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REsuME. — Nous étudions le champ de fluctuation de la densité d’un
processus «zero-range» a plus proche voisin symétrique unidimensionnel
hors de I’équilibre. Nous en prouvons la convergence en loi vers un
processus de Ornstein-Uhlenbeck généralise. Comme I’équation hydrody-
namique de notre modéle est non linéaire, il faut prouver une version hors
d’équilibre du principe de Gibbs-Boltzman afin de démontrer le théoréme
principal. Ce principe a été introduit pour la premiére fois par Brox and
Rost pour I'étude des fluctuations a I’équilibre d’'une grande classe de
processus «zero-range». Notre résultat est obtenu en appliquant ensuite
la théorie de Holley et Stroock.

ABSTRACT. — We study the non equilibrium density fluctuation field of
a one dimensional symmetric nearest neighbors zero range process, proving
that it converges in law to a generalized Ornstein Uhlenbeck process.
Since the hydrodynamical equation is non linear, to accomplish our main
theorem we need to prove, for our model, a non equilibrium version of
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238 P. A. FERRAR], E. PRESUTTI ET M. E. VARES

the Gibbs-Boltzmann principle. This was first introduced by Brox and
Rost to study the equilibrium fluctuations for a large class of zero range

models. Our result is then obtained by applying Holley and Stroock’s
theory.

0. INTRODUCTION

There is by now a well established theory concerning the hydrodynamical
features of stochastic systems of infinitely many interacting particles (cf. [6],
and the references quoted in). Nevertheless, one still misses non trivial
examples where all “equilibrium” and “non equilibrium” hydrodynamical
properties can be proven to hold. Here, “non trivial” refers to a non
constant diffusion coefficient in the hydrodynamical equation. In particu-
lar, the non equilibrium density fluctuation field has been studied, as far
as we know, only in models where the diffusion coefficient is constant
[21].

The goal of this paper is to complete such description of the hydrody-
namical properties for a particular zero range model (cf. [9]), studying the
density fluctuation field in non equilibrium situations. This provides the
kind of example we were just mentioning, since in this case one has a non
constant diffusion coefficient, as we shall see.

The model is the so called symmetric, nearest neighbors, zero range
process, with constant intensity; more precisely, it is a Markov process
E(t), t 20, taking values on NZ (€ (u, t) =& (t) (u), ue Z, denotes the number
of particles at site u, at time t) whose generator L acts on bounded
cylindrical functions f as:

Lf(§)=% Y IEW>0UE ) +fE ") -2fE)] (0.1a)

where for & (u) >0
E“v(2)=E(2)+1 if z=v
=E(z)—1 if z=u 0.1b)
=£(2) if zs#u,v.

Questions on the existence and the ergodic properties of such Markov
processes were considered in [15] (cf. also [16]); in [1] it is shown that the
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NON EQUILIBRIUM FLUCTUATIONS 239

extremal invariant measures are reversible, and given by p, 0<p< + o0,
where p, is the product measure on NZ with
k

p
w=k)= ———, keN 0.2
Mo (E(u)=k) RENSCE 0.2
From the results on local equilibrium [9] we can say that
op 10 _, 0
—=-—((1+p) = 0.3
ot 20r <( ) or p) ©-3)

is the “hydrodynamical equation” for this process, and so
D(p)=(1+p)~2 (0.4

represents the “bulk diffusion coefficient™.

In fact, as in [9], let p%, €€(0,1] be a suitable class of initial measures,
with a profile p(r), (i. e., around &£~ 'r p° is approximately p,, as &€ - 0)
where p is a smooth function bounded from below and above in (0, + o0).
Then at time € 21 and around £ !r we have approximately Mo (@8
g€ —0), where p(r, 1) is the solution of (0.3) with p(r,0)=p (r). Also, as
seen in [9], such solution p(r, 1) is “explicitely” given by

1-p@ir1),7)

p(r,7)= DG 0.5q)
with p (r, 1), z(r, 1) given by
0 1 0% -1
3P= 337 p(z(r,0),0=>1+p () 0.5b)
r=J‘Z(r’T)p(r',1:)dr’ 0.5¢)
z(0.1)
z(t)=z(0, 1) given by
LO__ 1 a0 0.5d)

dt p(z(1),7)
with

irn=—2
J(r’ T)_ arp (7‘, T)'

Before getting to the specific results derived in this paper let us remark
that the “change of variables” transforming eq. (0. 5b) into (0. 3) can be
thought of as coming from the isomorphism (at microscopic level) between
our zero range model and the nearest nesghbors (n. n.) symmetric simple
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240 P. A. FERRAR], E. PRESUTTI ET M. E. VARES

exclusion process which at time =0 has a marked particle at the origin.
This correspondance is a key fact also for the results proven here and
which will be stated below, after fixing some basic notation.

Notations and definitions

When working on the simple exclusion process, S.E.P., we shall use
X,y, ... to denote the sites in Z and n(.,t) to denote the configuration
at time ¢t S(x) denotes the spatial translation by x (i.e.
S(x)n(»=n(x+y)), and we let S(x)f(n)=f(S,n) for f: N? > R. Simi-
larly, when working on the zero range process we shall use u,v... to
denote the sites, and again S (1) will denote the spatial shift on NZ.

& (R) denotes the space of rapidly decreasing test functions, and %’ (R)
its dual, i. e., the space of Schwartz distributions.

An immediate consequence of the results proven in [9] is the following:

THEOREM 0. 1. — For £€(0, 1] let p® be a probability on N% which verifies:

(@) lim sup|p* (S (W)/)— g (. (/)] =0 ©.6)

e—>0 u

for any bounded cylindrical function f, where p(.) is a C* function with
O<p_=Zp(r)=p,<+oo forallr

(ii) Assumptions 1.2 (B) of Section 1.

Let us define the density field by

XAp)=eY 0w e 1) 0.7

for e ¥ (R), 120.
Then as € — 0 the processes (X%) converge in law on D ([0, + 0), &’ (R))

to the deterministic process given by X () =J(p(r) p(r,t)dr where p(.,.)

is the solution of (0.3) with p(.,0)=p(.).

The above theorem can be seen as a law of large numbers for this
interacting system and it is now natural to look at the corresponding
central limit theorem, i.e., to investigate the fluctuations of X¢(.) around
its average: an interesting question also if the initial measure were some
K,p>0 (i.e., in equilibrium). In [3] the equilibrium case is solved for a
larger class of zero range models. There have been extensions to other
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NON EQUILIBRIUM FLUCTUATIONS 241

systems like some exclusion with speed change processes [7], and interacting
brownian particles [25].

The main purpose of this paper is to study such fluctuation processes
also in non equilibrium situations. Before we state this precisely it may be
convenient, for sake of completeness, to recall the equilibrium case, which
is a particular case of the results in [3].

THEOREM 0.2 [3]. — Let (Y% 1=0) be the &' (R)-valued process defined
by

Yi(@)=/eXoEu[E(ue > )—p] 0.3

for e #(R) and 120. Let #° be its law on D([0, + 0), ¥’ (R)), when p,
is the law of £ (., 0).

Then, as € tends to zero, ¢ converges weakly to a probability P supported
by C([0, + 0), &’ (R)) which is the law of a stationary generalized Ornstein-
Uhlenbeck process, namely the &’ (R)-valued Gaussian process with zero
averages and covariances

2 (Yo(9) Yt(‘ll))=Hdrdr’¢(r)\ll(r’)f(0)

exp(—(r—r)*/2D(p)1) (0.9)

1
8 2nD(p)t

where D (p) is given in equation (0.4) and
Z(p)=1,(§(0)(E(0)—p)) 0.10)

D (p) is the bulk diffusion coefficient given by (0.4), and Y (.) denotes the
canonical process on C([0, + o), &’ (R)).

Remark. — This result relates the covariance of the density fluctuation
field in equilibrium to the bulk diffusion coefficient D(p), a parameter
determined by the non equilibrium evolution [cf. (0. 3)]. In the mathemati-
cal physics literature such relationship is called “Fluctuation Dissipation
Theorem” since it connects the non equilibrium dissipative features of the
system to its equilibrium fluctuations. A heuristic argument to understand
such connections is the following (based on the so called “linearized

Vol. 24, n° 2-1988.



242 P. A. FERRARI, E. PRESUTTI ET M. E. VARES
theory”): We have in (0.9)
2(Yo(9) Y, (V) =lim P.,(\/EZq)(e u)(§(u,0)—p)

el O u

x JeXV(ev) (E(n,e721)—p))
=1iIT:) PP(Z(P(SH)(i(u, 0)—p).£Y W(ev)E(v,e721))

=1i1n:) P, (eu) €1, 0~p). Xi(¥) (0.11)

P, denoting the probability on some suitable probability space (Q, «, P,
where we have constructed the zero range process such that & (.,0) is
distributed as p,. Thus the covariance can be tought as the expectation of
the density field X:({) if the “initial measure” of the zero range process
were the signed measure

Ho- 2. @ (su) (§(u)—p) 0.12)

Now, if we consider the probability measure

Cyt,-exp[LY. ¢ () (€ (W) —p)] (0.13)

where C, is a suitable normalizing constant, and A >0, and we expand it
around A=0, we see that the first order term is given by (0.12). On the
other side, the time zero density profile determined by such probability
measure is

P(r0)=p+AZ(p)@(N+o(M)=p+Adp(r,0)+o(R)  (0.14)
Then we would expect the r.h.s. of (0.11) to be of the form
j\ll (r) p (r, 7) dr with p(r, 1) being the solution of (0.3), with initial condi-

tion given by (0.14). If 8p(r,t) denotes the first order term in the
A-expansion of such profile p(r, 1), it should satisfy the linearized diffusion
equation

0 1 d*
—3p=-D(p)— &
™ p 5 (p)ar2 p

3p(r,0)=Z (p) @(r)

.15)
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and so

Sp(r,1)= J‘P ) e~ 22D @) gy

1
/2nD(p)t

which will then lead to (0.9) after inserting this into (0. 14) and (0. 11).
We may now state the main theorem of this paper.

THEOREM 0.3. — Let p® be as in Theorem 0.1, and let us consider the
zero range process &(.,t), with §(.,0) distributed as p°, and let Y:(.) be
its fluctuation density field, given by

Yi(o)= /e X oEu)(E(me - <E(ue 2 1)>) (0.16)

Jor e £ (R), 120, and where {.) denotes the expected value. Let P*
denote the law of (Y:,120) on D([0, + o0), &’ (R)).

Then 2° converges weakly to a probability measure P supported by
C([0, + o0), &’ (R)), and uniquely determined by the condition that under 2
the canonical process Y (@) satisfies (i) and (ii) below.

(i) For any ®eCg (R) and pe ¥ (R)

B(Y,(¢))— f "0 (Y. (9) Yo (A 9) d¥
0
- f B0l O (Yo(o)dv (0.17)
0

is a P-martingale with respect to the canonical filtration & = o-field gene-
rated by (Y, (¢):0=1 =1, e ¥ (R)), for 120, A, and B, being defined in
equations (0. 19) and (0. 20) below.

(ii) Under 2, Y, (.) is Gaussian with 2 (Y ,(¢))=0, and

Z(Yo(0) Yo(\ll))=I¢(r)¢(r)%(9(r))dr (0.18)

for each ¢, e & (R).
A, B, Z(p) are defined as follows:

A,<p(r)=§(1+p(r,t))-zq,~(r) 0.19)

IB.o|2= j o) (1+p ()t |0 () dr, 0.20)

Vol. 24, n° 2-1988.



244 P. A. FERRARI, E. PRESUTTI ET M. E. VARES

and Z (p) is given in (0. 10).

Remark. — From (0.17) and (0. 18) we can compute the covariances
C.o=E(Y.(9) Y, (V));

like in the equilibrium case, the different times covariance satisfies the
linearized hydrodynamical equation. However, in contrast to what happens
in equilibrium, the limiting fluctuation field distribution has a non trivial
equal time covariance C, .. Its evolution is described in Theorem 0.3, and
more in general by the Holley and Stroock’s theory [11], on which this
theorem is based.

As just mentioned, the proof of Theorems 0.2 and 0.3 makes strong
use of the Holley and Stroock’s theory of generalized Ornstein-Uhlenbeck
processes ([11], [12], [13]). We also refer to [14], [17], [18], [19] for general
criteria on the convergence of &’ (R)-valued processes. In some models,
when the diffusion coefficient is constant, the theory of Holley and Stroock
may be directly applied to prove convergence of the fluctuation density
fields to generalized Ornstein-Uhlenbeck processes (cf., for instance, [11],
[12], [21], and section 6 of [6]). But this is not the case for density dependent
diffusion coefficients, as considered here. The way to overcome this point
was first understood by Hermann Rost [23]. It is based on the very natural
idea that the fluctuation fields of non-conserved quantities change on a
much faster time scale than the “conserved” ones; since here density is
the only conserved quantity it is reasonable to expect that on a time
integral only “the component” (projection) along the density fluctuation
field survives. A first application is given in [3], where such property, the
“Gibbs-Boltzmann principle”, is proven to hold for a class of zero range
models in equilibrium. In [7] and [25] the results are extended to some
exclusion with speed change systems and interacting brownian particles,
respectively.

The validity of such “principle” in non equilibrium may even be ques-
tionable. Our next theorem is an indication in the positive, since we show
it for the non equilibrium symmetric simple exclusion and the zero range
process under study here. It is important to stress that this last system
has a density dependent diffusion coefficient, and the verification of the
Gibbs-Boltzmann principle allows us to apply the theory of Holley and
Stroock, in order to prove Theorem 0.3 (}).

(*) More recently the Gibbs Boltzmann principle has been proven in a model where the
macroscopic equation is non linear ([27], [28]).
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THEOREM 0.4 (Gibbs-Boltzmann principle). — Let p® be as in Theorem
0.1 and let (Q, o/, P,) be a probability space where we have constructed the
zero range process (§(.,t), t=0) with £(.,0) distributed as p°. Let f be a
cylindrical function on NZ%, satisfying moreover the technical condition of
being in €, cf. Definition 1.3. For pe % (R) we set:

Yi(f;0)=/eX 0w [SWfEED))-P(S@SfEE 1) (0.21)

Then, for every 0<1’ <T:

1 t+T
lim lim sup IF"E( —f [Ye2,. (f;0)
Tt+o €610 p<e2i<e T t
=Y ((a@)2,)]dt )= 0 (0.22)
with
(@9).(n=9@a(f;r,7) 0.23)
and
d
a(f;rat)=d_pup(f)|p=p(r,1)’ (0'24)

where p(r, 1) is the solution of equation (0.3), with p(r,0)=p ().

THEOREM 0.4’ (Gibbs-Boltzmann principle). — Let V¢ be a family of
probability measures on {0, 1 }* verifying Assumptions 1.2 (A) of Section 1,
and let (Q,o,P) be a probability space where we have constructed
{n(x,1),t20,xeZ}, a symmetric exclusion process with 1(.,0) distributed
as V. Let f be a cylindrical function on {0,1}* and let us define, for
pe & (R):

Vi 0)=/e X0 0[S ()T (nE 1))~ P(S()F(n(e"2v)] (0.25)

Vol. 24, n° 2-1988.



246 P. A. FERRARI, E. PRESUTTI ET M. E. VARES

Then, for every 0<1’ <1:

lim lim sup P
Tt+o €, 0 ,'§52,§t

1f (¥, (F: )

€

2
Y, (@) )]dr| =0 (0.26)
where
@), M=9®a(f;rm), 0.27)

Yio)=Yi(g9)  for g(m)=m(0),
and

~ d
a(f;r,1)=—d—p_vp(7) lp:p(r,r)’ (0-28)

with p (r, t) being the solution of equation (0.5b) for p(.,0)=p(.), and v,
the product of Bernoulli measures with v,(n (0)) =p.

1. PRELIMINARIES

As mentioned in the introduction we shall make strong use of the
isomorphism between our zero range model (Z.R.P.) and the one dimen-
sional symmetric simple exclusion process, with nearest neighbors jumps
(S.E.P)) with a tagged particle. For this let us recall a few definitions ([9],
[10]), and set some notations.

1.1. Notations and definitions

We refer to [16] for the definition of more general exclusion processes
including our S.E.P. The realization of the S.E.P. which we now present
will be particularly useful for us, and may also be taken as its definition.
(x,y,... will denote a site referring to S.E.P. and u,v, ... will denote
the label of a particle in S.E.P.)

Stirring process. At time t=0 each site xeZ is occupied by a stirring
particle which will keep the label x. The stirring process is defined as in
[9], and Y (x, t) denotes the position at time ¢ of the “particle x” (Y (x,0)=x
by definition).

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



NON EQUILIBRIUM FLUCTUATIONS 247

Labelled S.E.P. For t=0 we are given an initial configuration of particles
in Z with at most one particle at each site. For each path of the stirring
process we define the following evolution: each particle moves like the
stirring particle which is at the same site unless this would determine an
exchange of positions between particles and in this case it does not move.
We will only consider initial configurations having a particle at x=0,
called the zero-particle. For u>0 (u<0) the u-particle will be the u-th
particle at the right (left) of the origin. From the definition it is immediate
that the evolution preserves the order, i. e., u <v implies q (4, t) <q (v, t) for
all ¢, with g (u, t) denoting the position of the u-particle at time ¢, for ueZ.
For this evolution we let n (x, t)=1 (0) if the site x is occupied (empty) at
time ¢, and write 1 (x) for n(x, 0). The process {n(x, )}, constructed on
a suitable probability space (Q, <7, P) is then called S.E.P.

Notation. When v is a probability measure on the space of initial
configurations we let (Q, o7, P,) be a suitable probability space where we
have constructed the random variables { n(x, ), g (x, t), Y (x, t); x, u, t } with
n(.,0) distributed as v. When v carries a superscript V¢, £€(0, 1] we shall
write simply P, if no confusion is possible.

Zero range process (Z.R.P.). The zero range process whose pre-generator
is given by (0.1a), (0.1b) can be realized within the labelled S.E.P. just
defined by setting

Eu,t)=qu+1,t)—qu,t)—1 (1.1

for ueZ, t=0, as one can easily check. We will write & (u)=E& (u,0) and
let p, p*, etc. denote the law of { & (u), ueZ } on NZ

The correspondence given by (1. 1) transforms the equilibrium measure
K, (p>0) for the Z.R.P. into the equilibrium measure v, for the S.E.P.
conditioned to [n (0) =1}, where

p=(+p)~" (1.2

(v, is the product measure on {0, 1}* with v,(n (x)=1)=p.)

1.2. Assumptions

In all theorems stated in the introduction we have the following
assumptions on the initial measures p° (Z.R.P.) or v*(S.E.P.).

Vol. 24, n° 2-1988.
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A. v¢ will be the conditional probability v¢(. |n(0)=1) where V* is a
probability measure on {0, 1 }* which satisfy:

(i) (Finite range). There exists R >0 so that for n=2 and x,,...,x,
with lxi—xj|>R for i#j then n(x,), . . ., n(x,) are conditionally indepen-
dent given (M (V) : y¢{x1, - - -, Xp })-

(ii) (Uniformly bounded interactions.) There exist p’, p” such that for
all x and all {n(y), y#x}

0<p’ V(M) |NG), y#x)<p”<1.
(iii) (Uniform decay of correlations.) There exist b,, b, >0 so that for
all ky, k21 and x,, <. .. <x;<p;<...<Yg,

kq ka

#(n n(x,.)j‘jlw,))_o»(j‘jl 1627 T noy)

i=1

<bye P2017x)

(iv) (Smooth initial profile.) There exist p e C;° such that

-0 for f cylindrical,
el 0

sup | V(S (%)) =V, e (f)

and

lim supe™! |V*(n(x))—p(ex)|=0

el0 x
(v) There exist A,, A, positive constants so that
V() -V (nx)[SA e A2!x xeZ

B. For the initial measures on the Z.R.P. we assume they can be
obtained via (1.1) from a family (V) verifying the assumptions in (A).

1.3. Definition

We denote by € the class of cylindrical functions on NZ for which there
exist a cylindrical function f on {0, 1 }Z with basis contained in {0,1, ...}
such that if £(.) is related to n(.) by (1.1) then

S()f(€)=S (@@ +1DJMn) (1.3)

This is the class for which we shall prove the Gibbs-Boltzmann principle.
The main example needed for Theorem 0.3 is f(£)=1 (£(0)>0).

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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2. PROOF OF THE RESULTS

In this section we shall prove Theorems 0.3 and 0.4. For Theorem 0.3
we shall also need the theory of Holley and Stroock for generalized
Ornstein-Uhlenbeck processes via martingale problems [11]. In our case
we use that (i) and (ii) in Theorem 0.3 determine exactly one probability
measure on C ([0, + ), &’ (R)), which is an easy generalization of Theo-
rem 1.4 of [11].

2.1. Remark: It may be convenient to notice that in this characterization
of the measure 2 we may change (i) in Theorem 0.3 to the following:
(i) For every pe ¥ (R)

M,(cp)“é'Y,(m)—f Y. (A, 0)dv (2.1a)

and

(M, (¢))*— j IIB, 0| dv (2.1b)
. |

are #-martingales with respect ot the canonical filtration (%), where A,
and B, are defined by (0.19) and (0. 20), respectively.

The above remark follows easily from stochastic calculus, after noticing
that (2. 1) implies that

Zoo (1) exp [i (Yegoe (@)= Yo (0)

TOVT , 1 TOVT 2
-[avemco -3 [ IBoolpa]

(1] T0
is a #-martingale, and from this one also gets (0. 17). (Cf. [26].)

2.2. CoroLLARY. — Theorem 0.3 follows if the following conditions are
verified:

(a) The family (#*:0<e<1) is tight on D([0, + o0), ¥ (R)) and any
weak limit point is supported by C ([0, + o), &’ (R)).

(b) Any weak limit point of #¢ solves the martingale problem described
by (i) and (ii) in Theorem 0. 3.

Condition (b) of the above corollary will be a consequence of the Gibbs-
Boltzmann principle. Thus we postpone its verification until Theorem 0. 4
is proven. Now we concentrate on the thightness condition, for which we
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shall use the following criterium from [19], an improvement to those stated
in [11], [12], [17], [18].

2.3. THEOREM (cf. [19]). — Let (Q, &) be a measurable space with some
right continuous filtration (usual conditions) (3.0 and probability mea-
sures P,, 0<e<1. Let (Y5 120) be an (s/%)-adapted process with paths in
D([0, + o), #’(R)) and let us suppose there exists, for each 0 (R), o5
predictable processes Y (., ®), Y5 (., ¢) so that

M:(9) & e (g) - f (v, @) dv 2.20)

and

(M:(¢))* f (@) dv (2.2b)

0

are (P,, o/°)-martingales. Assume further that:
(c. 1) For every 1,20 and pe & (R)

sup sup P, [(Yi(9))’]<+co (2.3

0<es1 0=t=1g

sup  sup P [(vi(t,0)*]<+00, for i=1,2. 2.9

0<es1 0st=1

(c.2) For every 9% (R) there exists 8(t, @,€) with lim 5(, ¢,€) =0,
el O
and

lim P,( sup | Y%(9)—~Y: ()] 28(x, ¢,8) =0. (2.5)

el O 0<t'=<t

Then, if 2* is the law induced on D ([0, + ), &' (R)) by (Y?) under P,,
we can say that the family (?°:0<g<1) is tight and that any weak limit
point is supported by C([0, + o0), ¥’ (R)).

2.4. Proof of tightness in Theorem 0.3: We must find v5, 75 verifying
(2.2) and also check condition (c.1), since (c.2) follows immediately
from the definition. With the notation of Section 1 we know that if
F:N%Zx[0, +00) - R is a bounded function such that F(,.) is a C!
function and F (., ¢) is in the domain of the closure of L [def. by eq. (0. 1)],
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then
F(E_,(.,a‘zr),s‘zt)—-rs“z[LF(.,e‘%').é’;(a‘%’)
0
+ iF(&(s”zt’), o) 'c=e—zr':| dv  (2.5bis)
do

is a martingale on the basic space (Q, o/, P,) of Section 1 for the filtration
ot =o-field generated by (£(.,t):05t<e”%1). We would like to apply
this to

FE = /eY o(ew)Ew)-P. (1) (2.6)

which is not bounded in & A priori we would then have only local
martingales in (2. 5). But then the argument given below can be applied if
we stop the process at suitable stopping times T; — + 00 a.s., and as seen
below, this allows to conclude that

sup sup P.(F?(E(e"%1), e 21))<+00
0LtSty 0<e=g1l

so that (2. 5) will hold for F(.) given by (2. 6). (Cf. [26].)
Now, using equation (0. 1) we get:

Y1 (T, @)= -?ZAew(eu)(l(ﬁ(u,8“21)>0)—|P’g(§(u,S'Zr)>0)) (2.7)
where

A o(x)=e"*(@(x+8)+p(x—)—20¢(x)). 2.3

Hence v] (7, ) =Y:(g; A, ¢), with g(§)=1(£(0)>0), according to the defi-
nition introduced in the statement of Theorem 0. 4. Similarly we get

Va(n @) =e" 1 Y 1(E(u,e721)>0) [(@(su+8)— o (eu))
+(@(eu—e)—o(cu)’ (2.9
and from this we see that equation (2.4) for i=2 holds, since
0=75(%, @) <csup(1+r?) | ¢’ (r)|?
for a suitable constant ce (0, + o).
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We now want to check equation (2.4) for i=1. From the above expres-
sion for yj(.,.) it is easy to see that it suffices to get a bound as (2.3)
for Y:(g; ¢) with g€ % (R) and g(£)=1(£(0)>0). Following the general
strategy in the article we shall realize such fields in the S.E.P., and get
the suitable bound after reduction to simpler expressions throug a Taylor
expansion. For this let us introduce the new field

Vig 0)= /e X 0(eu)(1(E(s,1)>0)—B(u,&, 1)) (2.10)

where t=¢7 21 (here and in the rest of this proof), and the B(u,e, 1)
are numbers which will be specified later. In any case
P.(Yi(g; 0)) <SP (?ﬁ(g; 9)%) and we want to prove (2.3) for Yi(g; 9). In
the S.E.P. Y¢(g; ¢) becomes

Vigo)=/eLoCut)n(x)(1-nx+1,0-Bu(x1,e0) (2.11)

where u (x, t) is defined as
ulx,t)=u iff qu,t)<x<q+1,1) (2.12)

for x, uez, t=0.
The function u(., t) is non decreasing Setting

u(x, & t)=P,(u(x,t) (2.13)
we have
u(x+1,et)—u(x,et)=P,(n(x+1,1).

We easily see that u(x, ¢, t) extends to a smooth function u(.,¢,t) on R,
which is strictly increasing (by Assumption 1.2) and for which there exist
0<m<M< + o so that

mgaﬁﬁ(r,e,t)gM (2.19
r

for t=¢ %1 and 0<t=<t, Thus we may define the inverse function
R (.,¢, 1) so that

R(u(r,e t),e,t)=r forall reR (2.15)

and we have a bound as (2.14) for (8/6u)R(.,¢,t), when t=¢"271 and
1<1, We then set

B(u,e,t)=1—p (R (u,¢,1t),1) (2.16)
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and notice that B(u(x, &, t),&,t)=1—p(ex, 7).
From the Taylor-Lagrange expansion to first order we can write

Ye(g; @) =I+I1+III (2.17)
where

I=— /e} ou(xe))n ()M x+1,0-pEx,1)
I=_/e} ¢ (ulxe)n(x)(1-n(x+1,1)
—B(u(x,& 1), & ) e (u(x, ) —u(x, & 1)

III=—\/EZ(p(aﬂ(x,s,t))n(x,t)C(ﬂ(x,s,t),s,t)e(u(x,t)—ﬁ(x,s,t))

where u(x,¢,t) is some (random) point in the interval with endpoints
u(x,t) and u(x, ¢, t), and

0 0
C(u,e,t)=—R (u,&,t). —p(r,7) |,=£R(u,e,,) (2.18)
ou or

In the sequel we shall estimate each term in (2. 17); we start with I:

P.(I)=¢e} @(eu(x,e 1) @(cu(y,e1)

XP M, )n@, M (x+1,0)
—pEx,DYM@+1,0-pEy,V)] ((2.19)
But from Lemma A .1 we know that
e ' P OMNG, )M GEx+1L0—pEx, DM@ +1,0)—p(E),T)
is uniformly bounded, for |x— y|>1 and 0=t =<1, Thus we get

P.(I)ZCsup|(1+r) @ (eu(r, e )|* {eY.(1+(ex)®) "1 }* (2.20)

As easily seen in Lemma A . 2 there exist a, b>0 so that [see also (2. 14)]
|u(x, e t)—bx|<a (2.21)

for t<1,, £€>0. Using (2.20) and (2.21) we get the required estimate
for P, (1%).
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For e>0and 151,

P.(I*)<e” ) P (G, ()G, )= {e L [P (G2 (x)]'2}* (2.22a)

X,y x

where
G, (x)=| ¢’ (eu(x, & 1) \/E(u(x, t)—u(x,e 1) (2.22b)
We shall now prove that there exists a constant ¢, such that
[P,(G2 (O)"* Sc, sup lo" M)A+ |(1+(ex)*) ! (2.23)
and this will give the desired estimate for P, (II2). Since P, (III?) is comple-
tely analogous we will have proven (2. 4).

To prove equation (2. 23) let Et"e=1(| u(x, t)—u(x,e, t)|_£_a’°‘), for some
ae(3/4,1). Then

[P.(G2 (N2 <0 (u(x, &, 1) [e P, (u(x, 1) —u(x, &, £))2]*/2
+[P (G (x)(1-ZNI'? (2.24)
where
o) =sup(| ¢’ (y+x)|:|x|<e! ™.
Since one can find a constant ¢ < + o so that
supP, (e(u(x,t)—u(x,¢ t)*)<c (2.25)
for €€(0, 1] and t1<t,, as proven in Lemma A.2, just as before we see

that the first term in (2.24) gives rise to something of the required form.
For the second term we write

[P.(G? (x) 1 =) [P (GF N [P, (1 - F )M

Now the important estimates come from [10] and allows us to say that
(as in Lemma A .2) for each n>1 there exists d, < + oo so that (?)

Po([u (e, t)—u(x, & )*") <d, g7 2" 79 (2.26)

(?) Joseph Fritz has shown us how to derive an exponential estimate for u—u. He can
actually prove, using Prop. 1.7, ch. 8, of [16], that for any o> 1/2 there exist B, a, and b
positive so that P(ju—u|>¢") <a.exp(—be~F).
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with 0<d<1/4. In particular
[P,(1—& )] <d, er 6+ 102 (2.27)

and we can choose 8 so that §+a>1.

We now compute P,(G?(x)) by decomposing the integral according to
the sign of |u(x,f)—u(x,¢t)|—(1/2)b|x|, and using once more the
Cauchy Schwartz inequality.

This leads to

[P(GE M =, fesup(|(1+r7) @' ()| v 1)

x[{(1+32(g|x|—a>2>_11(|x|>2a|b)

+1(x| 5200 P, s =5 )1

o[ 1w 0= 01> 2151 ) [ Qw0 -7 s e
and from (2.26):
— b 2 16
Pa(l u(x,0)—u(x,¢ 0|2 Elx I)§d8<m> g-16(1-9)

which gives the desired dependence on x; by taking n large enough in
(2.27) we get positive powers of ¢ and (2.23) follows. [In fact, we have
seen that the contribution to (2.23) coming from G?2(1—%,) vanishes as
€ tends to zero.]

To complete the proof to tightness it remains to check equation (2. 3).
For this we write

Yi(o)= /e Y o(cu) (&(u, )—v(u5 1) (2.28q)
where t=¢" 21 and
v(u,&,t)=(1—p(eR (4,¢,1),7)/p(eR (4,¢,1),7) (2.28b)

It is enough to check equation (2.3) for Y:(¢). In the S.E.P. we can
write Y&(¢) as

?:((P) = \/gz ¢ (8 u (X, t)) n (xa t) [Nt (x)'-v (u (x’ t)a &, t)]
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where N, (x) denotes the number of empty sites in between x and the next
(to the right) occupied site, at time z. From this we easily see that

Yi(@)=/eX 0 (eulx ) [1-1 (5 )—n(x D)o u(x 1), 1)

=T+II+1II (2.29)
with

I=— feXoulte))@Ex) " (n(x)-pEx 1)
I=_/eY ¢ (eulx,& 1) [1-n(x,1)

N oW b), & ) eu(x, )—u(x, &, 1)
= —\/EZ(p(sﬂ(x, & 0)N(x, ) D(uU(x, & t), & t) & (u(x, 1) —u (x, &, 1))

for some suitable (random) u(x, €, t) in the interval with endpoints u (x, t)
and u(x, &, t), and where

D(u,a,r)=—R'(u)(p(r,r»ﬂ%p(r,r)|,=ek(..,a,,). (2.30)

Each of these terms is treated analogously to the corresponding ones in
Y¢(g; ). This concludes the proof of tightness.

k
2.5. Proof of Theorem 0.4": 1t is enough to consider f(n)= ITne),
i=1
where x; <. .. <x, are integers. Here a(f. x, 1)=kp (x,7)* !, and we shall
write 7, for f(n(.,)). Also we will simply denote the P_-expectations by
{.). Writting

k
S@h=Tne+xn= % TlinGx+x0

A7{1,...,k}ieA

—MEx+x, O [T <n(x+x,0) (2.31a)
i¢gA
and

SWi>= Y <Il&+x0

A7{1,...,k} ieA

—(nGx+x,00)> [T<nx+x,0) (2.31h)

j¢A
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The term corresponding to A= & cancels when taking S (x)]:— (ST
Also, it is easily seen that the terms corresponding to |A|=1 in Y2, (f; @)
“cancel” with Y¢z,((a@),z,) in equation (0.26). Thus, it remains to prove
that for k=2, and for 0<1'<t< + ®©

lim lim sup IP’S[{%£I+Tdsﬁ§(p(sx)gs(x)}2]=0 (2.32)

Tt+o el 0 r<e?i<e
where

k
g ()= l__[ (N (x+x;, $)—pi(x, 5)) (2.33)

for x,, ..., x, distinct integers, k=2, and p;(x, s)=P,(n(x+x;s)). But
the expectation in (2. 32) can be written as

2 t+Td 1 T+t—s . Id, 5 34

¥£ sefx:(p(sx)¥-[o A%(x,s,s") ds (2.34)
with

A%(x,5,5)=). 0 (ey) P, (2,(x) &+y (). (2.35)

For R >0 we decompose A®(.) as
A%(x,s,8)=Cg(x,s,s)+Dg(x,s,s),
where:

CG(x55)= Y  0EYP(8,X) gy ()

yily—z|=sR

Di(x,55)= Y  (e))Pu(8,(x) &1y (V).

y:ly—x|>R
For C; we use local equilibrium (cf. [9]) to get:

|Ca(x%55)— ¥ @EQ+X))V,ex 2y &0 Tg()]

lyIsR
<Y (R, 5).sup|e(r)] (2.36a)
k
where L is the generator of S.E.P., gn)= n (n(x;+y)—p(ex,€*s)), and
i=1

lim¥ (g, R,s) =0 (2.36b)
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{¥(g,R,.)}, is uniformly bounded on each [0, T].
On the other side a simple computation gives, for all p:

)

lyI<R

k k
V,,(H(n(xi)—p)e’fﬂ (M(x;+y)—p)|SF () (2.37a)

i=1 j=1

where
lim ¥ (t)=0. (2.37b)

t—= +ow

From these two facts we get

%jT Ci(x,s,5)ds'< %IT [P (s)+¥ (s, R,5)]ds . sup(|o(r)]) (2.38)

0 0

Now, let us estimate D§(.). Using the initial construction of stirring
particles on some (Q, &7, P), we denote by Y (x,t), 0=<t<s the path of
that stirring particle such that Y (x, s)=x. The duality gives:

Di(x,5,5)= Y @(E(+x)P(G(xs55)) (2.39)

|yI>R

where

k

Ge (X, Vs S, S’) = 1__[ (T] (Ys (-;i, 0))

—p(i ) [T (M (Yys0 42, 0) =P (i, 5 +5))

j=1

with
X;=X;+y

E(lr S) = Pe(n (;c’i’ S))

p(,s+5)=P,(M(xX},s+5)).
We decompose the integral in (2. 39) according to the set
B(y)={w:3ije{l,...,k}s.t. Y o (X, 8)=X;}.
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We have

2 | ee(y+x)P (ln\B(y) G*(x,,s,5) |

ly|>R

§2|<p(.s(y+x))|~ Y ~P(Ysﬂ,(f,.,s):}},i:l,...,k).
y Y1s « -« s Yk
Vi#EXj Vi, j

X

k
“”:( [T 9)—PGMGL)—PGs+s)| (2.400)
i=1

Now, it is not difficult to see that p (i, s+s") — P, (n (¥, 5)) is of the order &
(for T fixed) and we shall get (cf. [10]):

r.h.s. of (2.40a)<eY |@(ey)|.-7(T, k,€) (2.40b)

where for each T< + 00, k=2

lim y(T, k, €)=0. 2.40¢)

el 0

We still need to consider the contribution of B(y) to (2.39). But for R
sufficiently large

P(B(»)=CP(T,,<T)

where T, =hitting time of the origin for a symmetric simple random walk
which starts at x. Thus

Z |(p(e(y+x))| P(ls(y)Ge(xsy, S, S/))

ly|>R

Sc Y P(T,,<T)<SA(RYT) (2.41a)

IyI>R

where lim A (x)=0.

X = o0

Taking, for instance, R=T, (2.37)-(2.41) prove (2.32), and so the
theorem.

2.6. Proof of Theorem 0.4: Let fe# (cf. Definition 1.3) and write
fu,t)=Sw)f(&(.,t)). From Definition 1.3 there exists f bounded cylin-
drical function on the S.E.P. so that f(u,t)=S(q(u,t)+1)f, where
fi=f(n(.,1).
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Thus, for t=¢~ 21 we may write:
Y:(f5 ) =\ﬁ2 eeule NN OS(x+ ) fi—hu(x 1,80 (2.42)

with
h(u, & t)=P.(f(u,1)). (2.43)

As before we let Y2(f; ) be defined by changing h to A in (2. 42), where

hwe)=v,(f) with p=p(eR(ue1),1), (2.44)

Notice that, from the relations (0. 5):

d d
a(f;nv)= d_p"lp(f) |P=p(r,t)= _‘pzd—pvp(f) |p=p(2(r,r),t) (2.450)
We set

- d
a(f9 T,T)= _pzavp(h |p=p(ek(e_1r,e,t),1) (245b)

and let (éq))T (N=a(f;r,7) (r). Thus, letting Y¢(.) be as in (2.28a) we
can write

Yi((ag))= \/52(5 9).(eu(x,1))
x(1=m(x,)—n(x, v (u(x,1).51) (2.46)
As before, we expand such fields around u(x, €, t):

Ye(f; 0)=I+I+II+E (2.47a)
Vi((@@)) =T +1U'+1II' +E (2.47b)
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where (writing u and u for u (x, £) and u (x, &, £), respectively):
I=eLoEN () + D ~Vpeno(N]  (2.480)
I=—_ /eX o(eu)n(x )HWe(wu—1) (2.48b)
M= /eX ' () (x5 O8 (x+ DI~ Vp ey (Mo =1 (2.480)
I=—eLoEda(fiedpEx ) (x0-pExI] .48
W=- feroEda(fiedn(x)D@ew—i@)  (2.48¢)
= /eX@(f: .9 0N GDpex "
x[n(x)—plex,)]e(u—i) (2.48/)
where D (u)=D (4, &, t) was defined in (2. 30),

d N
H(u)= ?d;vp(]‘) |p=p(tk(u, g, 1), r)R (u) ap (r’ T) Ir=eR(u, g t) (249)

and E, E’ are the second order terms in the Taylor-Lagrange expansions.
First notice that H (u)=a(f;&x, 1) D (u) and so II=1II". We now prove

2.7. LeMMA. — With the same notations as in (2.47), (2.48) we have
that for each t

lim P, (|IIX |+ |III'|+| E | +| E’ ) =O0.
el 0

Proof: Let us first look at P,(|E|). Notice that E can be written as a
sum of three similar expressions, of the form

\/EZ V(eu(x, e t), € ) g (x, n) e (u(x, ) —u(x, g £))?

where g(.) is bounded, u(x,¢,¢) is a suitable point in the interval with
extremes u(x,t) and u(x,¢,t), and Y (u,¢,1) is a linear combination of
terms like D (u), (a @), (u) or their first and second derivatives. Thus we
want to see that

lim P { /&3 |W(eulx e )| @lx, )—i(x, e 1)* } =0.
el 0 x

Vol. 24, n° 2-1988.



262 P. A. FERRARI, E. PRESUTTI ET M. E. VARES

The procedure is very similar to that used when estimating (2.22), and
it is therefore omitted. The same holds for E'.

We now prove that P, (|III|) - 0. Let & be the partition of R in intervals
(ke P, (k+1)e7%), keZ where Be(0,1/2). We denote such intervals by
F# and let #(x) be that interval which contains x (of course we omit
writing explicitely the e-dependence); y < # (x) (y> £ (x)) will mean that
y is to the left (right) of £ (x), for yeZ. For x>0, we set

b(x,00= Y n0O), b(x,&,0)=P,(b(x,0)) (2.50a)

0<y<Jg(x)
dix 0= Y nMUY(x)>7(x)
y<J(x)
- X nLY(xD<F(x) (2.50b)
y>F(x)
d(x,e,t)=P,(d(x,1)) (2.50¢)

and make the analogous definitions for x <0. Also, we get
a(x, & t)=b(x,0)+d(x,t)—b(x,¢& 0)—d(x,¢,¢). (2.50d)
The difference between b (x,0) +d (x, t) and u(x, t) is due to particles in
F (x); it is therefore not surprising that:
|ux, )—u(x,et)—a(x,&t)|<10e7P (2.51)
Similar arguments are given in the proof of Lemma A.2 to which we
refer for more details.

So, if we call H/\I the value of III when u(x, t)—u(x, ¢, t) is substituted

by a(x,&,t), we can find constants ¢, ¢’< + oo so that, with probability
one:

II/I\I—III|§ce3’2"52|(p’(sE(x,e,t))|

<c e Psup|le (A +yH)]. (2.52)
y

On the other side:
Pl < Y 2 (P, (o2 (ke " 5, 0)}"

keZ

x{P( Y o (eu(x,& )N (x,1t)
ke Psxsk+1)e P
xelZ

XS+ D=V, ex o (DD} (2.53)
From (2.26) and (2.51) we have
supe P, (a? (x, &, t)) < + 0. (2.54)

X
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Moreover, from [10] and Theorem 7.1 of [6] we know:
P.(n(x ) NG OIS (x+ 1=V, x, 9 ()]
X[SG+Df=Vyepo(PDScie+e,8,, (2.59)
for suitable constants c,, ¢, and where
Sx,y=l if x+1+z¢Bandy+1+z¢Bforsomez¢B

=0 otherwise.

B being the basis of the cylindrical function . From (2.52)-(2.55) we
easily conclude that P, (|III|) - 0.

The term III' can be treated in the same way, and the details are omitted.
The lemma is therefore proven.

So far we have proven the following: if we take the limit in equation
(0.22) with Y:(f; @) and Y:((a¢),) replacing Y:(f; @) and Y;((a9),) then
only I and I’ can survive. Now, f has basis on {0,1,...} and v, is a
product measure, so that:

NGO+ D=y ex, oy DI=Sx+D(N(~1L,0])
_vp(t:x. 1) (Tl(— 1)7)_(“ (x’ t)_p(8x9 T)) Vp(e X, 1) (])

From (2.45), and the expressions for I and I’ we are very close to the
condition for applying (0.26); the only problem is that the test function,
ie., (a @), is time dependent. Since the time dependence is smooth and the
variations on (a @), on the integral in (0.26) (for each fixed T) are of
order €2, they can be neglected.

We have therefore proven for I—-1’ even a L,-estimate.

It remains to prove that Y2(f; @) —Y:(f; @) and Y:((a¢))—Y:((a @),
tend to zero in L,-norm, as ¢ tends to zero.

The first difference is non random, and since P, (Y:(f; ¢)) =0, it remains
to see that PC(?:( f;0)) tends to zero, as € » 0. From Lemma 2.7 it is

enough to see that lim P, (I+1II)=0. For this we write 1 (x, t) in (2.40b)
el 0

as (n(x,t)—p(ex,1))+p(ex, 7). Obviously, the only contribution comes
from the terms with n(x,t)—p(ex, ) and for these we may use the same
argument as in Lemma 2.7 to see that their sum will tend to zero in L,-
norm.

For Y:((a9)) —Y:((a @),) we can write it as a deterministic part, which
is treated as Y¢(f; @) — Y:(f; ¢), and a random part, which is

JEX@(fien)—a(f;eu,1) o (euw) (&, )—h(u e, 1)).
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After translating this into the S.E.P. we expand, as before, around u (x, €, t)

and write it as T+ II+III+E where I, . . ., E are completely analogous to
T, ...,E defined in (2.48) but with (a(f; ., ) —a(f;.,1)) ¢(.) instead of
@(.). From the smooth dependence on r of a(f;r,1) and the definition
of a(f;.,t) it is then easy to see that each of these tends to zero in L,-
norm. Since the 1-dependence is smooth (0. 22) follows.

2.8. Conclusion of the proof of Theorem 0.3: We must check that
any weak limit point 2 of the family #°(¢ — 0) verifies (a) and (b) of
Remark 2. 1.

Condition (a) is a direct consequence of Assumptions 1.2. Using (0.22)
with f(§)=1(§(0)>0) it is easy to derive the first martingale relation in
(b), after recalling (2.2a) and (2.7). The second relation in (b) follows
easily from (2.26), (2.9) and Theorem 0. 1.

5. APPENDIX

LemMA A.1: Let V¢ satisfy Assumption 1.2 A and let V¢ be the product
probability measure on {0, 1}% with V*(n (x))=p (e x). Let P, and P, denote
the laws of S.E.P. starting at time 0 with V¢ and V¥, respectively. Then for
each 1>0 fixed and t=¢"*1

2
Pal: H (Tl (xi’ t) - Pe(n (xi’ t)))]

limsup sup g7 !

el 0 x1#x2 i=1

2
—[r’a[ [T )-8 (n(x, t)))]i=0 (a.1)
i=1

Proof Let V¢ be as in Assumption 1.2 (A), and let P, be the law of
S.E.P. with initial measure v¢. From Theorem 5.1 of [5] it is enough to
prove (a. 1) with P, instead of P.. But this follows once we prove that

lim sup I',(x;,x,)=0 (a.2)
£l 0 x1#x2
where

I, (x,, X,)=¢"*

2 2
r TTa0=p0)-8.( [T n00-20) | @3
and
=Y P(Y(xs)=2)p(e2). (a.4)
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Also, from duality:
Fe(xl, x2)=£—1 z (Y (xls t'——"Zl, Y(xZa t)=22)

[ (H(n(Z) p.) <H(n(2) m)]- (a.5)

Taking 5>0 small, splitting this sum according to: (a) |z;|>€7% i=1, 2
(b) |2,|<e7% |z,|>2€7% or |z,|<e7%, |z,|>2€7% () otherwise, and
using the exponential decay of correlations for v* we get:
T,(x,,x,)S2e 1 hje 2"

267 1P(|Y (x5, 8)| 2875 | Y (x5, 0)|£2679)

+2e71 Y 1(|z,|<e7¥)1(|2,|>26 ) P(Y (x;, 1) =2, i=1,2)

zl’ 12

(a.6)

(ﬂ(n(z) p.) (Hm(z» p.)).

We must estimate the second and third terms on the r. h.s. of (a.6). For
the second term recall the coupling Q introduced in Section 4 of [5]
between (Y (x;,t), i=1,2) and (Y°(x;t), i=1, 2) independent random
walks, so that for

QY (v ) =Y (x, )] <™ i=1,2) > 1 —dy e P70

for some positive constants d,, d,. From this we easily get that

P(|Y (x5 1)|£267%i=1,2)SCe2 ™3P 4d, e d2¢ /270
and thus, taking B’>1/2 and 8>0 small enough so that 6+ p'<1 we get
the desired estimate for the second term in (a.6). Let us now look at the

third term on the r.h.s. of (a.6). From Assumption 1.2(a) this can be
bounded above by

e Z1(|z,|<e™®)1(| 2z, |>2e7 ] P(Y (x;, )=2,i=1,2)
x V¥ (N (z1)—py) V*(n (25) —P2)) I
+e7 1 21(|z, | <e7¥)1(|z,|>2e ) P(Y (%, ) =2, i=1,2) V¥ (N (2,) —P,)
Vi (2z0) —py) +2e7 b e 27| (a.7)

Now these two terms are treated similarly. We give the argument for the
first (the other is analogous, but simpler).

Dropping the condition |z,|>2¢~® does not make difference for (a.2),
since the error in doing this is of the order e ™! g2 F =g 73"F Now,
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by Assumption 1.2 [condition (v)], and using the coupling Q we have
le™ X P(Y (xn0)=2,i=1,2)1(|z, |<e™®) V(n(2) —p1) ¥ (n (22) —p,) |

21,22

et Y P(Y(xp0)=2, Y (x5 t)=2,)

22,21, 23
xl(lzz—zg|<e_3').l(|zl|<e'5)
XV (N (2) —py) (p (€ 22)—p (629) +£6,(2,))
+d e texp(—d,e P2 U4 (4.8)
where lim sup 0, (z)=0. Since p has a bounded derivative we easily get

el0 z
that the expression in (a. 8) is bounded by

de! e“’2‘_w'/2)+m4)+ca""'P(|Y(xl, t)|<8‘5)
<d,e! P LA P el
and the lemma follows.
LemMMmA A.2. — Equations (2.21), (2.25) and (2.26) hold.

Proof. To simplify let us just consider x> 0. Then

u(x,0= % n®) (a.9)
U@ )—u(x, 0=y nM1IY»H<x)—- Y n0)UY(»,H>x) (a.10)

Taking averages in equations (a.9) and (a.10) we easily prove (2.21).
For equation (2.25) we take squares in equations (a.9) and (a.10). A
typical term will be ({.>=P,(.))
e Y (MY )20 )MONUY G, )=x)—<.))
yyzx
y#y'

where we used Liggett’s inequality for 1(Y (y,t)<x) and 1(Y (y,t)<x)
cf. [2] and [19]. By Assumption 1.2, the above sum is bounded by some
suitable constant c. The other terms are treated similarly and equation
(2.25) is therefore proven. We now prove equation (2. 26). The term

> (MY 3 0>x)—-<.))

ySx
can be interpreted as the fluctuation on the number of particles which at
time ¢ are at the right of x if the initial distribution has particles only at
the left of x and these are distributed according to (restricted to
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N N (—o0,x]). The estimate follows from Theorem in [10], cf. also the
footnote before equation (2. 26).
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