

Applying (4.1) with X; replaced by —X; and m replaced by 2m, we
deduce from this that for infinitely many k and 0 < ¢ < 1,

P{ max  S; < O} > 822 (1 — g)™e.
1C(s0)<i<2C(s0)
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This is not possible by (4.14), so we have (4.15). But then for m > 4 and
k so large that s, < (A — 1)ri/2,

P{T*(sk)e [C(Sk)+1,2C(Sk)+I]}
m m

> Y Pn<TH50.8 20, Xp > = Dre/2}
Clsk)/m<n<2C (si) /m

(because T*(s;) < T*((A — Dry/2) <n+ 1 when S, >0 and X,y >
(A — 1Dry/2). Thus

P{T*(sk) c [C;‘:") +1, 26060 1]}

m

> > (P{S, =0} — P{T*(s) <n})
C(sk)/m<n<2C (sk)/m

x (1= F((A—1Dre/2))
> (14+0(0) S (1= F (6.~ Dre/2))

(because P{T*(sy) < 2C(sx)/m} — O for m > 4, and by (4.15) and
(4.13))

C(2s)

> (1+0(1) =

(1-F((A=Dr/2)) (by (4.5))

1
> (1+0(1)) y (by definition of sy).

But since 2C(sx)/m + 1 < 3C(sy)/4 for large k and m > 4, this
contradicts 7*(s; )/ C (si) £ 1. O

P L
LEMMA 4.3.-Let S, /fc = a for some deterministic sequences
ny — 0o and f; > 0, where —00 < a < 00 is a constant. Then

S* :
Bl and 2% E max(a, 0). (4.17)

Ji Ji

Proof of Lemma 4.3. —First let S, /fi Lae [0, 00) as k — oo.
Then necessarily f; — 0o, because {S,,} is not tight. By the degenerate
convergence criterion (cf. Gnedenko and Kolmogorov [7, p. 134])

”kv(xfk)_)a and niV(xfi)

niH (xfi) — 0, % 72

S0 (418
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for all x > 0. In particular n; P{|X| > fi} — 0 and

FUI < mev(fi)l < (a + &) fu
for k large enough and 1 < j < ni. We can therefore write, for ¢ > 0,

P{S, > (a +28)fk}

{1<,<n,c ZX I IX'
J
SOXI(1X:] < fi) = jv(fi)
1

< P{ max
1<j<nk iz

Applying Kolmogorov’s inequality to (4.19) gives, by (4.18),

eV (fi)
82fk2

(Recall that V is defined in (1.12).) If a = O this proves the first half
of (4.17) in this case. If a > 0, simply combine (4.20) with

> (a+2s)fk} +nkP{|X| > fi}

> sfk} +o(1). (4.19)

+0o(1) = 0. (4.20)

P{S,, > (a+2e¢)fi} <

P{S,, <(a—¢)fi} < P{Sy <@-efi}—0 4.21)

(where 0 < € < a) to prove the first half of (4.17) in this case.
When a = 0, the second half of (4.17) follows from

P{S;, < —efi} < P(X1 < —€fi} > 0 422)
together with
P{S; > (a+2e)fi} < P{Sy >(a+2¢)fi}—0.
When a > 0, combine the last relation with
P{S;, <@—e)fi} <P{S,<@-e)fi} >0

(where 0 < & < a) to prove the second half of (4.17) in this case.

When S, /f« ER a, where —o0 < a < 0, we can replace a by |a| and
X; by —X; in (4.19)—(4.21) to see that fnk /fx —P>‘|a|, proving the first
half of (4.17) in this case. It only remains to show that S /fx £ 0'in this
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case. Note that (4.18) gives v(f;) < O for large k. Thus if ¢ > 0 and k is
large enough, then

P{Sﬁk>efk}<P{l<j< (ZXHXI —Ju<fk)>>sfk}
+m P{IX| > fi},

and the right hand side here converges to 0, as shown in (4.19), (4.20).
Together with (4.22), this proves the second convergence in (4.17) when
a<0. O

Remark. —

(viii) If S,,, / fx La= =00, then the first half of (4.17) with |a| =
is obviously true, as is the second half of (4.17) if a = 4+o00. But if
a = —o0, the second half of (4.17) is not true in general, as is shown
by Example 3.5.

LEMMA 4.4. - Suppose S /B, L lasn— 00, for some nonstochas-

tic sequence B,, > 0. Then S, /B, £ 1lasn— oo.

Proof of Lemma 4.4. — First note that we must have

max g, By
lim —" = =
n—oo n
for the same reasons as in (4.3). We may therefore assume that B, is
. .. . . P
increasing in n, in fact, B, 1 0o, since S} — oo.
Next, we show that

By,
linrgg)lf; > 1. (4.23)

Suppose (4.23) fails, so (in view of the monotonicity of B,) there is a
sequence ny — oo with By, /B,, — 1. Let ry =3B, /4. Then

P{T*(n) > ni} = P{S; <n}=P{S; <3B,/4} >0, (4.24)
because S, /By, £ 1. Also

P{T*(2r) <2ni} = P{S}, >2r = 3B,,k/2}—>0 (4.25)
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because we have S, /By, £1 by virtue of the facts that S3, /Bay, L1
and B,,, /B,, — 1. However

T*(2r) < T*(ri) + (T (ro),

where (T*)'(r) is an independent copy of T*(r), so
P{T*Qry) > 2n} < P{T*(ry) +(T*) (re) > 2n}
< P{T*(re) +ni > 2ni} + P{(T™) (re) > ni}
— 0 (by (4.24)). (4.26)
(4.25) and (4.26) are contradictory, so we have established (4.23).
Now note that, for ¢ > 0

P{S,,>(1+8)B,,}<P{S:>(1+8)B,,}—>O (n—o00). (4.27)

Next consider

S*=S*v( max S-)
2n n n+1<<2n J

Jj
= Sn 4 (Sn + lléljaén (Z Xn+i>>

i=1
=S;v (Sa+ (8,
where (S*)’ is an independent copy of S;. Consequently, for 0 <& <1,
P{S:, <(1—8)By}=P{S*V (S +(S})) <1 —¢)B2}
= / P{S;V (Sy+ yBy) < (1—¢)By, } dP{S; < yB,}

(—00,00)
= [ P(Si<U=0)Bun S4B < -0)Ba}dP{S; <)B,)
(—O0,00)
> / P{S: < (1—&)Ba, Sy + (1+£)B, < (1—)Bay }
ly—1I<e
x dP{S! <yB,}
S* B2n Sn B2n
P2t ca- o <a- —a
{Bn (- g <i-02 (+s)}
S*
X P{ —"—1‘ és}. : (4.28)
B,

Annales de I’ Institut Henri Poincaré - Probabilités et Statistiques



STABILITY OF EXIT TIMES OF RANDOM WALKS 707

Now by (4.23), By,/B, > a > 1 for some a > 1 once n > some ny(a).
Choose ¢ € (0, 1) so small that (1 —¢)a > 1 and (1 —¢&)(@a — 1) > 3e.
Then from (4.28)

P{S’an < (1 - 8)B2n}

>P{;—: <a —8)a,%<(1 —8)a—(1+8)}(1+0(1))

> [P{%g(l —e)(a—l)—28} —P{%Z > —e)aH (1+0(1))

n n

> [P{% < e} —0(1)] (1+o(1)). (4.29)

n

Here P{S; > (1 — €)aB,} — 0 because we chose (1 — &)a > 1.
Since the left hand side of (4.29) converges to 0 as n — 0o, we have

P{%gs}—)O.

n

Together with (4.27) this gives

| Sh]
B,

S
1= lim P{s <= <l+e} <limian{8<
B n—»00

n—
*© n

<1+8},

and this implies that S, is relatively stable by Lemma 5.3 of Kesten and
Maller [14]. Thus S,/B; £ 1 for some B;. But then S;/B}; 51 by
Lemma 4.3, so B ~ B, and S, /B, £ 1. O

Proof of Theorem 2.1. — Let T*(r) < oo a.s. and T*(r)/C(r) £ 1as
r — o0. By Lemma 4.2 we can choose C(r) to be increasing and to
satisfy (4.2). Define B; 4 oo by

By =inf{r >0: C(r) > n},

so that C(B;+) > n. Here C(x+) = lim,, C(y), which exists by the
monotonocity of C(:). Fix 0 <e <1 and let r =r(n,e) = (1 + ¢)B}.
Because of (4.2), we have

cr  _ C(r) .
C(By+) C(r/(01+e)+H) ~ ¢

for some a, > 1 and r large enough. Then
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P{S;> (1+¢)B;}
= P{T*(r)<n} < P{T*(r) < C(B;+)}
SP{T*(r)<C(r)/a,} >0 (asn— o). (4.30)

By the definition of B, we have n > C((1 —¢/2)B;;).Lets = (1 —¢)B;.
Because of (4.2), we then have

(I-¢/2)

n}C((l—e/Z)BI)zC(s T

) > b,C(s)

for some b, > 1 and large s. Thus as n — o0
P{Si<(1—¢)B;}=P{T*(s) >n}
< P{T*(s) 2 b.C(s)} — 0. (4.31)

(4.30) and (4.31) prove that S /B £ 1, which is (2.2).

Next, (2.2) implies (2.3) by Lemma 4.4, while (2.3) implies (2.2) by
Lemma 4.3.

Now, as we already stated at the end of Section 1, when (2.3) holds
for some sequence {B,}, then A(r) > O for large r, and A(r) is slowly
varying as r — 00. Moreover, (2.3) will hold with B, replaced by D(n)
(as defined in (1.18)), and D(x) is regularly varying with index 1 as
x — 00. In particular, we have B, — oc as n — oC.

Finally let (2.2), or, equivalently, (2.3), hold, and let C(r) =r/A(r).
Now (2.3) implies B, — oo and so S, £ 0. Thus T*(r) < oo a.s.
for each r > 0. Take ¢ € (0,1) and let n = n(r,e) = [(1 + &)C(r)].
(x| denotes the largest integer less than or equal to x; [x] will denote
the smallest integer greater than or equal to x.) Then

P{T*(r)>(1+e)CN}=P{S;<r} =0 (r— o0),

because r/A(r) = C(r) ~n/(1+¢&)andr ~ D(n/(1+¢€))~ D(n)/(1+ -
g), by the regular variation of D(-), and because (2.2) holds with B,
replaced by D(n). Similarly, withm = [(1 —&)C(r)],

P{T*() <1 —-e)C(N}=P{S; >r} >0 (r—00),

because r ~ C~1(m/(1 —€)) ~ By /(1 —¢). This proves (2.1), with C(r)
and B, chosen as claimed. O

Proof of Theorem 2.2. —Let T*(r) < oo as. and T*(r)/C(r) — 1
a.s. as r — o0o. Then T*(r)/C(r) £ 1 as r — 00, so we know from
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Theorem 2.1 that we may take C(r) =r/A(r), and if B, = D(n), then

Sn/ By £ 1, and C(r) and D(x) enjoy the properties listed in Section 1.
Nowife >0and r = (1 +¢)D(n) = (1 + ¢)B,, we have

P{S* > (1+£)Byi.0.} = P{T*(r) <n~D7'(r/(1+¢))io.}
< P{T*(r) < C(r/(1 +£/2))i0. (inr)} =0, 4.32)

because
D7 (r/(1+8)~C(r/(14¢)) ~C(r)/(1+e)

as r — oo by (1.21) and the regular variation of C(-). Similarly,
we see that P{S* < (1 — ¢)B,i.0.} =0, so (2.5) holds. Conversely,
(2.5) implies (2.4) by similar arguments.

Next, let (2.5) hold. Then (2.2) holds so D(x) is regularly varying with
index 1 by Theorem 2.1. Let T =0 and let T/, j > 1,..., be the strict
ascending ladder times of S, i.e.,

T} =min {n > T ) Sp> ST}‘—1}’ j=12,....

(2.5) implies that limsup,_, ,, S, =00 a.s.,s0 T} < oo a.s. and T} — 00
a.s. as j — oo. Define further

Aj= Tj* — Tj*_l, j=1.
We claim that (2.5) forces
ET=EAj < 0. (4.33)

Indeed, the Aj, j > 1, are ii.d. Therefore, if (4.33) fails, then by
Kesten [11] or Chow and Teicher [4, Section 7.1, Example 1],

A
lim sup ——— =00 a.s. (4.34)

. Jj-1
J—>00 i=1 B

But, by definition of the Tj*,

Sy = max Se = S;j_] for Tj*_1 <n< T;‘. (4.35)

In particular,
Sre_| =87 .
Tr-1 Y,
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Thus, if also (2.5) holds, then (recall B, = D(n))

D(T; —1)/D(T;_;) »> las., asj— oo.
By the regular variation of D(-) this implies that

-1 =Z{=1Ai—1
Ti, YA
This contradicts (4.34), so that (4.33) must hold. Note that (4.33) and the
strong law of large numbers implies

— las., asj— oo.

1
~T; - EA; <o00as., asj—>oo. (4.36)
J
(2.5) also implies
E[ST;k - ST;_I] =E(Sry) <oo, j21L (4.37)

To see this, note that the ST; — ST}*_l are also i.i.d., so that if (4.37) fails,
then, as in (4.34),
St — St* Srr = Srx |

lim sup =L — lim sup —
: . Jj—1
j—o0 ST;_I Jj—o00 Zi:l [ST,‘* - ST',*_]]

=o0as. (4.38)

But then, (4.35), (2.5), (4.36) and the regular variation of D(-) imply

Srr =St~ D(T})~D(EA) ~D(T},) ~ Str, =Srr,-

j-

This contradicts (4.38), so that (4.37) must hold. Since E STI* > E{Xy;
X, > 0}, it follows that EX™ < o0o. Finally, Theorem 2.1 and Eq. (1.4) of
Kesten and Maller [15] show that S, — o0 a.s., so that we must have

0<EX <E|X| <00

(compare Lemma 1.1 in Kesten and Maller [15]). Hence (2.6) is proved.
The final implication, that 0 < EX < E|X| < oo implies T*(r)/

(rEX) —> 1 as. and S}/(nEX) — 1 as., follows from Theorem 7 of

Heyde [10] and the strong law of large numbers, respectively. O

< P
LEMMA 4.5. - Let Sy, /fi = a, where 0 < a < 00, for some nonsto-
, P
chastic sequences ny — 00 and fi > 0. Then |S,,|/fx — a.
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Proof of Lemma 4.5.—For the same reasons as in Lemma 4.3,
Jx = 00. Now for each ¢ > 0

P{ISy|> (a+¢) fi} < P{S, > (@a+e)f} — 0. (4.39)

Thus, if a = 0 the lemma is obvious, so take a > 0. Let {m;} be
any subsequence of integers. {m,;} has a further subsequence, denoted
{m}, so that Su, [ fm, converges weakly to some Z', where nj = R -
By (4.39), |Z'| < a as., so Z' is a proper, infinitely divisible random
variable. Furthermore, as a bounded infinitely divisible random variable
it must degenerate to a point, Z' = a’, say (see Feller [6, p. 177]). Thus

Sut,/ fm, La. By Lemma 4.3 this means
Sy [ fom, = 1.

Thus |@'| = a, so |S,,;‘| / fm;‘ £ a. This is true for all subsequences {m;},
soin fact [S,,|/f > a. O

Proof of Theorem 2.3. —Let |S,|/B, ) By the argument follow-
ing (1.16) we may assume that B, is increasing. It then follows from

Lemma 5.3 of Kesten and Maller [14] that S, /B, £ +1 for some B, and

clearly we can choose B, = B,.So S, /B, £ by Lemma 4.3, and (2.8)
holds. Conversely, (2.8) implies (2.9) by Lemma 4.5.
Next assume that (2.9) holds, and for the sake of definiteness suppose

that S, /B, £ 1. Then S,./B £ by (2.8). Choose C(r) = r/A(r),
which is strictly positive for large r. If ¢ > 0 let

n=n(re)=|(1+Cr),
so that
r<C N (n+1)/(1+8)=D(n+1)/(1+e)).

Then
P{T(r) > (1+&)C(r)} = P{S|a+e)cony <7}
<P{S,. <D(n+1)/(1+8)}—0,

since D((n+1)/(14¢)) ~ D(n)/(1+¢) by the regular variation of D(-),
and also D(n) ~ B, by Theorem 2.1. In a similar way we get
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P{T(r)<(1—-¢)C(r)} —0,
so (2.7) holds.

Conversely let T'(r)/C(r) £ 1. Let us first dispose of the case in
which X is bounded, that is H (xg) = 0 for some xy. In this case we must
have EX # 0. Indeed, if EX =0, EX? < oo, then the weak convergence

of {S|tn)/+/n}i>0 to Brownian motion shows that T'(r)/C(r) Elis
impossible. However, if EX # 0, then (2.9) is clearly true with B, =
n|EX|.

For the remainder of this proof we therefore assume that H (x) > 0 for
all x. We shall prove that then (1.22) must hold, and as stated in Section 1,
this implies (2.9). Assume, to derive a contradiction, that (1.22) fails and
let ry, — oo be such that

ATl (4.40)
reH(re) ' ‘

for some constant C. Now
P{T(r) < 3C(N} = P{S\1c(; > 1} 2 P{ISscoyl > 7}

shows that
P{|SL%C(,)J|<r}—> 1. 4.41)

Therefore, by going over to a subsequence, if necessary, we may assume
that S 1¢(,),/7« = Z, where Z is an infinitely divisible random variable
with P{|Z| < 1} = 1. If follows that Z is degenerate at some point, ¢ say,
with |c| < 1 (see Feller [6, p. 177]). By the conditions for degenerate
convergence (Gnedenko and Kolmogorov [7, p. 134]) we then have

L3C )]V (r)

) —0 and
Tk

[%C("k)J H(ry) — 0,
. (4.42)
L2Cr) Jv(re)
= .
Tk

First suppose ¢ = 0. Then we can replace % by A, for any A > 1, in (4.42),
to deduce that S;c (/e — 0. Then by Lemma 4.3, Sjscn)/7% — 0
for all A > 1. But then

P{T(I’k) < AC(rk)} = P{ELXC(rk)J > rk} -0

so T(ry)/C(ry) £ 00, which is impossible. Thus ¢ # 0 in (4.42).
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But then

[A(ri)| L C(rk)J[|V(rk)|+0(rkH(rk))]
reH(ry) rel3C(r) ) H (ri)

in contradiction to (4.40). Thus (1.22) and (2.9) hold.

Finally, the beginning of this proof shows that we can take C(r) =
r/A(r) whenever (2.7) holds. If (2.9) holds we can take B, = D(n) by
Theorem 2.1. O

Proof of Theorem 2.4. - f T(r)/C(r) — 1 as., then T'(r)/C(r) £ 1,
so we can take C(r) =r/A(r) as in Theorem 2.3, and this is increas-
ing and regularly varying with index 1. Just as in the proof of Theo-
rem 2.2, we then see that (2.10) and (2.11) are equivalent. Furthermore,
when (2.10) holds, then for ¢ > 0, a.s.

r <ISr(| =S¢y < Siaterce) < Sic42em)]
< (1+3e)r eventually

(since T(r) < (1 4+¢&)C(r) < C((1 +2¢)r) < T((1 + 3¢)r) eventually).
Thus |Sr¢yl/r — 1 a.s. when (2.10) or (2.11) holds. Thus by Theo-
rem 3.1 of Griffin and Maller [8], (2.12) holds or EX? < oo and EX = 0.
But the latter cannot hold when (2.11), and hence |S, |/ B, £ 1, holds.
Conversely, (2.12) implies (2.11), with B, = rn|EX]|, by the strong law
of large numbers and Theorem 2.3. Hence (2.12) implies (2.10) with
C(ry=r/lEX|. O

5. PROOFS FOR SECTION 3

The following inequalities, essentially due to Pruitt [19], will be
helpful. Define

A UK _ x|A)|+Ux)

k(x) = . + 2 2 (5.1
Then, for some constants ¢; > 0 and forall n > 1 and x > 0,
P{S,>x} <cink(x) and P{S,<x}< nk(x)' 5.2)
Also, for 0 < ¢ < 1 and r large
{L <T() < — }> 1 — cse. (5.3)
k(r) ek(r)
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Finally, for each fixed L > 0,

- 1
;?qs =5 (as x — 00). (5.4)

The notation “x<” here means that the ratio of the two sides of (5.4) is
bounded away from O and oo (by constants which in general depend
on L) as x — oo. See Pruitt [19, Eq. (1.2) and Theorem 1], for (5.2)-
(5.4). Actually, Pruitt used the function x|v(x)| + U(x) where we have
x]A(x)| + U (x), but these are equivalent in the context of (5.2)—(5.4), as
remarked by Griffin and Maller [8, Eq. (4.1) and Lemma 4.1].

Proof of Theorem 3.1. — Let (3.5) hold for an f with f(n) 1 oo, and
suppose (3.7) fails, so there is a constant ¢ > 0 and a sequence x; 1 00
such that

A(x )| U(x ) '
F k() = f(x k)l e A <oo. (5.5
Define ny = f~'(xx) + 1, so f(ny) > x;. As remarked in Section 3,
ng<oo,k=1,2,...,and ny — oo as k - oo. Now (5.5) implies, for
large k,
74 A U
nilv(xe)| U gxk) < ni| A(x)| eH () + ni (xk)
.xk xk xk k
-1 —
TG A TIEUE) )
Xk xk

Fix A > 8¢ and note that ni|v(x;)| < 4cxi < xxA/2 by (5.6). Thus
Jlv(x)| < xxd/2 for j < ng. Then use Kolmogorov’s inequality and (5.6)

to obtain
> AXp }

P{ max

1<j<ng |4
< < —
\P{l</\nk _S_ X I(1X:) < xk) — jvolxe)

< AV () <
A2x?

}:XI|X|<xQ

Iy
>
2

77
Thus
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P{lgljgzk gXiI(lXil > X) <Axk}
J
s P{linji’ik ;X”(IXH > )| < Axi,
y
1<) < ;Xil(lXil <x)| < )»Xk}
: .
’ P{lg}%k ;X,-I(|X,~| <x)| > )»xk}
<Pz, IS <2}y 5.7)

We have f(n;) > xi, so (3.5) and n; — oo imply that
[S;| p
—
I<jsne X
Thus from (5.7) we obtain
J

S OXI(1X:] > x)

i=1

16
<Axk} <0(1)+T;. (5.8)

=o}
S)»xk}

P<{ max
1<j<nk

This means that
J
SOXI(1Xi] > xi)
i=1
J
SOXI(1X:] > x)

i=

P{ max llegxk}gP{ max

INGA INTA

Since A is arbitrary, this shows that

, — o H (xp)(1+0(1))
P{lénjag'le]lgxk}_e — 0,
hence ny H (x;) — 00. Thus n, U (x;) /x,f — 00, which contradicts (5.6).
Thus (3.5) implies (3.7).

Conversely, (3.7) implies (3.5). Indeed, an application of (5.2) tells us
that for all A > 0
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| W 2(f ()

PRI, IS MO0} < e o+ TaFan O
Letting x = f(n) — 1 and using f~ 1(f(n) — 1) < nin (3.7) we obtain
that

nIA(f(n)—1)|+nU(f(n)—1)

5.10
) (fm) 410

It is easy to check that
x|A(X)|+U(x) =< Ax|A(Ax)| + U (Ax) (5.11)

for each A > 0 as x — 00, so the right hand side of (5.9) converges to 0
as n — oo for each A > 0 when (3.7) holds. This proves (3.5).

Next we observe that (3.3) is equivalent to (3.7). This is almost
immediate from (5.3) and the fact that (3.7) says f~'(x)k(x) — oo as
x — 00. In one direction, assume that (3.3) holds. Then by (5.3), for all
0<e<1/(Q2c3+2), and large r,

l\)l'—‘

P{T(r) mandT(r)<82f (r)} 1—(c3+ e >

Therefore,
1
-1 2
el > k() or k(r)f (r)Zg

for all large r. Thus (3.7) holds. In the other direction, if (3.7) holds, then
for any fixed ¢ > 0, n > 0 we have for large r,

1
P{T() > ef (1)} < P {T(’)>_kﬁ}<c3” (by (5.3)).

Thus (3.3) follows.
For the proof that (3.5) implies (3.4) the following observation is
useful: forx >0, 0<n<landnn >1

P{ max |[§; |<x}

1<j<n
>P{ 1S; = Sutrm| < —2— for 0< £< 2/ }
= max R < <
) <j <ty 0 DS " n
nx @+m/n
g P{ max (153l < - (5.12)
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Now assume (3.5) again, and take r > 0, 0 <& < 1. Also let n =
n(er) = f~Y(er), sor < f(n(er) + 1)/e and f(n) < er. Then f(T) >
er implies T > n. So, for r large enough,

P{f(T(r)>er}<P{T(r)=n}<P{T(r)>n—1}

P{,max_18;1< fn+1)/e}

I<jsn—1

NN

N

P{KN(HMJIS |< fln+ 1>/e}

<P{ <max |S; |<5f(n+1)/e} —>0

I<j<n+

by (5.12) and (3.5). Thus f(T'(r))/r £ 0and (3.4) holds.

Trivially, (3.4) implies (3.6), because |S7(| > r. Finally, we complete
the proof by showing that (under (3.2)) (3.6) implies (3.5). Indeed, if
e >0, a > 0, then for large r, (3.6) and (5.3) give

P{|Sp/eren| > af (e/k(r))}

3 1
P{| Suyeken| = af (e/k(@)); % ST ek(r)}

1
> P{lST(r)l = af (T(r)); ;(Er_) ST < ak(r)}

21— (c3+ e (5.13)

This time we first choose n and then find r = r(n,e) so that [1/
(ek(r))] = n (since k(-) is continuous and k(r) — 0 as r — o0 such
an r will exist for all large n). Further, let p be such that €27 > 1/¢. Then
by (3.2)

() () () =t 0

Consequently,

P{Sn > f;f(n)} > P{S 0 ekon = af (e/k())} = 1= (s + De

for large n. Since ¢, a > 0 are arbitrary, this implies (3.5) and completés
the proof. 0O '
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Proof of corollary to Theorem 3.1. —Let S,/f(n) > co. Then (3.5)
holds so (3.6) holds. Also P{Sr) > 0} — 1 by Theorem 3 of Kesten and

Maller [16], 50 St¢y/f (T (r)) > o0.

Conversely St¢)/f (T (r)) £ implies (3.6), hence (3.7), under (3.2).
Also P{S, > 0} — 1 by Theorem 3 of Kesten and Maller [16]. Now as-
sume first that U (o0) :=lim,_, o, U (x) = 00. Then by Theorem 2.1 and
Lemma 4.3 of Kesten and Maller [13], A(x) > 0 and U (x) < 3xA(x) for
x large enough. We then obtain from (3.7) that f~!(x)A(x)/x — oo as
x — oo. Taking x = f(n) — ¢ and letting first ¢ |, 0 and then n — 0o, we

see that nA(f(n))/f(n) - oo as n — 0o, and S, /f (n) £ o then fol-
lows from Theorems 2.1 and 2.2 of Kesten and Maller [13]. If U (oc0) <
00, so that E|X| < oo, then by Theorem 2.1 of Kesten and Maller [13],
P{S, > 0} > 1 can occur only if EX > 0. In this case T(r) ~r/EX
a.s. by Theorem 2.4, and then (3.4) shows that f(r)/r — 0. Conse-
quently,

Su/f(n) =1[Su/n]- [n/f ()] > 00. O

Proof of Theorem 3.2. —(This is a modification of the proof of
Theorem 3.1 but we will give some details for completeness.) Let (3.16)
hold for a sequence n; and suppose (3.18) fails, so there is a constant
¢ > 0 such that

|A()| (x)l ( )

) + (5.15)

for all large x. Let x;, = f(ng), song < f~ Y(x). (5.15) then implies, for
large £,

nelv(x |%4 A(x n U (x
kl(k)|+nk (xk)\nkl (k)|+ Hop + ™ (xx)
Xk xk Xk xk
2n;|A 2n, U
< nil (xk)|+ n 2(JCk) <2 (5.16)
xk xk

This implies (5.6), and now exactly as in the proof of Theorem 3.1
(but with (3.16) replacing (3.5)) we obtain a contradiction and thus
establish (3.18).

For the converse, assume that (3.18) holds. Then, for some x; — 00,

2
Xk

71000 GelACeo) | + Uy
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Letng = f~!(xx)+1, so that f(ng) > x¢. Fix A > 0. Then by (5.17), (5.2)
and (5.11)

{lm |S|<Af(nk)} {max |S|<Axk}

<jsnk I1<j<nk

C)Lx]%

<
n (x| ACx)| + U (x))

ckx,f

C(F o) + Dl AGa) | + U(xk)]

This proves (3.16).

The equivalence between (3.14) and (3.18) is proved in exactly the
same way as that of (3.3) and (3.7). One merely has to restrict 7 to an
appropriate subsequence.

To go from (3.16) to (3.15) assume that (3.16) holds for some sequence
{nt}. Then take ry = f(ny)/e. Of course f(T) > ery = f(ny) implies
T > ny, so

P{f(T(rv)) > ers} < P{T (rx) > ny}
= P{ max I5;1< f(n)/e} >0

by (3.16). Hence (3.15) holds.

Now f (T (rv))/rk £0 trivially implies (3.17) since | S| > 7.

The last step is to prove that (3.17) implies (3.16). We still have (5.13)
and (5.14) when r is sufficiently far out in the sequence {r;} for
which (3.17) holds. We apply these with o = AP /e. We find that for each
e >0 and p = p(e) such that 27 > g¢~=,

{SLI/(Ek(rk))J z 7 ng(rk)J ) }

AP
{S L1/ ek (r)] 2 f (e/ k(rk))}
21— (c3+1e for k > some ko(¢).

We can therefore pick a sequence &, which tends to 0 sufficiently slowly
that 4

— 1 1
P<S exk(r 2— 1 k .
Poasern > o ([agm ) = 1 ko0

This implies (3.16) for n, = [1/(exk(ry))]. O
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Proof of Theorem 3.3. — To prove that (3.19) implies (3.20) we use the
following simple observation, which is a kind of converse to (5.12): Let
x 2 0 and define é by

P{ max |5 |>x} 28.

1<j<n

Then at least one of the relations

P{ max s; > x}>8 (5.18)
or
P{lrgjaé(( ) >x}>8 (5.19)

must hold. For the sake of definiteness, assume that (5.18) holds. Then
define the stopping times

To =0, T‘jzmin{n>f"j_1: Sn>S;j_1+x}, j=>1

(T;=00if Tj_;=00or S, <S> +=xforalln>T;_;). Then

Tj—l
P{Ti <kn}>P{T; - T;,1 <n,1<j<k}
= [P{Ti <n})*
k
— k
=[Pl 5> }] 29

Thus, if (5.18) holds, then

1 k
P{lir;%m IS;| > kx} [2P{1r<nja§n IS;] > x}] . (5.20)
In fact, this inequality is always valid, since one can replace X by —X
when (5.19) holds.

Now assume that (3.19) holds. Then for fixed 0 < ¢ < 1, and n
sufficiently large,

1 r1/el
27 {151 er 0}

<P{ _max |5;|>([1/e])ef ()}

1<j<([1/eDn

< P{ max |S;|> n}.
<P{ max |5;1> f(n)
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Now write r =r(n) = f(n). Then f~'(r) > n and
P{ max 15,1 > ef (m)}
<2[P{T(f(n)) <2n/e}]"/ ™"

S2[P{T(r) < /o) " (r)}] VTN,

The right hand side here tends to 0 as n, and hence r, tend to oo.
Thus (3.20) holds.

(3.20) and (3.21) are equivalent by Lemmas 4.3 and 4.5.

(3:21) implies '

nAGF )| nU(f(n))
0
o T Gme

by the degenerate convergence criterion (cf. Gnedenko and Kolmogorov
[7, p. 134]). Conversely (5.21) implies (3.21) by replacing X; by
(Xi A f(n)) Vv (= f(n)) and an application of Chebychev’s inequality.
Also (5.21) and (3.22) are easily seen to be equivalent by the definition
of f~! and the fact that for f(n) < x < f(n + 1) we have f~!(x)

=n,

(5.21)

U(x) < U(f(n))
X2 (f(n)?
(since U (x)/x? decreases) and
|A(x)] < JACf ()| + [x — f()IH (f (n))

X X

ACF () P )
STy TAVOS T T o

Finally, assume that (3.22) holds. Let A > 0,7 >0and n = f~'(r) (so
f(n)<r),and use (5.2) and (5.11) to write
P{T() KA (N} =P{Spmy >} < P{Spny > f()}
|A(f (n))] U(f(ﬂ)))
<
e OGO

for some ¢, > 0. The last expression converges to 0 as n — 0o by (5.21),
s0 (3.19) holds. O -
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Remark. —

(ix) Note that the above proof yields the equivalence of (3.22)
and (5.21). In a similar way, noting (5.10) and (5.11), we see that (3.7)
implies

n|A(f(n)|  nU(f(n))
+ = — 00
fn) (f(n))
In fact, (3.7) is equivalent to (5.22). To see this assume that (5.22) holds

but (3.7) fails. Then there exists a sequence x; 1 oo and a constant ¢ such
that :

(5.22)

A UGFG)
<c.
o (f(xk»Z) ¢

Take ny = f~'(xx), so that n; < x; < f (i + 1). Then we have

f*‘(xk>( (5.23)

neH (F(x0) <meU (Fx0)/ (F ) < e,

and

. <|A(f<xk>>| +U<f(xk>))
U fw (f (x0))?
. <1A<f<nk+1))|—f(nk+1)H<f<xk>) +U(f<nk+1)))
Z fu+1) (f(ne + 1))2
IA(F (e + D) Ui+ 1)
2”k( D T (f(nk+1>>2> ¢

Together with (5.23) this contradicts (5.22). This proves the claimed
equivalence of (3.7) and (5.22).

Proof of Theorem 3.4.-1If S, — oo a.s., then obviously Sr¢) —

00 a.s., so assume Sty — 00 a.s. Then St £ 00 so S, £ by
Theorem 3 of Kesten and Maller [16]. If U (c0) < oo, then Theorem 2.1
of Kesten and Maller [13] shows that we must have 0 < EX < E|X| <
oo and consequently S, — oo a.s. (compare proof of corollary to
Theorem 3.1). We therefore may assume that U(oco) = 00. Then we
see from Theorem 2.1 and Lemma 4.3 in Kesten and Maller [13] that
A(x) > 0 and U (x) < 3xA(x) for large x, x > xo, say. The proof now
is like that of Theorem 3.1 of Griffin and Maller [8], but we give the
details for completeness. The key point is to consider T'(r) along the
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‘right’ subsequence of r’s. Let D(x) be as defined in (1.18), so that

nA(D(n))

Do) (5.24)

Define k(x) as in (5.1). Then since S, > 0o, we have

Sk(x) =

A(x) AS‘) + Ux) < 4Ax(x) (for x > xo). (5.25)

32
Thus from (5.24) we have, for large n,
1<nk(D(n)) <4. (5.26)

Now define events E(£) for£ =1,2,3,... by
E(®) = {Xrpay < —2LD(2%}, (5.27)

where L > 2 is some fixed integer. If E(£) occurs then S7(p(p¢)) <0, so
by hypothesis, P{E(£)i.0.} = 0. We shall prove later that

Y P{E(t)} <oo. (5.28)

£>1
Notice that, for x > 2r
P{Xr¢ < —x}

=Y P{X;<-x,T(r)=j}
j>1

= P{X-<—x, max S<r<s-}
,Z;l y<—x, max 18] <r <1S)]

=Y P{X;<—x, max ISI<r}
o~ 1<0<j -1

:‘F(_x)ZP{1 max_|S| gr}.
> '

SESj-

Thus, by virtue of (5.4) there are constants ¢4 > 0, ¢5 > 0, such that

S K P{ Xy S —x} S S (5.29)
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This estimate, combined with (5.28), gives

OO>ZP{XT(D(2£)) 2LD(21)}
21
F(—2LD(2%)
>4 "rpan) k(D(2%)

>1

(by (5.29))

> 232 F(-2LDRY)  (by (5:26)).
21

But now we see from
ST F(=2LDm) =Y. Y = F(-2LD®)
n22L £202L2¢<n<2L26+]

<2L) 2'F(-2LD(2) (5.30)
€20

that 3=, F(—=2LD(n)) converges. It is necessary for our purposes to
remove the factor 2L in this sum, that is, to prove

> F(—D(n)) < 0. (5.31)

n>1

To this end we use the fact that for any constant L > 0
k(2Lx) < k(x) (5.32)

(see Griffin and Maller [8, Eq. 4.1 and Eq. 4.3]. Combined with (5.25)
this shows that there exists some constant ¢g = ¢g(L) such that

AQQLx) A(x) ( 1 )
2 , > 1+—].
2Lx <6 X Xz X1+ 2L

But then, for large x

A 1 AQL
D(x)=sup{y>xo: o) 2—}<sup{y2x0: (2Ly) 2—62}
y X 2Ly x

1 A(2) } 1 . (x)
= >2Lxg: — 2 —=—D|—|.
2L sup{z xo: Z X 2L Ce

Since D(-) is increasing, it follows that

F(—2LD(n)) > F(—=D([1/csIn))
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for large n. But then (5.31) follows immediately from the convergence
of > F(—2LD(n)). We can now use Lemma 3.3 and Theorem 2.1 of
Kesten and Maller [15], to conclude from (5.31) that S, — oo a.s.

To complete the proof of (3.23) we must show that Y1 P{E(©)}
converges, given that P{E(£)i.0.} = 0. To do this we use a generalised
Borel-Cantelli lemma of Kochen and Stone [17] (see also Spitzer [21,

p. 317]). Suppose by way of contradiction that > P{E(£)} = oo. Take
J > k and consider

P{E®)NE()}
- f: i P{X,, < —2LD2"), T(D(2") = m, X, < —2LD(2),
e T(D2')) =¢}
+ i P{X, <—-2LD(2),T(D(2")) =T (D(2%)) =m}
= 21?/:11') + X(k, j), say. (5.33)

Now

oo
=Y 3 P{Xu<-2LD@H, max 1SI<DE <S4,

<i<m—
< — J < Jj
X, < -2LD@), max 151<D@) <ISI}
o0 oo .
— — k )
=) 3 P{Xu<-2LDQY. max S| < D@,

X, <-2LD@2), max |S|<D@)}  (534)

<ige-

y
M8
: M8

P{xm <-2LD(2"), max |5]< D@,
1

ism—

X, < —2LD(2%),

> x,

s=m+1

max
m+1<i<e-1

< 2D(2f)}. (5.35)
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The last step follows because, on the event in (5.34), |S,,| < D(2/) and
1S;| < D@2 form+1<i<l—1,50

> X,-‘ =18 = Sal <2D(2).

s=m+1
From (5.27) we have
T (k, j)
[o¢] o0
k k
<Y 3 P{Xu<-2LD@Y, max 151<D@}
m=1£4=m+1
J J
P{Xg —2LD(27), e ISXm:HX <2D(2 )}

o0 o0
=3 3 P{X,,,g—zLD(zk) max_ |Si|<D(2")<|Sm|}

<i<
\ S
1

x P{ X, < —-2LD(2)),

14

> %,

s=m+1

<2D(2)) <

Zx

1< <£ 1
m+1<i s=ma-1

}

=Y P{X,<-2LD@Y, T(D(2")) =m}
m=1

X Z P{X,<-2LD(2/),T(2D(2")) =1}
(E(k))P{XT(zD@,)) —2LD(2)}.
Now by (5.29) and (5.32)

< c5F(—2LD(21)) <, F(=2LD@")
S k2D k(D(27))

< <c )P{XT(D(2J)) ~2LD(2)} = ( 4) (EG))-
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Consequently we have shown that

ik, j) < (64) (EW)P(E()). (5.36)

For the second term,

Tyk, j) < P{Xrpary < —2LD(27)}
cs F(=2LD(27))
k(D(25)
< ¢s2XF(=2LD(2)) (by (5.26))
cs2/ F(—=2LD(2/))
2i-k
< 4csF(—2LD(27))

T k(D(2)))2i*

< (by (5.29))

(by (5.20))

< <4§) P{XT(D(ZI»ZJ X —2LDC)) (by (5.29))
_ (4_cs_ ) P(E(j))
- C4 2i—k )
Combining this with (5.36) gives, by (5.33),
N-1 N
Y Y. P(ER)NEQ))
k=1 j=k+1
N-1 N N
(”)Z S P(EM)P(EG)) + (4CS)Z P(E_(,f))
=1 j=k+1 j=2k 2
2
4<ZP E(k)) ( )Z (EG)
k=1 j=1

. |
< (c—7+0(1)> (Z P(E(k))) ., as N — oo.
4 k=1

By Kochen and Stone [17] or Spitzer [21, p. 317] we obtain P(E(£)i.0.)
2 c4/c7 > 0, a contradiction. Thus indeed S, — oo a.s., as argued above.
This completes the proof of (3.23).

Next we prove (3.24). Note that S, /n — oo a.s. implies St /T (r) >
oo a.s., of course. So assume Sr/T(r) — oo a.s. Then Sy — 00
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a.s. So by what we’ve already proved, S, — oo a.s. This is equivalent to
0<EX<E|X|<ooorJ_ <oo=EX", where

= _y ~
" _[o/) JJ[1 — F(u)ldu |dF (-y)|,

by (1.18) of Kesten and Maller [15]. Also Sz /T (r) £ 00 S0 S, /n £
o0 and A(x) — 0o by Theorem 4 of Kesten and Maller [16]. So we must
have J_ < oo = EX™, equivalently, S,/n — oo a.s. by (1.15) of Kesten
and Maller [15]. O

Proof of corollary to Theorem 3.4. —If limsup,_, , Sr¢) > —00 ass.
then trivially limsup,_, . S, > —o0 a.s., so limsup,_, ., S, = +00 as.
Conversely let limsup,_, ., S, = 0o a.s. and limsup,_, ., S7(-) < 00 as.
Then P(Sr() > ri.o.) =0so P(Sry) = —rio.) =0 thus Sgi) = —o0
a.s. By Theorem 3.4 (with + and — interchanged) we have S, — —o0
a.s., a contradiction. Thus limsup, _,,, S7,) =00 a.s. O

Demonstration of Example 3.5. We will find a negatively relatively
stable S,,, i.e., such that

Sn P
Do) - -1 (n— 00) (5.37)

(where D(-) is defined by (1.18) with A(x) replaced by —A(x), and
enjoys the properties listed in Section 1), and such that

D(n)
n

00, (5.38)

but with

n

> (1=F(xD(j))) > (n—>00) (5:39)

j=D"1(n)

for all x > 0. (5.37) then implies S,/n £ —00. We claim that in addition
(5.37)—(5.39) imply

S*

fim. (5.40)

To prove (5.40), fix x > 1 and write, for any integer £ < n,
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P{S;; >x min D(j)

IJIXRn

- Xk X
> 2 P(Simi > =xD( SRS NI )
; {S; 1> xD(J),j+11n<aZ(<n D) X < D(j)} (5.41)

We will choose £ = £(n) = D~!(n). Since
P{S;.1>—xD(j)} > 1

when j — oo, as a result of (5.37), the regular variation of D(-) and
x > 1, we see from (5.41) that

P{Sy>(x—1Dn}>P{Si>xD(t(n))}

n

Xy X, }
> 1—o(1))P —< <2
,-;(,,)( o(1)) { gk DY ST T D)

= (1—o(1)) P{X; > 2xD(j) for some j € [&(n), n]}

= (1—o(1)) (1 — H F(2xD(j))>.

j=tn)

Thus (5.40) will follow from (5.37)—(5.39), as claimed.
It remains to give an example where (5.37)—(5.39) hold. Define

L(x)= e(l"g")ﬂ, x>e,

and keep % < B < 1. Choose a distribution function F which satisfies

1—-Fx)=L'(x)=

p—1
PR L®) 1nd F () =2(1 ~ F()

for x large enough, x > x, say. (Note that 1 — F(x) and F(—x) decrease
to 0 as x — 00, as they should.) Then for x > 0

X

Ax) = / [1— F(y) — F(—y)]dy

0
=7)[1 — F(y)]dy +/xL’(y)dy - ]OF(—y)dy - 2/xLI()’) dy
0 X0 0 %o

= _L(x) +C(),
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730 H. KESTEN, R.A. MALLER
where ¢ is a constant. Thus A(x) - —o0 as x — oo and

—A®) __ (logx)!~*
x[1 — F(x)+ F(—x)] 38

— 00 asx — 00. 5.42)

Thus by (1.22), S, is negatively relatively stable and (5.37) holds. The
norming sequence D(n) can be chosen to satisfy

D(n)=n[-A(D(n))] and D7 '(n)=n/[—A®n)].

Since —A(x) — 00 as x — 00, (5.38) also holds. Now L(x) is slowly
varying, so 1 — F(x) is regularly varying as x — o0o. It therefore suffices
to check (5.39) with x = 1. Note also that log(D(n)) ~ logn as n — 0o,
because D(n)/[—A(D(n))] =n and A(:) is slowly varying. Hence

- : " D@)(1 = F(D()))
> (1-F(DG)= > _—
j=D\(n) , b —IADGY)

. Bog D(j))*~!

> ——

j=D"l(n)

_ "1

2;‘3(10gD(n))’31 Z -

j=ptm !

> c(logn)f~! (logn — log (D~'(n)))
for some constant ¢ > 0. Since D~!(n) =n/[—A(n)] we have
(logn)?~!(logn —log D~!(n)) = (logn)? ' log (—A(n))
| ~ B(logn)’~' (logn)”
=Blogn)* ' 500 (n— )
(because B > 1). Thus (5.39) holds too.
Proof of Theorem 3.6. — Suppose P{S, <0} — 1 and S;/n £ .

Note that the latter forces 1 — F(x) > O for all x. By Kesten and Maller
[16, Theorem 3 and Remark 3(iii)], the former then implies

A(x)
JU@) (1 - F(x))

and consequently that A(x) < O for large x. We show, further, that
A(x) > —oo as x — o0o. If not, there is a sequence x; — oo with

— —00 (x — 00), (5.43)
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xy 2 0 and —c < A(x;) < 0 for some constant c. Then by (5.43),
Ux)(1 — F(x)) = 0 as x; — o0o. Take

np = [U(xk)] . (544)

Then, for x > 0,

{KKMZX I(X; <x) > xnk}

< P{1<J<nk Y (Xi Ax)V (—xi) > xnk}

because
Xil (Xi <x) < Xi Axe < (X Axp) V(=)
Set |
Xf=(Xi Ax0) V (=30,

and note that E(X*) = A(x;) and E(X*)? = U(x;). Since A(x;) < 0 we
have, by Kolmogorov’s inequality,

P{ max ZX I(X; <xp) >xnk}

1<_]<nk

J
ni U (xi) 1
_— < —
{1<]<nk E A(xk) >xnk} < 57— <

2 2°
i=1 X nk X

Zx I(X; <xi) <xnk}

1<j<"k

+P{ max ZX I1(X; <xk)>xnk}

1<]<nk

<Py max §; < 2xnk}+x_ =x"24o0(1).

1<j<ng
Vol. 35, n° 6-1999.
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< I <

P{lg%kz;( (Xi > x) < xnk}
x72 4 o(1).

First let ny — 00, then x — 00. This shows that

— Nk
P{ max X;< xk}_F () = 0 (np — 00).

Hence n; (1 — F(x;)) — 00. But then

U(xi)

U (1= F(xp) = ni(1 = F(x)) — oo,

contradicting U (x;)(1 — F(x;)) — 0. Thus indeed we have A(x) — —0o0
and then S,/n £ _oo follows from this, (5.43), and Theorem 4 and.

Remark 3(iii) of Kesten and Maller [16]. O

Proof of Theorem 3.7. — Let S, /n £ 0o and suppose

A(xx)
max{ ey ey Ao F(xk))} <c (549

for some ¢ < 0o and x; — 00. Again define n; — oo by (5.44) and use
the same notation as in the proof of Theorem 3.6 to write, for x > 0,

< <
P{l<l<nkZX I1(X; \xk)>xnk} P{lgaszX >xnk}

We choose x > 2¢(1 + ¢) here. Now A(xx) < c(1 +c¢) < x/2 by (5.45),
SO

J

k < k_
‘ P{lg}eszX >xnk} P{l<]<nkz A(xk) >xnk/2}

i=1
By Kolmogorov’s inequality we get
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/ 4 U(xe) 4
P{ max XE>xn b < —k¥ < —.
NN x2n; x?

Now follow exactly the same argument as in the proof of Theorem 3.6
to see that F" (x;) — 0 and nx(1 — F(x)) — oo. But, then, again,
U(x)(1 — F(xx)) = 00, contradicting (5.45). O
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