ANNALES DE L’I. H. P., SECTION B

SHINZO WATANABE

Construction of semimartingales from pieces by
the method of excursion point processes

Annales de I’'l. H. P, section B, tome 23, 1n°S2 (1987), p. 297-320
<http://www.numdam.org/item?id=AIHPB_1987__23_S2_297 0>

© Gauthier-Villars, 1987, tous droits réservés.

L’acces aux archives de la revue « Annales de 1'l. H. P, section B »
(http://www.elsevier.com/locate/anihpb) implique 1’accord avec les condi-
tions générales d’utilisation (http://www.numdam.org/conditions). Toute uti-
lisation commerciale ou impression systématique est constitutive d’une
infraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPB_1987__23_S2_297_0
http://www.elsevier.com/locate/anihpb
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré,

Sup. au n°2, 1987, Vol. 23, p. 297-320. Probabilités et Statistiques

Echqnges Anr.aies

Construction of semimartingales
from pieces by the method

of excursion point processes
by

Shinzo WATANABE

Department of Mathematics, Faculty of Science,
Kyoto University, Kyoto 606, Japan

REsumE. — Nous étudions la construction d’'une semimartingale a partir
de ses picces qui, regardée a la direction opposée, donne une décomposition
de la semimartingale dans ses piéces comme excursions. La collection de
ces piéces est définie comme un processus ponctuel aux valeurs dans un
espace fonctionnel et la construction est basée sur le calcul stochastique
des processus ponctuels.

ABsTRACT. — We study the construction of a semimartingale from its
pieces which, regarded in the opposite direction, gives a decomposition of
the semimartingale into pieces like excursions. The collection of these
pieces is formulated to be a point process with values in a function space
and the construction is based on the stochastic calculus of point processes.

Key words : Brownian motion, martingale, point process, stochastic integral.

1. INTRODUCTION

The notion of Poisson point processes has been introduced by P. Lévy
in his study of additive processes (processes with independent increments)

Classification A.M.S. : 60G 55, 60 H 05.
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298 S. WATANABE

and it plays an important role in the Lévy-It6 theorem describing the
structure of their sample paths ([8], [9], [4], [S]). This is a case of Poisson
point processes taking values in Euclidean spaces but, of course, the
notion of Poisson point processes is meaningful on arbitrary state spaces.
Actually, It6 [6] noticed that the collection of excursions from a point to
it of a strong Markov process forms a Poisson point process with values
in a function space (path space). We know that excursions of Brownian
motions have been studied first by Lévy[9], then by It6-McKean[7] and
the study has been expanded and generalized in several directions by many
people. Now the collections of these excursions can be best described by
using the notion of Poisson and more general point processes on path
spaces, cf.[3], [10], [14].

In studying fine structure of stochastic processes, it is often useful to
decompose a sample path into pieces like excursions and the theory of
point processes is a useful tool for this purpose. An approach is given in
[13] where we try to formulate the collection of these pieces as a point
process on a path space and then construct a whole stochastic process by
putting these pieces together. Purpose of the present paper is to give a
detailed proof of results in [13]. In particular, the results of this paper
supplement the materials of Chapter III, 4.3 of [3]; construction of a
Brownian motion from its pieces will be discussed in more general cases
than the excursions from a point to it and also, an obscure statement
concerning the continuity of the process constructed will be made precise.

2. CONSTRUCTION
OF A BROWNIAN MOTION
FROM ITS PIECES

For simplicity, we discuss the case of one-dimensional Brownian motion
but the generalization to the multi-dimensional case is straightforward.
First we formulate the notion of “pieces’” of a Brownian motion and then,
give a general procedure to construct a whole Brownian motion from
these pieces.

Let (W, %y, n) be a o-finite but infinite measure space and (4,) be a
right-continuous increasing family of sub o-fields of %y, Suppose we are
given a system of real valued functions F (¢, w) defined on [0, c0) x W and
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CONSTRUCTION OF SEMIMARTINGALES 299

o (w) defined on W such that:

for each t=0,
{w; c(w)>t}eB,andw — F (t, w)is #,-measurable, (2.1)
for almost all w(n), 0 <o (w)<oo, F(0, w)=0,
t - F (¢, w)iscontinuous and

F(t, wy=F(tAoc(w), w)forallt>0, (2.2)

f [ (W) A 1] 1 (dw) < c0. 2.3)

We suppose furthermore that
F(t, w)eL?(W, n) foreveryt>0, 2.4

and, for each 0O<t,<t, and HeL?(W, n)\L*(W, n) which is
4,,-measurable,

f [F (t2, w)—F (t;, w)JH(w)n(dw)=0 (2.5)
w
J [F(t2, w)—F (3, w))> H(w) n(dw)
w
w
=I [t,Ao(W)—t; Ac(W]H (w)n(dw). (2.6)
Remark 2.1. — (i) (2. 3) implies that

J [oW)Aatln(dw)y<oo for every t>0 (2.3)

w
because, as is easily seen,

J [c(w)/\t]n(dw)gf cwW)n(dw)+tm{cw)>1}<oco.
w {

c(wW)=1}

(ii) (2. 6) implies that

J F(t, w)zn(dw)zj [t A o (W)] n(dw), t>0. (2.6)
w w
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Lemma 2. 1:
(1) n{w; oc(w)>1}<co.

2 j [F(1, w) |1 >1,n(dw)<c0.
w
3 f F(o W), W21 ;=1 (@dw)<co.

Proof. — (1) is an immediate consequence of (2. 3). (2) is also immediate
from F(1, w)eL?(W, n) and I, ,)>,€ L*(W, n). (3) follows from

J F(o, W)ZI{qsl}n(dW)
. <
:J F(onl, W)ZI(Gél)n(dw)=j F(1, w1 <y yn(dw)<co. [
w w

For some examples of such (W, %y, n) and F, o, see [13], Examples 1
and 2. We can always construct, on a suitable probability space (QQ, #, P)
with a filtration (&), an (& )-stationary Poisson point process p (t) taking
values in W with the characteristic measure n, c¢f.[3]. Now,
{[F(s, P(Nozs<op@p tED,} is what we would formulate to be a collec-
tion of “pieces” of a Brownian motion. [Here, we follow the notations of
[3]: D, is, for each @€, a countable subset of (0,00) and p()eW is
defined for each teD,] A Brownian motion can be constructed from
these pieces by the following procedure: First of all, we introduce the
following:

CONVENTION. — A is an extra point attached to W. We set p(t)=A if
t¢D, and F(t, A)=0 for all t20.

Also, we set 6 (A)=0.

As in [3], a random measure N, (ds, dw) is defined by

N, ((0, t]xE):#{ser;0<s§t,p(s)eE},} 2.7
t>0, Ee%By '
and its compensator Np (ds, dw) is given by
N, (0, ] x E) =t.n(E). (2.9)
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CONSTRUCTION OF SEMIMARTINGALES 301

The compensated random measure (martingale random measure)
N, (ds, dw) is defined by

N‘, (ds, dw)=N,, (ds, dw)—ds n(dw) 2.9

and stochastic integrals with respect to these random measures N, and

N, are defined as in [3], see section 3 below for classes F,, F, F, ', F?

and F2-'*° of predictable integrands.
We define two processes & (t) and A (¢) by

&(t)=J j F(o(w), w). 15 om>1; N, (ds, dw)

0

t+
+j f F(oW), w). 15 w=<1, N, (ds, dw)
0 Jw

—tf F(1, w). L5 >1;n(dw) (2.10)
w
and

A(t):J‘t+ f o (w)N, (ds, dw). (2.1

0

E(t) and A (t), being well-defined by Lemma 2.1, are (% ,)-adapted time
homogeneous Lévy processes [a right-continuous process with left-hand
limits having stationary independent increments with respect to (%,)] and
(2.10) and (2.11) give their Lévy-Itd representation. Furthermore, A ()
is strictly increasing since n(w; 6(w)>0)=n(W)=oco0. The corresponding
Lévy-Kchinchine characteristics are given by

E(exp{ . /—1In.E@®)})=exp{t.y;(n)}, neR,

where

V()= —./41-nj F(1, wsyn(dw)
w

+j (exp{./—1n.F(o, w)}
—1— /—=1.1,<;,n.F(o, w)n(dw)
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and
E(exp{—AA (D) =exp{—t¥, (W)},  A>0,

where

\112(7»)=J (1—exp{—Xo(w)})n(dw).
w

Let Qo={0eQ; A(0+,0)=0, t > A(t, ) is strictly increasing, right-
continuous with left-hand limits and lim A (¢, ®)=c0 }. Then P(Q,)=1.

tt oo
In the following discussions, we always assume ®e€, to simplify argu-
ments. Then, for every te[0, c0), there exists unique se[0, c0) such that

A(s—)StSA(s). (2.12)

This s is denoted by s=¢ (). Clearly, t— ¢@(¢) is continuous and

lim @ (t) = c0. We set, noting the above convention,
t1 oo

B(H)=E(p()—)+F(t—A (o ()-), p{w(t)})’} (2.13)

0=Zt<oo0.

THEOREM 2.1. — With probability one, t — B(t) is continuous and B(t)
is a one-dimensional Brownian motion such that B(0)=0.

Proof. — 1° First we prove the a.s. continuity of ¢t — B(¢). For this, we
need the following
LEMMA 2.2, — Let

Mw)=max{|F(t, w)|; 0St<oc(w)}, weW.
Then, for every >0,
n(w; M(w)>¢g)< co. (2.15)
Proof. — Since

lim n(w; o(w)>n)=n(w; o (w)>0)=o00,
ni0

Mo >0 exists such that n(w; o(w)>n)>0 for all 0<n<mn, For such n,
set
nBN{o>n})

me= n(c>n)

X BeZy.
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Then P" is a probability measure on (W, #y,) and it follows from (2. 5)
that X" (¢, w)=F (t+n, w) is a martingale with respect to (#}) where the
filtration (47) is defined by #)=4%,,,. Hence, by Doob’s inequality and
(2.6)", we have for every T>n,

J max |F(t, w)|>n(dw)
{

o> NStSeaT

g4£ )|F(6AT, w) |2 n (dw)
§4JWF(GAT, w)2 n(dw)
=4JW[G(W)AT]n(dw):=K(T)<oo.
Letting 1 | 0,

f max |F(t, w)|>n(dw)<K(T)
w

0<t=oAT

and hence,
n{Mw)>¢e}
=n{Mw)>g, cW)ST}+n{ocw)>T}
e ?K(M+n{cw)>T}<oo. O

Now it is easy to see the a.s. continuity of t - B (t). If te(A (s—), A(s))
for some se D, then

B®)=E(G—)+F(t—A(s—), p(s))
is clearly continuous at t. Consider the case that

te(0, 0)\ U (A(—), A(s)).

seDy

By Lemma 2.2, N,((0, T]x{w; M(w)>g})< oo a.s. for every T>0 and
£>0 and hence, if we set

Q'={0eQ% N,((0, TIx {w: M(w)>¢e})<ooforallT>0ande>0}
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then P(Q!)=1. Let
te(0, )\ U (A(s—), A(s).

seDp

Then there exists s,eD,, such that, either t<A(s,—)<A(s,) and A(s,) |t
as n— o0 or A(s,—)<A(s,)<t and A(s,) Tt as n— oo. In both cases
M{p(s,)} =0 as n— oo if ®eQ' and the continuity of B at ¢ is easily
concluded.

2° Here, we prepare two lemmas; Lemmas 2.3 and 2.4.

LeMMA 2.3. — For every t>£>0,

Elp(®)—¢(t—e)ln(w; o(w)>g) 2. (2.16)
Proof. — We have

e.#{seD, o(t—e)<sZo(®): o{p(s)}>¢}
< > enc{p(s)}

seDp,@(t—e)<sZe ()
SA(p(®)—-)—A(p(t—g)+est—(t—e)+e=2s.
Noting that ¢ (t) and ¢ (t—¢) are (¥ ,)-stopping times, we have by taking
expectations of the above,
eEN(@(t—¢), (@) x{w; c(w)>e})]
=eE[o(®)—@(—9)n{w; oc(w)>e}<2¢
Hence (2. 16) is obtained. []
Let T>0 be fixed and consider (& )-predictable process f;(s, w, ®)
defined by
F(T-A(s—=)w) if s=o(T)

Jr (s, w, ‘”)={ 0 if s>¢(T).

We have f; e F? since, for every ¢>0,

EI:th fr (s, w, .)zn(dw)ds]

=E[ermdsf [(T—A(s))/\o'(w)]n(dw)]

0

=E[ ) (T-AG-)ArocWw)]
seDp
s=tae(T)
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CONSTRUCTION OF SEMIMARTINGALES 305

<E[ )} (T-A(s-)ArcW)]=T.
sgq’(:')

Hence, a right-continuous process My (t) with left-hand limits is defined
by the stochastic integral

MT(t)=JI+ f Fo(s w, )N (ds, dw)
0 w

and M (¢) is an (& )-square integrable martingale.
LemMMA 2.4. — Let T>0 be arbitrary but fixed. Then, with probability
one,

o (T)+

B(T)=MT((P(T))=\[

0

J F(T—A(s—), wN,(ds, dw). (2.17)

Proof. — We have

B(T)=F(T—A(o(T)—), p{o(D)})+&(e(T)-)
=F(T-A(e(T)-), p{e(D})

o (M-
+J f F(o, w151, N,(ds, dw)
0 w
_(P(T)j F(1, W)I{u>1}n(dw)
W

@ (T)— -
+limj J F(o, W) I,cs<1yN,(ds, dw)
£l0Jo w

:=F(T-A(o(T)—), p{o(D})
+3,(T) =T, (T) +1im I, (T).
el 0

On the other hand,

M((P(T))=J\(MT)Jr j F(T—A(s—), wN, (s, dw)

@ ()+ -
=J I F(T—A(s—), w1 o, N, (s, dw)
0 w

9 (M+ -
+lim j F(T—A(s—), Wl o<1y N,(ds, dw)
w

€l 0Jo
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=F(T-A(e(D-), p{e(M})

o (T)—
+J f F(T—A(s—), W) I4>1,N,(ds, dw)
0 w

_rmdsf F(T—A (), Wlgss,n(dw)
0 w

@ (T)— ~
+lim f F(T—A(s—), W <e<1,N,ds, dw)
el 0Jo w

:=F(T-A(e(T)-), p{e(M})

+1,(T)—1L,(T) +1lim I, (T)
|0

Hence, it is enough to prove that I, (T)=J,(T) and
—L,(T)+limI;(T)= —J,(T) +lim J, (T).

£]0 €l 0
The first equality is obvious if we notice that
F(T-A(s=), p()=F(c{p(s)}, p(s)

provided s<¢(T) and seD,. By the same reason, we have

(M~ '
J J F(T—A(s—), W], <s<1;N,(ds, dw)
0 w

(M-
=I J F(o, W o<1, N, (ds, dw).
0 w

Hence, in order to show the second equality, it is sufficient to to prove
that

lim rmdsj {(F(T—A @), w—F(1, W)y,

€l 0Jo

+(FE(T—A(s), w)—F (o, W) I, cocqy}n(dw)

=lim jvmdsj {F(T—A(s), w)—F(1, w) } I, <;yn(dw)=0.

€l0Jo

But, if 0<e<1,

o (T)
f dsf {F(T—A(s), wW—F(1, w)} I 45, n(dw)
w

0
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=J‘Td(p(s) f {F(T—s, w—F(1, w)} I ... ,n(dw)
0 w

=(f _edw(t)+f dcp(t)>
0 T—¢

X J {F(T—s, w—F(1, w)}I,.,,n@dw): =K, +K,
w
and K, =0 because, by (2.5),
j {F(T—s, w—F(1, w)} 145, n(dw)=0
w
provided s<T—¢. As for K,, we have by (2.5)

K2=fT d(p(s)f {F(T—s, w)—F(g, w) } I, ;5 yn(dw)
€ w

T-—

and hence,

‘Kzléf do(s)

T-¢
XI:J {F(T—s, w)—F(g, w)}zn(dw):lllzn(0>s)”2
<E[o(T)—o(T—¢)]

XH {o(w)Ae}n(dw>]mn(c>s)“2

by (2.6). Since n(oc>g)— oo as £|0, we may assume that
n(o>g)'’? <n(o>¢) for all small £>0. Hence by (2. 16),

E(K)ZE[¢(T)—¢(T—¢)]

x[j {c(w)/\e}n(dw)]llzn(c>£)

§2[j {c(w)/\e}n(dw)]m—»O (2.18)

as ¢ | 0 by the dominated convergence theorem. [
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3° We now construct a filtration (s#,) of (Q, &, P) such that B(¢) is
(s#,)-adapted and satisfies, for t,>¢, >0 and G (w) which is bounded and
H,,-measurable,

E({B(t,)—B(t)} G(») =0 (2.19)
and
E({B(t,)*—B(t,)*—(t,—1,) } G(w))=0. (2.20)

This will imply, together with the continuity of ¢+ — B () established in 1°,
that B (¢) is a Brownian motion.
We define #,, for each t>0, by

H=F -V il FsA(t—A(p()—), p{e(®}); 0Ss<o0}. (2.21)

Note that @ (¢) is an (£ )-stopping time and, for any (% ,)-stopping time T,
F r_ is defined, as usual, to be the o-field generated by sets of the form
AN{s<T}, AeF, s=0, Cf. Dellacherie[2], Dellacherie-Meyer [3]. Also,
we denote by 64(n,; 0<s< ) the o-field on Q generated by the family
of random variables n, 0<s<oo. It is easy to see that #,c#, if t<t’
and #,cF . Also, it is obvious that B(t) is #,-measurable for each
t=0.
Now we prove (2.19). For this, it is sufficient to show that,

E[B(t;) H, (o) H, (0)]=E[B{t,) H; (0) H, ()] (2.22)

for 0<t, <t,. Here, H, (®) is #
is of the form

o 1) —-Measurable and bounded and H, (o)

H, (@) =@ (f " (@ (1)), p{o ()}, ®)

where ® is a bounded Borel function on C([0, o) > R) and
fi1(s, w, ®eC([0, ©) - R) is defined by

Fun@,—AG=),w if t;2A(s—)

fl(s,W,CO)[u]={ 0 if t,<A(s—)

By Theorem 2.1 of [2] (cf. [3] also), there exists and (% )-predictable
bounded process G, (w) such that H, (0) =G, (®). Now, by Lemma 2.4,
we have

¢ (t1)

I: —E[B(t,) H, Hﬂ:EUWHJ F(t,— A (s—), wN, (ds, dw)H, H2]
0 w

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques
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and, by the martingale property of the stochastic integral, this is equal to
@ (ty)+
E[I f F(t,—A(s—), W)Np(ds, dw) H, Hz]
0 w

since H, H, is #, ,,,-measurable. Hence,

Q@)+ -
I=lim E[f J F(t,—A(s—), w)I{,,(w,>s}Np(ds, dw)Hle:l
0 w

el 0

Q)+
=1im{EU ' fF(tz—A(s—),w)I{c(w,>e)Np(ds,dw).Hle]
0 w

€l 0

LIGY)
—EU 1 dsf F(t,—A (), Wy g (@w). H, Hz]}
0 w

:=lim {I{ - I5}.
el 0

Now

31
§=E[I d(p(s)j F(ty—s, W)om»>gn(dw). H; H2:|
0 w

131 ty—¢
=EU d@(s)”uzU dq:(s)”= I, +15,
t1—¢€ W (4] W
and noting that
131
1‘2,1=EU do(s)
ty—e

x{f F(E’ W)I{c(w)>:}n(dw)}'Hl H2:|’ 8<t2_t1,
w

we have 15, =0(1) as € | 0 by the same proof as for (2. 18). If s<t,—¢,
then we have

f F(ty,—s, W) L (> 1 (dW)
w
=J‘ F(t;—s, W) >gn(@w)
w

=f F(e, w) L (> 1 (dw)
w
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by (2.5) and hence we can conclude that

;=EUW”dsf F(t,—A(s), W)
0 w

xI(c(is)n(dw).HlH2}+0(1) as €]0.(2.23)

Next,
E=E( ) F(,—AG—), p)]gpe>qg- HiH)
et
=E( ) F(t,—A(s—) P() Lig psp>e- Hi Ha)
veet)
+E(F(t;—A(e(t)—), p{o(t)})
Io poam>a Hi Ho) 1 =15 1 +17 5.
Then
I5,=E( Y F(t;=AG=)pO)]epw-gHiHy) (2.24)
<ot

because s< ¢ (t,) implies that
t,—A(s—)>t; —A(s—)>A()-A(—)=c{p()}
and hence
F(t,—A(s—), p()=F(t; =A(s—), p())=F (c {p ()}, (5)).

To handle I ,, we use a trick originally due to Mainsonneuve [10]:
Namely,

Ii,=E[ } F(t,—AG-)p6)

ser
s (t1)

X Lig (pn>e 11-A -0 (o o X Gs- @S2 (s, p(5), )]
because

s<e(t)  and 1, —AG—)So{p()}=AE—Al-)

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



CONSTRUCTION OF SEMIMARTINGALES 311

if and only if s=¢ (t,). Hence,
@ (t1)
Ii,2=E[I Gsdsj F(t,—A(s), w)
0 w
X I(c (w)>¢, t1—A(s)§o(w)}q)(f f (S, w, ﬁ))) n(dw)]
31
=Elij G(p(s,d(p(s)f F(t,—s, w)
0 w

X I(c (w)>g, t1 —sZo (W)} d) (ftl ((P (S), w, 0))) n (dW):|

1 ty—¢
=EU G,(S,dcp(s)J ]+EU1 Gq,(s,d(p(s)‘[ ] O<e<t,.
t1—¢ w 0 w

The first term is o(1) as € | 0 by the same argument as for I3 ; or (2.18)

if we notice that ® (f*1 (¢ (s), w, ©)) is 4, _,-measurable in w and hence

f Flta=s, W)I(o(w)>e, t1—ssSo (W)
w

X(I)(ftl ((P (S), w, (D))n(dW)=J F(G, W) I(a (w)>g, t1 —s=co (w)]

D (f' (¢ (), w, ®))n(dw)

provided e<t,—t, and t; —e<s<t,. Also, the second term is equal to

EU reGMs)d(p(s)j F(t,—s, W)
w

0

X I(c (w)>g, t] —s=o (w)} (I) (.ftl ((P (S)’ w, (0)) n (dW)]
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and this can be estimated as

EU'IGNS)dq;(s) J F(t,—s, w)
0 w

X Lig (wy>e, t1—s§o'(w))d)(f11(q) (), w, (o))n(dw)]+o(1) asel0

by the same argument as for the first term. Thus

@ (1)
Iﬁ’2=E[J GstJ\ F(t,—A(s), w)
w

0
X L y> s, 11— A <o ouy @S 1(SW, co))n(dw)]+o(l)
=E[F(t,—A(e(t)—) p{o(t)})

L oo Hi Ho+0(1) asel0 (2.25)

by reversing the above argument. (2.23), (2.24) and (2. 25) together imply
that

1=EU¢“1)+I Ft,—A (s—), w)

X Lig o>y N (s, dw)H1H2]+o(1)=E[B(t1)H1 H,]+0(1) asel0

and the proof of (2.22) is complete.
To prove (2. 20), it is sufficient to prove that, for 0<t, <t,,

E[{B(t,)*—1,} H, (0) H, (0)]=E [{B(t,)*—t;} H, (w) Hy(@)]. (2.26)
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By It6’s formula (cf. [3]) applied to the stochastic integral M, (s),

B(t)*=2 J‘v tHJ‘ M,s—)F({t—A(s— )w)N (ds, dw)

o @+
N J f F(t—A (s—), w2 N, (ds, sw)
w

]

Q@)+
=2j ) j M,(s—)F(t—A(s—), wN,ds, dw)
+rm+f (F(t—A(s—), w)?—({t—A(s—)) Ao (W)} N, (ds, dw)
0 w

Q@)+
+j ) ~[[(t—A(s—))/\(r(w)]Np(ds, dw)
w

0o

=2rm+J M,(s—)F(t—A(s—), wN,(ds, dw)
4]

J‘o(rnj {F(t Als—), w)2

—(t—=A(s=) Ao} N, (ds, dw)+t.

Hence,

B(t)>—t=2 j m+j M,(s—)F(t—A(s—), wN,(ds, dw)

rmj (F(t—A (5= W)’

—(t—A(s=)Acw}N, (s, dw): =T, () +T,(1).

The proof of
E[J,(t2). H, Hz]=E[Jz(t1)- H, H,)

is exactly the same as above; in this case, however, the integrand is in F},
and hence the integral is absolutely convergent. So we need not introduce
I ;> and take limit as € | 0. The proof of

E[J, (t;). H, H,]=E[J, (¢,)H, H,]
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is also similar to the above: We need, for this, the estimate
@ (ty)
E[I |M,2(s)|dsj |F (e, w)| I{G(w,>e)n(dw)]=o(1)
@ (t1—¢) w
as £ | 0 and this can be obtained, as above, from the estimate
o (ty)
E[J |M,2(s)|ds:|n(0'>8)§4t§/2.
@ (t1 —¢)
The last estimate can be proved as follows:

E[jwtl) |M,2(s)ds|]n(6>e)

o (t1—¢)

=E[ ZD IM,, ) |- T p syl
SE p

o (t1—e)=s=¢(t1)

<2E( max IM,, (s)])

Qt1—g)=s=0 (1)
as in the proof of Lemma 2.3 and by Doob’s inequality,

E( max |M,(s)[)SE( max |M,(s)[*)"?

0=s=o(t1) 0=s=¢ (1)

gz“wl)dsj F(t,—A (s), w)zn(dw)]m

@ (1) 1/2
ng[ J ds j F(t,—A(s), w)? n(dw)] =212,
0 w

This completes the proof of (2.20) and hence the proof of Theorem 2.1
is now finished.

3. GENERALIZATION

By generalizing the discussions of the previous section, we construct a
continuous martingale from its pieces: This will provides us with basic
tools to synthesize a semimartingale from its pieces like excursions or,
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looking this in an opposite direction, to decompose a semimartingale into
pieces.

Let (W, 4, n) be, again, a o-finite but infinite, complete measure space.
For a metric space E with metric d, we denote by L,(W — E) the metric
space consisting of all n-measurable functions f: W — E endowed with the
metric p defined by

o(fig)=Y 2‘"[ f LAd(fn), g(w))n(dw)/n(un)]
n=1 Un

where U, is a disjoint family of sets in % such that 0<n(U,) <oo and
UU,=W. Let (Q, #, P) be a probability space with a filtration (%).

The predictable o-field on [0, 00) x Q is denoted by £ (cf. [2], [3]). Suppose
that we are given the following #-measurable mappings:

o" *(w): (¢, €0, o) x Q- [w—> c" ®(w)]eLy(W — [0, c0))
F"®(u, w): (¢, ®)€[0, 00)xQ
= [w— [u—F"°(u, w]leL,(W - C([0, ) »R?)
(F2 2 Fb Y (u, w): (t, ®)€[0, 0)xQ
= [w—[u—F"° F ), w]eLo(W - C([0, o) - &%)
where &% is the space of all symmetric and nonnegative definite matrices.
Suppose also that we are given, for each (¢, ®)e[0, 00) X Q, an increasing

family (%% ©),»o of sub o-fields of &y, depending predictably on (t, ®) in
the following sense. These exists a Polish space S and

n" °(u, w): (t, ®€[0, 0)xQ
= [w-[u->n"*°u, w)leLy(W-C([0, ) —8))
which is Z-measurable such that

B = N ow{n"°®); 0sv=u+e}vN

£>0

N being the totality of n-null sets on W. For each (t, (n) we assume that
the following are satisfied:

{w; o" ®(w)>u} e &, u>0 3.1

F* ®(u, w) and (FY @ F° 5 (u, w)
are (4" “)-adapted, (3.2)



316 S. WATANABE

for almost all w(n),
F* ©(0, w)=0€eR?,
(Fo, F* 2% (0, w=0e&%, u->(F"°F > w (3.3)

is non-decreasing and

F* ©(u, w)=F" ®(unc” *(w), w)

CF 9, F @) (u, w)=(F ©, F“* ) (uach *(w), w)

for every u>0.
Furthermore, we assume that the following are satisfied:

for every T>0,

JTdtJ [1 Ac™®(W)]n(dw)<oo, a.s. (3.4
0 w

for every T>0 and s>0,

detJ |F" ©(sAc® ®(w), w)|*n(dw)<w, a.s.
0 w

T 3.5
f dtf trace (F* ®, F* ®>(s Ac” ®(w), wyn(dw)<oco, a.s.
o Jw
for every 0<s, <s,, T>0 and every -measurable mapping
H" © (t, ®)€[0, 0)xQ— H" °(w)eL?(W) N L*(W)
such that w — H" © (w) is 4}, “-measurable for all ¢, a,
T
J dtj |H" ®|>?(w)n(dw)<oo a.s. (3.6)
0o Jw
and
ess sup|H" ®(w)|<o0 a.s.,
[0, T] W
T
f dt f {F" @ (55 w)—F" °(s, W} H" °W)n(dw)=0 a.s. (3.6),
(0] w
and
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T
j dtj {F" °*Q@F*" “(s5, w)
0 w
—F *®@F" “(s;, w)} H" ®(w)n(dw) (3.6),
T
=j dtJ {(F* 2, F* @ (s5, w)
0 w
—(F» F* *>(s;, wH" “(W)n(dw) a.s.
Here, we recall the following definition ([3], p. 61-62)

F,= {f (t, w, o); fis predictable and for every t >0,

fﬁj | f(s, w, ®)|N,(ds, dw)<oo a. s.}
w

0

F;={f (t, w, ®); fis predictable and for every t>0,

E[‘[tdsj If(s, w, m)ln(dw))]<oo}
0o Jw

Ff,={ f(t, w, w); fis predictable and for every t>0,

E[j'dsj | f(s, w, w)|2n(dw):|<oo}
0 w

F '°°={f (t, w, ®); fis predictable and for every >0,

ftdsf |f(s, w, m)|n(dw)<oo a.s.}
0 w

F2: loe { f(t, w, ®); fis predictable and for every t>0,
t
J‘ dsf |f(S, w, (D)lzn(dW)<OO a.s.}
0 w
We can easily see that

1 1, loc 2 2, loc
F,cF,; *cF, and F,cF, ™
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Lemma 3.1. — For every >0,
(i) Igt o ws>5€Fy °cF,;

p

(i) o *(w)eF,;

(iii) trace ¢F" ®, F" ©) (c" *(w), w)eF;

(iv) |F" ©(c" ®, w)|Lgt gy e F2 105

(v) |F"®(c"® w)|Igt oy €F,.

The proof is easy and omitted.

Let p(t) be an (& )-stationary Poisson point process taking values in
W with the characteristic measure #n. Based on this lemma, the following

stochastic integrals are well-defined and hence an R%valued semimartingale
& (t) is well defined:

t+
é(t)=Jv J\ FS’ (n(o.s, m(w), W) I{os' "“(w)>1}Np (dS, dW)
V] w

t+
+f f F (c® *(w), w) Iigs. 0 ()< 13 N, (ds, dw)
0o Jw

—ft[f F> (1, w) s m(w)>1,n(dw):|ds. 3.7
oL Jw

Let p(s, ®) be an (& ,)-optional, nonnegative process such that, for every

t

t>0, f p(s)ds<oo a.s. Let A(0) be a nonnegative (& ,)-measurable
(1]

random variable and define an (& ,)-adapted increasing process by

A(t)=A(O)+It+j c* *(W)N, (ds, dw)+Jtp(s)ds. (3.9)

)
Assume that

t — A (t) is strictly increasing and lim A (t)=o0 a.s. 3.9
t1 oo

Then a continuous process @ (?) is defined by the property that ¢ () =s if
and only if A(s—)=St<A(s) (A(0—)=0). We introduce the following
convention: We attach to W an extra-point A and set p(t)=A if t¢D,
Also, set F* ©(u, A)=0eR? and (F" ©, F* > (4, A)=0e &% for all u=0.
Let a be an extra-point attached to S [S being the Polish space appearing
above in connection with (%% ©)] and set n" ®(u, A)=a for all u=0. Also,
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if u<0, we set always n" © to take the value a and F* ©, (F> ¢, F* ®> to
take the values 0eR? and 0e &4, respectively.
We define a filtration (5#,) of sub o-fields of & by

H=F 40~V {N* P (t—A(0(O)-)) A, p{e®)});0=u<oo} (3.10)
Define an R%valued process M (t) by

M@®)=E(@®O—)+F* P (t-A(e(®)-), p{o®}. @3.11)

THEOREM 3. 1. — M (1) is a d-dimensional continuous (H,)-local martingale
with

(M, M (D)=x(e(®)—)
+CFPO 0 FrO e t—A (o)), p{e(®}) (3.13)

where
K(t):fH ‘[ CF 2 F @5 (0% ° w)N, (ds, dw). (3.13)
0 Jw

The proof of this theorem is essentially the same as that of Theorem 2. 1.
A typical example of applications is for the processes constructed in [12].
This theorem, combined with Theorem 3 of [13], assures us that the
processes constructed are actually solutions of stochastic differential equa-
tions corresponding to the given analytical data, cf. also [3] and [11].

Remark 3.1. — In the above, we excluded the possibility that o (w)= o0
or o" ®(w)= 0. This possibility can be allowed if the following modifica-
tions are made. In the case of section 2, we assume n {c (w)=00}>0. (2.3)
implies that n{c (w)=c0} < oo and hence e: =inf {seD,; o {p(s)} =00} is
exponentially distributed with mean n{oc(w)=00} '. Hence A (e—)<0
and A(e)=oc0. B(t) is defined for t<A(e—) and we set B(¢)=
F(t—A(e—), p(e)) for t=A (e—). Since o {p(e)} = 0, B(¢) is well-defined
for all £=0. Similar modification can be given to Theorem 3. 1.
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