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ABsTRACT. — This paper introduces a stochastic gradient algorithm
based on the Gibbs sampler in order to compute the maximum likelihood
estimator for Gibbsian fields with finite number of states. It is then shown
that it is possible to couple this algorithm with an annealing algorithm,
so that estimation and restoration can be done at the same time in image
processing.

REsuME. — Ce papier introduit un algorithme de gradient stochastique
basé sur I’échantillonneur de Gibbs, convergeant vers I’estimateur de maxi-
mum de vraisemblance pour un modéle de Gibbs a nombre d’états fini. Il
est ensuite montré qu’il est possible sous certaines conditions de coupler
cet algorithme avec un algorithme de recuit, et de mener ainsi de front
des procédures d’apprentissage et de restauration en imagerie.

1. INTRODUCTION

In image processing, one deals with a picture composed of elements
called pixels. It is a useful approach to consider it as a realization of
a random process. The picture is then modelized by a stochastic field
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270 L. YOUNES

X =(X,, seD), where D is a set of sites (which are generally pixels), and
X, takes its values in a set E, which is assumed to be finite all through
this paper (if s is a pixel E; may be the set of grey levels or colours).
Geman and Geman [3] have extended the set of sites to non observable
elements such as edge location, label carriers, etc.

If Q=] ]E,, we will call an element of Q a configuration, or a state and

s

the law of the field is a probability = on Q. If for all x, 7 (x) > O then the
field is a Gibbsian field i. e. of the kind:

n(x)=exp(—H(x)—LogZ);

H is an energy function and Z is a constant. The energy function is often
given by qualitative properties, or by local specifications on the probability
n (Hammersley-Clifford theorem); in most cases one construct the gibbsian
field by giving oneself the energy function at first. This is why one usually
takes this kind of notation for the law of a the field (in particular,
introducing the constant Z).

The Gibbsian model is then: (n,, 0€6), 6 = R¥ with

7y (x) =exp [—H (8, x) —Log(Z(6))].

These models have been used in other domains than image processing: in
spatial statistic ([1]) or in statistical physics (Ising models).

The complexity of the normalizing constant, Z (0) makes the estimation
of 0 difficult. Besag [1] and Guyon ([4], [5]) have studied some methods
of pseudolikelihood or coding that avoid dealing with Z(); these methods,
that have the drawback of computing only a pseudo likelihood maximum,
have the advantage to be almost entirely analytically computable. We
propose here a stochastic gradient algorithm, which uses the Gibbs sam-
pler, in order to estimate the maximum likelihood estimator, when the
model is exponential (i.e. H(6, X)=<a(X), 6), 6=R"). Exponential
models are almost exclusively used in practice; they cover Besag’s auto-
models [1] and all the models proposed by Geman in image restoration.
The presentation of this algorithm and conditions for convergence are
exposed in parts 2, 3 and 4.

In image restoration Geman and Geman have introduced annealing
algorithms to obtain maximum a posteriori estimator, in a Bayesian con-
text. In this case the aim is—roughly speaking—to maximize ny(X) no
more in 0, but in X among all available configurations which are in finite
number by assumption. For this one must start with a configuration X°,
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ESTIMATION FOR GIBBSIAN FIELDS 271

and form from it a sequence X" of configurations in this manner: one
gives oneself a sequence u (n) of sites and a sequence (T,) of “temperatures”
T, > 0; at step n X" is known and one gets X"*! by renewing only the
value at site u(n) so that X7=X?*! for all s # u(n); X[, is chosen in a
stochastic way: the probability of X! =x is the probability of Y, , =x
conditional to Y, =X/ for s#u(n), where Y follows the Gibbsian law of
energy: H(O, .)/T,. If T, decreases slowly to 0 and if u(n) visits each site
infinitely often, with a finite period, Geman and Geman have shown that
the sequence X" converges in distribution to the uniform law on the set
of configurations on which r, is maximum.

In practice it will a priori be necessary to work in two steps. One must
first estimate the parameter 0 and then make an annealing with the
estimated 0. If, for the estimation of 6 one uses an iterative algorithm
(such as the one proposed in this paper) one can think of making the
annealing at the same time in the following way: the estimation algorithm
provides a sequence 0, of parameters which converges to the estimated
parameter O4; so at step n of the estimation algorithm 6, is known and
one can use at step n of a parallel annealing algorithm the energy
H(., 8,)/T, instead on H(., 04)/T, which is still unknown. We show in
part 5 that under some conditions on 6, and H(0, .), the annealing
algorithm still converges in law to the uniform law on the set where
T, (.) is maximum.

2. PRESENTATION OF THE ESTIMATION ALGORITHM

2.1. Presentation of the model

We recall that D is the set of sites and we note N its cardinal. The field
on D is X=(Xg seD) and we assume that for each s, X takes its values
in a finite set E of cardinal L (for notation simplicity we assume that this
set is the same for each site. The set of all configurations is then:

Q=EP={x=(x; seD); x,eE}.
We note A=card(Q)=LN.

Vol. 24, n° 2-1988.



272 L. YOUNES

The law of X is given by:

Ty (x)=exp[— (6, a(x))—Log(Z(8)), 0eR’ M
Z(®)= ), exp(—<6, 2(»)))
yeQ

o: Q>R is a known sufficient statistic <., .) is the scalar product
on R". .
If x=(x; seD)eQ and if seD we will note

x,=(x, ueD—{s}) and Q(x, s)={yeQ/y,=x,}.

The probability for X, = x, conditional to X,=x, for u # s is then:

7y (%, | X)) =exp[—<8, a(x) ) —Log(Z(8, x)]- ()]
Where Z,(8, x)= ). exp(—<8, a(y)>).
yeQ(x, s)

2.2. Equation to solve

Given a realisation x, of the field, we want to find the maximum
likelihood estimator of 0. This leads to maximize 7, (x,) in 0. the function
(0 - Log(my(x,)) is concave; its differential is:

h(®)=Eq(a(.)) —0ao [where o,y =0 (X,)]

and its second derivative is: — Varg(a(.)).
We need then to solve:

h(8)=0. (3)

In the following we will always assume that:
e For all 6, Vary(a(.)) is positive definite.
o There exists 04 with h(04)=0.

2.3. Gibbs sampler
The Gibbs sampler is an algorithm that simulates Gibbsian fields. It is

an annealing algorithm at constant temperature. Its law converges to the
law m,. For it we need to visit each site infinitely often with a finite period.
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ESTIMATION FOR GIBBSIAN FIELDS 273

This leads to define a sequence of sites (u,; k € N) such that:
JReNNkeN: D c{u; k+1 1 <k+R}. 4
We then define a family of transition probabilities on Q by: for x, yeQ,
PGt (x, y) =% (x, o =Yum) o “ @y, () | Vu @)- )

This expression generally depends only of the values of y, in a small
neibourghood of site u (k).

% (A) is the characteristic function of the set A. We will also note y (P)
if P is any property and it will be equal to 1 if P is true and O if not. For
any sequence (a,) we will note a, as well as a (k).

We now put:

Py (x, )= Pyt (x, ) PRtPT IRz, )

zeQ

=Y Pptli(x, 2)P3tl"tP(z, ) (6)

zeQ
and:

(P P) )= Y PE"*?(y, x) 9 (x),
xeQ

7
for any ¢: Q - R% )

We have (cf. [3]): lim Py "*?(x, y)=mn,(y) for all xeQ and all neN.

p— ©

2.4. Estimation algorithm

The stochastic gradient algorithm is defined by:

0o, X, given
0,41 =8, + [0 (X, 41) —o)/[(n+ 1) U] (¥
P(Xn+l=x | Xn=y)=P8’n+l(.y, x)

U >0 is a constant ensuring a.s. convergence. (X,) is then an inhomo-
geneous Markov chain.
We can rewrite the algorithm in the standard form:

0,+1=0,+h(6,)/[(n+1)Ul—g (6, X,.,)/(n+1) U] )

Vol. 24, n° 2-1988.



274 L. YOUNES
with:

g6, x)=Eg(a(.)) —a(x) (10)
h(8) =Eq(a(.)) — . (11)

2.5. First estimates

In the following we will use the constants:

@o=max {|| a(x)— o, ||; xeQ} (12)
p=max {||a(x)—a ()| xeQ, seD, yeQ(x, )} (13)

p estimates the variation of o when one changes the value at one site
only. It is generally far smaller than o,
We can already note that:

[R®)] <
l2®, %)= 290 (14)
16041 =8, ]| < @0/l +1) U]
And we can deduce the deterministic bound:
16a[] <186 |+ @0 (1+Logn)/U (15)
In the paper we use the matrix norm associated to the euclidian norm.
If A is an (n, d) matrice A =(a;) and | a;;| < K, we have | A || < (nd)!/?K.

Ifuisn, 1 and v is 1, n, we have:

lutol <[] o

’

‘A is the transposed matrice of A.
Finally if f is any function from Q to R* we will call

|| fl|=max (]| f (x)]|, x€Q). There will be no risk of confusion between
the different norms we use here.
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ESTIMATION FOR GIBBSIAN FIELDS 275

3. PRELIMINAR RESULTS

3.1. Weak ergodicity

3.1.1. Inhomogeneous Markov chains

We shall first state a weak ergodicity lemma. Similar results have already
been shown by Geman [3] or by Mitra et al. [8]. This lemma will be used
several times in the following. We prove it here again for the sake of
clarity and because we stated it in a larger context than in [3] or [8]. For
it we will need some additional notations that will be used again in part 5.
We also recall some property of inhomogeneous markov chains that can
be found in (Isaacson-Madsen; [6]).

e For a sequence (P,; n = 1) of stochastic matrices and a row vector
P=(f°(x); xeQ) with f(x) 20 and X f°(x)=1 (f° is an initial law)
we note:

ff*=f°P,...P, and f™k=f°P_,,...P.

If g° is an other initial law we note g* and g™*.
The Markov chain associated to the P, is called weakly ergodic if:
for all m, f°, g°:

| f™*—g™*¥|| >0 as k - co.
It will be strongly ergodic if there exists a row vector g with:
Vm, Vfo: || fm*—q||»0 if k- oo
e The ergodic coefficient of a stochastic matrice P is by definition

A(P)=1/2sup}. |p(x, 2)—p(y, z)|=1—inf Y. min(p(x, z), p(y, 2)) (16)

where Ip:(p(x, y))9 Zp(x’ y)=1’ p(x’ y) 20.
We have:
AP) <1 } an
A(PQ) < A(P)A(Q)

If we note P™*=P,, ...P, the chain is weakly ergodic iff.
Vm: A(P™¥% -0 if k — oo.

Vol. 24, n° 2-1988.



276 L. YOUNES

o If there exists a sequence of invariant vectors V, such that y,P,=P,,
v, (x) 20, Y ¥, (x)=1, the chain is strongly ergodic if:
(i) it is weakly ergodic.

(@) X [ Wns 1 =] < oo

e In our context P,=(Pyi"!(x,y); x, yeQ) where 6,=0(n) is a
sequence of parameters that will be of two types.

(i) 6,=0 for all n.

(i) 8,=m,/T, where T, decreases, with T, > pNA/Logn and ||n,|| <A
for large enough n. The case (i) is included in case (ii) but we will need
more precise results for it.

We can now state the lemma:

3.1.2. LeMMA. — If 0, is of type (i) or (ii) the chain is weakly ergodic.
In case (i) we have for m—k = R:

A(P™*) L [r (@)™ PR, (18)
where r(0)=1—exp(—p N||0|]) (r(6) < 1).

3.1.3. Proof of lemma 3.2: The proof is based on two points;
(.) we have:

min {r§ (x, | x,); seDxeQ} = §, 19)

where 8,=exp(—p||0|)/L; this is obvious.
(..) let’s put:
in case (i)

in case (ii)
d,=exp(—Logn/N)/L if nzn,
d,=0 if n<ng

For both cases d, is decreasing and we have d, < 8, for all n.
We have:

min {P""*R(x, y); x, yeQ} = (d, . )" (20

indeed, let’s note: m,=max{k, k <n+R—1 and u,=s}. We order
D:D={s,, ...,syywithn<m,;, £ ... Smyp=n+R—-1
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We then have:

min P""*R (x, y)=min (Y P*™w (x, z)

X,y x,y zz

X Pmsy Ms)+1(z, Z) Prs+ "R () y))
> d, ginf (P"s@+1"*R(y 7))
¥y z'

because P™s)™s(+1(z, ') = d =d,

ms(1) =

We get (20) by doing this again for s,, ..., s\
We now have:

A(P™"*®)=1—inf ) min(P""**(x, z) P "*R(y, 2))

X,y z

21- ) @o"=1-Ad)y [A=card(Q)]

zeQ)
In case (i):
(d,,p)N=8)=el~uNllolh N
and hence:
A(Pn,n+k) § l—e'"N”"“ <1

so that we can conclude with the help of properties (17); (since
Pn, n+kR =Pn, n+l(. . Pn+(k— 1)R,n+k R).

In case (ii) we obtain:
for n = n,,

A(P™"®) < (1-1/(n+R)).

Properties (17) lead us again to the desired result.

3.2. Poisson equation

3.2.1. Introduction

In [7] Métivier and Priouret have presented a method for showing
convergence for markovian stochastic (gradient) algorithms. In particular
they introduced a solution to a Poisson equation related to the markov
chain. This is the method we will use here, with the slight difference that
we deal with inhomogeneous Markov chains. It is easy to see that Métivier

Vol. 24, n° 2-1988.



278 L. YOUNES

and Priouret’s results generalize to the inhomogeneous case. But these
results do not enable us to obtain the almost sure convergence of (0,); we
shall need more precise estimates for it. However, we first show the
existence of that solution and give some properties. We will here only
apply case (i) of lemma 3.1.2.

3.2.2. LeMMA. — Let {(6, x): R' xQ — R? verify:

Eo[6(6, .)]=0  forall 6

Then for each © there exist functions p, keN from Q to R? such that:
P 0)—(Py** 1 pg ™ H (1) =L (8, ). (19)

If 9(/00 exists then 0p/00 exists.
3.2.3. Proof. — Let’s first remark that:

Te(.)= 2 WO PE"?0, -) (20)

yeQ

so that 7y (.) is an invariant vector for the chain Py This is easy to check.
We define

Pe)= X PF"TP (6, ) ()

p20

and

oi(X)= 3 PE"TPE(S, ) (o).

k<psl
By (7) and (20) we have:

o ()= Y L L®x) Y (Py"P(, x)—Pg" (X", X)) e (x").

k=spslixeQ x'"'eQ

So according to lemma 3.1.2 for k = R:

llowill S2Me()) Y, APF"*P)S2M,(Q)r(®)*71/(1-r(8)') (21)

kspsi

where M,(£) =max {||{(6, x), xeQ}.
This shows that o, , converges to 0 if k,I— co and then the series in
the definition of pg converges.
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Let’s now assume that d(/d0 exists; we want to show that p is diffe-
rentiable in 6. We have

Pex)= Y X §O x)(P""F(x, x)—P""TP(x", x)) My (x”) (22)

p20xx"

We will differentiate each term in the series in (22), and show that the
obtained series converges uniformely on each compact set of R".
We have:

O[5(6, x) (P™"*P (x’, x)—P™ "7 (x”, x))mg (x")]/00
=1y (x") (P5 "7 (x’, x)— P "*?(x", x)) 0 ( (6, x)/00
+(Pg TP (x, x)—Pg " P (x”, x)) (8, x) [Omg (x"')/08]
+my(x") C (8, x) 0Py "*P(x’, x)/00— Py "*P(x”, x)/06]. (23)

This leads to the study of three series, one for each term of (23).
By using the lemma 3.1.2 we can easily see that the first two converge.
The third one leads to a little more calculation. We shall first study
Py "*P(y, x)/00.

We have:

6P3' it (x, y)/ae =X ('fu ()] =}7u (n)) a“: @ (yu (n) I J_’:u (n))/aﬁ
=Yum M PE" 1 (x, y) (24)

where
Y () =0Log (15 0k | 7))/00=Eg(a(.) | y)—a ().
Then:

Pprt? ()= T PETt(nx). . BETTR(x, )

X1...XpP—1

so that:

an'"+”(x, y)/ae= Z Z [Ps,n+1 (x, xl)x N

X1...xp—1 1 5k=

X PgrP U P (x4, Y) Vumak—1) (%]
(with x,=y).

Vol. 24, n° 2-1988.



280 L. YOUNES

We arrange this sum in the following way: ), Y Y Y to
k Xk X1...Xk—1 Xk+1...Xp—1
obtain:
OPy"*P(x, p)/00= ) Y Pp"tE(x, xp)

1skspx
X PeTR P (0 Y) Yumen-1) () (25)

(for k=p we have the convention Pg*?"*?(x,, y)=x(x,=y)).
We need then to show that the series with general term:

Z,= Y my(x")§(6, x)[oPE" P (x', x)/00—OPE P (x”, x)/36]

x, x"’
converges. Using (25) we can write:

Z,= Y ¥ mG")(Py"tEx, p)—Prtk(x”, »)
1<k=py x"

=

(Z £, x) PgH" "+p(J’a X)), (n+k—1) o).

Using our assumption on { we can replace Y § (6, x) P4 "*7(y, x) by:
2.5(8, x)(Pg™5""P (y, x)—my (x))
which can be estimated by: 2 M, ({) r ()1~ PRI~1 for p—k > R according

to (20) and to lemma 3.1.2. Using again lemma 3.1.2, we see that we
can estimate Z, by:

KM, () pr®®®~?  for pz2R

where K is independent of 6 and p. This proves the convergence of Z,
and then the differentiability of p in 6.

3.2.4. Applicationto g

We have g (0, x)=Eq(a(.))—a(x) so that E4(g(6, .))=0. We also see
that g and its differential are bounded independently of 6. We have then
proved the existence of functions v¥ that verify:

v () — (P g™ ) ()=g(®, y) forall y, 6, k. (26)
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If we look at the preceding proof with a little care, we can find estimates
for the v and their derivatives; we have:

|k < K, (1 +[1—r(8)*"1)=C, (0) 27

[use (22) and the above remarks]. Here K, is a constant independant of k
and 0.

|| 6vk/00 || < K, (1+[1—7(8)*R]~2)=C, () (28)

[use (24), and the estimate of Z)].

Let’s go back to the algorithm (8); because of (15), (27), (28) and the
expression of r(6) given in lemma 3.1.2 we can find a priori estimates
for C, (6,) and C, (8,):

we have

r(8,)=1—exp(—pN]||6,|)) < 1—(Cte) exp(—p N ¢, Logn/U)
=1—(Cte)n *NooU=M,
then:
Ci(8,) =K, (1+[1-M;*]71 =B, (29

and we can sec that there is a constant C such that B, is equivalent to
Cn*NedV if n - o0,
In the same way, we get

C.(0,) =B, with B (30)

equivalent to C’n2#*N®/U where C’ is another constant.
We now state the convergence theorem.

4. ALMOST SURE CONVERGENCE OF THE ESTIMATION
ALGORITHM

4.1. TueoreM. — Let’s consider the algorithm given in (8):
6,41 =6, +[0(X,+1)—o)/[(n+1) U]

Vol. 24, n° 2-1988.



282 L. YOUNES

where X, is obtained from X, according to the method of the Gibbs
sampler (see 2. 3):

P(X,.1=x|X,=y)=P5"*' (), x)

Let 0x be the solution of Eg[a(.)]=0a,.
We have the following convergence result:

If U>2pNg, then 8, - 04 a.s. and there exists an g, > 0 such that
a.8.: [|8,—04||=0(n"°) for & < g,

4.2. Proof. — The proof is in two steps; the first one deals with the
stochastic part of the algorithm; it uses some methods exposed in [7]
(proposition 3.1) but requires some care because we do not have a priori
constant bounds for the v, We obtain here a stronger result than the one
we would have had by applying directly the theorems in [7], which estimates
the probability of non convergence of (6,).

The second part of the proof uses deterministic estimates to reach the
conclusion. There are some technical calculations that are needed to obtain
the second fact of the theorem.

4.2.1. First step

Let a=puN¢@y/U and €, =1/2—a; by assumption we have g, > 0. We
will first show that for almost all trajectory, (X,), and for all € < ¢,:

Y <8O Xiry), 8,—0x/(k+1) ¢ 3D

0=k

A
A

converges if n — o
One can see that, if (31) is true for one value of ¢, then it is true for
any smaller value. So, by considering & of the kind &, —1/n, one only
needs to prove that (31) is true for almost all trajectory, with fixed .
Let’s put

Snm= Z <80 Xii1), 0,—0s >/[(k+1) 77

n<k=<m

A

Let’s note wy={vp, 0—04« ) and A, =(k+1)~1~9; by (26) we have:

Spm= Z M [W§(+k)1 X+ 1)'—(PI(;(+I¢)1, k+2 W’(;Tk)z) (X4 1))

n<k=m
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WecutS, ,inS,+S,: S, ,=S,+S, where:

S;= Z A [Wlétk)l (X + 1)_P‘(;'(ll:)+l W’(;z;c)l (Xl
n<k=m

IIA

and
S;= Y M [Pl(;’(llz)+ ! W'6(+k)1 (X —P§ 5;)1 k2 W:;(+k)2 (Xi+ 1)1
n<k=m
Let’s consider now the Markov process X, on QV. We call & . the o-

algebra generated by X, . . ., X, and we note E the expectation according
to the law of this process. 6, is %, mesurable and we have:

E[ws -(Fk)l (Xe+1) I Fil= P5’<Z>+ ! W’é 5«)1 (X)-
So,

2,= Z Ay [W,(; :k)l (Xys1)— P’é‘dﬁf' ! Wg;rk)l (X1
O<k=n

is an #-martingale where & =(%,, ne N), moreover we have:

E(l2h= ¥
0sk

)"1% E [” W’(;(+k)l (Xk+1) —P'(;'(IIE;L ! Wlé(+k)1 (X “2]

A

<4 Y B|6,—0«|>AZ [by(29)]

O=k=n

A

Be is equivalent to Ck® when k — 0o; moreover, ||6,— 0. |<C” Logk
where C” is a constant. We then have:

BZ |6, —04 |2 A2 < B2C"> Log2k A2 (cte Log?k. k2 2¢+a)

and this is the general term of a convergent series, because we assumed
that £ <1/2—a. Then E(||2,|]?) is bounded, 2, converges a.s. and S, -0
a.s. if n, m —» oo.

We can write S,:

S,= Z Ay P’(;'(:)+1 Wlé:;c)l (X — M-y Pg'(:ti)wléal— »(Xw

n<k=m n+1 <k<m+1
then:
— ,n+1 +1 +1, m+2 +2
SZ "}\’n P'B(:) W; (n) (Xn)_)“m P:)"(m) m W(’)n(m) (Xm+ 1)

+Z A P,(;'(;z‘)+ ! Wl(;(+k)l (X =My P";’(ﬁ }) W’(;Ecl— (Xl (32)
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But | wg gt || < Bi|| 8 — 04 || < Cte k® Log k. We can deduce from this that
the first two terms of (32) vanish if m, n —» c0. We decompose the sum in
(32) into several sums whose general terms are:

& =[Pga ' w9 (Xl Ms—2—y)
i=[Py (’15)+ ! we e(k) (X)) —P§ (,I:+ }) ,O‘ILk} (X1 Ak— 1
F:k =< P’é(?i) ’(;-('.k)l (X— P’&'i*i)v'é&’ 1)(Xk)’ 0, — 04> Ny

G =< Pyai ) 6t 1) (X O—8_ 1 > My
We have:
o |||l < CteB,Logk (A, —A,_,) and
Moy =M= {1=[k/(1 = 1/(k+ 1)) }/k' 5 (1—g) k> ~*

so that B, Logk (A,—X\,_,) Cte Logk/k? ¢ % 2—g—a > 1 and hence ) &}
converges

On the other hand:

o for any

| P W=Pea* L vl < TV I PEe (- ) =Piaih (. 0|
= “‘I’HPHGk"ek—ln

(See (24), we have H yk|| <.

So: ||&2|| < Cte B, || 6, — 04| (9/U)/k* = < Cte Logk/k?>™*~* and ) &2
converges.
e Because of the bounds on the derivatives of v, we have

||&

—0,_ |||| 8 — 8« [|/k* =< Cte By Logk/k>~*

from B, < Ctek?* we get: |3 ]| < Cte Logk/k2 ¢-2a<2—g—2a>1and
> &2 converges.

e Finally || &¢|| < Cte B,/k*> = and Y &} converges

We have then shown that S, — 0 if n, m - co and which concludes the
first step of the proof.
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4.2.2. End of the proof

Recall that h(0) =E,(a)—a, is the differential of a concave function;
we then have:

(h(8), 6—04) <0 forall 6.

Moreover, if 0 is in a convex compact set, Q, such that 64 €Q we have
for 6eQ:

Ch(8), 0—04) < —b(Q) || 0—6x|]? . (33)

where b(Q) =inf || Vary (o) || for 8 Q.

We note by=|Vary (®)|. We will show that we can take
go=min (g,/2, bs/U).

The estimates we are going to make in the following depends on the
trajectories of the process (X,). So, we now assume that we are given a
trajectory, and thus that the X, are fixed —such that (31) is true for all
£<eg,.

Let n, be a positive integer and b = 0 and let’s assume that for all
n=ny0, is in a convex set Q such that 8,€Q and for all 6eQ,
|| varg () || = b (we can always take b=0).

We have

6,41 —0x=0,—0x+h(8,)/[(n+1)U]-g(6,, X,.,)/l(n+1)U].

and then:
18,41 0| < [1—=2b/((n + 1) U)] ]| 6, — 64 |1

—248® Xp+1), 0,— 04 /[(nst DUI+ 05 U?/(n+1).

[Cf. (32) and (14).]
Let € be a positive number with € < €,/2.
Let’s put: ®,=n"||6,—04|| and

Vi, =+ D/(k+DI** [T[1-2b/(U I+ 1))

=k
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We have for n 2 n,:

07y < Vno—l,..mfo—2/U z Vi w80 Xii1), 0, — 04 Y(k+1)t~2¢

k=ng

+05/U* ¥ Vi J(k+1)?72¢ (34)

k=ng

One can easily prove the following facts:
If b>¢eU:
oV, ,~0ifnoo0 (35)
e there exists ann, >0/V,_, , <V, forallk =n, and n 2 k.
Let n be a positive number.
The first step of the proof shows that:
Apo/Vp 2 po:

HZ/U Z <g(9k, Xk+1)’ ek-—e* >/(k+1)1—25 <n

k=po

and

Y (9o/U)*/(k+1)*"7

k=po

<n

(we have 2¢ < g, and then 2—2¢ > 1).

If we apply (34) with e=b=0 we see that 8, is bounded, so for any
choice of n,, we can take Q compact and assume b > 0.

We now assume that £ < b/U and take p, = max(ng, ny).

According to (35) for large enough n, the quantity:

po—1
Vno‘l,nmfo_z/U Z Vk,n<g(eka Xy+1)> 0,—0x >/(k"'1)1_2a
k=ng
po—1
+93/U% 3 V. J(k+1)?72¢
k=ng

is smaller than n.
Let

B,=2/U ¥ Vi, <8O Xix1) 6—0sD/(k+1)' 72*

k=po
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and

U,=2/U Z <80 Xys1), 0, — 04 D/(k+1)* 72¢

k=po

we have B,= ) V, ,(U,—U,_,) and

k=po

n—1

Bl < Ve nUall+ 2 MUl Vien= Vil

k=po

n—1

41 Y (Viena— Vo
k=po
é n+n(vn-l,n~vpo.n)'

We have |V
If we put:

vo.nl <|Va=1.n] <|Van|=1and then ||B,|| < 3n.

B,=3/U* YV, f(k+1)* 72

and
k=p,

U,=05/U* 3 1/(k+1)>"2¢

k=po

we can make the same kind of estimates and show that “ B, ” < Cten.

So, we have shown that if n, is given, and Q is a convex compact set
with 0,eQ and 0,eQ for all n = n,, then: for € < min(g,/2, b(Q)/U),
®,—>0a.s.

We now know that 6, — 04 a.s. So by choosing n, large enough, we
can take Q as near to 04 as we want and then choose b(Q) to be any
number > by.

So we can take any € < g, =min(g,/2, bx/U).

The proof of theorem 4.1 is complete.
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5. ANNEALING

5.1. Goals

As announced in the introduction, we now examine the possibility
of coupling estimation and annealing. The exponential case
(H (8, x) =< a(x), 0)) is the one of main interest and it is the one we have
studied since the beginning of this paper; so, in order to keep the same
notations, we will state the result in this case and give a detailed proof of
it. We will then show how it can be generalized to other energy functions
and give the main ideas of the proof. So, until part 5.5 we still keep in
the exponential case.

A classic annealing algorithm boils down to defining a markovian
process Y, with values in Q, by:

P[Y, 1=y |Y,=x1=Pgi"" (x, y). (36)

(as explained in part 1 we take at each step the conditional probability
associated to the Gibbsian field of energy H(0x, .)/T,={a(.), 04/T, ).
Let’s note M, for the set where m,y(.) is maximum in the present case:

M,={x/VyeQ (a(x)—a(), 8> < 0.

We will put My for M,,. We know [3] that (36) defines a strongly ergodic
markov chain as soon as T, decreases slowly enough to 0; the limit law is
the uniform law on M,.

We wonder here wether we can replace in (36) 64 by 6, where 0,
converges to 0x. We would like it to be true in particular for the sequence
obtained with the estimation algorithm described in this paper. The follow-
ing theorem gives this result, under some additional hypothesis. To have

lighter expressions we will call 1, the sequence that converges to 04 and
8,=mn,/T,

5.2 THEOREM. — Let Mn,eR" be a sequence that converges to 0. We
put 8,=n,/T, (T, = 0) and we define a Markov process Y, by:

PlY,.;=y | Y,=x]= PS‘&T L(x, y). (37
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e We assume that there exists constants C >0, £ >0, A > || 04 || such
that:

||n..+1—11..|| £C/(n+1)
[na—8«[| s Cn~® (H1)

T,=AunN/Logn
e We also assume:

card (o (My))=1. (H2)

Then the chain defined by (37) is strongly ergodic and its limit law is
the uniform law on M,, noted mx.

5.3. Remarks on the hypothesis

The conditions H1 on m, are verified by the sequence of the estimation
algorithm we propose here. They are also true for gradient type algorithm
for which the step is of the same order as 1/n.

The condition on T, is the one that is usually given in annealing
algorithm. This condition needs only to be true for large enough n, and
the conclusion of the theorem are still valid if we assume: T, = A pN/Logn
provided that 1/T, has small oscillations i. e.:

(1/Tp 41 —1/T,)=0(1/n).

The condition H2 is a stability hypothesis on M, for 0 near 04. One
can easily see that it is equivalent to My= My in the neighbourghood of
0«. The set of 0 for which H2 is false is negligible in R" because it is
included in the union of the hyperplans orthogonal to the a(x)—a(y) for
x, yeQ and x # y. In addition it is always true for 8eR(v=1); this
enables us to see that the result for the algorithm (36) is a consequence of
theorem 5.2 (put n,=1 for all n).

5.4. Proof of theorem 5.2

We can first remark that 6, satisfies to the conditions given in
lemma 3.1.2, case (ii) and hence the chain defined by (37) is strongly
ergodic. As the m,, are invariant vectors for this chain we only need to
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show (cf. [6]):

VxeQ: Y | T (X)— T s 1) (X) | < 00 (38)

[it is easy to see from H1 that lim 7y, (x) =T« (x)].

Because of H2 we have M, =M, for large enough n and then
M, ,y=Mx for large enough n (we have M;y=M, for any 6 and any
I'> 0). To show (38) we will use the differential of 7, (x) in 6 which is:

dmy (x)/d0= {Eq[o(.)]— 0 (x)} 7 (x)
and then:
lne(n) (x)_nﬂ(rﬂ- 1)(X)§ ” Er,, [(1( . )]_a(x) ” nr,, (x) ” en+ 1 _en ” (39)

where 1,€[0,, 6,,,]

Conditions H1 show us that ||6,,,—8,||=0 (Logn/n) and this implies
that

|z.|| = Klogn where K is a positive constant. (40)

This implies that there exists a positive constant ¢ >0 with
7, (x) < n”° for all x¢ M. Indeed we have:

m()={ X exp[Ka(x)—a (), 0O} "= { } exp[Ca(x)—a(), 03]} "

yeQ yeMsx

Let Q be a compact neighborhood of 6 such that My=M, for 6eQ.
Let p=inf {Ca(x)—a(y), 6/|8|>, x¢My, yeMy, 06€Q} (we can notice
that H2 implies 04 # 0).

For 0eQ and />0 we have then m4(x) <exp(—Ip). If n is large
enough to have n,eQ we use (40) to get:

m, (x) £ n~°K; take c=pK.

We can know use (39) and H1 to see that (38) is true for x ¢ My
Consider now xe My and let 6 be such that My=M,. We have:

Ey(@—a()= 3 [0)—a@In()= Y [a()—a()]n®)

yeQ y ¢ Ms
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[because of condition H2, for all ye Mx we have a(x)=a (y)]. This implies
that:

[E,@-a@)| < @oNn~*

and we obtain (38) for xe M.
This ends the proof of theorem 5.2.

5.5. Extension to nonexponential cases

One can see that theorem 5.2 can be extended to more general energy
functions. Here we don’t have anymore: H(0, .)/T,=H(9/T,, .) so nota-
tions will be more complicated.

We define the probabilities and conditional probabilities m, , as in (1)
and (2), replacing {a(0), . > by tH(0, .) and then the analog of (5) gives
us transition probabilities on Q, noted Py 7 ** (x, y). So, the Markov chain
associated to the modified annealing will have transition probabilities:

Prrtl(x, y) with t,=1/T,

We finally note p(6) =max {|{H(6, x)—H (8, y)| x, yeQ}.

For this chain one has the same results than theorem 5.2 with the
hypothesis:

H (0, .) is twice continuously differentiable in 6.

H1": the sequence 0, is the same as in 5.2

T,=AN/Logn with A > p(04).

H2": for all x, ye My: dH (0, x)/d0=dH (0, y)/d6.

In the exponential case H2’ reduces to H2. It says that if 0 is near 0,
the differences between the H(O, x) when x varies in M, is an
0| 0—6x

To show this we must extend lemma 3. 1.2, part (ii) to the non exponen-
tial case. The hypothesis on T, becomes: T, = AN/Logn with A > p(n,)
for n 2 n,. The proof is the same as in the exponential case; just replace
8y by exp(—p(6))/L.

One proves strong ergodicity as in 5.4, the basis of the proof is still a
differentiation of my ,(x) which will be done here in ® =(6, t). We obtain,
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setting 7, (X) =T (), ¢ (my (X):
|, (x) =T, (x)| £ Ctemax {|| Eg (dH(z,, .)/d0)
—dH(t,, x)/d0||u,||0,+,—6,], (41)
|Eg, [H(t,, )I=H (T, X)||ts1—1t,]} Mg, (%)

where ©,=(t,, u,) is in the segment of R**1: [(0,, t,), (0,41 tns )]

We then have to notice that if x¢ My then x¢ M, for 0 near 04 and
that we still have g, ,(, (x) < n”° for these x and large enough n (c is a
positive constant). For x e My we use Taylor formula and H2 to find:

If x, ye My

|H(6, x)—H (8, y)|=0(||6—04]*
and
|| dH (8, x)/d8 —dH (8, y)/d8||=0 (||6—6x])

so we still can estimate the E(H)—H and E(dH) —dH in (41) by an n™°.

6. SOME PRACTICAL REMARKS ON THE ESTIMATION
ALGORITHM

The estimation algorithm has been tested on simulations. We used Ising
models; these models are defined on the set D={1, ..., I} x{1, ..., I}
and takes binary values; for such models the conditional law at site (i, j)
knowing the other sites depends only of the values at the four nearest
neighbourgs of (i, j) and is:

exp[—x;; (0; (xyj— 1 + X4 1) + (05 (x;— 4 j+ %41 )]
14+exp[—0; (-1 + X540+ 02 (- j+ X4 1 )]

T (X5 | ;ij)=

For this two-parameter model, the sufficient statistic, a, is a=(a;, a,)
where:

=Y X;X;—y and A=) XXy
ij i, J

In the computation of the conditional probability, there are problems
that occur at the edges of the domain D. To avoid them one can consider
that one deals with the restriction of a field defined on all Z2, and fix, for
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the computation x;;=0 outside D; one then uses in fact the conditional
law on D, knowin x;;=0 outside D, and this is a good approximation of
the absolute law on D.

The size of the “picture” we used here is 16 x 16 (256 sites). For such a
model 1000 sweeps of D by the algorithm take about 50 sec. on an
IBM 4143.

When using the estimation algorithm, one must start with an initial
value, 0,, for the parameter. One needs then a preliminar estimation
procedure; a rather efficient method is to just let the algorithm wind up a
little time with a constant step. Other preliminar estimation methods are
currently being studied.

A second problem that occures when one uses the estimation procedure
is the choice of the step of the stochastic gradient algorithm. It is impossible
in practice to use a step of the kind 1/nU with the theoretical value of U
given in theorem 4. 1, which is far too large to expect the convergence to
be achieved in a reasonable time, the best results have been obtained by
using a step a,=1/(nU+ng), where we used U=1 or 10 and ny=1,000.
One can remark that the probability of non convergence for the algorithm
is a O(l/ny). [This result is a straitforward application of [7],
theorem 1.3 (ii)].

Finally, one must define a stopping procedure for the algorithm. One
can iteratively compute the mean of the «(X,), which tends to Eg, [o] =0,
and stop when the estimated mean is close enough to a,. Another possibi-
lity (which is the one we used) is to choose a criterium of the kind:

16,+p—8.]| < 8p/(no+nU),

where p is fixed and & is a constant that can be choosen as a level of
accuracy for Eg(a) — o,

When one looks at the behaviour of this algorithm, one can note the
following facts: the parameter 6, comes near its limit after a small amount
of sweeps (about 100); then, in order to get closer to the limit one must
wait a longer time, as the stochastic behaviour becomes more important
than the deterministic behaviour. One must also notice that, in statistical
applications, the approximation 6, of the maximum likelihood estimator,
04, needs not be better than the precision of 04, as an estimator of the
true parameter of the model. More results about these questions will be
published elsewhere [8].
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